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1.. A DESCRIPTION OF THE MODEL PROBLEM
(Based on a note received from Dr. C. den Heyer, Philips; November 7, 1985).
The model problem is the convection-diffusion equation

pe = (ua”'pFppd)e. xel = [0,x,], 1>0, (1.1a)
with the initial condition _
p(x,0) = 10°, xerl , (1.1b)

and the boundary conditions
p0,1) = 109, 1>0, (1.1c)
Px(xest) = 0,1>0.
The parameter values are
p = 500, a = 386, x, = 1073, (1.2)
and ¥ = yY(x) satisfies
P x) =0, x =0,x,.
$,(0.5x, —x) = ¢(0.5x,+x), (symmetry around x =x,/2) (1.3)

Note NM-N8602
Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands




U (x)€[0,10°] for x eI .

The following functions vy, have been suggested:

¥

4 105

0 X 0 )‘ce 0
I II

P 2
¥

I

v

Xe

The problem (1.1) is known to possess a solution of exponential type, in particular sharp layers
occur. In an attempt to annihilate most of the exponential layers, one often considers a transforma-
tion of variables p—¢ (in the general semi-conductor equation, ¢ is the quasi-Fermilevel for holes)

p = ne @V, : (1.4a)
where, in our example, r; is a constant given by

n = 12,410. (1.4b)
The equation (1.1a), ie., ;

po=J with J = pa"lp, + ppiy,
then transforms into

pa(g—v) = J, with J = ppo, -
or,as herey, = 0,

pad, = J, withJ = ppo, and p = n;e®®™ ¥ (1.5)

So this equation, with the given boundary and initial conditions, replaces (1.1a). It is expected that
the solution ¢ is easier to approximate than the solution p in (1.1a). Note that (1.5) is strongly non-
linear. One of the points to be examined is to find whether the anticipated expectation on the
transformation (1.4a) comes out numerically. The following lemma plays a role here:

LeMMA. Let p,p and ¢,¢ be any given two solutions (corresponding to two different initial functions).
Then, at any point (x,t) of interest,

I‘D—;EKE@ l6—| <%(<+0(62)), 0. (1.6)

PROOF. From equation (1.4a) we find

2P ea(;ﬁ—qS)__] . W)
) ,
Now consider the condition |e** — 1|<¢,acR. If =0, this holds iff €**<1+e¢ or a<<a 'log(l1+¢)=
a (e+0(e?)). If a<0, the condition holds iff e*>=1—e¢ which is equivalent to aa=log(1—¢) or
la|]<—a"'log(1—€)=a"'(e+0(e)). If we replace ¢—¢ in (1.6), (1.7) by the real number a, the proof
is complete. [J

This lemma shows that a perturbation of ¢ in the usual absolute sense causes a perturbation in p in
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a relative sense. Numerically it means that if we work in ({,¢) variables and require relative errors in
p less than e (this seems natural as p mostly is extremely large), that then an absolute error in ¢ is
required less than e/a. In the numerical investigation of the use of the transformation (1.4a), the
above observation must be reckoned with.

2. THE SPATIAL DISCRETIZATION (cf. den Heyer’s note)
We introduce the nonequidistant grid

Ay = {xj:x0 = 0,x41 = x5 + by G=0(Dm), Xy 41 = Xe}.

he hi—y hy Fm

e 3 3 il [l -
T T T T + t s -

Xo—O X1 X2 xj_l Xj Xj+| Xm Xm+1=Xe

For convenience later on we write ¥/ =y,. At x=x; we consider the following discretization of
(recall that p,=J,).

T =(po”'pyx + pp¥s - @1
At x;,J, is replaced by its discrete counterpart

J' L “‘J .

Jith Cich 2.2)

(hj+hj_1y/2

so that, for j=1(1)m, the semi-discrete equations are (capital P is the semi-discrete approximation for
P

. J 3y _J~_1 :
p, = Si¥r % . 2.3)
1T (hjhi—1)/2

The next step is to express J;.yin terms of P;.,P;. This is done in a special way (Scharfetter-
Gummel, exponential fitting [4, 5]).
Consider the equation

J = pa”p + pp¥/ 24)
on the interval [x;,x; +1]. We approximate (2.4) on [x;,x;+1] by

Jivn = pa”'pe + pl/;enp (Jj+%.¥j+w are constant) 25)
and now integrate this equation analytically on [x;,x; +;]. We write

Tjewor™ = pe+ aljnp

which in turn is rewritten to

Jj+l/2a“'_lea‘[/j+v’ L— (e‘n"lj"’% xp)x .
Integration yields
Jix ’
l+’& )y XX [, 0w X 3%
W € S T

which is the same as (we already use the semi-discrete notation for p)

Jivh o abhmxih o
L [V Xy = [P —P)).
w '+
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Finally, we get

ian B
" "P; s —P)

Jivn = mjen @iy (2.62)

and, likewise,
G Tl /RN I
@Vt =)
Before inserting these expressions into (2.3) we still modify them slightly by replacing
Vo= 1y /by, Ay = Y1~ (2.60)

It has turned out that this yields a somewhat better shock positioning and, furthermore, this replace-
ment naturally occurs if we derive the semi-discretization of the transformed system (1.5). Thus we
find

w = o (2.6b)

aly; .,
pAY; 4y (e 7Py —Py)
Jiny = . (263,)
4+ n, @1y

and, likewise,

pAY s (€ P—P)

Jiy = (2.6b")
R )
These expressions are substituted into (2.3) to obtain
Pj _(h +h _1)( -—le—l +A”Pj +A”+1 '+l)9 (2'7)
where
AY;
A1 = %L”— (=171, (2.82)
-1
Ajpar = ——-—"A‘,i”"’ G (28b)
J
AY; 4 -
4, = __”_‘flﬂ(ea%m_l)—l _ _’_"_A,;‘l_’z__i (0 — 1)~ 1% (2.8¢)
J J-1

and j=1(1)m. For j=1 we insert the known left boundary value for Py(¢) (cf. (1.1c)). For j=m we
have to incorporate the right boundary condition P,(x.,t)=0. We insert the simple replacement
P, . =P,. Hence, we then arrive at the continuous time, semi-discrete system

P = AP + B, t>0, P(0) given, (2.9)

with 4 the (non-symmetric) m Xm-matrix formed above (recall the change for the first and last row
due to boundary conditions) and B the m-vector

B = [———

h +h IOPO(t)s 09 e ’O]T . (2.10)

Since Pg(2) is a constant B is independent of .

REMARKS 1° . Note that when aAy>>>1 we have, approximately a forward difference in space
(4 -1=0). If aAy<<<—1 we have approximately a backward difference in space (4; +1=20). This
means the scheme is adapted (locally) to the stream direction.

2° In case aAy==0, the expressions (2.8) must be rewritten in order to avoid cancellation or zero
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division. The largest possible value for aAy is 3,860,000h. This value must lie in the exponent range
of our Cyber. We get no difficulties if Sh<<x,=1073. O

We next consider the (§,¢) formulation, i.e., the transformation (1.4a). Following the note of C. den
Heyer, we work the transformation directly into the semi-discretization (2.9) rather than starting from
scratch with (1.5). Note that the semi-discrete variable for ¢(x;,t),®; say, satisfies

P; = me® ™% @2.11)
and thus (¢ is here independent of 7)
P, = aP;®;. (2.12)

Now consider the equation (2.3), with J;.y, given by (2.6a’’). Let us take J;.,. We rewrite its
expression to '

aly; .y,
pady vy (€ —Pi/P; 1)

Jivy = Py (2.13)
Jt ah (eaAn[z,,,.,, -1 Jj+1

Substituting P;/P; 1 =exp(a(®; —®; +1)— a(y; —y;+1)) then leads to

_ PPy ‘ aA¢j+'/z
J: — )
Jjt+¥% ahj l_e—aA¢j+.,,

(1—e 4%y | (2.14a)

where Al[lj.p/z =‘I’j+l ‘—lllj, A¢j+% = q’j—{'] _‘I)j Likewise we get
pP;  aly_y

1—e ®A%muy 2.14b
ahj 1——e‘““‘*f-w( ¢ ) (2.14b)

Jj_lé -

Substitution of (2.12), (2.14 ab) into (2.3) yields the semi-discretization for the (,¢)-formulation:

. 2 P, — o®,_,—®
® = Ty aPYP (BT 1) + 2 (TR -y, (2.15)
] g
where
Y = L Aoy et (2.16)

—aldy, ., YT
ahj 1—e LI

We emphasize that the semi-discrete solutions Pj(¢) of system (2.7) and ®;(¢) of system (2.15) are
completely identical via relation (2.11).

RemARKs 1. If Ay; .y, =0 the danger of cancellation or even zero division arises. In this case we
must rewrite the expression z/(1—e %), z==0.

2. In the derivation above it has been tacitly assumed that the differences Ay are nonnegative, which
in our example is always true since Ay=~h{/ and §/=0 (see p. 2). However, in situations where {/<<0
it is recommended to use the alternative expression for J which arises by dividing through P; in equa-
tion (2.13). Otherwise the transformation may “kill” the expressions for J since z/(1—e™?%) will
nearly vanish for z<<<—1.

3. An interesting_point to notice is that the semi-discrete system (2.15) is stable in /*, ie., any two
solutions ® and ® (corresponding to two different initial functions) satisfy the usual stability inequal-
ity

0@t +7)—B(t + 1), < 1B()— DDl , Ve, 7 =0. (2.17)

This can be seen by computing the Jacobian matrix of this system and, subsequently, by observing




that the logarithmic matrix norm p,, satisfies

froo <O, VO, DcR™ . (2.18)

Application of the backward Euler scheme to (2.15) then guarantees unconditional (any 7>0) numeri-
cal stability in /°. These results on stability are extensively discussed in [2], Sections 1.5, 2.4. [J

3. SOME REMARKS ON A RELEVANT CONSERVATION LAW
Consider the integral (conservation of charge integral)

X,

c(t) = f p(x,0)dx . (3.1)

0
One is interested in a correct simulation in time of

o = —pa”p(0,1). (32)

&) = [ (a”'py + ppd)edx =pa” p,+upds
0

It follows that if p,(0,£)=0, we have conservation of charge or, in mathematical terms, conservation
in /'. In passing we note that if p,(0,7)=0, the PDE problem is stable in n.

For the semi-discrete PDE we consider the quadrature approximation C(¢) of c(¢) given by

m o hh
cey= 3 =P (3.3)
=2
for which
. m
C(t) = 2 (Ajj"lpj“] + A”Pj + Ajj+1Pj+l)‘ (3.4)
j=1

Using 4;;+A;;+A;+1;=0 for all j (zero column sum), a simple calculation yields
C(t) = (A10Po—A0P1) + Amm+1Pm+1=Am +1mPrm) (3.5)
= (A1wPo—A0Py1) + (Amm+1—Am+1m)Pm
since P, 4| =P,, (discrete von Neumann condition). We note that

A‘pm +%

A —
Apm+1 = Am+im = B ( = *
-

eaA\Ilmws _ 1)"1 (e“A/‘l’m+n4 _ 1)="

-

In conclusion, if A, 11,2 =0, and this is true for the functions y/ under examination, then

C(t) = APo—An Py _ (3.6)
If Ay, =0, then Ay, — A 1o =0 (as above for Ay, +1 —Am+1m) and we may write

C(t) = A1o(Po—P1). X))
As Ay, =0, there holds

_ Ay, 1 2 2 e e
Ap = p 7o (B, + S (Dy) + ---)" = pa hy ",

so that, finally,

C@t) = —pa™ ' (Py()—Po(®)/ho . (3.8)

This result is in agreement with (3.2) for the fully continuous problem. It follows that if Po(t)=P,(2)
(this condition can be enforced in the scheme in case of a von Neumann condition at x =0) that then
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the semi-discretization conserves the quantity C(¢) given by (3.3) exactly. In our tests attention will be
paid as to how well C(z) will be approximated. In this connection we emphasize that in the (J,4)-
formulation the above derivation does not apply.

4. A DISCUSSION OF THE POINTS TO BE INVESTIGATED
(This section reproduces the proposal made by us to Dr. W. Schilders, Philips, at Dec. 18, 1985).

For the time-integration of the two semi-discretizations ((,p)-formulation and (¢,¢)-formulation)
we will employ the familiar backward Euler scheme (notation y = f{z,y))

yn+l :yn + Tf(tn+l9_y"+l) (4'1)
and the second-order combination of TR and BDF, _
1 1
yrT =yt 777f(tn,yn) + Yty ") ¥ =2-V2 42)
n+l — ﬂ__l__ _L_,r ! n+1
g Y= 2) A fls10"")

proposed in [1]. Note that (4.2) is a diagonally 1mphc1t RK scheme.
The following points will be specifically investigated by numerical experimentation:

1°. Does the use of the more complicated (y,¢)-formulation pay off in terms of accuracy/efficiency
and computation of C(z)?

2°. Which of the two schemes (4.1), (4.2) performs better, for both the (¥,p) and (,¢)-formulation?

3°. Is it possible to correct for the anticipated loss of accuracy in the computation of C(¢), when
using the (Y, ¢)-formulation, in a simple and not too expensive way (this point will be considered
only if it seems relevant enough in relation to 1° and 2°)?

Clearly, the above questions must be considered for semi-discretizations with a small enough spatial
error. Because the solutions of three of the problems (1.1) are not known in advance, we must first
determine the grids on which the fully continuous solutions can be represented up to a reasonable
accuracy by the semi-discrete ones. For this purpose we shall employ the BDF code GEARB [3] (in a
slightly adapted version).

5. THE NUMERICAL INVESTIGATION
The numerical investigation has been restricted to the set of 4 problems introduced in Section 1. The
corresponding ¢ functions are

Problem I: Y(x) = ¢

c . , x€[0,1/3 x,.]
Problem II:  y(x) = {c+10°(x—1/3 x,), x€[1/3 x,,2/3 x.]
c+1/3 10°x, , X€[2/3 x,,x,]
B , x€[0,1/3 x,]
c+10°((Bx/x,—2)x+1/3 x,) , x€[1/3 x,,1/2 x,]
Problem L ¥(x) = 3 1 1/12 105x, +105((—3x/x, +4)x —5/4 x.), XE[1/2 %0,2/3 x,]
c+1/6 10°x, , x€[2/3 x,,x.]
¢ , x€[0,1/3 x,]
Problem IV: y(x) = {c+10°(((—12x/x, +18)x/x, —8)x +10/9 x,), x€[1/3 x,, 2/3 x,]
c+2/9 10°x, , x€[2/3 x,,x,]




Here c is an arbitrary constant which does not enter into the PDE (only ¢, contributes). Hence prob-
lem I reads p,=pa ™ 'p,, together with the initial and boundary conditions specified in Section 1. Its
solution is p(x,#)=10% so that only problems II-IV remain to be dealt with. However, despite its
triviality, problem I is of some interest from a numerical point of view in connection with the threat
of round-off. We shall discuss this in Section 5.1. The remaining subsections shall then only deal with
problems II-IV.

5.1. Some remarks on round-off
Consider the constant coefficient, linear ODE problem (2.9). The backward Euler scheme for this
problem reads

Prtl = prn 4 4P" ! + 1B, 6.1

In a practical computation 4,B usually contain round-off errors. To analyse the effects of round-off
errors, we have to consider the perturbed scheme

P =P 4+ waP"" + B + DY (5.2)
Here A4,B represent the perturbed A4,B and D"*! represents errors which, e.g., may arise in the
numerical solution of the systems of linear algebraic equations. If we denote AA=A4—A4 and
AB=B—B, and use

I—rd) ' =(I—4)"" = I —rd) " 'sAA I —r4)"", (53)
we obtain the following recursion for the round-off errors P"—pn:
P _prtl = (1—2d) N (P"—P") + (I —7A) "' 1AM (I —A) T P + (5.4)

(I—7A)"Y(D"*' +7AB) + (I—74)"'rAA(I —7A)"'7B .

A rigorous analysis of this recursion falls outside the scope of our report. We therefore now discuss
the following example which is of clear relevance to our problems I-IV, and in particular to problem
L

ExamPLE. We consider only one step and set P"=P". Furthermore, put AB=B=0 (homogeneous
problem; this is the case if we have in problems I-IV Neumann boundary conditions at both end-
points) and ignore D" *!. Recursion (5.4) is then given by

i’n+l—P"+1 — (I"TA)—ITAA(I_’TIZ)_IP" , (5.5)
and hence ‘

1B" " =Pl < I —7A) ™M - WA - (T —74) - 1P -6)

- w w w
For A we take
—1 1
1 -2 1
A = ah-—Z o o o , (57)
1 -2 1

1 =1} mXm

which is exactly the finite difference matrix of problem I if we replace its Dirichlet boundary condi-
tion p(0,/)=10% by the Neumann condition p,(0,)=0, and discretize it in the same way as at the
right endpoint x =x,. There holds (see [2], Section 1.5, 2.4)

BoolA] = 0, po[A1<pold] + A4l , (5.8)
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so that, for all 7>0,
_ ~ 1
—14) Ul < —1d) S <1. :

NI —74) U <1, I —74) Ml VI TllA4 1, <1 (5.9

This simplifies (5.6) to
Sntl oy 7l|AA4 4 u

P P ||¢,°\———-——---——1 o TAAlL 1Pl (5.10)
Next suppose that 5 is the machine precision (for our Cyber, n==10"1), i.e., the entries fz,j,aij of ;4,A
satisfy

|ay —ay|<mlay]| (5.11)

For matrix (5.7) we thus have ||A4 ||, <4nah ~2, so that, finally, we arrive at the round-off error ine-
quality

" =P oy ST 1P, 0 = 4ah™2, o<1 (5-12)
The following lemma shows that if we allow arbitrary perturbations A4, the 1nequa11ty (5.12) is sharp.
LEMMA. It is possible to have equality in (5.12).

PROOF. Let P"=ce,e=[l, - - - ,1]7, ¢>0 a constant (ce is, e.g., the (steady state) solution of problem

D, = 3 Vndiag2, 1,1, -+ -,—1,2), D, = Vndiag(~1,1,—1,+--,—1), (5.13)

where it is supposed that m is odd. There holds 4e =0, and Ae=AAe=noe where s=4ah 2. Hence
e is an eigenvector for 4,4 and A4. By using (5.5) it then directly follows that

n+l

—prtl = T8 (5.14)
1—mo
which proves the lemma. (] ‘

From the above we may conclude that (after one step) the relative error in P"*!, due to round-off in
A, may be as large as ™o/(1—mo). Since the entries in 4 may be extremely large say about 10, this
relative error may also become quite large For example (cf. problem I),

500

= = - — —14
a=pa 386 ° ,h = 50 =103 10 (5.15)

yields

™mo 1 .310"3 T

o~ ~ 1.3)0T. 5.16
T -16)

In our applications 7 is always below 1077 so that the relative error due to round-off will play no
role. However, for marching to steady state calculations, where 7 is usually taken larger, the above
analysis could be relevant. Computations with the (trivial) problem I have confirmed this.
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5.2. The semi-discrete solutions (for problems I11-1V)

For comparing the integration formulas (4.1), (4.2) we need accurate reference solutions of the semi-
discretizations (2.9) and (2.15) for a suitable space grid. Note that if ®;(z), 1<\j=<m, has been com-
puted, P;(¢) is also known via relation (2.11). Since @ is better scaled over the domain of interest we
work here in ®-variable. The reference solutions were computed with the well-known code GEARB [3]
(BDF formulas of order 1 to 5) using tolerance values TOL =1078,107!%. For all the experiments
discussed in this section, this has resulted in an absolute difference in @; (for these two TOL values)
of less than 1075, We note that this is more than sufficient for our aim, even when taking into
account the implication of the lemma in Section 1 (we discuss this point later). The accuracy range of
interest for P; is, in the relative sense, approximately 1% to 10%.

In order to select a suitable space grid - such that P;(¢) represent p(x;,t) reasonably well - we
started with a uniform space grid of size A =x,/50, and simply doubled the number of points until we
found a maximal relative difference between values on two successive grids of approximately 1% for
all selected output points. These output points are £=10"'2(*10)1077. It turned out, for all three
problems, that our 1% - criterion was satisfied when comparing solutions for 400 and 800 grid points.
There upon we have determined, again for three problems, one fixed non-uniform grid consisting of
146 points. This non-uniform grid was constructed by trial and error such that, when compared with
the values on the uniform grid with 800 points, our error criterion of 1% was (approximately)
satisfied. The grid points of the final non-uniform grid are given in Appendix 1. Note that around the
points x/x,=1/3,1/2,2/3 the grid is finer. This is to be expected, of course, in view of the form of
the functions ¢, (see Section 1). However, during the experiments we also found it necessary to refine
near x =0 (the outflow boundary) and x =x, (isolated).

Summarizing, using GEARB we have computed accurate reference ODE solutions at the output
times =10"'2(* 10)1077. These solutions correspond to the non-uniform grid given in Appendix 1.
For problem II we made plots of the solution, both for the P and @ variable, with P and ¢ on loga-
rithmic scale. Figures 5.1a, 5.1b and 5.1c show the P-solution from three different sides. Since the
(relative) errors in space are bounded by approximately 1%, one may interprete these plots as the
solution of the PDE. Observe that the solution shows a shock-like behaviour (internal layer in space
and time). The large variation starts if # approaches 1078, We note that numerically a steady state is
reached within the interval 1077<t<107%. Also observe that in our domain of interest
0<x<1073, 0<t<10“7)minj(Pj) and max;(P;) vary approximately between 10° and 10%°, which
shows that relative error measuring in P is necessary. For comparison, Figures 5.2a and 5.2b show
the solution of the second problem in ®. Clearly, in ®-variable the variation is much less, which was

_the aim of the transformation. Plots of the problems III and IV are omitted because they show a
similar qualitative behaviour. Finally, Table 5.1 contains the (nearly) exact values C(z) given by (3.3).
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FIGURE 5.1a. The solution of problem II in (,p)-formulation.
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FIGURE 5.1b. The solution of problem II in (y,p)-formulation.
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FIGURE 5.1c. The solution of problem II in (y,p)-formulation.
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FIGURE 5.2a. The solution of problem II in (§,¢)-formulation.
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FIGURE 5.2b. The solution of problem II in (y,¢)-formulation.
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TaBLE 5.1 Values of C(z)*10~"7

Problem
t 11 111 v
0 9946 9946 19946
10712 | 9946 9946 .9946
1071 | 9946 9946 .9946

10710 | 9946 9946 9946
107° | .9648 9701 9685
1078 | 4279 4487 4427
1077 | .3305 .3387 .3363

We wish to conclude this section with some remarks on the feasibility of the discretization in space.
When carrying out the computations reported here we noticed the following points:

1°. The exponential fitting scheme gives an excellent shock positioning (also on coarser grids)
without undershoot and overshoot and hardly any smearing of the shock. The idea of exponen-
tial fitting is of clear value in this respect.

2°. However, to reach a relative error of at most about 1% in the domain of interest, quite a number
of grid points must be used and, no doubt, a non-uniform grid is a prerequisite. So our impres-
sion is that the performance of the exponential fitting scheme, despite the correct shock handling,
is insufficient for the present problems in that it requires quite a number of grid points for a
moderate accuracy.

3°. It is advisable to refine near the boundaries x =0,x,. This improves the accuracy.

4°. We have discretized the Neumann condition 'P,(x,,#)=0 using the simple, first-order replacement
P, +1(t)=P,(t). Obviously, a second-order discretization is possible. This will probably enlarge
the accuracy somewhat.

5.3. The integration

As noted in Section 4 one of our tasks is to carry out a comparison between the backward Euler
scheme (4.1) and the second-order scheme (4.2). On the basis of our experiences gained during the
experiments with GEARB, we now consider it necessary to compare the schemes (4.1), (4.2) when pro-
vided with stepsize and local error control. The semi-discretizations (2.9), (2.15) are very stiff and a
ratio of approximately 10° between the smallest and largest steplength, used in GEARB, was observed
in all our experiments with this code. Consequently, variable steplength is a prerequisite here and so
we decided to implement the schemes (4.1), (4.2) that way.

Another experience gained in Section 5.2 is that GEARB performed very well on our semi-discrete
PDE, and so the obvious question arose whether the higher-order BDF formulas — when provided
with steplength and error control as in GEARB — wouldn’t be very appropriate. Consequently, we
have decided to involve GEARB also in the numerical comparison. We applied two versions, namely
with its order maximal 1, in which case the only scheme used is backward Euler, and with its order
maximal 5 as we used it in Section 5.2.

To sum up, in the remainder of the investigation we compare 4 integrators. These are

GEARB: The code by Hindmarsh [3] using the BDF formulas with orders 1 to 5.

GEARB1: The code by Hindmarsh [3] using only the 1-st order backward Euler scheme (4.1).
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BE : Our code based on the backward Euler scheme (4.1). So BE differs from GEARB1 in that
we use a different local error estimator, a different stepsize change procedure and a
different Jacobian update procedure.

BELL: Our code based on the 2-nd order scheme (4.2). Also in this case the local error estimator
and the various control procedures in our code are different from the ones proposed in [1].
This is based partly on efficiency considerations and partly on personal taste.

For a detailed description of BE and BELL we refer to Appendix 2. Here it is enough to say that
the estimation and control procedures built in in BE and BELL are of the sort one uses in stiff ODE
codes. After each trial step (double step in BE) estimates EST; of the local truncation error for com-
ponent j=1,2, - - - ,m are computed. These values are then “normed” to obtain the estimate EST
which is to be compared with the user supplied tolerance parameter TOL. If EST<TOL, the step
has been successful and the integration is continued with a possibly new value for the stepsize r and a
possible update of the Jacobian matrix in the Newton process. Otherwise, if EST>TOL, the step is
redone as it is customary (possibly a Jacobian update, etc.). We remark that we use the analytical
Jacobians and the initial trial step is prescribed (in all experiments discussed below, this first trial step
r=10"1),

We conclude this section with an important remark on how the component twise estimates EST; are
“normed”. This differs for the two ODE systems (2.9), (2.15) according to the remark made after the
lemma in Section 1. In all 4 codes we “norm™ EST; to the relative error expression

1 m
EST = (-~ E} (EST;/P;y")"? (.17
if we integrate (2.9), and we use the absolute L*-norm
1 m
EST = (; > ESTH'? , (5.18)
j=1

if we integrate (2.15). We observe that the factor &~ ! featuring in the lemma is recovered in the
numerical experiments (see (5.19) and Tables 5.2 - 5.5).

NOMENCLATURE
In the tables of result we use the following nomenclature:

TOL: user supplied tolerance parameter

t: output point

cdy: —logio(max;|®;(t)— @]

cd,. —logio(max;|(P;(t)— P})/ Pi(1)])

cdpy: —logo(max;|[P;(z) — niexp(a(®] —¢;))l/ Pi(1)))

STEPS: number of accepted steps; in brackets the number of rejected steps. It is noted that one
step with the BELL scheme (4.2) is counted as two steps in STEPS.

Fou: number of calls of the ODE operator.
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Jevat: number of Jacobian matrix (in analytic form) evaluations; any evaluation is of course
accompanied by an LU-decomposition.

Cc@): approximations for the values C(¢) given by (3.3), the exact values of which were given in
Table 5.1.

CPU: central processor time in sec. on the CYBER 750.

We recall that P;(z),9;(r) are the reference solutions computed by GEARB(TOL=10"") on the
non-uniform grid as discussed in Section 2. We emphasize that the number of significant digits ¢,
measures the accuracy obtained after a back-transformation of the computed approximation ®j.
With reference to the lemma in Section 1, we expect the following approximate relation between
cdyy and cd

cdyy=cdy — logpascd,—16. (5.19)

The tables of result in Section 5.4 indeed reveal this.

5.4. Results in (,9)
TABLE 5.2. Results for BELL applied to Problem II in (¢, ¢)-formulation

TOL t cdy cdyy STEPS Fou Joa C@*1077  CPU
10712 250 0.88 20(0) 88 10 9957 0.62
1071 248 092 4200) 204 27 1.000 1.65

1072 107 290 1.30 56(0) 261 33 1.009 2.20
107° 304 144  6200) 286 36 9885 2.54
1078 362 203 68(0) 307 37 4306 2.86
1077 433 274 100(1) 429 44 .3305 3.82
10712 298 1.39 20(0) 87 15 9951 0.61
1071 314 156  46(0) 212 38 9959 1.69

1073 10°1% 336 177 64(0) 282 45 1.000 2.34
107 345 1.86 740) 321 49 9732 2.78
1078 395 236 86(0) 370 54 4292 3.29
1077 416 257 108(0) 465 70 .3305 4.12
10712 355 196  34(00) 142 27 .9948 1.03
1o~ 370 211 84(0) 349 59 .9950 2.67

1074 107 394 236 116(0) 468 66 .9961 3.62
107° 403 244 13800) 549 70 9671 431
1078 436 278 156(0) 619 76 4284 4.96
1077 538 379 1840) 746 100 .3305 6.03




TABLE 5.3. Results for BE applied to Problem II in (¢, ¢)-formulation

R

S e

TOL t cdy cdpy STEPS F,y Jnu C@®*1077 CPU
10712 205 038 12(0) 30 4 9786 0.24
1071 1.83 0.12 24(0) 62 5 9032 0.66

1072 107 211 059 34(0) 90 6 .8874 1.03
107° 232 077  4000) 105 6 8552 1.31
1078 353 195 46(0) 121 7 4298 1.61
1077 290 1.33 6000) 174 15 .3305 2.20
10712 243 081 24(0) 64 2 .9883 0.47
1071 222 058 60(0) 156 3 9573 1.31

1073 107 249 093 84(0) 224 3 9477 1.95
107° 269 112 10200) 265 4 9158 242
1078 328 1.69 11400) 294 5 4339 2.80
1077 417 259 1382) 385 13 .3305 3.63
10712 289 129 64(0) 139 1 9925 1.02
107" 268 1.08 188(0) 416 2 .9820 3.19

107% 10719 294 136 2540) 562 2 9777 4.42
107° 312 153 30400) 662 2 .9460 5.33
107% 379 220 332000 728 3 4298 5.98
1077 470 311  4003) 909 6 .3305 7.40

TABLE 5.4. Results for GEARB 1 applied to Problem II in (Y, ¢)-formulation

TOL t cdy cdy STEPS Fpy Jou C@*10°7  CPU
1072 178 032 8(0) 13 3 9756 0.20
107" 170  -0.06 16(0) 27 6 8713 0.48
10719 194 044 23(0) 36 8 .8430 0.71
1072 107° 203 052 28(0) 41 10 .7664 0.93
1078 287 129 33(0) 46 11 4127 1.14
1077 overflow ?
1072 216 052 14(0) 26 5 9826 0.27
10711 193 025 30(0) 58 9 9216 0.65
1073 107 222 068 44(0) 73 13 .9073 0.94
107° 240 085 55(0) 84 17 8713 1.20
1078 391 232 63(0) 92 19 4296 1.43
1077 197 047 780) 126 25 .3305 1.81
10712 255 094 31(0) 60 7 .9899 0.45
107" 234 071 85(0) 123 11 9672 1.01
1074 1071 262 1.05 1190) 157 21 .9593 1.44
107° 279 122 1430) 181 29 .9256 1.81
107 378 219 160(1) 202 34 4298 2.13
1077 445 286 201(7) 269 40 .3305 2.68

") Due to divergence in the Newton process. It can easily be prevented through a
safety check on each Newton iterant. In fact, we have built in such a check in

BELL and BE.
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TABLE 5.5. Results for GEARB applied to Problem II in ({,¢)-formulation

TOL t cdy cdy STEPS Fay Joa C@*1077  CPU
10~ 12
10—11
1072 1070
10~° Exactly the same results as for GEARB 1
1078
- 1077
10712 216 052 140) - 26 5 9826 0.27
1071 235 0.80 30(0) 53 7 9827 0.62
1073 1071% 255 099 45(0) 70 12 9683 0.93
: 107° 269 112 55(0) 80 15 9241 1.17
1078 294 134 63(0) 89 18 4411 1.41
1077 398 239 82(1) 123 24 .3305 1.82
1072 349 190 24(0) 42 6 .9947 0.39
1071 314 156 56(0) 89 9 .9947 0.88
1074 1071 3389 231 87(0) 120 15 9933 1.30
107° 387 229 1040) 137 18 9618 1.61
1078 341 1.82 120(1) 159 21 4325 1.93
1077 429 270 1444) 209 24 .3305 241

Inspection of Tables 5.2 - 5.5 gives rise to the following observations and conclusions:

1. As we expected, if one works with the (y,¢)-formulation one looses accuracy (==1.6 digits) when
the approximations are transformed back. This implies that the problem in (y,¢)-formulation
requires a more accurate numerical solution process than the original (y,p)-formulation (see also
the next section).

2. When comparing the 4 codes (for problem II in (¥,¢)-formulation) there is no doubt that

‘ GEARB is the most efficient one, although BELL also performs satisfactorily. The first-order
codes BE and GEARB1 fall behind, even in the modest accuracy range 1<<cd,,<2. Apparently,
it is advantageous here to use higher-order formulas (in GEARB the order ranges from 1 to 5).

3. BELL integrates quite accurately when taking into account that its underlying RK integration
formula (4.2) is only of 2-nd order (and L-stable [1]). Yet GEARB is more efficient due to its
higher-order formulas. It is likely that our implementation of BELL can be improved a little (see
also Section 5.5). However, we don’t think it can be made faster than GEARB.

4. Observe that, as expected, the accuracy of the C(f)-values (compare with the exact values in
Table 5.1) is of the same level as those of P.

We have repeated the experiments for the problems III, IV and came to the same conclusions as for
problem II. To save space, the tables of results for problem III and IV are therefore omitted.

5.5. Intermezzo on BELL
Before continuing with our results in the (,p)-formulation, where we deal with a constant coefficient
linear ODE problem, we wish to draw attention to a phenomenon which has to do with the numerical
solution of the implicit algebraic equations and with the stability of the code for nonlinear problems.
We confine ourselves to BELL since the phenomenon did not turn up with the other codes.

The phenomenon is best illustrated from Table 5.6 which shows results of BELL, applied to

SRR R S R
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problem II in (y,¢)-formulation for TOL=10"3, using 4 criteria for acceptance of the Newton
iterants. In the code the acceptance criterion is

max | Newton correction for component j
J current value of component j

where fis a parameter which in Table 5.6 takes on the values f=10,100,400,1000. Thus the larger f,
the more stringent is the acceptance criterion.

|< TOL/f (5.20)

TABLE 5.6. Performance of BELL for different values of f;
applied to Problem II in (,¢)-formulation TOL =103,

TOL/f ¢ cdy cdyy STEPS = Foy Jug CO*10"7  CPU
10712 299 139 20(0) 63 2 9951 42

_ 107" 314 155 46(0) 155 4 .9962 1.19
TOL/10 10710 337 178 64(0) 211 5 1.000 1.73
107° 345 1.86 76(0) 249 5 9740 2.13

1078 413 255 108(1) 309 6 4287 2.65

1077 480 322 1474(12) 3461 8 .3305 21.37

10712 298 139 20(0) 79 13 9951 .58

100" 314 156 46(0) 190 29 .9959 1.53

TOL/100 107 337 1.78 64(00) 256 32 .9999 2.12
107° 345 1.86 740) 293 34 9732 2.53

1078 406 248 86(0) 332 36 4289 2.96

1077 4.82 323  442(10) 1192 39 .3305 8.40

10712 298 139 20(0) 87 15 9951 64

107" 314 156 46(00) 210 38 .9959 1.72

TOL/400 107 336 1.77 64(0) 280 45 1.000 2.36
107° 345 186 740) 319 49 9732 2.79

1078 402 244 86(0) 363 51 4290 322

1077 344 1.85 114(1) 490 66 .3305 423

10712 298 1.39 20(0) 93 15 9951 67

TOL/1000 107" 314 1.56 46(0) 227 41 .9959 1.82
10719 336 177 640) 302 51 1.000 2.51

107 345 186 7400) 342 56 9732 2.93

1078 392 234 - 840) 383 60 4292 3.36

1077 444 285 108(1) 508 81 .3305 437

We see in Table 5.6 that up to and including t=10"% the variation in J does have hardly any
influence. However, for the interval 107 8<¢<1077, the value of S plays a significant role. For
example, for f=10 BELL needs 1474—108=1366 steps on this interval, but only 108—84=24 for
S=1000. If we count the number of evaluations of the Jacobian, we observe the reverse. For
f=1000,/.,, is much larger than for f=10. Here lies the explanation for the difference in perfor-
mance when f varies. For f large, at each step the implicitly defined approximations y, ;,,y,+; are
more or less exactly determined which is obviously not true if £ is small. Apparently, the BELL for-
mula itself (the case f=1000, say) has no difficulties with the problem. It yields an accurate result
using only 54 full steps. The effect of using a too small value for f; e.q. f=10 or f=100, is that the
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code carries out only a very few Jacobian updates and Newton iterations per RK stage (on the aver-
age approximately 2 for f=10,100) which in turn forces the code to integrate with smaller values for
7 than necessary. The issue at hand is that in these circumstances the stability in time of the accepted
Newton iterants for the RK scheme (4.2) bounds the steplength through the stepsize and local error
control mechanism. So, although the scheme (4.2) itself is all right here as is illustrated for f=1000,
when implemented and applied to a nonlinear problem its stability may deteriorate. We believe that
the source of the difficulties lies with the trapezoidal rule in (4.2) and that the above phenomenon is
related to the notion of internal stability in RUNGE-KUTTA-ROSENBROCK methods ([2]. Ch.9; See in
particular Section 9.4. The interested reader should also read the experiment with the RK code
STRIDE pp. 182-183 in [2] where a behaviour similar to the one here is discussed).

Finally we remark that on the basis of the expenences reported in this section, we decided to put f

equal to 500 in the experiments of Table 5.2.

5.6. Results in (,p)
TaBLE 5.7. Results for BELL applied to Problem II in (,p)-formulation

TOL t cd, STEPS Foy Jou C@*1077  CPU
10712 1.59 34(0) 52 1 .9946 0.23
107" 136 90(0) 136 1 .9946 0.76
10710 278  11800) 178 1 .9946 1.11

1072 107° 282  136(0) 205 1 9649 1.41
107% 204 1580) 238 1 4275 1.71
1077 094 322000 484 1 .3305 2.72
1072 219 62(0) 94 1 .9946 0.40
1071 200 176(0) 265 1 9946 1.26
10719 339 230(0) 346 1 9946 1.77

107 107° 343  268(0) 403 1 .9648 2.19
107% 269 3140) 472 1 4278 2.65
1077 157  658(00) 988 1 .3305 5.07
1072 28 12400 187 1 9946 0.83
1071 265  366(0) 550 1 9946 2.47

107* 1071 402 476(0) 715 1 9946 3.37
107° 405  5540) 832 1 .9648 4.06
1078 335  648(0) 973 1 4278 481
1077 223 1384(0) 2077 1 .3305 9.76
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TABLE 5.8. Results for BE applied to Problem II in (,p)-formulation

TOL t cd, STEPS F.y Joa C@®*10°7 CPU
1072 071 58(0) 58 1 .9946 0.37
1071 054 1740) 174 1 9946 1.23

1072 1071 189  226(0) 226 1 .9946 1.74
107° 194 262000 262 1 9638 2.16
1078 1.16  318(0) 318 1 4318 2.69
1077 006  794(0) 794 1 .3305 5.88
1072 121 17200 172 1 9946 1.11

1071 110 540(0) 540 1 .9946 3.39

1073 10719 236  686(0) 686 1 .9946 4.49
107° 241  796(0) 796 1 9648 5.36
1078 166  964(0) 964 1 4278 6.57
1077 0.55 2470(00) 2470 1 .3305 16.37
1072 171 536(00) 536 1 .9946 3.40
1071 1.62 1700(0) 1700 1 .9946 10.19

1074 1071 284 2146(0) 2146 1 .9946 13.19
107° 290 2486(0) 2486 1 9646 15.54
1078 2.16 3014(0) 3014 1 4283 18.93
1077 1.08 777400) 7774 1 .3305 49.49

TaBLE 5.9. Results for GEARB 1 applied to Problem II in (y,p)-formulation

TOL" t cd, STEPS' Foy Jou C@®*1077 CPU
10712 0.86 79(0) 114 5 .9946 0.43

1071 0.70 242(0) 280 14 9946 1.27

10719 201 312(0) 350 27 9946 1.78

1073 107 2.06 362(0) 400 35 9640 221
107 129 435(0) 473 40 4308 2.69

1077 010  10690) 1107 72 .3305 5.43

10712 136 239(0) 274 13 .9946 1.08

10-" 125 749(0) 787 39 .9946 3.30

1074 10719 251 961(0) 999 51 .9946 432
107° 257  112000) 1158 59 9645 5.14

107  1.80 135300) 1391 71 4288 6.23

1077 0.70  3402(0) 3440 173 .3305 14.57

1072 1.86 759(1) 795 41 .9946 3.16

1071 178 2420(1) 2458 124 9946 9.98

1073 10710 299  3049(1) 3087 156 .9946 12.63
107° 305  3528(1) 3566 180 9647 14.74

1078 232 4292(1) 4330 218 4281 17.96

1077 125  112041) 11242 563 .3305 45.69

 In the run with TOL=10"2,GEARB1 failed. Therefore, we choose
TOL=1073,10"%,1077,
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TABLE 5.10. Results for GEARB applied to Problem II in (},p)-formulation

TOL t cd, STEPS Foy Jouq C@*107Y7 CPU
10712 0385 24(0) 45 5 9946 0.20
1071 115 62(0) 98 9 .9946 0.64
10719 219 87(0) 123 14 9946 0.96

1072 1077 222 10300) 139 18 9652 1.23
1078 279 1190) 157 21 4274 1.50
1077 083 190(3) 248 26 .3305 2.17
1072 1.90 35(0) 64 6 .9946 0.30
1071 242 880y 122 11 .9946 0.80

1072 1071 321 129000 164 17 .9946 1.24
107° 327 1540) 189 22 9647 1.56
107% 310 1780) 214 26 4279 1.87
1077 144 2748) 336 34 .3305 2.76
10712 305 50(0) 80 6 9946 0.39
10071 291 1170) 159 11 9946 1.04

107 107'° 420 170000 216 19 .9946 1.58
107° 415 202000 248 24 .9648 1.96
107% 468 233(00) 280 28 4279 2.34
1077 221 342000 393 34 .3305 3.24

Before discussing the Tables 5.7 - 5.10, a few comments are in order. Since the problem in P-
variable is linear (see (2.9)), we now have to solve, in all 4 codes, linear systems of algebraic equations
of the same generic form, instead of the nonlinear systems which arise in the integration of (2.15).
For example, one step of the backward Euler scheme (4.1) applied to (2.9) gives rise to the linear sys-
tem

(I—1A)P"*! = pr 4 B+l (5.21)

‘Consequently, during the integration process no reevaluations of the Jacobian matrix are necessary
and, once / —74 has been LU-decomposed, one integration step only costs a forward-backward solve.
The LU-decomposition has to be done at the start of the process and any time r changes. Our
housemade codes BE and BELL were applied this way, but not GEARB1 and GEARB (there is no
facility for distinguishing linear and nonlinear problems; although it is easy to built in we decided to
leave this undone, just for convenience). Consequently, in the comparison, this merely technical point
has to be reckoned with.
Inspection of Tables 5.7 - 5.10 leads us to the following observations and conclusions:

L. As in the (y,¢)-formulation GEARB is again the most efficient code for the present problem. BE
and GEARB ], the first-order codes, clearly fall behind. Again we see that the 2-nd order BELL
code performs satisfactorily. However, it cannot compete with GEARB which is faster for a
required level of accuracy. So again we may conclude that the use of higher-order formulas is
beneficial here. '

2. In all runs we observe a drop in accuracy at the final subinterval. This is caused by the internal
layer in time (see Fig. 5.1). Recall that in the (,¢)-formulation this drop in accuracy does not
occur (see also the next section).

3. Comparison of the total charge values C(¢) with those of Table 5.1 reveals that if we work in P-
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variable, C(¢) is computed very accurately and, in general, significantly more accurately than P
itself. This is due to the fact that the accuracy by which P;,j>2, is computed, has no influence.
Solely the error in P] as an approximation for P(z,) and the discretization error of the integra-
tion formulas, when applied to (3.8), determine the error in the total charge values (see Appendix
3 for an explanation). Apparently, both these errors are small.

4. When we compare the performances of BE and GEARB 1, e.g. for respectively TOL=10"* and
TOL=10">, we see that the CPU time of BE is larger than that of GEARB1, whereas the
number of steps taken by BE is significantly smaller. The explanation lies in the stepsize control
implemented in BE. Within the layer, the changes in 7 are extremely small so that one can say
that BE resolves the layer using almost constant stepsizes. However, any change of 7 in BE
involves an LU-decomposition of the matrix in (5.21). The code has not been protected to omit
too small changes in 7 so as to reduce the number of decompositions. This explain the
discrepancy in the CPU times of GEARB1 and BE. Finally, the CPU times for BELL are also
influenced negatively, because BELL uses the same strategy as BE. However, our conclusion 1
remains unchanged.

Like in the previous section, we have repeated all experiments for problems IIT and IV. It turned out
that the conclusions above remain unchanged. In order to save space we omit the tables of result.

6. CONCLUSIONS AND SUGGESTIONS

With reference to Section 4 and Section 5.3 - where we decided to implement stepsize and local error
control and to test also GEARB1 and GEARB - we finish our report with the following conclusions
and suggestions. '

Concerning the integrators:

1. For the present set of test problems the code GEARB is to be preferred to the housemade code
BELL based on the 2-nd order RK formula (4.2), while the first-order codes BE and GEARB1
cannot compete to both GEARB and BELL. It is fair to say, however, that the non-optimized
code BELL performs satisfactorily on these difficult problems. GEARB is very clearly benefited
by its higher-order formulas (order 1-5) and thus is faster, for a certain level of accuracy, than
BELL. This conclusion is valid for both the (y,¢) and the (y,p)-formulation, not only in the high
accuracy range, but also if one is satisfied with a moderate accuracy of 1% to 10%, say.

2. A side conclusion derived from conclusion 1 is that the application of higher-order time integra-
tion formulas is advantageous for the present ODE problem. We remark this since in the numeri-
cal solution of time-dependent PDEs the order in time of most of the popular schemes is equal to
two.

3. Another side conclusion is that the method of lines approach, which enables us to use sophisti-
cated stiff ODE codes, proves to be very useful here.

The (,p) versus the (,¢)-formulation:

To begin with we recall that the number of significant digits cd, in Tables 5.7 - 5.10 must be com-
pared to the number cd,, in Tables 5.2 - 5.5. The numbers cd,, were computed after the back-
transformation (®—P) which entails a loss of approximately 1.6 digits (cf. the end of Section 5.3).
This partially explains why for a chosen value of TOL for all integrators cd,, is mostly much smaller
than cd,.

1. The effect of the transformation differs per time interval. The reduction in cd, due to the sharp
layer at the end of the integration interval, is not seen in cd,, (compare Tables 5.2, 5.7 (BELL)
and 5.5, 5.10 (GEARB)). This is a clear advantage of using the ®-variable. On the other hand, for
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the initial part of the interval the P-variable is more attractive. When we consider the whole
integration interval we see that working in ® requires much less integration steps than in P.

2. With respect to the accuracy of the quantity C(¢), it is evident that working in P is to be pre-
ferred (see also point 3 at the end of Section 5.6). However, a word of warning is in order here.
High accuracy in C(7) may be misleading in the sense that it gives no guarantee for the accuracy
of P. For example, in Table 5.8 we observe a nearly exact approximation to C(1077) for
TOL =10"2, whereas the corresponding error in P is about 100%.

3. The advantage of a higher-order code, like GEARB, is that if TOL is decreased, the CPU time
does not increase too much. Bearing this in mind, it is attractive to run the transformed problem
(2.15) with a small value of TOL, since this yields the best overall accuracy (compare Table 5.5,
TOL=10"* to Table 5.10). Of course, the same argument applies to the untransformed problem
(2.9). However, here the drop in accuracy near the time layer remains quite large (see Table 5.10).

Final conclusion and some suggestions for further research:

For the present set of test problems the code GEARB is very suitable and faster than the other codes
considered in this report. The question whether the (,p) or the (¥, ¢)-formulation is to be preferred is
difficult to answer since here the accuracy in C(r) has to be taken into account. Clearly, integrating
in ®-variable is attractive but yields larger errors in C(¢). The original (¢,p)-formulation would cer-
tainly become more attractive if the code could be protected against the drop in accuracy in the layer,
without abandoning too much of its speed. Another idea is to develop a technique for correcting for
the loss of accuracy in C(r) when integrating in ®-variable (cf. point 3 of Section 4). These two
points could be the subject of further research. Finally, of greatest interest is to find out to which
extent our experiences on the model problem (1.1) carry over to realistic semi-conductor problems.
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APPENDIX 1. THE NON-UNIFORM GRID ASSOCIATED TO THE SEMI-DISCRETIZATIONS (2.9), (2.15).

I

O IV HWN=-O

S S

X(I)

.5842104656E-05
.1168420931E-04
.1752631397E-04
.2336841863E-04
2921052328 E-04
.3505262794E-04
4089473259E-04
4673683725E-04
.5257894191E-04
.5842104656E-04
.6426315122E-04
.7010525588E-04
.7594736053E-04
.8178946519E-04
.8763156985E-04
.9347367450E-04
.9931577916E-04
.1051578838E-03
.1109999885E-03
.1168420931E-03
.1226841978E-03
.1285263024E-03
.1343684071E-03
.1402105118E-03
.1460526164E-03
.1521832804E-03
.1601531436E-03
.1705139658E-03
.1839830346E-03
.2014928240E-03
.2242555503E-03
.2470182765E-03
.2645280660E-03
.2779971348E-03
.2883579569E-03
.2963278201E-03
.3024584841E-03
.3071743795E-03
.3114615571E-03
.3153589913E-03
.3189021133E-03
.3221231333E-03
.3250513333E-03
.3277133333E-03
.3301333333E-03
.3323333333E-03
.3343333333E-03
.3365333333E-03

H)

.5842104656E-05
.5842104656E-05
.8542104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.5842104656E-05
.6130663997E-05
7969863196 E-05
.1036082215E-04
.1346906880E-04
.1750978944E-04
.2276272627E-04
2276272627E-04
.1750978944E-04
.1346906880E-04
.1036082215E-04
71969863196 E-05
.6130663997E-05
4715895382E-05
4287177620E-05
.3897434200E-05
.3543122000E-05
.3221020000E-05
.2928200000E-05
.2662000000E-05
.2420000000E-05
.2200000000E-05
.2000000000E-05
.2200000000E-05
.2420000000E-05
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49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

R e

.3389533333E-03
.3416153333E-03
.3445435333E-03
.3477645533E-03
.3513076753E-03
.3552051095E-03
.3594922872E-03
.3642081825E-03
.3708104361E-03
.3800535910E-03
.3929940079E-03
4111105916E-03
4292271753E-03
4421675923E-03
A514107472E-03
/4580130008E-03
4640111435E-03
.4700092863E-03
A760074290E-03
.4820055718E-03
4880037145E-03
.4940018573E-03
.5000000000E-03
.5059981427E-03
5119962855E-03
.5179944282E-03
.5239925710E-03
.5299907137E-03
.5359888565E-03
.5419869992E-03
.5485892528E-03
.5578324077E-03
5707728247E-03
.5888894084E-03
.6070059921E-03
.6199464090E-03
.6291895639E-03
.6357918175E-03
.6405077128E-03
:6447948905E-03
648692324 7E-03
652235446 7E-03
655456466 TE-03
.6583846667E-03
.6610466667E-03
.6634666667E-03
6656666667E-03
667666666 7E-03
669866666 7TE-03
.6722866667E-03
.6749486667E-03

.2662000000E-05
.2928200000E-05
.3221020000E-05
.3543122000E-05
.3897434200E-05
.4287177620E-05
A715895382E-05
.6602253535E-05
.9243154949E-05
.1294041693E-04
.1811658370E-04
.1811658370E-04
.1294041693E-04
29243154949E-05
.6602253535E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.5998142749E-05
.6602253535E-05
.9243154949E-05
.1294041693E-04
.1811658370E-04
.1811658370E-04
.1294041693E-04
.9243154949E-05
.6602253535E-05
4715895382E-05
A4287177620E-05
.3897434200E-05
.3543122000E-05
.3221020000E-05
.2928200000E-05
.2662000000E-05
.2420000000E-05
.2200000000E-05
.2000000000E-05
.2200000000E-05
.2420000000E-05
.2662000000E-05
.2928200000E-05
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100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147

6778768667E-03
.6810978867E-03
.6846410087E-03
.6885384429E-03
.6928256205E-03
.6975415159E-03
.7036721799E-03
.7116420431E-03
.7220028652E-03
.7354719340E-03
.7529817235E-03
.7757444497E-03
.7985071760E-03
.8160169654E-03
.8294860342E-03
.8398468564E-03
.8478167196E-03
.8539473836E-03
.8588158041E-03
.8636842247E-03
.8685526452E-03
.8734210658E-03
.8782894863E-03
.8831579069E-03
.8880263274E-03
.8928947480E-03
.8977631685E-03
.9026315891E-03
.9075000096E-03
9123684302E-03
.9172368507E-03
.9221052712E-03
.9269736918E-03
9318421123E-03
.9367105329E-03
.9415789534E-03
.9464473740E-03
.9513157945E-03
.9561842151E-03
.9610526356E-03
.9659210562E-03
.9707894767E-03
.9756578973E-03
.9805263178E-03
.9853947384E-03
.9902631589E-03
.9951315795E-03
.1000000000E-02

:3221020000E-05
.3543122000E-05
.3897434200E-05
4287177620E-05
AT15895382E-05
.6130663997E-05
.7969863196E-05
.1036082215E-04
.1346906380E-04
.1750978944E-04
227627262TE-04
2276272627E-04
175097894404
.1346906380E-04
.1036082215E-04
.7969863196E-05
6130663997E-05
.4868420547E-05
.4868420547E-05
486842054TE-05
4868420547E-05
4868420547E-05
486842054TE-05
.4868420547E-05
.4868420547TE-05
4868420547E-05
.4868420547E-05
486842054TE-05
4868420547E-05
4868420547E-05
4868420547E-05
486342054TE-05
4868420547E-05
486842054TE-05
.4868420547E-05
4868420547E-05
.486842054TE-05
.4868420547E-05
.4868420547E-05
4868420547E-05
4868420547E-05
4863420547E-05
4868420547E-05
486842054TE-05
.4868420547E-05
.4868420547E-05
.4868420547E-05
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APPENDIX 2. IMPLEMENTATION OF THE METHODS

A.2.1. The Backward Euler method
Consider the differential equation

y(@®) = fley@), (A2

where y may stand for either P or ®. In the following we describe the strategy used to solve this
equation by the backward Euler method with variable stepsizes. The tolerance TOL determines the
local accuracy of the time integration.

Suppose the approximation y” to y(z,) has been computed already. We then perform the two steps

yn-H - yn + Tf(tn+1,}’n+l) , (A22)
yn+2 :yn+l + Tf(tn+2,}’"+2) , . (A2.3)

after which we estimate the local truncation error, check whether it is sufficiently small, and calculate
a new stepsize .
To perform the two steps (A2.2), (A2.3) we have to solve twice an algebraic system of the form

y =7 + 1f(ty) (A2.4)

with unknown y. In the (y,p)-formulation (A2.4) is a linear system. In the (y,¢)-formulation the func-
tion f'is nonlinear, and then the systems are solved by the modified Newton scheme

Yo =Y + AY), AY; = (—w) (= Y +7+1f1 Y)) (A2.3)

for j=0,1, - - - . The starting vector Y, is found bky linear extrapolation of the two most current y*
vectors. The matrix J is a Jacobian matrix f’(#.,y") which is held fixed as long as the Newton pro-
cess converges. Initially, at n=0, we put J=f"(t9,y°) and Y,=y° If lAY;ll,<1/10 TOL with
0<j=<2 we consider the Newton iteration to be converged and y=Y; ., is accepted. Otherwise, if j
becomes larger than 2, we restart the iteration with a new Jacobian J =f"(z,,y") and with Y, equal to
the last computed Y;. (To avoid overflow the same is done if [IAY;ll,>10). If we still obtain no
convergence with this new Jacobian the current stepsize 7 is decreased by a factor 10 and (A2.2),
(A2.3) are computed again with this new stepsize. All arising linear systems of algebraic equations are
solved by the NAG routines FOLLEF (factorization) and FO4LEF (forward-backward substitutions).

Now having computed the approximations y" *1,p"*2 to y(f) at t, 41 =1, +1,4, 42 =1, +21 we esti-
mate the error in the L2-norm. The local truncation error of Euler’s method is proportional to
Zly”()|+0(r*). Therefore the quantity

EST = ”yn_zyn-H +yn+2”

is a good measure for this local error. Moreover no extra computations are involved since y”,y" *!
and y"*? are known. If

EST < TOL

the steps (A2.2), (A2.3) are accepted, otherwise rejected. Our aim is to get EST near TOL. This
would happen (approximately) with the stepsize Tpe, =[TOL/EST]*r. Instead we take

Toew = q((TOL/EST%)r

with ¢ the piecewise linear function
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This g has been chosen so as to avoid unnecessary changes in the stepsize. (Each new stepsize requires
a new factorization of I —=J). Moreover the rate of change is bounded to avoid instabilities, and the
new stepsize is a bit pessimistic to increase the chance that the next steps are accepted. With this new
stepsize we compute y" *3,y"+4 if the last step has been accepted, and y" *1,y" *2 if it was rejected.
The above error control is based on absolute errors, suited for the (,¢)-formulation. In the (,p)-

formulation the Newton correction AY; and EST are treated in a relative sense (cf. (5.17)).

A2.2. The BELL-scheme
The diagonally implicit Runge-Kutta method given by (4.2) is implemented in a similar way as the
backward Euler method. Instead of (A2.2), (A2.3) we now perform the steps

1 1
YUY =y 4 Syrfltey™) + 71 ™t (A2.6)
n+l —1 n+y (7—1)2 n Y—"l n+1
= + + Tf(tn +1, . A2.7

The algebraic systems to be solved have again the form (A2.4) and we solve them as with the back-
ward Euler method, except for the stopping criterion IIAY1~|I°°<-1%TOL, which ‘was replaced by
lAY; o SE%H TOL (see section 5.5).

The local truncation error of this method is given by

CPIy™ I + 0¢*), C = BY* —dy+2)/(12(y—2)).
This is estimated by

. |
EST = —3%7(74_%3 120" + Tfltny™~2" ' + 1fty 119" O

and we obtain a new stepsize by

Toew = q((TOL/EST]?)r,

with g as before. The other aspects of the implementation are the same as with the backward Euler
method.
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APPENDIX 3. ON THE ACCURACY OF THE TOTAL CHARGE VALUES C(¢)
Consider equation (3.3). From this equation the total charge values are obtained after substitution of
the approximations P7, i.e.,

m o hh_
cr=3 —L—#——‘—) P, : (A3.1)
j=1

Suppose that P} is computed by integrating (2.9) with the backward Euler rule (same arguments
apply to the other integration formulas). Then, like in the derivation of (3.4), (3.8) from (3.3), we find

Cn+l_cn m hj+h]~l P;_l-l—l __P;l
- = A3.
" ng( > ) T (A32)
m ,
= E, (-1 P}E +4; P} 44,4, PIEL)

J

= Lyt - pg)
aho ’

which is the backward Euler discretization of the differential equation (3.8). Consequently, one can
say that even when (A3.1) is used for output, that the error in C has two sources, namely the time
error in P, and the discretization error of the backward Euler rule for the differential equation (3.8).
Apparently, both errors are small in the experiments corresponding to the Tables 5.6 - 5.9.




