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0
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Shiryayev's result concerning LAN binary experiments is discussed, with applications to counting
processes. It is shown, in particular, that the convergence in probability of the Hellinger process to a con-
tinuous nondecreasing function ensures the LAN property of the likelihood ratio process, provided that a
related Lindeberg-type condition also holds. ' ‘
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1. INTRODUCTION : LAN BINARY EXPERIMENTS

1.1. In this paper we review the methods for establishing the local asymptotically normal ( LAN )
property of the likelihood ratio process associated with a pair of counting processes.

We begin, however, with the general setting of the problem in terms of a sequence of binary experi-
ments, and discuss its elegant solution due to SHIRYAYEV (1985); see Subsection 1.2. I learned of it
from Shiryayev during his visit to the Centre for Mathematics and Computer Science, Amsterdam,
Spring 1985. I owe thanks to him for making available preprints of his research concerning this sub-
ject. _

In Section 2 we restrict our attention to the special case of binary experiments generated by marked
point processes (for a justification of such a restriction see Subsection 1.3), and discuss an alternative
way of establishing LAN, slightly different to that of SHIRYAYEV (1985) mentioned above. Such a
modification is motivated exclusively by the convenience of its further application! - in deriving
Corollary 4.2, for instance.

It should be noted that in most applications encountered in practice observations come from a
finite dimensional counting processes, so that the associated mark space consists of finite number of
points. Therefore Sections 3 and 4 are devoted to this special case : in Section 3 the likelihood ratio
process is characterized, and in Section 4 the LAN property is established ( THEOREM 4.1 and CoroL-
LARY 4.2 ) by the alternative way discussed in Section 2. In fact, the results are easily extended to the
case of a general mark space ( cf. Subsection 2.2 ).

1.2. For each n let {2, 9", P"} be a stochastic basis — a complete probability space equipped
with a nondecreasing family {9} , =0} of right-continuous sub o-algebras of ' augmented by sets
from 9" of zero probability. For the sake of simplicity, we discuss only the case in which ¢ € [0, 1].
Let P" be another probability measure defined on (2" , §").

In this subsection we discuss shortly the general result due to SHIRYAYEV (1985) concerning the
LAN property of a sequence of binary experiments

1. Here we have in mind statistical application in the spirit of, e.g., GILL (1979) or DZHAPARIDZE (1985). Note thst the Sec-
tions 3 and 4 below represent a revised version of the corresponding sections of the latter paper.
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@ ,F,(F.,0<t<1},P", P, n=12,. (1.1)

I
Suppose that P" is locally absolutely continuous with respect to P" , P" <26P", in the sense that
Pi<P!, 0<t<1 12)
with P} = P"|9} and P} = _I:"]‘?J’,’, the restrictions of P" and P" to the o-algebra %]. Suppose for
simplicity that P§ = Pg. .
Then, according to KaBANOV et al. (1979), there exists a unique (to within P" and P"-
indistinguishability ) cadlag process (zf , 0 < t <X 1) such that, provided z, > 0, -

dP" .
A=l g (m ), =expim! — 3<m™>, + 3 (Aml) (1.3)
dP? s=1

with ®;(x) = In(1+x)—x, where m" is a local martingale with jumps
Ami=m}—mi_>—1. (1.4
As usual, m" = m™+m" is the decomposition of m" into continuous and purely discontinuous

components respectively, and <m" > is the compensator of (m"™)%.
Let p" = p™ be the integer valued random measure associated with the jumps of m" as follows

£'((0,1,T) = XI(Am"el) ,FeB(Ro) ,Ro = R\ {0} (1.5)
s=t
Let » = ¥ be its compensator ( KABANOV et al. (1979) ).
Introduce the Hellinger process 3" for the measures P” and P" :

W0 =G =P, P (1.6)
= p<m™>, + [Ja=V1i+xyar

0R,

with dv" = v"(ds, dx) (similarly, dp" will stand for p"(ds, dx)). Note that by (1.5) the second term on
the right-hand side of (1.6) is the compensator of the process

n = [[A=V1+xPdy = F(1—V1+8m! ) (1.7

OR, st

Finally, introduce the limiting object - a continuous Gaussian martingale W the quadratic variation
of which is a continuous nondicreasing deterministic function <W>. Observe that the Hellinger pro-
cess associated with W is defined as

IV =P, P) = T <W> (1.8)
where P and P are the “limiting” measures such that

dapP 1

P = (W) = exp {W——2'<W>} ; (1.9

see GILL and JOHANSEN (1986).
The next theorem is due to SHIRYAYEV (1985).

THEOREM 1.1. Let the following Conditions S hold for each t, 0<t<1 :

S.I. For each ¢>0

Hi
Ao = [ [ (1= V1 + x)dv'—0

O)x|>¢




in P" probability as n—o0

S.IL 3" >3 in P" probability as n—o0 ; see (1.6) and (1.8).
Then, for each t, 0<t<1 the following weak convergence in “X[0,1]) takes place with respect to P"
and P" (in the sense of GREENWOOD and SHIRYAYEV (1985), § 2.2 ):

6
apP"y 1
" = Hm") - §(W) = exp {W—‘2"<W>} ;
see (1.2) and (1.8).
(iD)

. d(P") 1
z" = exp {W + 7<W>}

ReMARK 1.1. Assertion (ii) is deduced from Assertion (i) by arguments in GREENWOOD and SHIR-
YAYEV (1985) proving Statement 3 of THEOREM 8 on p. 99.

REMARK 1.2. As for Assertion (i), for its proof Shiryayev (1985) utilizes the following representa-
tion of the likelihood ratio process :

z = exp{M(gE, =237 + 23R"~"] (1.10)
i=1
where
Micy, = [ [ =20= VIR =) + nie N RY)
Ojx)=<<e
while "
R:V=RE, = [' [ x=20= V1 + xPyd@' —v") . (1.12)
Ojx|>e .
R™2 = 2(3W — ¥ (1.13)
and
R™3 = & t[%(\/m—l)@" (1.14)
0R, -

with ®;(x) = In(1 + x) — x + 3x2.

The representation (1.10) is easily derived from (1.3) by taking into consideration (1.6), (1.7), ( 1.11)
and (1.12) which yield

' 1 .
Mi<y + R(’;'() =m" — 20" — W + F<m">).

The proof of THEOREM 1.1 is the direct consequence of the following two assertions :

1.A. The process (1.11) is a local square integrable martingale such that




o P
Micy —

1.B. The processes (1.12) - (1.14) are asymptotically negligible - for each ¢, 0<<r<1,
sup|RM|—0,i = 1,2,3 (1.15)

st

in P" probability as n—oo.

We do not discuss the proof of Assertion 1.A here. We remark only that it is a consequence of the
functional CLT in Liptser and Shiryayev (1980).

As for Assertion 1.B for i = 2, it follows directly! from Condition S.71.

Next, for each €, 0<<e a constant C>>0 can be chosen such that |x —2(1— V1+x)P?<C|x| when-
ever |x|>e. Using this one can easily dominate the left-hand side of (1.15) for i = 1 by a quantity
which under Condition S.I tends to zero in P” probability as n—o0. So one gets (1.15) for i = 1.
Finally, by analoguous arguments one can dominate also

§
suplf f B, (V1+x — Ddy"|
st Olx|>e
by a quantity that vanishes in P" probability as n—o0. Consequently, to prove Assertion 2.B for
i = 3, one has to verify that

s 1
sup| [ [ @2V1+x —Ddp'|<Cef [ x?dp" (1.16)
S pxf<e 0)x|<e
(here the constant C arises by taking into consideration that for sufficiently small values of x
®,(x) = O(x?)), and also that under the Conditions S the right-hand side of the inequality (1.16) can
be made arbitrarily small. So, one arrives at (1.15) for i = 3.

1.3. 1t should be noted that the presence of the continuous component m"™ do not affect the course
of the proof just outlined much : it enters only in the expression (1.11), and all that is required of it is
the convergence of its quadratic characteristic so as to meet Assertion 1.4. Because of its minor
significance, and because of its absence in the special case of our prior interest, this component will
be neglected in the remainder of this paper.

2. APPLICATIONS TO MARKED PROCESSES

2.1. 1In this subsection we continue with the brief discussion of the alternative approach to the proof
of THEOREM 1.1. In doing this we adopt the setting of § 12 in KaBANOV et al. (1980) in terms of
marked point processes.

This approach is fully realized in Section 4 where THEOREM 4.2 is proved, which establishes LAN
for counting processes - processes with finite dementional mark spaces. The last restriction is not
essential - it is motivated exclusively by practical considerations, as the results of Section 4 are aimed
at applications to statistical inference about counting processes (cf. the footnote! on p. 1). A reader
interested in the extention of the precise results of Section 4 to arbitrary marked processes might con-
sult the next subsection.

Consider again a sequence (1.1) of binary experiments. For each n let the entries in (1.1) be as in
KaBaNoOv et al. (1980), § 12. '

1. In fact. by LEMMA 1 of Mc LEisH (1979), p. 146 from Condition S.// and the continuity of }* follows sup{}’ — X |—0
244

and, in particular sup|AX|—0 in P" probability as n—o0 : ¢f. GREENWOOD and SHIRYAYEV (1985), p. 105. '
S5




Consider a marked process

X" = ((T!, X!). P"} @1

where T/ are stopping times, 71>0 and Tj., >T7, while X] are {7 -measurable random elements
taking values from a mark space, (E", &"); see KABANOV et al. (1980) § 12.

To the process (2.1) associate the integer valued random measure p" = X on (0, 1]X E with
PO, 1], T) = DNTj<nl(Xjel), Tes" . 2.2)
Jj=1

Consider also another marked process
— {(T", Xn) P"} (2.3)

with the sxmllarly associated mteger valued random measure p" = p-"
Let p " and p be the compensators of p” and p" respectivély, setisfying the following conditions K :
K. 1. a} = 11implies a; = 1 P"a.s. with -

n.._p({l} En).._ f/dl;" n __p({t} En (2‘4)
(234

K. 2. [7" is dominated by [7" P"a.s. and the associated Hellinger process " is bounded : P"a.s.

WG = ff(\/x_'-nz + SV1-dl = V1-4)} <o 23

s=7
~N

where A" = A'(¢,x) is defined by the relation dp = N'dp P"as.
. Now, THEOREM 20 in KABANOV et al. (1980);p. 48 tells us that under the Conditions K the relation
(1.3) holds for the local martingale m" defined as follows! (of course m™ = 0 here) :

my = f JO'=Ddg"=m N = 1), 2.6)
0L
with the “martingale measure”
N " JE” ..,n
4. 1) T) = (" —5"). 1. T) + S ~2 )(ij} ) 5"((s). T), Te&" . Q.7
st §
(cf. THEOREM 3.1 below). Observe that
Al = [N'(ex)=p ({1}, dx) + 28)
2
. 1 _a;l
+ A=p"(r} BN |1 > ]
1—af

(cf. KaBANOV et al. (1979), LEMMa 7, p. 676) where, by (2.2),

p'({1}. T) = JKT} = nl(Xjel), I'e&" .
=1

Hence, in this particular case the process 7" defined by (1.7) has the following form :

2
_ag
= f [ (u"(s.x)Y2p"(ds.dx) + S(1—p"({s}.E") — —1 2.9
- st s
. . ~1 . . - . .
with 4" = VA" —1. Of course, its compensator 7 coincides with the Hellinger process which

1. 1In contrast with KABANOV et al. (1980) we assume here, for simplicity, that dP}/dP§ = 1 and " < L.
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appeared in (2.5). 9 = ¥".
Analogously, for m” given by (2.6)

i
Moo = [ [ (1= V1+xYdp" (2.10)

Olx[>e

= S1~ V1+Am"I(|Am"|>¢) ¥

St

= [ [I(N"(s.x)— 1|>){u"(s.x)} p" (ds.dx)
0E"

2
~ 1_ n
+ 2[1—p"({s}, E")J1[|a’s' - ag|>e(1—ag.')] L,
LE - ' 1 _a;’
because by (2.8)
I(|Am?|>e)Am; = fl({)\"(t,x)—1§>e)()\"(t,x)~l)p"({t}, dx) (2.11)
Fe
u " ay | 124
+ A—p"({t}, E ))](|£;’—a7|>e(]—a,')) — —1
t
The process N in (2.10) has the following compensator
!
Moo = [ [IIN'(s.x)=1|>e){u"(s.x)}*p" (ds.dx) (2.12)
0E"
+ SU(a! —al|>e(1—a)) V1—al = \/1-a ).
St

Let ﬁ;’>€) and 3" of form (2.5) and (2.12) respectively satisfy the Conditions S of THEOREM 1.1.
Then, as has been indicated in the privious section, the conclusion of the theorem holds. Here we will
follow an alternative way of establishing this fact outlined in the following steps.

1) First the equivalence of the Conditions S with the following Conditions S’ is shown :

S.I’. For each ¢, 0<<tr<1] and ¢, 0<e<1

[[IQu"1>ew"dp" + SU(bs|>e)bi(1—al)—0
0E" !

St

in P" probability as n— o0, where
by = [u(t.x)dp" ({t}.dx).
E

S.II'. For each 1, 0=<<r<<1

1
<m"y>, = [[@2dp" + S(1—a) by <W>,
OE" s<t
in P" probability as n—co, where m(u") is given by (2.6) with 4" instead of A" —1.
2) Next, m(u") is a local square integrable martingale, and by the Conditions S’ one can apply
COROLLARY 2 of LIPTSER and SHIRYAYEV (1980), p. 671 to arrive at the conclusion that

el

d(P")
mu")y — W/2
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3) From this last relation and (2.6) with A" —1 = 2u" +(u")? one gets
d(P")
m" —» W,
provided that the following relation holds :
m((u” 1$)—0

in P" probability as n—oo0.
4) Finally, by (1.3) with m" = 0, it remains to show that

150,@am?) = S(®,(\V1+8m? —1) — (V/1+4m! —1)?)

s<t s

= 2R} —

(here we use the elementary equality
20,(Vx —1) = @, (x—1) + 2(Vx —1y

and thenn(l.7) and (1.14) ) has the same limit in P" probability as the compensator of the second
term, —q = —9C'. This limit is —9C*, by Condition S.I/. Thus, along Witlnl Assertion 1.B fori = 3
one has to ensure the asymptotic negligability of the local martingale n" — 7 .

2.2. Consider the special case in which for each n the mark space E" consists of r, points, say
xY, ..., x;. If we define

N = SKT<nI(X] = x})
j=1
then we obtain an r,-variate counting process N* = col{ N, i = 1,..., r,)}.
Under this restriction the Conditions K of the privious subsection are reformulated as Condition I
and II given in THEOREM 3.1, for in this special case

T L
[N —12ap" = [ 3 (VA" —1Rda’m
0E" 0i =1
(cp. (2.5) and (4.5) where AA" and A4" stand for a" and a”, respectively).
Similarly, the Conditions S are reformulated as the Conditions I in Section 4, since the process
(2.12) is specified here as in (4.9).Thus THEOREM 4.1 below is a version of Shiryayev’s THEOREM 1.1.
Next, compare the Conditions S’ with the Conditions U stipulated in Proposition 4.1 below to
observe that steps 1) and 2) of the previous subsection are taken in this proposition.
Finally, check that in the present special case m((u")?) in step 3) coincides with R of (4.22), while
R™? and 7" —7 in step 4) coincide with R® of (4.25) and RV —R® of (4.23), (4.25), respectively.
Hence the conjectures in these steps are proved in the LEMMAS 4.1 - 4.3.

3. THE LIKELIHOOD RATIO FOR COUNTING PROCESSES

3.1. Let (R, 9, P) be a complete probability space with a filtration {%,0<¢<1} satisfying the usual
conditions. Let N = {N,%,P;0<r<1} be a multivariate (r-variate) counting process:
N = col{N',..., N'}. Consider its Doob-Meyer decomposition N =M + A  where
M = {M,.5,.P;0<t<1} is a local square integrable martingale, and A = {A,,%,P;0<:<1} a
predictable compensator. ’

LeMMA 3.1. The quadratic variation and quadratic characteristic of M are given by the following




relations:

1) [M] = diagN — [A]—[M,A]—[A,M]
2) <M> = diggA — [A]

PrOOF. By definition [N] = diagN, and this gives 1). To get 2) take the compensator of both sides of
1. .
REMARK 3.1. Denote N = N'+...+ N’,IT/ = M+A. From 2) it follows that
<M>, =4, — [A}, = ft(l—AZ)dZ, A<M> = (1-A4)M M,
0

hence 0<A4 < 1. For simplicity assume A4 <1 (in fact one can easily dispence with this restriction;
see e.g. KaBaNov et al. (1975) or (1980)).

REMARK 3.2. Consider V,=I—AA,Q®l, and V! =I+(1—-A4,)"'AA,Q1, with
I, = col{l, ..., 1} and I, = diagl,. Then

1
<M>, = deiagdA
0

!
f diagdAVT
0

{
f V*diagdAV"T
0
with
V% = I —(1— V1—A4)AA/AA4 ®1,-1(AA4 >0)
(satisfying (V*)? = V, of course), and

t
diagh, = [V 'd<M>
0
!
= fd<M>V"T
0

, .
= fV-’/=d<M>V~'ﬁ-T
0

with
y% = 4 A2 VIZA A o) 1 AT>0)
1-A4 MM
LEMMA 32

Let @ = /V 1dA = f(l—AA) 1dA and o1, = /V IdM=M, + [&M], =M, + [A,90], where O is

the sum of the component of O Then
1) [N, = diagN, + / (1—-AN)d[@] ,
0




2) <M> = diagA + [@A].
PROOF. As AN®2 = diggAN, (1—AN)> = (1—AN) and AN(I—AN) = 0,1) follows from

AL = AM + AGAM = AN — AG’(I——AN). 3.1

To get 2) take the compensators of both sides of 1).

3.2. Suppose that a probability measure Pin addition to the probability measure P is given on a
measurable space (§,9) with a filtration of special form % = w{N,:s<r},0<¢<1. Along with
= (N,,%, P), consider the counting process N N = (N, J,,P) with compensator A A= (A,, J,,P)

THEOREM 3.1. ( KABANOV et al. (1980)). 1) For absolute continuity of P with respect to P(P <K P) the fol-
lowing conditions are necessary and sufficient: P-as.
L A4 = 1implies A4 = 1.

1
Il. The components A' and A', i =1,...,r of A and A are related as A; = f}\idAi where

0

colf\', ..., N} = A = {A,.%} is a nonnegative predictable process such that the associated Hel-
1

linger process is bounded: %, =f2r( Vd4' - VdA' Y + (\/l —AA, — \/1 —AA, P <oo.
0i=1 st -

<M<l

2) Assume P<P, and denote z, a right-continuous modification of the martingale E(dP/dP|%) 0<t<1.
Then z, = exp{m, + 3®(Am,)} where ®|(x) = In(1+x)—x, and -

= f (A—1,)Tadn (3.2)

REMARK 3.3. The process z = (z,.%,.P), being a nonnegative supermartingale with (z]P) = 1 as well
as a local martingale, is a solution of the Doleans-Dade equation z, = 1 + f z, —dm,, 0=st=<1

0
(LIPTSER and SHIRYAYEV (1978), p. 288, or GILL and JOHANSON (1986) ), hence z, = &(m),.

REMARK 3.4. By (3.1) and (3.2)

Am = (A—D)TAN + (1—AN) |1=24 (3.3)
1—-AA
and
. T AT I_A.;I-
with @ (x) = col{®(x*).i = 1,...,r}forx = col{x',.... x"}. Hence

z, = exp{ f InT AdN— A + 4, + S(1—ANy)ln —} (cf. LipsTER and SHIRYAYEV (1978), p
st - s

312).

REMARK 3.5. By (3.3)

= 31— V1+4m, )2 (3.5)

st

1_
= fﬂJleangiU + S(1—AN;) — -1

s<t 1- s




AR
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with U = col{ VN ~1 = VdA'/dA" —1,i = 1,..., r}. The compensator of this process coincide

with the Hellinger process, 1 = JC

REMARK 3.6. It is interesting to note that the class of “alternative” compensators A is restricted to
those for which A—A is dominated by <M > in the sense that for a certain r-vertor valued predict-

able process H

t
A A, = [HTd<M>.
0

t
If P<P then z = &(m) with m, = fIHITdM. Obviously, H = V" 'T(A~01) and A—A = <M,m>.
il ] =

3.3.. Here we give a useful representation for the likelihood ratio process, to be used in the next sec-

tion.
LEMMA 3.3. Let P<P. Then
z = exp{2m(U)—2¥ + R}
where
1
mU), = [UTdMn
0
is a local square integrable martingale with
t
<mU)>, = [UTdiagd<M>U<oo Pas.,
0

while

I3
R, = 23®,(\/1+Am, —1) + 2[M %], — fuTdiagdony
0

s<t
with
@,(x) = In(1+x)—x +3x?.

Proor. By (3.2)

4 t
m = 2[UTdMn + [UTdiagd oL .
0 0

By (3.4) and (3.5)
T30, (Amy) = Sy(\V/1+Bm, — 1=, —(n,—7,) .

St s

since %(D,(x—l) = &y(Vx —1)—(Vx —1)? and K = 7; obviously,

, .
m— = [UTdiagdMU + SAT(V1-21 — Vi-ad)y .
0

st

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

3.11)

(3.12)

Now, (3.6) easily follows from (3.9) - (3.12), taking into account that 9 = M + [A,‘_ﬁ—IL] by definition.
By Assertion 2) of LEMMA 3.2
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. TAA )2
<mU)>, = flU diagd AU + 2-—1——&;— (3.13)
st - s

A,
< f UTdiagdAU + 3——=— Vi Ul diagAA U,

sy v s

< f!UdeagdAlU + SuUTdiagA@U,<ooP a.s.

st

Here we first used the Schwartz inequality and then the boundedness of the Hellinger process.!
Hence (3.8) holds.
O

4. LAN FoR COUNTING PROCESSES

4.1. Let {Q", 9, (), 0<r<I), P")}, n = 1.2,... be a sequence of stochastic basis’ of the same type
as above. Let N” = (N”, %', P") be an r,-variate counting process with the Doob-Meyer decomposi-
tion N” = M”" + A", where r,, n = 1,2,... is a nondecreasing sequence of integers.

. ;
Define also My = f(V")“'dM" where V" = I, —AA"®I,,

Let H" = {H}, 9, P"}, n = 1,2,.. be a sequence of r,-verctor valued predictable processes such
that :

1
m(H"), = jH"Td»:*fn" = 12,.. 4.1

is a sequence of local square integrable martingales.

By COROLLARY 2 of LIPTSER and SHIRYAYEV (1980) this sequence is asymptotically normal (see
THEOREM 4.1 below) under the following Conditions H :
H.1. For each 7, 0<<r<1 and ¢, 0<e<1 ‘

4 .
[HZdiagd A"H. + SU(HTA | >e)(1— A4 YHTAd"Y 0 4.2)
0

st

in P" probability as n— oo, where
Io = cl{I((HM>H" ,i=1,...,r},H" = col{H" ,i = 1,..., ry} 4.3)

H.2. For each 1, O0=s1<1

<m(H")>, = fH"szagdA"lHl” + S — A4 H T A <W> 4.9)
st
where W = (W,. $)o<i<: is a continuous Gaussian martingale with quadratic variation
<W> = [W] = EW?, a nondecreasing continuous deterministic function (cf. GREENWOOD and
SHIRYAYEV (1985), § 5.2).

1. Use also the following inequalities : 21(O<AZ<%) Ul diagAd,U, <2 3, ©ldiagAA,U, and 21%

st A EEs

UrdiagAcl‘.U\.SC 2 U\.TdiagAA_‘.U\, with a certain constant C determined by the fact that the number of jumps of 4,, s<
AT
exceedmg 5 is finite.
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TBEOREM 4.1. Under the Conditions H

"

d(P")
m(H") - W (4.5)

in the sense of the weak convergence in “X[0,1]) with resp. to P" (cf. Greenwood and Shiryayev (1985), §
2.2).

REMARK 4.1. For checking the above statement take into consideration that the integer valued ran-
dom measure ', associated to m(H") by

£((0.1], T) = SU(Am(H"),eT), Ted(Ro), Ro = R\ (0}
st
with
Am(H") = H"T AN - "AN)H"TAGW ,
is such that

t
/ f x2p(ds, dx) = SAmHMII(|AmH")|>e) (4.6)

0 |x|>e s<r
1
— fH{’;)diang“ €1>£) + 2(]—AN")(H"TAQI’")ZI(I[H]"TA(‘WI>€)
0 st

Here we have used the following simple relation :
I(JAmH")|>e)AmH") = HIL AN —(1—AN")I(JH"TAd"|>H" T Ad" . 4.7

Now, we can easily seen that on the left hand side of (4.2) we have the compensator of the expression
(4.6). Hence, denoting the compensator of u' by »', one can rewrite (4.2) as follows :

1
f f x"dv'(ds, dx)—0 .
Olx|>e
Below we will need the following simple corollary of theorem 4.1.

COROLLARY 4.1. Let a sequence H", n = 1.2.... of r,-valued predictable processes satisfy the following
Conditions H' : for each t, 0<t<1

t
H.0. [H"TdA"—0;
0
, .
H.1. [HEL diagdA"H9—0 . 0<e<1 ;
0

, .
H.2. [H"diagd A"H"—><W>,
0

in P" probability as n—o0. Then

3

! d(P")
/'HanNn N I’V, .
0
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4.2. Suppose that a probability measure P" in addition to P" is given on a measurable space
{Q", &) of the preceding subsection. Suppose in addition that the filtration {%7, O0<t<I} is
minimal: ' = o{N? : s<r} where N" = (N}, %, P") is an r,-variate counting process with the
compensator A" = (A7, &, P"). Let N" = (N}, 9/, P") be another counting process with the com-
pensator A" = (A}, %, P"). - -

For each, n assume P"<P" and, in accordance with II of THEOREM 3.1, define the Hellinger pro-
cess

3 = flU”leaga'A"U" +3 (\/ 1-A4; — V1-A4; 438)
St .
where
U'=col{U"=VdA"™/dA" ~1,i=1,..., r,}.
Obviously,

A =col{N"=(U" +1¥,i=1,..., r}.

Let the following Conditions J( be satisfied :
JC1. For each ¢, 0<<t<<1 and ¢, 0<<e<l

~1

T ] UL, diagdA"U s, 4.9)

+ SU(AL, — A, |>e(1— A4 XV 1- 0 — V1—-A4; 20
S=!

in P" probability as n— oo, where

Upsg = col{I(N"—1>e)U", i = 1,..., 1,) (4.10)
3.2. For each ¢, O0<<r<1
I <> @.11)

in P" probability as n—oo.

PROPOSITION 4.1. (i) Under the Conditions X

dP"y

mU") - 7 W (4.12)
(cf (3.7), (4.1) and (4.5) with H = ZU )
(ii) The Conditions I are equivalent to the Condmons U defined by (4.2) - (4.4) for the special case of
H = 2U.

REMARK 4.2. As the Conditions U are those of THEOREM 4.1 for the special case of H = 2U, the
assertion of LEMMA 3.3 concerning the process (3.7) allows us to deduce Assertion (i) of Proposition
4.1 directly from Assertion (ii) and THEOREM 4.1. The Assertion (ii) will be proved below.

REMARK 4.3. Notice the difference between U(>() given by (4.10) and

Ul = coll{I((U"|=>U™ ,i = 1,..., 1) (4.13)
(cf. (4.3) ). However using the simple inequalities

I(|V1+x —1|>e)<I(|x|>¢)

and
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I(jx —y|>e)<I(|x|>€/2) + I(y|>e¢/2).

we get
t 4
UL, diagdA"Usy < (U2 odiagdA"U s (4.14)
0 0

t t
< [UZ, 4 diagdA"Uls g + JUE Vi diagd A"UL vz -
0 0

Proof of Assertion (ii) of Proposition 4.1. We proceed in three steps. In step 1) we show that the Con-
ditions 9C imply (4.2) with H = U. In step 2) we show that the Conditions U imply Condition (1. In
conclusion, it is shown in step 3) that the difference between 3" and the left hand side of (4.4) with
H = 2U vanishes as n— o0 under the Conditions %, as well as under the Conditions U.

1) By (4.14), under the Conditions J( the first term on the left hand side of (4.2) with H = U tends to
zero in P" probability as n—c0. We will show that so does the second term, as well. The letter term
does not exceed

SU((A7—1,)TAGH >e)(1— A4 ){(AF —1, )T Ag Y (4.15)
st
+ SY1—A4; YU Tdiagh@rUL)? |
st

as is easily seen by applying the simple inequality

|x =y (Ix —y|><d|x[PI(|x|>e/2) + 4y (|y|>e/2) (4.16)
(see ANDERSEN and GILL (1982), p. 1107 ) to '
(A" =1, )TA@" = 2U0"TAQ" + U"TdiagA@'U" 4.17)
Y .V
1—AA

Since for each >0 one can choose a constant C that ensures the inequality |x|<<C(V1+x —1)
whenever |x|>¢ (e.g. via x4+ x) = (Vi+x - 1)?; KaBaNov et al. (1979), p. 644, the expression
(4.15) in turn does not exceed

C{SI((AT =1, 7A@ [>e)(1— A5 )(\/1— (A2 =1, ) Agy —1)*} ' (4.18)

St

+ supUT diagAATUL- S U diaghd; Uy .
sy s<t

By (4.17) and Condition JC1, the first term in(4.18) tends to zero in P" probability as n—oco0. In
view of the last inequality in (3.13) and the fact that
supUtT diaghAA UL <supAI(; —0 4.19)
st st

in P" probability as n—oo (see the footnote h, p- 4), the second term in (4.18) vanishes as well.
Thus (4.2) for H = U is proved.

2) Let the Conditions U hold ; By (4.14) again, it suffices to bound the second term of ;)" (see (4.9) )
and to show that it vanishes as n—oo. By the simple inequality | V1+x —1|<|x|, this term does not
exceed

2
S [](A;’ -1, )TA&’.;'|>5](1 —AZ;’){(A;' -1, )TA@;'}

st
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<437 [|ug’A@g|>e/4] (QUITA@ YX(1-A4))
ST

+4supU"7 diaghA"U?- SUTT diagh@ Uy ; (4.20)

s<t s<1

here we have used (4.16) and (4.17). The second term on the right hand side of (4.20) tends to zero by
the same arguments as above (cf. the similar term in (4.18) ) ; so does the first term as well, by (4.2)
for H = U. Thus (4.9) is proved.

3) In view of the assertions proved in steps 1) and 2), all we need is that

S (A =17 aai<e - AT V/T=(Ar 1,788 1 @21)

s

2
- {%(Ag -1, )TA@;'} |0

in P" probability as n— oo, either under the Conditions 3 or U.
Since 1—V1—x = x/2+x2/8+0(x?) for sufficiently small values of x, a constant C can be
chosen such that

10— VI—x)? —(xP|<C}x|
2X) [=C|

Applying this inequality to the left-hand side of (4.21), one can see that it does not exceed

2
CceSX1 —AZ:){(A;’ -1, )TA@.;'} <
st

2CeSY(1— A4, )YUITAG!)?

st
+2CesupU;’TdiagAA;’Ug'-ZU?TdiagA@?U;’ .
s<t st
This and (3.13) imply (4.21). The concluding step 3) is proved.
O

4.3.. The next three lemmas establish asymptotic negligability of the remainder term R (see (3.9)) in
the representation (3.6).

LEMMA 4.1. Under the Conditions % for each't, 0<<t<1

{
supR{"—0 , R’ = [U"Tdiagdm'U" , (4.22)
st 0
in P" probability as n—o0.
PrROOF . By Assertion (ii) of Proposition 4.1 and (4.2) with H = U, the arguments indicated in the
footnote " on p. 11 lead to

4
5 ,
in P" probability as n—co0.

Thus, it suffices to prove (4.22) with Ufcy = U"—U{ in place of U”. But this is a direct conse-
quence of Assertion (i) op Proposition 4.1, as

t
f UL, diagd O Ul <e m(U"),
0
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LEMMA 4.2. Under the Conditions X, for each t, 0<t<1
sup|R®@|—0 , R® = [or", 9] (4.23)
st
in P" probability as n—co.
PrROOF . By Assertion 2) of LEMMa 3.2, (4.19) and the boundedness of the Hellinger process
AZ”
<RP>, = SAN P} —= ‘ 4.29)
' s§1 1 .—_AAS
AA‘}("'
< supAIt-S—=;
st ssr 74,

< supAXF-CH7—0

st

in P" probability as n—co (a constatnt C is defined by the arguments indicated in the footnote D on
p. 11). Obviously, (4.23) is implied by (4.24).

(]
LemMA 4.3. Under the Conditions X, for each t, 0<t=<<1
sup|RP|—-0, R = S&,(\/1+Am" —1) (4.25)
sy .

st

in P" probability as n—co.

REMARK 4.3. The last assertion is the special case of Assertion 1.B for /=3, Subsection 1.2. In fact

(3)—' Tepn n —AN" _1__AA:,_,__
RP = [®I(U"AN" + J(1—AN,)®y( =1
0

SIS -

ij)z(\/l-i—x —)dy"

0R,

il

with y" defined as in REMARK 4.1 for the particular choice of H", namely, H" = A"—1, (cp. (4.25)
with (1.14) and (1.15) ).

4.4. In conclusion, let us formulate the principal results of this paper - THEOREM 4.1 and its COROL-
LARY 4.2 stating the LAN for counting processes.

THEOREM 4.1. Under the Conditions '}
d(P"
() 2" = exp{W—3<W>},

. d(P") 1
(i) z" S exp{WHs<W>}.

PROOF. Assertion (ii) is derived from Assertion (i) by the arguments used in GREENWOOD and SHIR-
YAYEV (1985) (see the proof of Statement 3 of THEOREM 8 on p. 99).
As for Assertion (i), it follows directly from LEMMA 3.3, Porposition 4.1 and the LEMMAS 4.1 - 4.3,
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COROLLARY 4.2. Let the Conditions ‘X are satisfied. Then the following two statements hold :
(i) For each t, 0<r<1
" = exp{m(2U")—%< W=>-+r"}
where a reminder term r" is such that
sup|ry|—0 (4.26)
st : .
both in P" and P" probability as n— oo, while the first term m(2U") is asymptotically normal :
d(P") :
mQU") - W (4.27)
and
d(P")
mQU") s W+<w> (4.28)

(ii) Let S" = (S}, ¥, P"}, n = 1, 2,... be a sequence of r,-variate predictable processes such that for
some unboundedly increasing sequence of numbers ky, n =1, 2,... it satisfies the Conditions H with

" =k, > S". Besides, Jor each t, O0<t<1

4 _ 1 Y
fw"—k, * $" diagdA"(U" ~k, * $")—0 (4.29)
0

in P" probability as n—oo. Then
il
2" = exp(2k, > m(ST)—5 <W>-+r") (4.30)
1
where a {eminder term r'™ and the first term 2k, ° W(S") satisfy (4.26) and, respectively (4.27) and (4.28)

with k,,_T(S") in place of U".
Finally, if k,,_T(S") satisfies the Conditions H’ then the first term in (4.30) is simplified to

S
2k, ° fs"TdN".
0

PrOOF. Obviously, for the proof of Assertion (i) it suffices to check (4.26) for
= RN~ < W)
(see (3.6) and (3.9) ), in view of LEMMAS 4.1 - 4.3 and the footnote D on p- 4
As for Assertion (ii), we apply THEOREM 4.1 and its COROLLARY 4.1, and then the fact that 4.29)
implies
L
<m(U"—k, * $")>—0

in P" probability as n—o0, each 7, 0<t<1, which is established by using the arguments leading to
(3.13). The latter fact ensures the property (4.26) for

—L
P= 4 2mU -k, © S").
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10.
11.
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