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0. INTRODUCTION
We establish the Berry-Esseen bound for the distribution of Student’s f-statistic under the sole
assumption that the underlying distribution has a finite 3rd moment (see (1.1 - 3) below).

There are a number of results of Berry-Esseen type for various classes of statistics, e.g., for various
kinds of estimators, for linear combinations of order statistics, for U-statistics etc. The case of
Student’s # was considered in [1] - [3]. In [1], it was assumed that the observations, X;, have a finite
moment of order r=6. This assumption makes it possible to apply the asymptotic theory for sums of
iid. random variables in a rather straightforward way because ¢ involves the sums of X’s and X?’s,
these summands having then a finite 3rd moment.

In a recent paper [3] the Berry-Esseen bound for Student’s ¢ was obtained under the condition that

r>%. (The authors of [3] require that r>>4 but they point out that this is only needed to reduce ¢

to a U-statistic and it appears that this reduction is valid for r>L3O- as well.)

A closely related result is that of [5] from which the Edgeworth expansion for the distribution of ¢
can be obtained. In particular, the one-term Edgeworth expansion is valid under the present condi-
tion that 7 =3 and an additional assumption that the characteristic function of the joint distribution
of (X1,X?) satisfies Cramérs condition ).

In the present paper no conditions of the latter type are imposed. This is the main cause for
differences between our proof and that of {5]. In the proof to follow we mostly omit the parts which
can be carried through by specializing the corresponding parts of the proof in [5] and present in full
detail those which are essentially different.

Report MS-R8608
Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

&




SRR A R R R

R R R

2

1. THE MAIN RESULT.
Let X, ..., X, beii.d. random variables such that

EX, =0, EX} =1, » =E|X;]? < . (1Y

Consider Student’s statistic
1
n:X
= s 1.2
t . (12)

where

X =n""3X, s*=@-1)"I3X-X)7

(Unless otherwise stated, the subscript i runs over {1, .. .,n}.)

THEOREM. Under the condition (1.1) there exists a constant C= C(v3) such that, for all n=2,
1

sup |P{t<x}—®(x)| < Cn °, (1.3)
X
where ® denotes the standard normal distribution function.

The results of this type were obtained in [1], [2] and [3] under more restrictive conditions.

PrOOF. Let
L .
Y, =X;-1, S,=n *3X, T,=n *3Y,. (1.9
Then ¢ can be rewritten as
n—1 ';“ Sn
= 1.5
t=( - ) ] (1.5)

1 o7
1+—=T,—~—82)*
A+ —=Ty=5D)
The arguments used in the proof of the corollary (4.1) [4] show that (1.3) will follow if we prove that
for any aeR there exists Cy=C(a,»;) such that

1 Le¢m _ S
sup |P{S, 2\/;7S"T"+HS"T"<X} O(x)| < Wyl (1.6)
Note that it is sufficient to prove (1.3) or (1.6) for all large enough » since for, say, n<<ng, (1.3) or
(1.6) trivially hold true with C (or C;) =V/n,.

The proof of (1.6) follows the lines of that of Theorem of [5]. The differences are due to obtaining
inequalities rather than o-estimates for the remainders. Moreover we don’t impose any “smoothness”
conditions like Cramér’s condition (C) in [5], which requires a different manner of smoothing the
sums, S,, T,, entering into (1.6).

Let &, . . .,&,,n be mutually independent and independent from {X;} r.v.’s, & being identically dis-
tributed as N(o,0%) (normal with zero mean and variance ¢°) and g having the characteristic function

0(—;—;—), where 6(s) is an even twice differentiable characteristic function vanishing outside [—1,1]. The

parameters o> =o%(»3) and 4 =A(»;) will be specified in the paragraph following (1.16). We introduce
the following truncated and smoothed variables

X = Xilgxi<vmy —EXilx1<Va)» Ln
i = Yilgyisn-y —EYilgyi<n—1p, Yi = Y +§, (1.8)
. . . _L

S, =n X, §,=8,+ T,=n *3Y;. (1.9)

_\/’;)




Denote by p,(x,u) and r,(x) the density functions of (S;,7) and S, and let

Tu(x,u) = sup | D,p.(y,u)l. (1.10)
y:ly—xI=<1
k
Here and in what follows we write D, and D}’,‘ for ??y— d aa—k, k=2,3,... Let, further,
y
B, = {x:lx|<2lnn—1}, E, = {u:lul<a,(x)} (1.1

with
_Vn___,
aA+1x1y?

In what follows we denote by C constants (not necessarily the same in different places) depending
on »; and possibly on some other parameters. The use of this symbol will mean an assertion that such
a constant exists.

By the arguments similar to those in Sections 3,4,5 and 10 of [5] the proof of (1.6) is reduced to the
proof of the following relations:

There exist 49=Ay(r3) and Ny =N¢(v3,4,0) such that, for any 0<4=<<A4y, 0>0,n=N,

an(x) =

sup E{S, TS, =x}rn(x)<C(4,0) (1.12)
sup E{S,T:2|S;=x}ri(x) < VnC(,0). (1.13)

There exist A 1 =A ](1’3,0), (3] :01(V3) and Nl "’—'Ni(Vg,A,O') such that, for any 0<4 <A4,, 020 and
n>N1

sup |x| [1u1pa(x,u)du<C(v;,4,0), (1.14)
xeB, E .

sug lefu2p;(x,u)du<C(u3,A,o)\/;z_, (1.15)
xeB, E

sup x2 [ulm,(x,u)du<C(v;,4,0) Vn. (1.16)
xen, E

x

Having obtained (1.12 - 1.16) we fix 4 and o as 6=o0,(»3), 4 =min{4((»3),4 1(v3,6;(v3)). Then the
arguments mentioned above prove (1.6) for n=max{N,Ny} and hence the theorem.

The proof of (1.12 - 13) follows the lines of that of theorem of [6] and will be omitted in the
present paper. In what follows we prove (1.14 - 16). We shall suppress the dependence of constants
on 73,4 and o except for 4, and ¢,. Only the dependence on some other parameters (e.g. A in
Lemma 1) will be indicated.

Introduce the function

1+x2 . :

Gueu) = —pr(xu), (L.17)

where
- 22y P +Lpn

R = E(+5;%) = 1+EX) +—E’<C. (1.18)
Let

gn(u) = sup g(x,u), @) = sup [ Dygy(x,u)| (1.19)
and, for z>0,

0@ = [ ¢, OPE) = [ ¢Pw)d. (1.20)

Ivl=z lviz=z




The proof of (1.14 - 16) is based on the following lemma the proof of which will be given in Section
2. '

LEMMA 1. There exist positive A\ =A (3, 0), 61=01(v3) and integers m=m(\)=3, N, =N,(\) such

that for all n==N,, A<A,, 0=0,
JaWav<C, [qPwav<cC
and for all n==N,, A<A,, 620, 2>0 and A=1

ni4
Q.()<CnP{|Yi|> (\{m e DT

]/4
oP@<ct

3/2

Note that (1.22) implies
nl/4
Qn(Z)\C
ProOOF oF (1.14). By (1.17) and (1.18) we have (see (1.11))
. o 1l auas

leflulp,,(x,u)duS

<Rlix|

S f Q,(u)du.

a,(x)

(1.21)

(1.22)

(1.23)

(1.24)

(We have used here that lim zQ,(z)=0 by (1.24).) The proof of (1.14) obtains now by a straightfor-
Z~3>00

ward application of (1.24).
PrROOF OF (1.15). Likewise, the integral in (1.15) is bounded by

uQ, (u)du.
+ za (ch)

To obtain this we have yet to show that
lim u*Q,u) = 0.

u->-+ 00
In order to prove (1.26) and to estimate (1.25) we use (1.22) with A=2.
Note that letting b= —EY;1(|y,|<x—1) (see (1.8)) we have

1

4
0<b = E(X,z—l)-1“m>\/;}<73_—(<l for n=v}).

Hence | Y | <n for n=»%. Moreover we have for n =3

EIY1%2 = EX} —1+b[" 1 x, < vy SO +1—b)2 <232y,

Now we obtain for the probability in (1.22) with A=2

z\/_ zVn z\/—

P{IY] |>~—— }<P{|Y,1> ) TEUE >

P{|Y11>z\/—}<23/2 LL— for z>0,

V3 232,3/4
zVn

} =0 for z>4mn!/

P{f’1>

(1.25)

(1.26)

127

(1.28)

(1.29)

(1.30)




4
P{|§|>“/— <Um) 3 for 20, 1.31)
zZ'n

Making use of (1.22), (1.28 - 31) one directly verifies (1.26) and obtains a bound for (1.25) which
proves (1.15).
ProoF OF (1.16). It follows from (1.17- 19) that
g2 | 21yl
+ n
1+p2 - (1+p?)

D, ;(y,u)l<C n(u) |-

Hence the left hand side of (1.16) is not greater than

x2 2
ulqPw)du + sup 2yl u g, (u)du).
s A X‘<‘1+}’ lu|</t;n(x) " rly=xI<L (142 lul<fa.(x)
Note that  sup ;<2 and su M—<l for all xeR. Now (1.16) is verified
yily—xl<l 1+ yily=xi<1l (1+y?)?

directly using (1.23) and (1.24). Thus the proof of Tﬁ)eorem is completed.

2. PROOF OF LEMMA 1.
Note that after we prove (1.21) it is sufficient to prove (1.22) and (1.23) for Z=n'/®. Denote by
fals,t) and ﬁ,(s, t) the characteristic functions of (S,, T;) and (S, T,) respectively. Let

g(s,u) = —2—1; [e ™ fls.0)dt,  guls,u) = —2-1;’— fe ™™ fu(s, 1)k @D
Then

pa(xu) = 51,; fe ™" gu(s,u)ds. Q2
Hence we have (see (1.17))

Rgu(x,u) = 5= /e"”‘[gn(s,u) D} g (s,u)lds 23)
whence noting that R>1 (see (1.18)) we obtain

0@)<7- fI ] a0~ Dlga(on)duds, @4

o)<~ fl ‘j> Is |15 (s,4)— D2g.(s,1) | duds. @)

Let 8,(s)=6(

s N
, then (1.9) implies that
g;(s,u) = 0,(s)g,(s,u) and g:,(s,u) = 0 for |s|=4 V.
Thus (2.4) and (2.5) are rewritten as

@5 [ [ IsV1I8.6)—DIE) g0 +21D,0,6)!1
Tisl<aV lui>z

| Doga(s,u)| +10,(s)1 | D2gy(s,u) | ldsdu, j=0,1, (2.6)

with QP =0,. We shall prove that there exist 4,(#s,0), 0;(v3), and integers m>0, N,>0 such that
for n%Nz, A§A1, 0'20'1 and for ISIgAl

JIDiga(s,w)ldu<Ce™'(1+51Y,j=0,1,2, @7
1/6

and for any A=1, z=n

RN




f |Diga(s,u)|du<<C\,v3)e —“2(1 +1Isly-

lul >z

zVn

nP{Y; > maxmn6) )

+aM4z=R/2) 0 j=0,1,2 2.8)

where Dlg=g.
Then, by putting (2.7), (2.8), into (2.6), we obtain (1.21 - 23). Proceeding to the proof of (2.7),
(2.8), introduce the functions

Ti(s,u) = E {exp[zslzX ]lzlf = u)p¥ (), .9
k =1,2,..

where p(u) denotes the density of Y; and the superscript k* denotes the k-fold convolution. Note
that (cf. (2.1))

\/;I‘,.G-\—/‘?-—n—,u Vn) = gi(s,u). 2.10)
These functions have the following properties

|Ti(s, )| <p*" (), bence [|Ti(s,u)|du<1, 2.11)

Ti(s,) = T (s, ) (2.12)
(see (3.9) in [7)).

LeMMA 2. There exists oy =o0y(v3) such that for any 6=ay there exist constants C, >O Cy>0, A,>0,
an integer m>>0 and a function B(u)=0 which depend on vy and o such that

T (t,0)|<p™ (u)— B(u)t? for |t|<4, (2.13)
and
[ Bwdu=C,. 2.14)
lul=C,

The proof will be given in Section 3.

COROLLARY. For any n=2m

- 2=
[ITa(t,u)|du <e m for |t|<A4, (2.15)

PrOOF. Write n=a-m +k with a=[n/m),0<<k <m, Then, by (2.13)
JITa@w)ldu = [T,V Te(t,u)|du<[ f| Tt )| du] <
<(1-C 12’ <exp{—C,at?}.

It remains to note that a?zl for n=2m.
m

The constants 4, and o; which enter into the assertion concerning (2.7 - 8) can now be specified as
follows. We take 4, as given by Lemma 2 and let 6, =g V2. The latter choice is needed to permit
us the application of Lemma 2 and its corollary with ¢?/2 instead of o® (see (2.16)).

For the proof of (2.7) with j=1,2 we regard & (see (1.8) and the paragraph before that) as a sum of

two independent r.v.’s &V, &2 distributed N(O, —-—) Let Y Y,+£&D, then Y, = Y +&3. Let (cf.




29

vk*

\I/‘k(s,u)=E{exp[is§5(]§\ll’ uyp @), k=1.2,. (2.16)

i=1

\' .
where p(u) denotes the density of Y,-. Denote the density of N(0,ke® /2) by ¢(u),

o) = W%oe““’/kﬂ, k>0, 2.17)

Then we have

v
Fk(s’u) - Fk(ss ')*‘Pk(u)’ k= 1323--- (2'18)
Now, by (2.10), (2.12) and (2.18), we obtain that the left hand side of (2.7) with j=1 is

Va [IT,_1( \jn—,-)*rl'( j;,->*¢n(u)|dusﬁ ﬂr'l(-\j—f,')w,,(u)|du~

(1T, (== )\, 2.19
JITa=1( il (2.19)
where
\ Vv
I'y'@,) = DI(,).

Applying the corollary (see (2.15)) we get a bound e~ for the last integral which holds for
|s|=<A4,. Thus we have to show that

\/‘f IT (=5 ,)*¢n(u)ldu<C(1+|sl) © (220
Let

W) = E{i{lﬁq =u};(u).
Then

Ty /() = in(u) +iE{ X [exp(itX1)—1]| Y, =u };(u). 2.21)
We have

[ww)du = EX, = 0. (2.22)
Let

wu) = [po)dy (= — [um)dv  by(2.22))
Then

1)< f [ 1o + f f[;t(v)ldvdu -

=00 — 0
= [lup(w)|du<E|X, Y1;<c, (2:23)

Consider now the two terms arising when we put (2.21) into (2.20). The first of them is

Vo [|u*u@)ldu = Vn [ |,;*¢,,'(u)1du< (2:24)




</ )ldu- vV [lén"@du<cC

(see (2.23) and (2.17)). The second one (with z=——\)‘=) is not greater than |s|EX; <Cls|, which
n

together with (2.24) proves (2.20), and hence (2.7) with j=1.
In the way similar to (2.19) we obtain that the left hand side of (2.7) with j=2 is not greater than

5

(n—1) [Ty \j;,~>12‘*V,,-z<—\};,-)*¢n(u)lda + [Ty R Syl

*dn(lde<(Vo [Ty~ 020 | s +
+ [ T, ”(—j—;—,u)ldu / |i'/‘,,_2(—\;_,—'—,u)|du [bn(u)du (2.25)

Now (2.7) with j=2 follows from (2.11),

v ~
[Tyt w)du<E|1 X, 12 (2.26)

and an analoque of (2.20) with ¢, replaced by ¢,,,.
Turn to the proof of (2.8). We shall use some arguments from the proof of Theorem 1.2 in [7].
Let

Pms,u) = p"“(u)-—B(u)sz, pr(w) = p"'(u), k= 1,.2,. .27
and for y >0,
Pm(8,4Y) = P, Lu<yy,  PR(y) = pr() Lusyy- (2.28)
By Lemma 2 and (2.10), we have
[ leswldu = [ [T(—T=wldu< [ ph(—=u)*pu(u)du, (2.29)
|u]=z lul>zVn Vn lul>zVn Vi
where a and k are as in the proof of the corollary to Lemma 2.
Hence
[ (s wldu<I\(s,2)+I,2), (2.30)
lul>z
where
* by * S
I(s,2) = pm 7= k(W) — P (— ="y * o (u,p))du, 231
15,2) lu|>/z\/; (\/; () V) P )l (2.31)
L) = [ s eu(uy)du. 2.32)
Iu!>zV; VG;

The integrand in (2.31) is non-negative, hence we may extend the domain of integration to the whole
real line. Thus we obtain

Li2)<(f pm(—\j,7 wyduy —(f pm(—\j; Jwy)du) [ pi(uy)du<
Cioagoipy Ci o, &
<a(l——="FYTIP{ZYi>y} + (I-—s"FP{ZYi >y}

i=1 i=1

Note that a —1=n/2m for n=4m and

P(3 Y >y)<mp(¥i>L),
i=1
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Therefore

Ls<e ™ amp(vi>Ly + kp(Yi>L )<

<e (V> 1), 233)
Put y= \,{— Then (2.33) gives a part of the right hand side of (2.8).

To estimate I,(s,z) we apply the arguments from [7] (see (3.25), (3.32) - (3.33) of [7]) to obtain that
for an arbitrary A>0

L(sz)<e V([ (=16l Relly) 2.34)
u .
with
J
Ri(hy) = [ e"p* (w)du<1+2kv; ;,eWy ™2, (2.35)
-0
where

V32 = E|Y’|3/2<C
By (2.27), (2.28) we have

feh“p,,,(—\f-_;,u,y)duszzm(h,y)—ﬁ:—ig"“B(u)du. (2.36)

Put
= —Z—Aﬁ, h = yllog(ym/n).

Then

e~ hVn = pMaNI2,-3\2
and, by (2.35)

Ri(hy)<1 + 2kv3 ;5n "', Ry, (hy)<I+2mw;;n~". 2.37)

2/3

1/6

Further, since z=n'® we have y= and y=C, (see ( 2.14)) for n=(AC,)*%. Moreover,

h<%e‘1n"2/3 <-;- for n=>2. Therefore, by (2.14)

y .
[ e"Bu)du=e""C1=C; = Cre” " (2.38)

00

Putting (2.37), (2.38) into (2.36) and then into (2.34) we obtain
I5(5,2)<ANM2pM4 ;=N 2exp(2p3,, — C3—§-s2). (2.39)

Note that — >-i—1—— for n=2m. Now (2.33) and (2.39) imply (2.8) with j=0.
In a way S1m11ar to (2.20) we see that the left-hand side of (2.8) with j=1 is

\/rTfu“

s )*F1 w)|du = J+J,, (2.40)

/ s SyE
(\/Z’M"

—1(
lul>zVn \/—
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where J; and J, are the integrals over u>z Vn and u<—zVn respectively.
We shall use the following inequality: for two non-negative functions, f and g,

[rewadu = [ [fuygOydudv< [ f(u)du [ge)dv+ [fu)du [ g@)v. (2.41)
u>y ut+v>y u>§- v>12-
Thus
Ji<Va | 11‘1'(T};—,-mw)ldu-ﬂﬁ_l(ﬁ;,undu+
u>zvVn/2
Vi I (= Wt | [Pt @42)
u>zVn/2
Note that

]EX1’1{|X||<V;}‘<ElX1 I<(EX%)1/2 = 1.
Hence |5(1 < Vn+1<2Vn (see (1.7)). Therefore

|1v‘l ‘tu)| = |E[X;e"™ |§1 =u];(u)<2’\/; IV;(u). (2.43)

\%2
Then noting that p* ¢, (1) =p‘(u), we obtain

Vi [ I aldusn [ p g i<

u>z \/;/2 u>z\/r7/2
_\/'_ . .
no [ bp-1(u)du L (49
u>z ‘\/_/4
We have for the last term
no [ geidu<on [ qs,(u)aru<c—<Cn’V4 -2 (2.45)
u>zVnra u>z /4

for z=n'%. Now we put (2.44) and (2.45) into (2.42). Moreover we use (2.20) and estimate the
A%
integrals of I',_; in the same way as those in (2.7) and (2.8) with j=1. The inequalities thus
obtained together with similar inequalities for J, (see (2.40)) prove (2.8) with j=1.
In a similar way to (2.25) we obtain that the left hand side of (2.8) with j=2 is not greater than

n f I[rl _\/_ )]2‘* n— 2( \/—, )*¢,,(u)|du+

Iu|>z n

v
t [ = P TS Y @l du =T, +.. 4T
wieve  Vn Vn
where the J’s are the parts of the integrals corresponding to integration over u>z Vn and u<—zVn
respectively.

We have

J1<2Vn Ty’ *on (wdu-Vn [|Ty’ *bn (u)|di
1< nu>z£_/3ll(\/—)¢(“)u fll(\/—)‘#(u)]u

 [Tea (S )l + (Vo [Ty (==, )2 () | sy -
Vn V'l T2

IT n—2(—7=,u)\|du, (2.46)
u>z {/;/3 \/_

SR R e
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J3< 1r "= )*q),,(u)]du |r,, (—=,u)|du+
’ u>z‘\/‘/_/2 l f ’ .\'/_
+ [Ty \/_,)*¢,,(u)|du / |r,,_2<7}n—,u)1du (2.47)

u>zVnr2.
and similar relations for J,,J 4 with corresponding change of the domains of integration.
v v

In the first integral in (2.47) we have |T',"(t,u)|<<4np(u) (cf. (2.43)). Then this integral is estimated
as in (2.44), (2.45). The other integrals in (2.46), (2.47) are estimated in a similar way to (2.20), (2.44
- 45), (2.26) and (2.7), (2.8) with j=0. Thus the proof of (2.7 - 8) and hence the lemma is completed.

3. PROOF OF LEMMA 2.
Let B CR? be defined as
B={(xu):|x|<a,|lul<b}, a=8»;, b=9643 3.1

Denote by P(dx,dy) the distribution of X;,¥; (see (1.7), (1.8)) and let P be the corresponding distri-
bution conditional on B, i.e. for a Borel set A CR?

Py(d) = ﬂ"—”él, with « = P(B). (2)

Consider i.id. random vectors (Z;, Z;) distributed according to Pg. Denote by v, and v the expecta-
tions and by 03z,0% the variances of Zy and Z, respectlvely Morcover let, as before, & be iid.
and independent of {Z(;,Z;} normal N(0,6%) r.v.’s and Z; =Z; +¢; .

Spg = n 1/22(20'—‘/0), T;B = n %E(Zi "Y),UB = var(Z;). 3.3)

Denote by pp(u) the density of Z;.
First we shall show that « and oy are bounded away from 0. In a similar way to (1 27) we find
that, for n=4r}(=4),

E le | <2ps, E|)~(1 171 |<3v;. 3.4
Then

- 2 23/2

P(BC)SP:;(;; + b3/2 )a

~ ~ 2 .3
|[xdP| = ]fde|<V3(—2+-b—),
B B a
~ 2, 3a
2 < _+_
é[x dpP v3(a > ),

and with g and b as given in (3.1),

= 127
128
2 11,2, 3a, 1.,2 3o
oGp=>1 a"z(a"‘b) azl’s(az b)/ (3.5)
1,128, 1
== (5> :
=257 (3.6

Note that 03> =06% +0? and cov(Zo1,Z1)=cov(Zo1,Z1). Hence the correlation, p, between Z,; and
Z; satisfies the inequality

Op

S5
B
Vo +0?

lpl< 3.7
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Since o5 <b=96r% we have
lpl<< —\—}_2— whenever o=0, =9673. (3.8)
Let, further

Trp(s,u) = E{exp(stZo,)|EZ =ulpf (W), k= 3.9
=1

Moreover, for B°=R?\ B define Py and [z in a similar way. Note that

app(u)+(1—a)pp W)=p (), (3.10)
p" being the density of Y} =¥, +£ (see (1.8)),

al'ip(s,u) + (1—a) 5 (s,u)=T"1(s,u), ' (3.1
(see (2.9)) and '

Tia(s,w)|<pl (), |Tip(s,u)|<pl: (w). (3.12)

LEMMA 3. For any 0=0,=96»3 there exist A,>0, an integer m>0 and d>0 depending on vy and ¢
such that, for |s|<A4,,

T (s, )| <p3" () — Vmds* 1 5(X—21), (3.13)
Vm

where E={u:|u|<<ug} with ug=0y V2 In2.
We shall use this lemma to finish the proof of Lemma 2 and after that its proof will be glven We
have by (2.12) and (3.11) with m as in Lemma 3

T,.(5,)=T7"(s,")= zc o (1 —a)" *Tk5(s, ) TR (s,°). (3.14)
k=1

Now we estimate the last term by (3.13) and the other terms by (3.12). Then we employ (3.10) to
obtain that for |s| <4,

T, (s, )| <p™ (u)— s B(u), , (3.15)
where
Buw)=a"Vmdl (3.16)
@@= (=L \/— )
The length of the interval
I= u:weE
{ - }
is 2Vmug and I C[—C,,C5] for C; =ma+uyVm with a defined in (3.1). Hence
[ BQ@du=C,=2uyma"d G.17
lul<<C,

which completes the proof.
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4. PROOF OF LEMMA 3.
Let pp be the density of Typ (see (3.3)) and

gka(s,u)=E{exp(isSip)| Tis =u}pis(®), k=1,2,... 4.1)
Comparing (4.1) with (3.9) we have

Top(s,u)= \/_ ——gip(s VK, ==L \/_ ) k=12 4 42)
Then (3.13) is equivalent to

|gma (s, )| < Ppnp(u)—ds* 15(u) 4.3)
for

Is|<d,=4,Vm.
Let

k@)= E{Sks|Trs=u)lpis®), jk=1.2... CX))

Denote by ¢p(x,u) the den51ty of the bivariate normal distribution with zero mean and the same
covariance matrix as (Zg;,Z;). Recall that the correlation coefficient of this distribution satisfies
(3.8). Let ¢p(u) be the marginal density,

¢p(w)= [$p(x,u)dx, and
l"'_](u): ijq)B(x’u)dx, Jz 1,2,... (4'5)

LEMMA 4. There exist constants L;=L;(v3,0), j=0,1,... such that

L

sup |PkB(u)—¢B(u)|<-T(;C, k=1,2,.. (4.6)
L; '

sup | () — )| <—=, k=12,. 4.7

up i) = | < @7

The proof will be omitted. It uses some technique from [6] and is simplified by the fact that
Zy,1, Z, are bounded and Z) contains a normal component.
Expanding the exponential function in (4.1) by the Taylor formula we obtain

g (s,u)=gip(s,u)+ |5 1> $ic(s,u) 4.8)

with
2
B (5,4)=Pua () F ispi () =5 a0, @9)
8k (s,u))| <%E[lSkBl3]TI:B =ulprp(u)<
<{(w)= "é'{PkB(u)+P4,k(u)]- (4.10)

We have

_ s 2 9, Dew) 5?2 p3i(w)

'ng(S,u)I "‘PkB(u)[l § (P%B(u) 4 p%B(u) )]: (4'11)
where

Dy (u) =pup (@) — b3 1 (). “4.12)




R
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It follows from (4.8) and (4.11) that

0! 82 Ba(w)
|8ka(s,1)| <prp() =1 Prs) lo18e)= 4 pua(u)

Our aim is to find m and 4, such that the expression in brackets is bounded from below by a positive
constant for k =m, |s| <4,,|u|<uy. Since we consider 6=>0, and 63=>¢, we have

45(u)>=5 65(0) for lul<up. @.14)

3 (4.13)

Moreover, since 63 <<6 V2, we have

1 1
¢p(0)= o . 4.15
»0) V27oy 26V @13

Let m; be the smallest integer satisfying

Lo<1

. .
(<—5¢5(0 4.16
'\/;1—1- 8\/‘;0’ \™=4 ¢B( )) ) ( )
(see (4.6)). Then (4.16) and (4.14) imply that for |u|<uy, k=m,

%((—”;))—z—i—. @.17)

Let D(u)=¢5(u)p,(u)—pi(u). Note that D(u)/$}(u) is the conditional variance of the first variable
given the second one, i.e.

D(u)=0pp(1—p)pp(u). - (4.18)
Write the first term in brackets in (4.13) as
Di(v) _ D) 4 Dy (u)—D(u)

s ()= 500),

= 4.19
@) Pa®) | P @19
By (4.14), (4.15), (4.17) and (4.18) we have for lu | <uy, k<m,
D@) _ D) 9$50) 1, (o o 490
@) ¢p(u) pra(u) 3 ota(1 =0 2(0) (4.20)
whence, by (3.6), (3.8) and (4.15) we obtain
Dw) 90 _ 1 ¢ <
= = <ug, k=m;. 4.21
o) 18 3gvme O MISHe kEm @21

Further, we have
Dy (u)— D(u)=[par () — pa(@)lpip(u) +
[Pra(4) — pp()lpa(u) + 11 () — ()] [ () + pisc(ue))

It is seen from (4.5), Lemma 4 and the fact that o3>0, that there exists a constant L=L(r;,0) such
that, for 6=0

sup |De)—D(w)|<—L=, k=1,,. 4.22)

vk’
It follows from (4.17), (4.14) and (4.22) that we can find m=m, such that
IPn@)=D@)| __ 1

4.23)

< for lul<u
Pma(4) T2Vro 0
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1
144\/7-7_0 ’

D
'”(”)) >2d for |ul<u, 4.24)

Let d= Then (4.19), (4.21) and (4.23) imply that

PmB(u
2

Pom
By (4.17) and Lemma 4,
y G170 D)
that

and {(u) are bounded for |u]=<ug, hence we can find 4,>0 such

su 45 k(u)
WL, - 4 ()
Then (4.13), (4.24) and ‘(4.25) imply (4.3).

———+4){p(W)]<d. (4.25)
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