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Uniqueness of Gibbs Measures and Absorption Probabilities

H.C.P. Berbee .

Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

Gibbs measures are studied using a Markov chain on the non-negative integers. Uniqueness of Gibbs
measures follows from absorption of the chain at {0}. To this end we derive a certain inequality. For one-
dimensional systems this improves a well-known unigueness resuit of Ruelle and moreover it is for models
near the 1/r2-interaction Ising model a natural improvement of some other results.

1980 Mathematics Subject Classification: Primary 82A25; secondary 47D45, 60K35
Key Words & Phrases: Uniqueness of Gibbs measures, positive operator, Markov operator, duality, absorb-
ing state, inequality, Perron Frobenius theorem

1. INTRODUCTION :

In studying uniqueness of Gibbs measures it may be useful to make a comparison with a stochastic
process. We present a method connecting absorption probabilities of a simple Markov chain at {0}
with uniqueness. Our specific result, theorem 1.1, is used for one-dimensional systems. It includes a
well known result on uniqueness in RUELLE (1968) and succeeds in section 6 to find a natural
improvement of other results that needed refined estimates. In our method the key role is played by a
certain inequality. Comparison of processes is quite well known already in the literature: duality (see
LiGGerT (1985)) is a nice technique based on an equality. We hope that our comparison method
using absorption probabilities is useful in more problems.

Let us now describe our problem setting. Let S be a countable set and X a finite or countable set.
For A C S and o € X5 write 65 = (0;);cn. We define Gibbs measures on X5 in terms of a given
energy difference function AH (0,0’) for the energy difference between ¢ and o’ in X' S. This function
has to be properly defined only in case 63 = 0’3 for the complement A of any finite set A. Assume
that for any finite A C Z this energy difference has the form

AH (0,0") = ¢p(0)—¢a(0) if o = o3
where ¢, is a suitable real function on XZ. Let us define a probability measure ps , on X by
1 @)

N |

Pro{Ta)) 1=

where
ZA,a = 2 e¢"(°’) WithO'A = o}.
o’Ae)(’A

Clearly py, as a function of ¢ does not depend on 6, and moreover it is the probability measure
such that

P, a({aA }) —AH(o,0) :
——— = ) if oy = o'},
Prc({o'A}) AT oA
We call a probability measure p on X a Gibbs measure for AH if for any finite A C §
Wdoy,doR) = pa,o(dop)ps(doy) (LD
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where py is the restriction of p to X®. Note that if (1.1) holds for A then it holds also for A C A.
Section 6 contains an illustration of the notation and definitions above for a one-dimensional long
range interaction Ising model.
We will describe now the context of the main theorem. Suppose there are given finite sets
g = Ay CAyC---1S. Write

Oy 1= Op N4, =1,
and define |
$a(0) = @5 (6)—p _(0), n = 1. 1.2)
It is easily checked that the function ¢, does not depend on oy, - - - ,6,—; and so we may write
(0) = $u(OnsOn 15~ ).
Define for k = 0

var$n) 1= Max [94(0n " 10 +k)=da(Ons ** " 10 +i)]

Ins © 7 " 9 Op a4k

re 1= sup var
k1= sup «(Pn)

where
En(am I R B ( ~s)'uP ¢n(°n,on+ly ce0)
G )i>n+k )
¢n("m Tt ,0n+k) o= inf 95"(0,,,0',, 41, """ )
- O;)i>n+i
Related to the result of RUELLE (1968) for uniqueness of Gibbs states is the condition
S < oo
k=1

Our result below uses the weaker condition (1.3).

THEOREM 1.1: There exists at most one Gibbs measure for AH if
dexp(—ry— -+ —r,) = 0. (1.3)

n=1

This result is temperature sensitive. Suppose e.g. that AHg(s,0’) = BAH(0,0’). One obtains a bound
on the critical inverse temperature from the theorem by using the following lemma.

LeMmMA 1.2:

. lo,
- cee = c= im—
'E‘exp( B(ri+ 7)) | 0 for[? <B h—Erl PR
We leave the proof to the reader (see also section 6). The example in HOFBAUER (1977) is related to
the form of our result. For chains with infinite connections BERBEE (1984) gives a uniqueness result

under similar conditions but with a quite different proof. In remark 4.1 we indicate a relation using
duality.

Our approach consists of an analysis of (1.1) using positive operators. This can be explained as fol-
lows. Note that Z, , above depends only on ¢3. Thus the measure

13, (14
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on XM is properly defined. We investigate the operators L, for which

Lupy = pu—1,n = Lo = .

In section 2 we construct a Markov matrix related to the operator L,. Based on our approach in sec-
tion 2 we obtain in section 3 a general inequality that is our key result and is formulated using
absorption probabilities for a Markov chain. As a corollary we get a certain uniqueness result for
Gibbs measures and an inequality for correlations. In section 4 we use this to get theorem 1.1. In sec-
tion 5 we prove a result in Perron Frobenius theory and indicate how our result differs from RUELLE
(1968) and section 6 discusses our Ising model application.

2. RaTio Bounps :
We define ratio bounds of certain measures and investigate their behavior under the application of
positive operators L.on these measures. This leads us at-the end of the section to associate a Markov
operator with L.

Let Y:= kl;IxY" where Y,;,Y,, --- are finite sets. Let p,» € YY) with OY) the space of

bounded measures on the space Y. We compare g with » using “ratio bounds” that are defined as fol-
lows, using the product structure of Y. Let G consist of the k-cylinder sets C C Y having the form

C = AXYk+lXYk+2X --- where A CY]X A XYk.
The ratio bounds for the measure p with respect to » on Y are the coefficients
= sup ME)
™ 8 wo

= 7 ﬂgl k?O
-k i= oy F=0

Note that p, = pp(p,») satisfies

pr@sv) = p_i (i)™ .1
We also have py(,») = llpli/llzll.
Let us now consider a sequence Xj,X;,--- of finite or countable sets and define

X = kI;X,, +,n=0. Fixing n=1 we define an operator L =e? such that L:9WX,) —> M
(X(n—1)) as follows. Let ¢ = ¢, be a real function on X, —) and define L = L, by

LyB):= 3 R/ ® 1 5(0,,x)u(dx)

o,eX,

for peMUX ). For p,reI(X(,)) we write
pe(,?) 1= pr(Lp,Lv).
Writing ¢ as ¢,(0,,0, +1, - * * ) with g;eX; we have, using the definition of var,¢ in the preceding sec-
tion:
PROPOSITION 2.1: For 1<k <<N we have
Pok = pog—pe TP Hpile T —e Tt s oy e T ) )

ProOOF: Write [6,, * * * ,0, +—1]. for the cylinder C C X, ) of the form

C = {0’,,})({0',,.*.]})( e X{°n+k—l}>< H Xj'
j=nt+k

We want to bound Lp(C)/L¥(C) and decompose Lu(C) as
e P T D N (o L )

k=m=N




+ [(¥or) — 20 mey] (6, x)p(dx).

We use after decomposing C in smaller cylinders

MIOn+15 " " O tmln+1) = P—m¥[0n+15 " " * s0n tmln+1)-
This gives '
L[L(C) > /{p—(k —l)eﬂo“ s Opak-) + 2 p_m(eg(um * Onim) __eﬂan” T ,°.+m-1))
ks<m<N

+ O}IC(omx)V(dx)-

We rearrange the term between {-} as

(P=e—1y—p—)et® I s oy gy —py)e B o) @3)

L CANLR A%

+ p_yel

Because p_; is nonincreasing in j the terms (*) are nonnegative. It is easily seen that
o0 ) o V) o)

where x = (0,+1,0,+2, ** - ). We apply this to (2.3) and rearrange again. Finally we get
Li(C) = YL»(C) where ¢ is the right hand side in (2.2). Because C is any k-cylinder set this implies
the assertion on p_,. [J

Proposition 2.1 is formulated for finite N. We may let N —> oo. The result thus obtained will be
summarized in (2.4) using a Markov transition matrix P.

We think of P as being associated with the operator L, defined as follows. Let {0} be an absorbing
state for P by writing Poy = 1. Define a probability measure F on {0,1,2, - - - }U{o0} by letting

Flk,00) = 1—e "™® >0,

Because in most of our applications var,($)J0 as k — oo, the measure F will then be concentrated on
{0,1,,2, - - - } and we can usually let this be the state space associated with the Markov matrix. Oth-
erwise we add also {co} as an absorbing point to the state space. Now define for 1<k <<co

Py := FI0,k—1] if j = k—1=0,

1= F{j} if j=k.
Thus the Markov matrix P, having row sums equal to 1, is finally determined. From proposition 2.1
we have the lower bound

I)_k = 2 ijp._j, k=1. (2.4)
0<j<<co )
This nice formula, giving a lower bound for p in terms of the Markov matrix P working on p, has a
central place in the proof of key lemma 3.1.

3. AN INEQUALITY AND A MARKOV CHAIN ABSORBED AT {0}
We take again the point of view of section 1 and connect it with section 2 in the proof of key lemma
3.1. There are given finite sets & = Ag C Ay C---1S. Write X, := X™. Note that
$n = ¢p(0,,0, +1, - - * ) defined by (1.2) can be identified with a function on X, _y). Let Z,,n = 0,
be a Markov chain with the nonhomogeneous transition probabilities P, PP, - - - where P™ is the
Markov transition matrix associated at the end of section 2 with the operator L, := e*.

Let N = 1 and suppose p is a probability measure on X5 that is “right” on Ay for AH in the sense
that (1.1) holds for A = Ay. Assume the probability measure » is also “right” in this sense. Clearly
this is valid if p and » are Gibbs measures for AH. Define for the Markov chain Z,,n = 0, the




absorption time at {0} as
7= inf{n=0:Z, = 0},

and let Pi(*) := P(-| Zy=k) be the conditional probability given that the chain is started at {k}.
Nice monotonicity properties of this chain are discussed in the proof of proposition 3.3. First we state

our key inequality.
LeMMA 3.1: If i and v are probability measures that are "right” on Ay for AH in the sense above then
Sor any k=1 '
inf ME) = p <NV 1
ng; #C) K(T<NY". ER))

Here ®, are the sets in X° generated by the projection on XA.

COROLLARY 3.2: Suppose for all k = 1

P, (Z, is absorbed at {0}) = 1 3.2
then there exists at most one Gibbs measure for AH.
PrOOF OF COROLLARY 3.2: If p and » are Gibbs measures then we can apply the lemma and the right

hand side of (3.1) is asymptotically 1 for any k. Hence p(C)=»(C) for any such p and » and any
cylinder set C. This implies uniqueness of g. (]

PROOF OF LEMMA 3.1: Note that if p, is defined for 0 < n < N by (1.4) then, defining L, := e* as
in section 2 we have

p=p =Ly ---Lyp,, 1<sn<N.
We prove by induction that for» = N,N —1, - - -,1,0 holds

p—-k(l"n”'n))
pk(.um”n)

For k = 0 and also n = N this is trivial. For k = 1 and any N = n > 0 we have (2.4) and simi-
larly after using (2.1)

L
2

Ri(n) := ( > P(Zy = 012, = k), k=0.

S S pg;).___l__.
Pr(ptn —15¥n—1) 0<j<oo pj(l-"ns"n)
Using this in
o L+ Xy
CPyx)’ GPy—)" = 2Pii(=5)
J i Y i Y

which is a consequence of Cauchy’s inequality, we find
Ri(n—1) = PR, (n) = JPEIP(Zy=01Z,=j) = P(Zy=01Z,-1=k)
J J
using induction. This proves the induction step. Now observe
p—k(y)
—=)" = R(0) = P(Zy=01Zy=k) = P(r<N).
( o ?) ) (0) (Zn 0=k) = Py(r<N)

Because

Pk(l’-,l’) = po(y,,y) = 'IT'#IIIL =1




this implies the assertion. [J
Quite generally the condition of the corollary can be relaxed by the following proposition.

PROPOSITION 3.3: Suppose P(Z;50) > 0 for all k >‘ 1. Then (3.2) holds for all k = 1 as soon as it
holds for k = 1.

PROOF: We analyze the Markov chain transition probabilities P®. In section 2 we used a distribution
function F = F®™ to define P™. Let ¢,,n = 1, be independent random variables having distribution
F® p = 1. Define

zZP =i i=0,
=0 ifZzO , =0, (34)
:= max(Z¥)_, —l,¢,) otherwise.

It is easily seen that (Z{),¢ is distributed as the Markov chain (Z,),»¢ started at {i}. All of the
Z®-processes are given in terms of (1,6, -+ ). The event A4 := {Z{P=1} is increasing in
(€1,€2, - - - ). It has positive probability by assumption and by the FKG-inequality

P(ZP=jl4) = P(ZP=)). (35)
On the set 4, = 1 ﬂgk{Z?’?l} holds Z{) = Z(V = 1. If on A4, holds that for all 1<<¢t<k one has

. gt .

ZP = 7K, —1 then ZP = Z{?—k = 0, contradicting Z{’ = 1. Hence for some 1 < ¢ < k we
have Z®) = ¢ > Z*) |, —1 but then also Z{’ =¢. So on A, there is some 1<z<k such that
Z®) = 7! and then Z¥ = Z{ for all n = 1. Hence on A4, holds Z® = ZO for n = k. Thus
(3.5) becomes

P (Z, =] 2, 7#0)= P (Z,=)).
Using this with j = 1 and assuming (3.2) for k = 1 we get (3.2) forany k = 1. O

Define the {-mixing coefficient Y(@,%®) between o-fields @ and B as
ANB
@,%B) = sy Iﬂ———-—l—- 1}
where the supremum is taken over 4 € @ and B € 9 having positive measure. This coefficient dom-
inates the correlation between 1, and 1. Our inequality gives
COROLLARY 3.4: If p is any Gibbs measure for AH then
By, , DR, )SPr(T<N)"?—1.

PrROOF: The measure » := p(-| B) with Be®3, satisfies for A = Ay

1 N f g
w(doy,doy) = WB) PA,o(dop)15(0R)A(dOR) = pp,o(dop)vx(doy)
where p, , depends only on o3 as we noted in section 1. By lemma 3.1
A -
d<Zd) 4
wA)

where the last inequality was obtained by interchanging p and », and d = Py(r<<N)’.. Hence
pA NB)/ (A )B) is between d and d~! uniformly and this implies easily the assertion.

REMARK 3.5: If p is a Gibbs measure for AH and also (3.2) holds for all & then the relevant y-mixing
coefficient above vanishes asymptotically as N — oo. If e.g. S = Z and AH is invariant under trans-
lation T it follows that the dynamical system (XZ,u,T) is a K-system.




4. Tue SIMPLE MARKOV CHAIN

The inhomogeneous chain (Z,) of key lemma 3.1 is studied here further. A comparison with a simpler
homogeneous chain (Z,) gives us the proof of theorem 1.1. The use of the mhomogeneous chain
directly is more complicated. In remark 6.1 we show by an example that this may give a better result.
At the end of this section we give a calculation concerning the inhomogeneous chain.

Let Z, be the Markov chain with transition matrices P(),P@, - - - where

1 0 0
pg” pi —pf? p —p
P = o o p —p)
0 0 2

L'. J
as in the preceding section. Here {0} is an absorbing state;
P;‘n) o= e""a’k«’.) (4.1)

and possibly an absorbing state {oo} is added also, making the row sums equal to 1. We want to
investigate whether P,(Z,=0)11 as n — oo. By proposition 3.3 this in general only has to be done for
k = 1 because of the special structure of the cham We will now derive (4.7) concerning
A, := P(Z,50),n=0, where A, is nonincreasing.

Wnte fork =0

Gu(k) := P(Z,<k) and g,(k) := P(Z,=k).
Then from g, = g, —1P®,n = 1, follows
Gy(k) = Gp—1(0)1—pf) + G,—1(k +1)pf?
as an easy calculation shows. Write 4,(k) = 1—G,(k). We can calculate inductively from
Bak) = By 1 (1=pf) + A,y (k + 1pf? 4.2)
that
8,(0) = Ay 1 (1—pf?) + B, (1pf? 43)
= 8,1 (1=p") + B2 —p§p7™0) + Ay 2P 0.
We continue to apply (4.2) in this way to get

A, = A, H™({1} + A, H®2}+ - - - +A,H™(n}. 4.9
Here we use that A4(0) = 1 and Ag(1) = Ag(2) = -+ = 0 and furthermore that H™ is a probabil-
ity measure such that

HO (k) = A, —H where b 1= pf - -plr=E=) (4.5)
forl<k<nn=1landhal := 1.

We now reformulate this into a descnpnon using random variables. Assume that H®, n = 1,is a
probability measure on {1,2,3, - - - } defined arbitrarily on {n+1,n+2, - - - }. Let Y® be mdepen-
dent random variables dlstnbuted as H®, Then (4.4) can be summarized as

A, = EAy_yw, n =1, (4.6)

if we define A, = 0 for n < 0. For n = 0 we have A, = 1 and, if we take Y™ =0 for all n < 0
then (4.6) is valid for all integers n. To investigate A, for fixed n = 0 we study the following random
walk with space inhomogeneous independent increments




Gy :— N, 041 :— Gk—Y(ak), k >‘O.

This random walk stops on {0,—1, - - - } and O is the only element in this set with non-vanishing A-
value. One observes now easily that '

A, = EA, = --- = P,( the random walk o, hits {0}) . %))
Theorem 1.1 will follow by using renewal theory to study (4.7) and (4.4).

PrROOF OF THEOREM 1.1: We want to apply corollary 3.2. Let P™ be associated to Z, as above with
PP = 7@ by our definitions at the end of section 2 and in section 3. We compare Z, with a
time homogeneous Markov chain Z;, as follows. For all n = 1 replace in the definition of P® the
value of pf) by

Te

pii=inf pf = e

n=1

with r, as in section 1. Then if £k = m we have

S PR <SP

i=j iz=j
One uses this to get Py(Z,=j) < P (Z,=)) for all k,n = 1 with Z, the Markov chain with transi-
tion probability P*. By corollary 3.2 it is sufficient to prove Px(Z,0)|0 as n — oo and clearly this
follows from Pi(Z,#0)|0 as n-—>oc0. Thus by proposition 3.3 it is sufficient to prove
A, := P(Z,7#0)|0 as n — oo0. Now take the random walk (6% )0 as the analogue of (6x)x=o above.
It can be chosen to have increments distributed as H* (so space homogeneous) on the positive
integers and by (4.4) we have

A, =AQ@H n=1,
where ® denotes convolution. Then (A7)0 is well-known in probability theory as a renewal se-
quence and by ERDOs, FELLER, POLLARD (1949)

limA; = + .

n—o0 13
where p is the mean of H”, i.e. equals

2nH ({(n}) = Xn@o- ... Pa—2=Po" ... Pn-1) = ZPo ... Pn-1

n=1 n=l1 n=0

so is infinite by assumption (1.3). So A, |0 as n —o00 as was to be proved. O

REMARK 4.1: In considering the proof above (and also L of section 3 and its associated Markov
operator) the role of duality is in the background. We investigate the process (Z;) constructed above.
The existence of a dual Markov process Z~ such that for i,j = 0

P(Z,=j|Zy=i) = P(Zy <i|Zg =)) 43

can be studied as in SIEGMUND (1976). It is seen that it exists because (Z}) is stochastically monotone
in the sense that the left hand side of (4.8) is nondecreasing in i. The transition matrix P~ of Z~ is
seen to be

(1 0 o0 0 0
0 1—pj p 0 0
0 1—pi 0 pi O
01-p3 0 0 p3

.
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Now consider {(n=0:Z;",; =1} as “renewal epochs” (see FELLER (1969) while Z;" is a "backward
recurrence time”, measuring the time lapse since the preceding renewal epoch. BERBEE (1984) con-
tains a uniqueness theorem with similar conditions but with a rather different proof than theorem 1.1,
using the process Z™~ instead of Z*. Duality seems to play a role in the analogy.

The proof above used comparison with a homogeneous chain. However using the inhomogeneous
chain directly may give a better bound for the critical temperature. In remark 6.1 we indicate this
using the following analysis to be applied for the inhomogeneous chain. Because this chain Z, has
absorbing state {0} we know A, is nonincreasing. We may write A, = 1—(8; + - - - +8,) with all’
6, = 0.

LemmA 4.2: Define

Un(s) :=- S hfr+hsk, o<s<1. : 4.9)
k=0

Then, assuming s™Y,,(s) —> 0 as m — o0, 0<<s<<1, we have

Yo(s) = 1+ 3 sk ()0

k=1

Observe that A, |0 is equivalent to showing > 8, = 1.
k=1

PROOF: Define A(s) = 3} A,s". Using (4.4) we have

n=0 .
AD) =B+ 3 D Au (b, —h)s".
n=1 lsk=n

Write s = 5" sk, exchange summation (using s <1) and write m = n —k to get
As) =1+ T 3 A (B —pfm vk,

k=1 m>»0

Using (4.9) a simple calculation gives
1= 2 Am(Sthm(S)—Sm +l‘!’m +](S)).

m=0
Because A, is increasing A, = 1—8;— - -- —8, with all §, = 0. Substituting this in the equality
above and using telescoping sums and exchange of summation, one finds the assertion. L[]

5. A PERRON FROBENIUS THEOREM
We study a positive operator and indicate at the end of the section an important difference with the
Perron Frobenius theorem of RUELLE (1968). The proof of theorem 1.1 is followed closely.

Our Perron Frobenius theorem can be described as follows. Let X be a finite set and
S = {1,2, - - - }. We construct an operator L :9(X5)—-M(X5) by defining

LuB):= 3 }!;e«(%'x))la((ﬂo,x))ﬂ(dx)

oeX )
where (0p,x) is seen as element of X° and ¢ is a real function on II X. Using the notation of section

n=0
1 we have:

THEOREM 5.1: If
2 exp(—vary($)— - - —var,(9)) = o0 ER))

n=1

then there is a unique probability measure v with Lv = \v for some A>0 and for any other bounded
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measure p. and any cylinder set C CXS
L*"(CYy~IIL" plln(C) 5.2
AL gl — A as n—> .
ILL" pli
ProoF: Using the argument in the proof of theorem 1.1 we find that
p_i(L"s, L") L
Pi(L"p, L") )
where 7 is the absorption time into {0} of a Markov chain Z;,n = 0, with transition probabilities P
associated at the end of section 2 with the operator ¢®. Again as in the proof of theorem 1.1 (or using

lemma 4.2 and proposition 3.3) the right hand side of (5.3) is asymptotically 1 as n — oo, and we
easily get

= Pi(r=n) (5.3)

L'<) L pll

L"C) L™’
Existence of » such that Lv = Av follows by finding a fix point of the operator L defined by
Lp := Lp/lILgll. Such a fix point can be obtained as the limit of a convergent subsequence of

(5.4)

-l—iik,u,n =1
M =1
because X° is compact. Uniqueness of such a » follows from (5.4). Moreover (5.2) is also implied by

(54). O

Above we obtained an “eigenmeasure” » of L as any normalized limit of L"p,n = 1. In RUELLE
(1968) there is also constructed an eigenfunction 4 at eigenvalue A for the adjoint L*, that satisfies
L' h(x)
L"8,, h(y)
The extension we give here is interesting because our context seems more sensitive: it may be that
(5.5) does not have to hold if one merely assumes (5.1).

as n - oo. 5.5

6. A ONE-DIMENSIONAL ISING MODEL WITH LONG RANGE INTERACTION
To describe our example let X := {—1,1} and S = Z. Assume for finite A C Z
AH(0,6") = ¢p(0)—¢a(0) if 0} = '3
with
1 .
PA(0) = —5B2I(lj —il)ojo;

where the sum is over i 5= j with i,j € Z2\ (AXA). For simplicity we only discuss the case with
J = 0, but our result could also be applied more generally.

We study B., the maximum of all 8 = 0 below which there is a unique Gibbs measure. If
J(n) = 1/n" and a > 2 then by RUELLE (1968) there is a unique Gibbs measure at any temperature,
i.e. B, = oo. On the other hand DysoN (1969a) showed 0<8. <o for 1<a<(2. FROHLICH, SPENCER
(1982) succeeded to prove this also for « = 2. We investigate the boundary case and prove

lo;

> lim —o&" | .
B. = lim = S KW 6.1
1<k=n
Hence B, = w0 if §, := 2 kJ(k) = o(logn) and note also that the lower bound on B, is positive

1=<k<n
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if J(n) = 1/n? which makes this result seem natural. DysoN (1969b) proved earlier that 8, = oo if
S, = o(loglogn) and RoGERs, THOMPSON (1981) improved this to S, = o((logn)/?). FANNEs,
VANHEUVERZWDN, VERBEURE (1982) obtained B, = oo assuming our rate on S, together with poly-
nomial decay of spin correlations. Our method does not need the latter assumption. Also our corol-
lary 3.4 gives asymptotic convergence to zero of spin correlations. Remark 6.1 discusses this further.

To derive (6.1) about uniqueness of Gibbs measures we use theorem 1.1. Take Ay := &,
A, := {—n+1, .-+ ,n}, n=1, and consider ¢, defined by (1.2) which can be written as

(o) = —B2J (i —j)o;0;
where the sum is over all / > j such that (i, j)e(X,, -1 XX,, _1)\(X,, XX,,). A simple calculation gives
fork =0

vari(¢,) = 4B[ DT () + > JO). » 6.2)

i>k i>2n+k—1

Hence we have

rn < 8B 2] (l).
i=k
By theorem 1.1 there is a unique Gibbs measure if for n large
1
eXp(—ry =" c —h) >~
or equivalently if
lo

P
8 > IO

I<k=n iz=k

B <

Hence because

> 2JO) = D ki)
I<k=n i=k 1<k=n
we find for the critical inverse temperature S, relation (6.1).

Let us now give some criticism. If J(n) = 1/n® with 1<a<?2 then (6.1) reduces to the trivial
bound B,=0. So our result is curiously sensitive near a = 2 but is insensitive for smaller a.
FROHLICH and SPENCER (1982) mention a correlation inequality from which it seems our result can-
not be derived. However at @ = 2 use of their inequality gives a better result than we get from corol-
lary 3.4 for spin correlation asymptotics. As is illlustrated in remark 4.1, the comparison we make in
our method is related to a renewal process, which is one of the simplest 1-dimensional random
processes. We hope that using other random processes may give better results. In particular it would
be interesting if the bound in DOBRUSHIN (1968) could be included in an improved comparison result.

Further details are given in the following remark.

REMARK 6.1: Using Tauber theory we show for the case J(n) = 1/n? that the inhomogeneous chain
of our method gives better bounds than the homogeneous chain. To know this may be of value for
our method. We succeed to improve 8, = 1/8 to B, = 1/4. A clue to this improvement is that the
second term in (6.2) does not seem to play a role for large n. We should note however that use of
DoBRrUSHIN (1968) gives a better bound ( FROHLICH and SPENCER (1982) give B, = 3/77). By (4.5)
and (4.4) we find

RO = exp(—aBxy+ - - +xp+Xouk 41+ 0 FXopeu))

where x; = _E J(i). As n — oo we have Aff TF)1h{*). With the obvious notation we find from lemma 4.2
i>j

Yol _ 1 Yi(s)

8.

— k
Va® ~ V® 2 e
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Because Y4 /Y, < 1 and 2 8k 1 we may apply the bounded convergence theorem. Using FELLER
(1969), theorem XII1.5.5, one finds for 8 = 1/4 that

FRONNS

Yols) 2
as s71. Because Y (1) = oo we find k§18k = 1and A,}0. Thus B, = 1/4.
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