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{. Introduction

The main results of this paper are the theorems 3.1 and 3.2, which establish a LLD
for the least-squares estimator of a nonlinear regression parameter. The proofs rely
on theorem 2.1, which is a generalisation of theorem 1.5.1 of Ibragimov and
Has’minskii(1981). In order to understand why generalisation is desirable, consider

the following nonlinear regression model for the observations X := Kis Xgy ceny Xn:

(1.1) Xt = ft 8 + € > t=1, 2, ...,n,

where the ft are known continuous functions on a parameter set © C IRk, the €, are

t
independent, not necessarily identically distributed, errors with zero expectation,
and 6 € © is the true value of the parameter, which is to be estimated by some

functional Gn(Xl, Xay +ees Xn).

If the distributions F ¢ of the €, are knowﬁ, then we can construct a family of
measures { IPe (n) , 0 € © } on a suitable space of events { X(n),U(n) }, define the
family of statistical experiments { X(n), U(n) , IP6 (n) }, n=1,2,..., and proceed

as Ibragimov and Has’minskii (1981) in order to describe the asymptotical behaviour
of the maximum likelihood estimator énML .

For instance, we can apply theorem 1.5.1 of Ibragimov and Has’minskii (1981),
which states that a Law of Large Deviations, i.e. an (exponential) inequality for the
probability of a large deviation of the estimator énML from the true value 9, holds
if the normalised likelihood ratio Zn’e(u) satisfies two conditions, which, roughly
stated, are that, for n large enough (e small enough, in the formulation of the
theorem; put e:=1/n), Z n,G(u) is, in expectation, sufficiently continuous in u and that

IE Zn e(u) 172 decreases exponentially as |u + .

énML is not defined. In this case, one

However, if the distributions Ft are unknown,

&




often resorts to the so-called least-squares estimator GnLS, which minimalizes the

residual sum of squares

Nay o— - 2
(1.2) Qn(X ,0) t%}(Xt ft(G)) .

The properties of énLS can be investigated if one restricts the F, to a sufficiently

“nice" class { F, }. We claim that theorem [.5.1 of Ibragimov and Has’minskii (1981),

t
although formulated for the maximum likelihood scheme, can provide a valuable tool
here. In the theory of M-estimators the idea has been developed (see, for instance,
Serfling (1980)), that the classical maximum likelihood theory can be extended to
estimators maximising some other functional of the observations. Indeed, inspection
of the proof of the mentioned theorem reveals that it continues to hold if the

)

likelihood is replaced by some other 6-continuous IPe(n - a.s. positive functional

Cn(Xn,G), which we shall call an M-functional.

We shall try to apply this generalised version of theorem 1.5.1 to the LS-estimator

for the model given by equation (1.1), which maximizes the M-functional

(1.3) C,(X",6) := exp -4 3 (X, - £, (6))2,
t<n

which is, of course, the likelihood if the €, are i.i.d. standard normal. Theorem
1.5.1 (and our theorem 2.1) express the large deviation properties of the estimator
in the normalised ratio Zn, 8(u) and not directly in Cn(Xn,G) (the reason for this lies
in the application of lemma AZ2). Therefore we define, for some choice of norming

constants d)n,

(1.4) Zn’e(u) = Cn(Xn,6+qbnu) / Cn(Xn,G).

Unfortunately, it turns out that it is not easy at all to formulate conditions on the
family of regressors { £,(6), 6 € © } and the class of distributions { Ft } of €, which

guarantee that the Z_ o(u) defined by (1.3) and (1.4) satisfies the conditions of the
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generalised theorem described above. It is perhaps for this reason that Prakasa Rao
(1984) restricts himself to the case that €, are i.i.d. Gaussian and the dimension k
of © is equal to 1. The main difficulty inherent to theorem 1.5.1 seems to be that
its Holder condition (1) is quite difficult to verify, as its authors, in their comment
on theorem L.5.1, implicitly admit, especially if the dimension k of ® is >1. On p.
56 of ibr‘agimo‘« and Has’minskii (1981), a theorem is announced which concerns the
case k> 1 ( theorem 1.5.8). The proof, however, is valid only for k=1, and extension
to the case k>1 is not obvious. Less powerful, but more sound methods all require
considerable manipulation, even in the Gaussian situation, cf. Ingster (1984), p.

1179, and Ibragimov and Has’minskii (1981), lemma II1.5.2 on p. 202f.

These observations motivated us to seek for a LLD in the spirit of theorem 1.5.1,
which would not only apply to a much broader class of estimators than just ML, but
which would also be more flexible in its conditions. This effort resulted in theorem
2.1 of this paper, which we apply, in section 3, to the nonlinear regression problem.
For statistical applications of LD theorems we refer the reader to theorem 1.10.1

of Ibragimov and Has’minskii (1981}, which may give an idea of the possiblilities.

Dzhaparidze (1986) used a rudimentary form of theorem 2.1to infer about intensity
parameters of counting processes. Another study on theorem 1.5.1 was recently made
by Vostrikova (1984), who gives conditions for a LLD for Bayesian and ML
estimators in terms of variation distance and predictable terms. Large deviation

results for M-estimators in an i.i.d. setting were recently obtained by Kester(1985).

Acknowledgement: we acknowledge Carel Scheffer for his helpful advice and Lieneke

Lekx for her careful manipulation of the text. We thank the referee, whose remarks

have substantially improVed the paper.




2. A Law of Large Deviations

Consider a family of statistical experiments £ (e) - { X(E), U(E), IPG(E); 0 € 6},
(e)

where the IPe are not necessarily of known form (see 1. Introduction}. The
parameter set © is a Borel subset of k-dimensional Euclidean space. We shall
consider M-estimators maximizing an M-functional Ce : X(E) x © -» [0,0),

which is assumed to be, for all X®€ X (E), a positive continuous function of 0 and,

(e)

for each 8 € ©, a measurable functional of X*™.

Throughout we assume that, for all 6 € © and IPG(E) - allmost all XE, a solution é ¢

to the equation

~

.1) C.(X58) = sup C_(X5, 0)
gee
exists (this is certainly true if © is compact). On the basis of the existence
assumption we may demonstrate that a measurable functional ée: X e, ©
exists which is a solution of (2.1). This is worked out in lemma A1 in the appendix.

So we assume henceforth that 66 is measurable.

All our results are of asymptotic nature, i.e. they are valid for € small enough

©
and R large enough, where e-#0 describes the approach of the ‘limit experiment’ £

and R describes the normalised deviation of the estimator GE from the true value 6.

Let, for each € and 6 € ©, ¢(¢,0) be a non-singular kxk matrix and de_fing the

normalised M-ratio

(2.2) Z, oW =Z o (X0 =C (X5,0+8(e,6)u) / C (X5,6),

which, for fixed observation XE, is a continuous, non-negative finite function on the

set UE,G = ¢(,0) ' (©-6). Define rE,S,R = UE,G N {u R < Ju [ R+1}.

We define the following sets of functions (compare Ibragimov and Has’minskii
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(1981), Ch. 1.5, p. 41).

G is the set of all functions ge(') possessing the following properties:
(1) for fixed e, ge(.) is a function on [0,®) monotonically increasing to infinity;
(2) for any N>O,

2.3) im RN exp - g_R) = 0.

R+ w»
e-»0

Let K be a measurable subset of ©, then BK is the set of all functions r)E’ 9(.)
possessing the following properties:
(1) for fixedeand 9 € B, ne’e(.) is a function UE,9_> (0,);
(2) there exists a polynomial pol(R) in R such that, for € small enough and R
sufficiently large, the following inequality holds:

(2.4) sup Ne,0 (W™ < pol(R).
6EK;uE rn,G,R

Let, for each € and 9, Ee 6" [0,) -+ IR be a monotonically non-decreasing

continuous function and define the random functional

2.5) Lo = {, o @ gl

The main result of this section is the following theorem, which gives sufficient

conditions, in terms of the .functionals ¢ .0 {u}, for a LLD to hold for é e

Theorem 2.1.

a) Let the functionals {_ 4(u) possess the following properties: given a measurable
subset KC O C IRk, there correspond to it numbers m and a, where m2a)k,
functions g €Gandn €,0 € HK’ and a polynomial polK(R) in R such that, for all €

small and R large enough, the following conditions hold:

M1: IE, Ce o - T g™ S Ju-vI* . poly (R)




forall € Kanduand v € reA,G,R;

M2: Pe'? (7, g -0 g0 2-n g W} S exp-g, R
forall 6 € Kandu€ rEGR'

Then the following uniform LLD holds:
there exist positive constants By and by such that, for all € small and H large .

enough,

sup IPG(E) {1¢(e,0)7 (6_-6) 2H} < Byexp-byg H).
pEK
The constant bO can be made arbitrarily close (from below) to {a-k}/(a-k+mk)
by choosing By large enough.
b) The conclusion of part a) continues to hold if M1 is replaced by the following

condition M1 ():

M1 (d): M1 holds for all 6 € Kand u,v € I"_ 4 5 satisfying |u-v| < é, where ¢

is a fixed positive constant,

provided one of the two following (weak) assumptions is satisfied:

M1’ © is a convex set;
M17; IE,"® T p@I™ < poly (R) forall €K and u€ T g 5.
Remarks:

1. For applications in the method of Ibragimov and Has’minskii (1981), the set K
is chosen to be compact. For the above theorem this is not essential.
2. Theorem 1.5.1 of Ibragimov and Has’minskii (1981) follows from the above

theorem by choosing ¢ .0 W:=Z_ g (u 1/m

and Ne 6(u) = 4. In particular, condition
(2) of 1.5.1 implies M2 by Markov’s inequality and condition (1) implies M1.

3. Compare also the conditions of Vostrikova (1984), theorems 1 and 3.
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The proof of theorem 2.1 proceeds via a number of propositions. The reader is

advised to consult the proof of theorem 1.5.1 of Ibragimov and Has’minskii (1981),
as our proof follows the same line. To avoid tedious repetitions, we assume at each
stage of the proof that an initial choice of sufficiently small e and sufficiently large

R {or H} has been made.

Proposition 2.2.

If there exists constants B and b such that

(2.6) Sup IPG(E) { sup ge,e W 2 gE’G(O) } S Bexp-b g (R)
peEK utl_ g g

then (i) the assertion of theorem 2.1 holds;

(ii} the constant bO there can be chosen arbitrarily close (from below) to b.
Proof. Ibragimov and Has’minskii (1981), Ch. 1.5, p.42, prove a similar, but less
precise, statement in equation (5.4). We apply lemma A2 (appendix) and estimate

its right-hand side. For any small positive ¢ one has, using the monotonicity of ge

and E .
(2.7} © ©
P G(E) sp Z glw) 211 <BSexp -bg (r+H) = B exp -bpg_(H) S exp -bdg _(H+r)
lu]=H r=0 r=0
u€ Ue, 6

where bo := b(1-d). The sum on the right-hand side is finite: relation (2.3) says that,

in the limit, R exp g_(R) < { for all N'so put N =2/8b then exp -bége(R) SR=

€




Proposition 2.3.

ConditionM1 (d) together with either condition M1/ or M1”” implies condition M1.

Proof.

Case 1: M1(6) & M1’ = M1, From the convexity of ® follows that any u and v in
I"E’ g,R M3y be connected by a path in l"E, o0.R consisting of linear segments of
length < 4, where the number of segments does not exceed C§'|u-v| and C is a fixed
constant not depending on € or R. To all the segments M1(é) is applied; by

Minkowski’s inequality for integrals it then follows that

2.8) (IE Ce - ¢, g™ ]Vm < C8'urvl. 8%/ ™ pol, R) /M,
which leads to M1 because, as uand v € Ty g  Juvl < v ™, 2R +1)) /™,
where the second factor is absorbed by the polynomial polK.

Case 2: M1(é) & M1’ > M1. From M1’ follows, using Minkowski’s inequality
again, that the left-hand side of M1 is bounded by Zm.polK(R), which, for any u,v
such that ju-v| > 4, is bounded by |u-v|q.2m6—apolK(R).D

Proof of theorem 2.1.

By proposition 2.3 it suffices to prove only part a). By proposition 2.2 we need only
prove relation (2.6). We subdivide the section {u: R < |u| £ R+1} into N regions,
each with diameter at most h. Such a subdivision can be accomplished such that the

number of regions is bounded by
2.9) N < Const(k) R+1)<! 1K,

where Const (k) is a constant depending only on k. This subdivision induces a partition

of I"E g.R in at most N sets; denote this partition by
t A ]

_ (1) 2)
(2.10) FeoR=TeoR YTeor "YUl gr™ s
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where N’ < N, and choose in each member I” .0 R(i) a point u;. Then
3
2.11) 1P, { s g, o) 2 ge,G(O)I < Py +P,,
e 0,R

where P 1 and PZ are given by

N/
Ppe=2 Pg' (€, g0 Lo -0 g 4,

j=1
(2.12)

Py = IPG(E) { o |§e,6(u) “Ce,gM | 2 inf Ne,os WV ET o R I
lu-v[h Feo,R

From condition M2 and the inequality (2.9) we have immediately

(2.13) P, < Const®) R+1)*! h¥ exp g R).

The second term PZ is bounded as follows. Throughout the argument we let pol(R)
denote any (not necessarily always the same) polynomial in R, the coefficients of
which may depend on a, k, m and polK but not on e, R, 6, uand v.

Now, let Uy be any point in I” €,6,R and consider the random function

¢ €, gl - ¢ e, g(Up) on the closed set I"E, 6,R" Now apply to it lemma A3 in the
appendix. By assumption, ¢ is continuous in u and hence it has a measurable and

separable version (see Neveu (1970) for the notion of separability). Put

(2.14) C(w :=max { 1,]u- uoj“}.polK(R),

then C(u) is bounded by pol(R}, as u and Uy € FE 6.R" With this choice of C(u}, the
conditions (1) and (2) of the lemma are fulfilled due to condition M1 of theorem

2.1. It then follows from this lemma and Markov’s inequality that

(2.15) P, < hl@R/M o1 (R),

where we have used the property (2.4) of N 6_1 to be polynomially bounded in u.




1

Putting the inequalities (2.11), (2.13) and (2.15) together we have

(2.16) IPe(E){ swp {, o 2 ge’e(O)} < H¥polR) exp -g,R) + hOH/ Mol R).

Now we put h:= exp CgE(R), where the constant C should be chosen such that no one

tail in (2.16) dominates the other. This leads to
(2.17) C = -m/(a-k+mk)

The final result (2.6) follows from (2.16), (2.17) and the property (2.3) of exp g_
to dominate any polynomial. The statement concerning by is now obvious from the
second part of proposition 2.2. We remark that Ibragimov and Has’minskii (1981)

use, instead of (2.9), the inequality N < Const.R/hk-i, which we were unable to

verify. Of course, this would lead to another bound for by in theorem 2.1.
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3. Nonlinear least-squares regression with independent errors

Let © be a Borel subset of IRk and let ft(G) be a continuous deterministic
function from © to IR for each t € IN ;jall our results can easily be generalised
to the case of a deterministic triangular design array (t stosenst i 0 € IN).

We consider the nonlinear regression model

3.1) X, =f(6) + e, t=1,2,...,n,

where X7 ;= Xiy Koy eves Xn are the observed random variables and {Et’ t € IN} is

a sequence of real independent random variables with expectation zero.

The least-squares estimator Gn (which we assume to exist; see section 2 and lemma

A1) maximises the functional

(3.2) C,X%6) i=exp 4 3 (X ARG
t<n

Given a sequence of non-singular matrix norming factors ¢ (6) we define the ratio

Z, o :=C (X", 6+ (6)u) / C (X, 6)

n,
(3.3)
mep 2 dpge - 42 dygW
t<n t<n
where
(3.4) ding W =1, (6+0, (6)u) - £, (6).

Because of the many practical application of the model (3.1), the various properties
of the least-squares estimator, such as strong or weak consistency, asymptotic

normality and large deviation behaviour, have been studied extensively. See e.g. Van
de Geer (1986), Ivanov (1976), Lauter (1985), Prakasa Rao (1984) and Wu (1981).

All these authors restrict themselves to the case that the errors €, are independent

t
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and identically distributed.

We shall study the large deviation probability of the least squares estimator in the

case of independent errors. To this end, we stipulate the following assumptions which

allow us to apply theorem 2.1.

Assume that, for some Borel subset K of ©, there exist functions g LR} €G, positive

constants y > 0, /\1 € (0,], 6 € (0,%), k> 0 and p € (0,1], and a polynomial pol(R)

such that, for all n and R large enough, the following inequalities hold:

Ni:

N2:

N3:

forallt € INand [A] £ /\1 {note that A | =@ is allowed)
IE exp hep < exp 4yA%
forall 6 € Kand u,v € rn,G,R’ where |u-v] < k, one has
5
> ft (6+¢n(6)u) - ft(6+q§n(9)v) 1?2 £ ju- vI“p.pol(R)
t<n '
and
S [£,0+6,_O)0) - £,(6) 1 < polR);
“t<n
forall6€Kandué€ rn,e,R one has
S (f, (6+6 O -£,6) 12 = A (6,ug R,
t<n
where
An(e,u) = max { 2yd7, 2/\1"6‘1 maxn(G,u) }
and

maxn(e,u) := max { Ift(6+¢n(6)u) - ft(e)l; t=1,2,...,n}.

The following theorem seems to us an instructive example of the application of the

very general theorem 2.1.




14

Theorem 3.1.
Let, for some K C © and suitably chosen normings qbn(e), assumptions N1 to N3 be
fulfilled. Then the following LLD holds:

there exist constants BO and bO such that, for all n and H large enough,

sp 1P, (16 () (6_-6)| 2H} < By exp-byg H).
g eK

Moreover, for any £ >0 we can choose BO such that

(3.5) by = p (k) ™" - B.

Before proving this theorem, let us discuss the significance of conditions N1 to N3
and the relation they bear to known results concerning the behaviour of the least-

squares estimator,

Condition N1 prescribes that the tails of the € should be uniformly "thin". The
uniformity is evident in the i.i.d. case. If the €, are e.g. Gaussian or bounded then
N1 holds with A = in that case An in N3 is constant and Ift(e +¢n(6)u) - ft(G)l

may increase unboundedly in t.

Condition N2 is a Holder type continuity condition on the parametrisation 6 -» £(6).
It is directly related to condition M1 of theorem 2.1. This assures that the
regression functions do not behave too wildly in 6, so that uniform estimates can be
obtained. Compare e.g. lemma 3 of Jennrich (1969), condition III of Ivanov (1976),
assumption A(ii) of Wu (1981) and condition (2.5) of Prakasa Rao (1984), Which
are of a similar nature. It is easy to construct an example where the regression
functions f, (6) are not everywhere continuous in 8 but still a LLD holds. Therefore

we mention the approach of Van de Geer (1986) to impose entropy instead of

continuity conditions; compare also our inequality (2.9) and lemma A of Wu (1981).
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Condition N3 prescribes the rate of asymptotic separation. Asymptotic separation
(the regression functions keep enough apart to be statistically distinguishable) is a
necessary condition for consistent estimation; see Wu (1981), theorem 1. It may be
interesting to note that asymptotic separation may be viewed as a form of continuity
of the inverse of the parametrisation, i.e. of thé map f(6) -+ 6: if 6 and
6’::6+¢>n(6)u are "apart", i.e. if Id}n(G)‘l(G - 0’)] 2 R, then also f(6) and f(6’) are
"apart" in the sense of condition N3. Logically, this is equivalent to a form of
continuity. In Jennrich (1969), the separation condition is that of existence of the
tail cross products (see also his lemma 3). In Wu (1981), this seems to be his
(comnplicated) condition A(i}. In the same line lie the conditions of Ivanov (1976)
(condition III), Prakasa Rao (1984) (condition (2.6)) and Lauter (1985) (condition

(12) to theorem 1}.

Proof of theorem 3.1.

The proof consists of checking conditions M1 and M2 to theorem 2.1 with E (Z):=
log Z. We assume that an initial choice of sufficiently large n and R has been

made.Let, throughout, u,v € Fn 6.R? jJuv] £xand 6 € K.

First we check condition M1.

Condition N2 may be expressed in the dtnG (u), as defined in equation (3.4):

(3.5) S ldy g0 -d, gW1% < lu-vI% . plR)
t<n

and

(3.6) Sd, g% S pol(R).

t<n

Note that from (3.6) follows that (3.5) holds also if |u-v| > k. In fact, (3.6) gives:

2p -2
tsﬁnldtne(u) -dy o M[? € 2.polR) < 2.Juv|P P pol(R),
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where the factor K—Zp is absorbed by the polynomial pol(R}).

From (3.3) we have, choosing §n, g W = log Zn, o W,

@7 0 Thp M = SAG B,
t<n
where
At = dtn9 (W - dtne V),
(3.8)

. 2 2
ZBt = dtne (u dtn@ (%

Note that, by lemma 5 in Ch. II1.4 of Petrov (1975), condition N1 implies the
existence and boundedness, uniform in t, of moments of all order m of € Hence,
using the independency of the €,» condition N1 and Elcst =0, we find, for all even
m22,

s no n l
3.9) IE |, ¢ - ¢, o)™ < Constm) . S| sAalt | |SB

Lipnlo =1 (A ‘1

where * denotes summation over all positive even li,lz,...,ls 2 2 and even {20

(where s20) having sum m. We have the following estimates:

n n
228 = ZldygW -dy oM. 1dy g +dy g0
{ i
n n
(3.10) < [ S Jdy g - dy g W12 S Jd, o +d, g (v)|2]
f f

< JuvlP.pol(R),
where we have used Cauchy-Schwarz, the inequality (a+b)? £ 2a? + 2b?, the fact that

u,v € Fn 6.R by assumption and inequalities (3.5) and (3.6).

We also have, for ! even and 2 2, using (3.5) again,

(3.44) 0 < 3Ab < 1SAHYZ < el Pl plR).
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t<n t<n |
Consequently, (3.9) becomes, using (3.10) and (3.11),
(3.12) E|5, o034 W™ < Juv] P™. pol(R).

If we choose m even and larger than k/p, (3.12) fulfills condition M1 of theorem

2.1, with the constant « = pm.

Now we check condition M2. We shall write, for simplicity of notation, dt = dtnG(u)

and max Idtl := max { ldtne(u” ; t=1,2,...,n }. Choose

(3.13) noW =G-8 3d, oW
’ t<n

By condition N3, one has the inequality

2
(3.14) gndtne W™ = 8yg R),
which shows that N0 (€ HK because, as follows from equation (2.4), g n(R)" <1
for n and R sufficiently large. By (3.7), (3.8) and (3.13) and lemma A4 in the

appendix

Pe™ (5,60 - 5000 27, o0} = P (S, 2 656,7)
(3.15) 2
< ->d°/A
exp tgnt /B

where An(e,u) is defined in condition N3.

It remains to apply the inequality of N3 to (3.15), which yields

(3.16) P (g o -7, 00 2 -0 oW} < ep-g R,

thus fulfilling condition M2 of theorem 2.1.

The last step consists of the verification of the statement (3.5 ) concerning bo. This

&
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is easily accomplished by choosing @ = pm and letting m -+ w.0

We have formulated conditions N2 and N3 in the spirit of Ibragimov and Has’minskii

(1981) and our theorem 2.1. This has allowed a direct application of this theorem.

From theorem 3.1 we now deduce a slightly weaker theorem of friendlier

appearance, which seems to suffice for many applications. To this end, we make the

following observations.

1.

Problems might occur if, for some 6 and u, An(e,u) would increase to infinity
in n. For it follows from NZ and N3 that gn(R) < pol(R)/ An(e,u); if Ari -+

then condition (2.3) on the set G would be violated. Fortunately, one also has

max,(6) < (S 6,6+ 0,010 -1,0) 2] < (polR))?

t<n
forall 0 €Kandu€ rn,G,R by N2 and N3, so that An is bounded in n.
One might argue that theorem 3.1 is of little value in applications because, in
practice, one never knows the exact value of /\1. Indeed, when analysing real
data, we may as well set /\1 = oo; the meaning of condition N1 is of course that

it gives the theorem a certain robustness: nothing terrible happens when /\1<oo.

In practice, the constant p will usually be equal to 1 (a counterexample is
provided by f, (6) = 6P, 0<p<1 and © = [-1,1]; the reparametrisation 6P =: ¢
makes p = 1 again).

The polynomial pol(R) seems to be unimportant in applications; however, it
saved us the two extra constants m, and M, used in theorem L5.1 of Ibragimov
and Has’minskii (1981).

Finally, a natural choice for the function gn(R) seems to be a quadratic function
and for K we might, out of the context of Ibragimov and Has’minskii (1981), as

well choose the set ©. To obtain simple conditions, we restrict ourselves to the

case that ¢, do not depend on ©.
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These considerations have motivated the following theorem:

Theorem 3.2.

Let, for a suitable sequence of normalising matrices ¢, the following conditions
be fulfilled:

N1’ : For some y, condition Ni holds with A} = w.

N4 : Let there exist positive constants D1 and D2 such that, for all 6, 6’ € © and

n large enough,

Dy 16,7 (6- 617 S S[£,6)-£,0) ] < Dyle (6 -0~
t<n
Then the following LLD holds for the LS estimator Gn:

there exist constants BO and b such that, for all n and H large enough,

~

sp 1P, (|1 (6_-6)| 2H} S Byexp-bH
peEe

Moreover, for any £ >0 we can choose BO such that
b 2 D, /@8y + k) -8.0
Proof.

To apply theorem 3.1, let us verify its conditions. N1 holds by assumption; by N4,
N2 holds with p = 1 and pol(R) = DZ' By N4 and Ni,’ N3 holds for any ¢ € (0,%),
with the choice A_ := 2y6? and g R) := 0,/ 2yd7%) R2. Now apply theorem 3.1
and let § -+ 3.0

Theorem 3.2 extends a result of Ivanov (1976), namely his LD lemma 1. It
generalises the result of Prakasa Rao (1984). His theorem follows immediately
from ours. In section 4 we give an example to show that our generalization is not

void.

£
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4. Examples and concluding remarks.

In this section, we present some examples of the application of theorem 3.2,

Recall that two sequences of positive numbers (an) and (bn) are called
(asymptotically) equivalent (write a = bn } if there exist positive conétants C 1 and
C2 such that C 1bn < a < Czbn for all n (large enough). In the same manner, we call
a parametrised family of positive sequences { (an(e)) ; 6 € B} (asymptotically)
uniformly equivalent to a positive sequence (bn) if there exist positive constants

C1 and C2 such that, for all n (large enough), the inequality Cibn < a (0) = Cb
holds. We shall write an(e) = bn (uniformly in 8). These definitions can, in an
obvious manner, be generalised to sequences of positive definite symmetric matrices
(An; n=1,2,...). We say that An 2 Bn if the difference is a positive semidefinite

matrix.

Examples 1 and 2 are provided by the Michaelis Menten model, which is used to
describe the relation between the velocity v of an enzyme reaction and the
concentration c of the substrate. The parameters are M, the maximal reaction
velocity, and K, the chemical affinity. The parameter set © of the (K,M) is a bounded
open set in the positive quadrant. The model is

Mc
4.1) vicsK,M) =

K+c
We shall consider fixed designs c given by concentrations ¢ 1> G2 ++0s Cps where

c, 0 as n + w. At each concentration ¢, an independent measurement of the

velocity is taken, giving the data X, X,, ..., Xn:

Mct

K-l~ct

where the €, are independent centered errors satisfying condition N1/ of theorem

(4.2) X, = v KM +e =

+ Et’

3.2 for some .
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Example 1.

Consider the following simple model, which is obtained from (4.1) by assuming that

K/M is known (put K/M = 1, without loss of generality) and putting ¢ = 1/ 4.
This model can be written as |

|

(4.3) £(0) = ——t t=1,2,3,....
t K 1+t1/4

Note that, for this model, the conditions of Jennrich (1969), Ivanov (1976) and, in

particular, Prakasa Rao (1984}, do not hold.

One has
2 ! 1,2
(4.4) S 6K - £ KNS = KT -K T C KK,
t<n
where
(4.5) CAKK) 5= 3 1/ &L+ 1% @ty /%2
n

and it is easily shown that the sequence Cn(K,K’ ) = log n, uniformly in K,K’.

It follows in particular that, for n large enough (as usual),

’ 2 ’ 2
(4.6) tgn(f,tao -£ KN 2 Dy [K-K|*. logn

where Di can be chosen arbitrarily close (from below) to 1/(sup K)4. Now we can

apply theorem 3.2, which yields

4.7) s 1P ((ogrif.K_-KI 2 H} < By exp -bH,
Keo

where b can be chosen arbitrarily close (from below) to 1/16y (sup K)4.
We remark that, in the case of i.i.d. disturbances € the strong consistency of the
LS-estimator for this model can be demonstrated by theorem 3 of Wu (1981). By

theorem 5 of the same author, it is also asymptotically normal:

&
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(4.8) (g K_-K) + N, %K%

where 0,2 is the variance of the i.i.d. €.

Of course, the results (4.7) and (4.8) do not imply each other. But information on the
quality of our bound 1/16y(sup K)4 for b can be obtained by considering the
definition of the inaccuracy rate; see

Kester (1985) Ch. I, definition 1.1.)

b6 := liminf -H%log P, ((ogr!/? |6 -0] 2 H}.
n+o,H+e n '

From (4.7) follows that bi(K) 2 1/16y(sup K)4, whereas (4.8) yields bi(K) =

1/ 202K4. In the case that the € are Gaussian, y equals 02 and the bound 1/167 is

at most a factor 8 (sup K)4/ (inf K)4 too pessimistic. This is a consequence of the

approximations made in lemma A3 and the proof of theorem 2.1.

Our bound may be improved by using the apparently more natural parametrization
=KL, Then (4.6} continues to hold with K replaced by L. and D y arbitrarily close

to 1. Consequently, (4.7) and (4.8) yield bi(L) 2 1/16y and bi(L) = 1/202,

respectively. Our bound is then a factor 8 too pessimistic, uniformly over ©.

Example 2.

Now we consider the model (4.1) in its full generality. One has

(4.9) vt(K’,M’) - vt(K,M) = at(M’/K’ - M/K) + bt(M, - M),

where

a, (K,K") := KK’¢, /(K+c,) (K'+c,),
(4.10) t 1 t t

b, K.K) := ctz/(K+ct) K'+c,),

which suggests the reparametrization K,M) + (L,M) with L:=M/K (compare L:=1/K

in example 1). Note that the transform of © is again bounded and open in the positive

&
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quadrant. Putting

S a,K,K)2 S a,K,Kb, KK
t<n © t<n
(4.11) B (KK’ := 2
n > 3, KK KK) 3 bKK)
t<n t<n
and A:i=col {L"-L,M -M} we have
(4.12) > v &M - vt(K,M)]Z = ATBn(K,K’) A.

t<n

Now we make the following assumptions on the design sequence:

2 4
(4.13) 2c = o
1
(4.14) liminf r_ > sup (Ki/KZ)Z,
n-+co C)

where r,is defined by

| L2 4 3,2
(4.15) r = >c° >c ' /S
n tSnt t<n t t<n t

Observe that these assumptions are easily checked if e.g. C = t'P, In the case that
0<p<1/4 the left-hand side of (4.14) is equivalent to 1+1/(1-2p)(1-4p); hence
(4.14) can be fulfilled by choosing p close enough to 1/4. Assumption (4.14) is
always fulfilled if p=1/4.

We show that under the assumptions (4.13) and (4.14) the family Bn(K,K’ ) is

uniformly equivalent. First note that

a =c + O(ctz),
bt = ¢ /KK’ + O(ct )

where all our Landau symbols are valid uniformly over the range of (K,K’). Next
apply lemma AS (ii): the traces and determinants mentioned in this lemma can be

expressed as quotients of sequences s, defined by

I
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5K KoK Ky) o= tz KyKo) Z b (Kq,K 4
<n s<n
(4.17)
- Enat(Ki 9K2)bt(K1,K2) s%nas(KB 9K4) bS(KB’K4)
for various values of the parameters Kl Hence it suffices that these sequences be

uniformly equivalent.

Using (4.13) and (4.16) it follows that

(4.18) tzna tznc i+o 63))

and the like for b, and 5 a,b, . This leads to

(4.19)

s Ky KpKqKy) = ( tzsrf /K3K4]2 . (rn(iJron(i)) - (K3K4/K1K2)(1+on(1)},

and together with (4.14) uniform equivalence follows: fixing arbitrary values of K

and K’, say KO and KO’ , we have, uniformly,
/7 ~ V4
(4.20) Bn(K,K ) = Bn(KO,KO ),

whence condition N4 holds for some choice of constants D1 and D2 (which can be
obtained from lemma AS(ii) ) and o, = Bn(KO,KO’ )—1/ 2. Application of theorem
3.2 yields
(4.21)
n) -1 - vl Y
sup IPKM {]qbn col {L-L,M-M}| 2H} < Boexp bH",

where b can be chosen arbitrarily close (from below) to D1 /24y.
A similar inequality can be derived for the pair of estimators (IA(,[\Z) but, as in

example 1, the bounds for b are of poorer quality.

Example 3.

Consider the linear model

(4.22) X = 0+e, t=1,2,...,n

where the €

are i.i.d. standard normal variables. One obtains immediately

t
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(4.23) P, (1216 -6]2H) s @/n P ep- BHZ/2.

For b we can take any value < 1. Theorem 3.2. allows us to take any b < 1/16,
which is a factor 16 too pessimistic. No other estimator can improve the value b=1;

see Kester (1985) chapter II, example 1.1.

In section 3, we applied the very general theorem 2.1 to the problem of least-squares
estimation. It would be nice to try our method on other M-estimators, e.g. the Huber
estimators in nonlinear regression, i.e. estimators maximizing a functional of the

form

(4.24) Cn(X”,G) = -gnqz(xt-ft(e»,

and to compare our bound for b with the exact rate of convergence obtained by Kester
(1985} in the case that €, are i.i.d. and 6 is a location parameter ,i.e. ft(e) = 0.

For details see Kester (1985) chapter II.4b, theorem 4.2.

However, we wish to point out that there are also situations where our theorems 2.1
and 3.1 do not apply. For instance, consider the power model ft(G) = the, pEO:=
[0,a], where a < 4. This model is also discussed by Wu (1981), who shows that the
LS estimator is strongly consistent.

Our theorems do not apply because the rate of growth (inn) of > (F,(©) - ft(e’ ))2

t<n

depends on 6 and 6/, whereas our theory assumes a ‘uniform’ growth rate in n.
Hence a suitable norming ¢>n(6) does not exist for this example (Has’minskii (1986},
personal communication). An extension of theorem 2.1 to a theorem with more

flexible normings would meet this difficulty and would also contribute to Ibragimov

and Has’minskii’s theory.
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Appendix.

In this appendix, we list the lemmata we used in the paper.

Lemma Al.

Let (X,U) be a measurable space and let { IP; 0€0 } be a family of probability
measures on (X,U}, where © is a Borel subset of IRk. Let C be a real function
from X < © to [0,,0) which is, for all X € X, a positive continuous function of 6
and, for each 6 € ©, a (U,B) - measurable function of X. Finally, let @° be a subset
of © which has a countable subset D which is dense in 6°.

Then the following assertions hold:

(i) the random variable S(X) := sup C(X,08) is U-measurable;
6ee0
(ii) if © is compact then, for any X, the equation in t

(A1) sup C(X,8) = C(X,t)
&S] A
has a solution (which we denote 8(X) ), which is U-measurable;

(iii) if, for arbitrary (non-compact) © the existence of a solution to (A.1) is

assumed, then there exists a measurable version 6(X) of this solution.

Proof.
(1) See Schmetterer (1974), Ch. V.3, lemma 3.2, page 307.
We observe that any subset ©° of IRk has a countable subset D which is dense
in the closure 65_
(ii) See Schmetterer (1974), Ch. V.3, lemma 3.3, page 307f. or Jennrich (1969),
lemma 2.
(iii) The set ® is Borel, whence it is possible to approximate it by an increasing

sequence of compact sets Kif ©. Let ©(X) be the set of the 6 solving (A.1).

Let i*(X) be the smallest i such that Ki N ©(X) # @. Then i* is finite by assumption;

&
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it is also measurable, which can be seen as follows.
Let D be a countable dense subset of ©. Then the event { i* > n} can be written as
n o
{Xe N U U sup CX,0) £ CX,r) -k}
i={ k=1 €D GGKi

which is clearly measurable by part (i) of this lemma.

Then

(A.2) sup C(X,8) = sup C(X,6)
Ky C]

and also, because the Ki are compact, the equation int
(A.3) sup C(X,0) = C(X,t)
Ki
has a measurable solution t-':éi(X) for each i, as is seen by application of part (ii) of
this lemma. Combining equations (A.2) and (A.3) it follows that éi*(X) provides a

solution to (A.1), which is measurable because i* is measurable.[]

Lemma AZ.
Let the quantities C, Z, ée etc. be defined as in section 2. Then the following

inequality holds:

a9 1P (106 -0 21} s 1Py OB el 2 1)
uEU’E P

Proof. See lbragimov and Has’minskii (1981), Ch. 1.5 and Wu (1981}, lemma 1.0

Lemma A3.
Let {(u) be a real-valued function defined on a closed subset I" of the Euclidean space
IRk, which is measurable and separable. Let the following condition be fulfilled:

there exists numbers m2a>k and a function C: IRk -+ IR, bounded on compact sets,

such that for all u,v €T
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M ELW|™ < C),
(ii) ElZW-Tm|™ < CW fu-v|%

~ Then a.s. the realisations of {(u) are continuous functions on I". Moreover, set

whgL) = sup (LW - LW,
where the sup is taken over all u,v € I" with |u-v| <h, |u] <L, |v| £L. Then
Ewhil) < B (sp C)l/m (k/mplak/m
lul<L

where B is a constant depending on m,a and k.
Proof. See Ibragimov and Has’minskii (1981), p. 372 ff, where in equation (8) Lk
should be replaced by Lk/ m (printing error).

Lemma A4.
Let Yi’YZ"“’Yn be independent random variables.

Letd,,...,d berealsandlet S_:=>4d.Y..
i n n ignl i

Suppose there exist positive constants ¥ i=1,2,..,n, and /\1 (/\1 possibly «) such

that, for all A € [-/\1,/\1] and t=1,2,...,n one has
(A.5) IE exp AY, < exp} yt)\z.

Write Gi= 3 y,d,“ and A 1= Ay /max { |d; |, ..., [d_| }. Then
i<n

(A.6) IP{S_2x} < exp-min{x%/2G, Ax/2 ).

The same inequalities hold if we replace Sn by -Sn.
Proof. This lemma is a simple extension of theorem 16 of Petrov (1975),Ch. I11.4.0
Lemma AS.

Let { \Iln, n € IN } be a sequence of positive definite symmetric matrices and let

M:={M_K) : K€K, n€IN} be a family of sequences of positive definite

&
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symmetric matrices indexed by the parameter K. For all K in K define the sequence

(A7) R K = v 1/2m k) g /2, n€ N,

Then the following assertion holds: the family M is uniformly equivalent (for a

definition see section 4) to the sequence \I'n iff there exists an interval I :=[a,f],

with £>a>0, such that for all n € IN and all K € K, the spectrum of Rn(K) is

contained in the interval I.

Remarks:

(i) for \I/n we may always take Mn(KO), where KO is an arbitrary, but fixed?
element in K;

(ii) if all Mn(K) are of size 2x2 then it is also necessary and sufficient that the
trace and determinant of Rn(K) remain in some fixed positive interval for all n
and K. In fact, one has, for any K,

(A.8) (1Ir<1f det Rn(K) / tr Rn(K) ] \Iln < Mn(K) < (S[l{lp tr Rn(K) } ¥

n

Proof. If M = \Iln then there exists an a > 0 such that, for all K and n,
(A.9) a \Ifn < Mn(K) <g \Iln.

Now let x be any eigenvector of Rn(K) and sandwich (A.8) between \Iln.i/ 2 x and its
transpose; this yields a <A £ B, where A is the eigenvalue belonging to x. On the
other hand, from eigenvectors of Rn(K) one may form an orthonormal basis of IR" so

the converse reasoning also holds.[J

References

Dzhaparidze, K.O. (1986)}. On asymptotic inference about intensity parameters of a

counting process. Report MS-R86xx of the Centre for Mathematics and Computer

&




30

Science, Amsterdam.

Geer, Sara van de (1986). On rates of convergence in least squares estimation.
Report MS-R86xx of the Centre for Mathematics and Computer Science,
Amsterdam.

Ibragimov, I.A. and Has’minskii, R.Z. (1981). Statistical estirﬁation: Asymptotic
Theory. Springer, New York.

Ingster, Yu. I. (1984). Asymptotic regularity of a family of measures corresponding
to a gaussian random process which contains a white noise component for a
parametric family of spectral densities. J. Soviet Math., Vol. 25, No. 3, p.
1165-1181.

Ivanov, A.V. (1976). An asymptotic expansion for the distribution of the least-

squares estimator of the nonlinear regression parameter. Theory Probab. Appl
Vol. 21, p. 557-570.

Jennrich, Robert I. (1969). Asymptotic properties of nonlinear least squares
estimators. Ann. Math. Statist., Vol. 40, No. 2, p. 633-643.

Kester, A.D.M. (1985). Some large deviation results in statistics. CWI Tract

no. 18, Centre for Mathematics and Computer Science, Amsterdam.

Lduter, Henning (1985). Strong consistency of the least squares estimator in
nonlinear regression. Preprint Akad. der Wissensch. der DDR, Berlin.

Neveu, I. (1970). Calcul des Probabilités, Masson et Cie, Paris.

Petrov, V.V. (1975). Sums of independent random variables, Ergeb. Math. Grenzgeb.
Springer, Berlin.

Prakasa Rao, B.L.S. (1984). On the exponential rate of convergence of the least
squares estimator in the nonlinear regression model with gaussian errors.
Statist. Probab. Lett., Vol. 2, p. 139-142.

Schmetterer, L. {1974). Introduction to Mathematical Statistics. Grundlehren Math.

Wiss., Bd. 202, Springer, Berlin.

3




S

RS

G

31

Serfling, R.J. (1980). Approximation Theorems of Mathematical Statistics. Wiley,
New York.

Vostrikova, L. Ju. (1984). On criteria for c(n)-consistency of estimators.
Stochastics, Vol. 11, p. 265-290.

Wu, Chien-Fu (1981). Asymptotic theory of nonlinear least squares estimation. Ann.

Statist., Vol. 9., No. 3, p. 501-513.




T
S
G
i
S
Tea
B

e

&

S

.

i

SRS
e

00

e

B

o
A
S
SR

e

e
s

T,

P T

&

s



