v

Centrum voor Wiskunde en Informatica
Centre for Mathematics and Computer Science

R.D. Gill, M.N. Voors (eds.)

Papers on semiparametric models
at the ISI centenary session, Amsterdam

Department of Mathematical Statistics Report MS-R8614 November




e

The Centre for Mathematics and Computer Science is a research institute of the Stichting
Mathematisch Centrum, which was founded on February 11, 1946, as a nonprofit institution aim-
ing at the promotion of mathematics, computer science, and their applications. It is sponsored by
the Dutch Government through the Netherlands Organization for the Advancement of Pure
Research (Z.W.0.).

Copyright © Stichting Mathematisch Centrum, Amsterdam




Papers on Semiparametric Models

at the ISI Centenary Session, Amsterdam

R.D. Gill, M.N. Voors (eds.)

Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

Report MS-R8614
Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

b

Bintratinel
‘@Rl voor Wisk s - - ot hforistie
Amstevdam




Y

s

s
St

i

550

4

2

o

S

i

e

i

S

=

dagmoan
£

S5

s

quanno

-

AT



Forword

Richard D. Gill

Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

At the ISI Centenary Session in Amsterdam, August 1985, I had the great pleasure of organizing a
morning’s meeting on semiparametric models. This report contains revised and extended versions of
the papers presented at that meeting together with the invited and open discussion.! As a sequel we
have included an extra paper by Peter Bickel which complements his discussion.

It seems to me that the area of semiparametric models is a very exciting one right now, as is
atestified by Jon Wellner’s fine survey paper which opens this collection. It lies at the centre of
developments in ‘classical’ mathematical statistics: extending asymptotic estimation theory from the
finite dimensional to the infinite dimensional case, and synthesizing parametric and nonparametric
approaches to statistics. At the same time it is being fuelled by developments in applied statistics.
The typical semiparametric models which any self-respecting theory must be able to cope with have
arisen in practical statistics, especially in the vigorous field of survival analysis; and the prototype of
them all is Cox’s celebrated regression model. Survival analysis continues to provide tougher and
tougher models for the theory to cope with, as David Clayton and Jack Cuzick’s paper and Peter
Bickel’s discussion and extra paper show.?

Via survival analysis and especially the Cox regression model there is a very strong link,
represented here by Kacha Dzhaparidze’s paper, to the statistical analysis of stochastic processes and
especially the Scandinavian and Russian approaches based on the ‘French’ (no longer just ‘Stras-
bourg’) school of stochastic analysis. So with a strong international flavour we have both applied and
theoretical, probabilistic and statistical, ingredients.

One cannot make general remarks on developments in statistics nowadays without mentioning the
influence of the computer. This is self-evident as far as the theory and practice of ‘infinite-
dimensional’ statistical models are concerned. Future developments, and not just practical ones, will
surely have a strongly computational flavour. However the mere physical existence of the present
report was inspired by the possibilities of computer word-processing and electronic mail, which will
have just as large an influence on research in statistics. Each paper was prepared at the author’s
home institute and on arrival in Amsterdam by various electronic means was reformatted and typeset
on the CWI’s UNIX system according to our local conventions. This turned out to be a remarkably
painless and amusing operation, despite such complications as the fact that one of the papers started

1. The original versions appear in Bull. Int. Statist. Inst. 51 (4,5), Meeting 23 (Amsterdam, 1985).
2. For my own opinion of. how one should treat this model, see my discussion of Clayton & Cuzick’s (1985) JRSS (4) paper,
and CWI report MS-R8604 on NPMLE in general.




life on a rather British personal computer. Here I must especially thank my co-editor Michel Voors,
who took care of most of the dirty work, aided by programmer Rob van der Horst.

Finally some more words of thanks. We are especially indebted to the ISI for their kind permission
to produce and distribute this reprint, and last but not least very grateful to the speakers and discus-
sants at the meeting for their enthusiastic support of this project. We hope their enthusiasm for the
field of semiparametric models will be equally infectious.

Amsterdam, July 31, 1986.
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Semiparametric Models: Progress and Problems

Jon A. Wellner

Department of Statistics
B313 Padelford Hall
University of Washington
Seattle, Washington 98195
USA.

Semiparametric models, models which incorporate both parametric (finite-dimensional) and nonparametric
(infinite-dimensional) components, have received increasing use and attention in statistics in recent years.
This paper reviews developments in this very large and rich class of models which spans the middle ground
between parametric and nonparametric models. Attention is devoted to a preliminary classification of such
models with comments on recent work, to lower bounds for estimation, to two potentially useful methods
for construction of efficient estimates, and to open problems.

1. INTRODUCTION

Models for phenomena involving randomness play a key role in statistics. If P, denotes the collection
of all probability distributions on a sample space X of the observations X, a model P is a subset of
P,;: thus we assume in constructing a model P that X has a distribution P in P, and we write
X=PcP. The sample space X is the set of all possible observations.

A statistician uses the observations X to make inferences about the ‘true’ probability distribution P,
and hence about real-world phenomena in question. A common form of inference is point estimation.
For example, if X represents the life expectancy or survival time of an individual who has been given
a new medical treatment, the statistician may be interested in using a sample of such individuals to
estimate »(P)=P (X>>1), the probability of survival beyond 1 time units. The choice of a model P can
have a major effect on inferences about »(P): If the model P is too small, the statistician runs the risk
that the mocdel will not contain the ‘true’ P, and the consequent price is bias in estimation of »(P). In
this case the model is not sufficiently large to be realistic and may fail to capture the essential features
of the phenomena in question. On the other hand, if the model P is too large, the statistician may find
himself in the position of estimating too many parameters from too little data. This tradeoff’ between
realism and parsimony is an ever-present theme in statistics; for interesting discussions of some
aspects of model-building see Chapters 2 and 4 of Cox AND SNELL [23] or STONE [76].

Parametric models Py={P;:0<0} with ® CR? for some d play a dominant role in classical statisti-
cal theory. Such models, with a finite-dimensional parameter space ©, form the basis of much of clas-
sical statistics. For example, life expectancies or survival times are frequently modeled by the
parametric family of exponential distributions with Py(X>?) = exp(—6r), t = 0, 6 > 0. In this
case inferences about P, can essentially be reduced to inference about §. Once an estimator 6 of 0 is
available, then other functions »(Pg) = q(f) of P can be estimated as g(6)=»(Pj). A difficulty with
such parametric models is that typically a parametric model P, is a relatively small subset of Py, and
hence the ‘true’ distribution P of X may not be contained in P,.
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One approach to this difficulty is the completely nonparametric approach: assume only that PP,
or a slight restriction of P,; requiring only some smoothness or monotonicity assumptions. In this
case of life expectancies or survival times, all probability distributions P on the sample space
X = [0,00) would be considered and P = P,;,.While this approach seems to be feasible when the
dimensionality of the sample space is small, it fails to take advantage of structure in the phenomena
being modeled and begins to run into difficulty when the dimensionality of the sample space (and
hence of the parameter space, P, itself ) is large.

A compromise strategy which gains in model realism and the flexibility needed to make use of the
larger data sets which are increasingly available is the semiparametric approach: assume that some
aspects or components of the model are parametric or finite-dimensional, while other aspects or com-
ponents are allowed to be nonparametric or infinite-dimensional. Then the resulting semiparametric
model P is typically of the form

P={Pygs: 00, GeG}
where ® CR? for some d and G is some (large) collection of functions. We also write
P= {Pa: 0= (01,02) with 01 E®l CRd, 02 E@z},

where 0, is a collection of functions.

This semiparametric approach has proved to be very useful in a wide range of problems, and prom-
ises to play an increasingly important role in statistics. Our object here is to survey this extremely rich
and flexible class of models (Section 2), and to briefly review the developing inference methods with
emphasis on lower bounds for estimation and construction of efficient estimates of the parametric
component of such models (Section 3 and 4). The survey of models and review of inference methods
may be read independently of one another. The final section discusses open problems.

The notion of a semiparametric model is very general, and is already being used, at least implicitly,
in situations involving observations which are not independent and identically distributed (iid). For
simplicity, however, we restrict attention here to the iid case: throughout. this paper X,,...,X, are
iid according to the distribution P P where P is a parametric or semiparametric model.

2. CLASSES OF SEMIPARAMETRIC MODELS

Little effort has been made to classify or categorize semipara netric models. While such an effort may
be premature, it may also help to identify related models and aid in developing methods to apply to
new problems. The following scheme should be regarded as provisional and temporary.

The classification of models given here has two fundamental categories: basic models, and derived
models. The basic models consist of exponential family models, group models, and transformation
models. The derived models include regression models, convolution models, mixing models, censoring
models, and biased sampling models. Although this scheme is both redundant and possibly incom-
plete, it includes all the semiparametric models with which I am now familiar. The rest of this section
elaborates on these categories, and provides examples of the models of the various types with some
brief comments on recent work.

2.1, Basic Models
The following basic models serve as building blocks in the construction of semiparametric models.
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2.1.1. Exponential family models. (A). These are familiar parametric models with density (with respect
to some measure )

k
P (x,0) = c(@)exp( 3 Q:(O)T;(x))h (x)
i=1

for e®CRF, xeXCR? While these are themselves completely parametric (finitely dimensional)
models, they serve as building blocks for many interesting semiparametric models.

2.1.2. Group models. (B).

(1). The classical parametric model of this type is obtained as follows: suppose that Y=G=P,, a
fixed distribution on X, and let V denote a group of (one to one) transformations on X
parametrized by 0€® CR*. If vy eV, let X=vy(Y)=P, for §<O.

Examples:

(a) Location. X=R?, vg(x)=x +0 with §cR?, and Py =Py(-—0).

(b) Elliptic distributions. X=R4, vg(x)=0"'/2 x where 0 is positive definite and symmetric; G=P,
is spherically symmetric on R“. Then P={P,:0®} is the P,-family of elliptic distributions.

(c) Two-sample models. X=X, XXy, V=V, XV, where V; is a group of transformations on X,
0=(u,»)e0) XOy=0, Y=(W,Z) with W,Z=P independent, and X =(v,(W),v,°v,(Z)).

(2). By letting the distribution P, in (1) range over some large class of probability distributions G
small enough to still allow identification of 8, or at least some important functions of 6, yields a
semiparametric model

P={Py:0€0,GcG}.

Examples:

(a) If X=R! in 1(a) above and G is the family of distributions symmetric about 0, P is the classical
symmetric location family.

(b) If X and © are as in 1(b) above and G is the family of all spherical symmetric distributions, then
P is the family of all elliptic distributions; see e.g. BICKEL {6].

(¢) If X and © are as in 1(c) and G is arbitrary, then » is <till identifiable; see STEIN [73] or PFAN-
ZAGL [66].

(3). Classical nonparametric statistical theory uses transformation groups which are not parametriz-
able by a Euclidean space; for example, all continuous monotone transformations from R to R.
See LEHMANN [51] page 24 and 25 for ‘semiparametric subgroups’ of the large group and note
that examples 2(a) and 2(b) are of this type. A wealth of other ‘semiparametric group’ families
are undoubtedly possible.

2.1.3 Transformation models. (C). These models typically map (8, P)—P4 where §c® CR* and P€G,
a collection of probability distributions on X. The key feature is that the map Py =4(#,P) acts on P,
or some function that is one-to-one with P, rather than on X as in the case of a group model.

The classical example of this type of model is that of a family of ‘L.ehmann alternatives’ defined as
follows (see LEHMANN [50]): Let X=R!, suppose that Y=G and let {B(,0):0€® CR*} be a family of
monotone transformations from [0, 1] to [0,1] with B(0,8)=0, B(1,6)=1 for all §®. Then X=P;;
has df (distribution function) Fy g(x)=B(G(x),6). Here are some particular cases.

Examples:
(a) B,(n,0)=1—(1—p)’ with 0<f<oco. This yields the proportional hazards model: Ap(x)=0Ag(x)
where Ar is the cumulative hazard function corresponding to F; see LEHMANN [50] and Cox [22].
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— -1
(b) By(p.0) = 0#"*‘?1“ " = lf-”;li(l 1) = with 0<<@<co. This yields the proportional odds model
- K
F(x) G(x)

= .
1—F(x) 1-Gx)’
see BENNETT [2]. :
© B.(u0,v)=1—[1—flog(1—p)] /7, 0<r<oo, 0>0. This yields the semiparametric Pareto model
suggested by CLAYTON AND Cuzick [19]. Note that B.(g,0,»)—B,(11,6) as v—0 while Bennett’s
B, is related to Clayton and Cuzick’s B, by

Bo(1 — exp(—E).60,1) = By 0)

These three models can all be written in the form
h(X)= —log(d) + ¢ 2.1

where h (x)=logAs(x)=log[ —log(l — G(x))] and € has the distribution:
(a) F(x)=1—exp(—e*) (extreme value);

(b) F(x)=1/(1+e™%) (logistic);

(©) F(x)=1—1/1+rx)!/? (Pareto).

Because of the generality allowed for the transformations 4, rank methods and partial likelihoods play
an important role in analyzing these models. Note that (1) yields a transformation family linear
model if §=exp(yz), and shows that these models can be viewed as special cases of a type of model
involving smooth transformations of both X and z considered by BREIMAN AND FRIEDMAN [11]; see
2.2.1 below and DoksumMm [24].

2.2 Derived models
The following classes of models are all derived from the basic models given above.

2.2.1 Regression models. (D). Given a basic model of one of the three types described above, there is

a straightforward recipe for constructing related regression models:

1. Start with an exponential family, group or transformation model P={P, ;:0€0,GcG} where 4
is the finite-dimensional Euclidean component of the model and G is the nonparametric or
infinite-dimensional component of the basic model.

2. Suppose that Z=H on R¢.

3. Given Z =z, replace # (or a component thereof) in the basic model by a semiparametric regres-
sion function r(y,z) taking values in ©® where yeI'C R¥,k>0. Different forms for r ranging
from parametric to nonparametric regression models, with many interesting intermediate semi-
parametric forms, are possible. For example:

(a) Linear model: r(y,z)=vyz;

(a") Exponential linear model: r(y,z)=exp(yz);

(b) Nonlinear: r(y,z)=ry(y,z) for a fixed known nonlinear function ry;

() Nonparametric: r(y,z)=r(z), with r smooth (see HUBER [37]);

(d) Semiparametric: r(y,z)=vz; +r(z,), where z=(z,,z,), and r is smooth;

(e) Projection pursuit: r(y,z)=r(yz) where |y] =1 and r:R'->R! is smooth;

(f) Signal-noise: r(yz) where r:R' R! is periodic with period 1 so that y is a frequency param-
eter.

Combining various types of regression functions illustrated by (a) - (f) with the basic models A, B or
C yields a rich collection of regression models, including parametric, semiparametric, and
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nonparametric models. STONE [76] gives an interesting survey and further references.
Examples (with brief comments concerning recent work):

(@
(b)

©

@
(e)

®

Combining basic model A with the regression model D(a) yields linear exponential family regres-
sion models; see e.g. LEHMANN [51] Chapter 3, pages 196 - 207.

Combining the basic model B1(a) where P is normal with D(a) yields classical parametric nor-
mal theory regression models; the extension to B2(a) yields semiparametric linear regression
models with arbitrary (symmetric) error distributions.

The basic model Bl(a) (with P a fixed distribution on R!; e.g. normal) combined with the semi-
parametric regression model D(d) leads to a very interesting class of regression models intro-
duced by ENGLE, GRANGER, RICE AND WEIsS [26] to study effects of weather on electricity
demand, and by WamBA [81]. This model has one nonparametric component, the smooth regres-
sion function r. Generalizations with two nonparametric components by allowing the error dis-
tribution to be arbitrary are also of interest. A special case has been studied by Scmick [72],
while STONE [76] discusses a spectrum of related regression models.

Combining B2(a) with D(e) leads to a model related to projection-pursuit regression; see FRIED-
MAN AND STUETZLE [27], STONE [76], and HUBER [37].

Combining C(a) with D(a") yields Cox’s [22] proportional hazards model. Many variants on this
model are possible and deserve further exploration. Replacement of the exponential with some
other (fixed) non-negative function has been considered by PRENTICE AND SELF [69], while C(c)
combined with D(a’) has been explored by CLAYTON AND Cuzick [19]. TiBSHIRANI [78] consid-
ers a version of Cox’s model with the linear function in exp(yz) replaced by a sum of smooth but

otherwise arbitrary functions zleri(zi). See 2.2.2 below for related mixture models involving
unobserved covariates. ‘

Combination of Bl(a) or B2(a) with D(f) yields a semiparametric “signal plus noise’ model which
extends classical parametric signal plus noise models. For the latter, see IBRAGIMOV AND
Has’MINskII [38]. McDoNALD [58] has some interesting preliminary work on semiparametric
extensions. These models are of interest in astrophysical applications; see e.g. LAFLER AND KiN-
MAN [44] or STELLINGWERF [74].

2.2.2 Mixture models. (E). Mixture models can usually be “iewed as the result of unobserved hetero-
geneity as follows: suppose that X=(Y,Z) has a distribution of the form

Poc(YeA,ZeB)= [ Pog(Yed | Z = 2)dH (2).

Then if we can only observe Y, the observations have the mixture distribution

Pogu(Yed)= [Poo(YEA |Z = 2)dH (2).

Examples:

@

(®)

Paired exponentials. Suppose that (Y=(Y,Y,)|Z =z)= (exponential (z),exponential(fz)):

f|2)=0z%exp(—(zy1 + 020 2)) 110,00\’ 1)110,00)(V2)
and suppose Z=H on R*. Then

FO=fon()= [, 022 exp(—2(y1 +8y2))dH (2

see e.g. LINDsAY [53]. Here 0 is a parametric component and H a nonparametric component of
the model, and the mixed distribution is parametric while the mixing distribution is non-
parametric. Generalizations of this model, including regression type models, have been studied
and advocated for use in modeling micro-economic data by HECKMAN AND SINGER [35].

Dependent proportional hazards or frailty models. Suppose that (Y=(Y,Y,)|Z =z) has joint
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survival function

Po(Y 1=y, Y22y, | Z =2) =[1 — Gi(0)F[1 — G2(2)F
with G =(G4,G,) and suppose that Z=Gamma(»,A). Then with §=(»,}),
A
A+ A+ M@l

where A;=-1log(1—@G;), i=1,2. In this case the mixed distribution is nonparametric while the
mixing distribution is a parametric family. This model, which serves as an alternative to (a), has
been studied by CrLAYTON [16] and OAKES [65], and has been generalized by GiLL [28], who
derives nonparametric maximum likelihood estimators, see also the discussion to [17]. Related
regression models are discussed by RIDDER AND VERBAKEL [70] and ELBERS AND RIDDER [25].

(c) Errors in variables models. Suppose that X =(Y,Z) with

Y] :Z"'E]
Y2=a+BZ+€2

Poc(Y1=y,,Y,=p)) =

where Z=H (non-Gaussian) and e=(¢;,e;)==N (0,2). The resulting mixture model is an errors in
variables regression model. Consistent maximum likelihood estimates were obtained by KIEFER
AND WoOLFOWITZ [42], but lower bounds for estimation of (a,B8) together with asymptotically
efficient estimates attaining the bounds were first obtained by BICKEL AND RiTOV [9].

(d) If (Y |Z =z)= exponential (z) and Z=H, then

Py(Y=y)= [ * exp(—yz)dH (2).

Estimation of H via nonparametric maximum likelihood methods in this and more general situa-
tions has been considered by LAIRD [45] and JEWELL [39]. While the estimates are known to be
consistent, little is known about the efficiency of the estimates or their rate of convergence.

Other results concerning mixing models and efficient estimation have also been obtained by LAMBERT
AND TIERNEY [46], [47], and by HAS’MINSKII AND IBRAGIMOV [34].

2.2.3 Censoring models. (F). These models are derived from other models of one of the above types as
follows: Suppose that X=P ;€P, and suppose that T is a many-to-one function on the sample space
X of X. Then we can observe only X =T (X)=Py ;.

Examples:

(a) Mixing, The mixing models of E are censoring models with X" =T(Y,Z)=Y.

(b) Random right censorship. In this type of censoring, which has received much use in survival
analysis, X =(X1,X;)=T(X1,X;) =(X)/\X2ljx,<x,). Random right censoring meshes
extremely well with Cox’s proportional hazards regression model as discussed in D(e). On the
other hand, however, this type of censoring can make estimation quite difficult. For example,
estimation for the linear regression model D(b) with arbitrary right censoring of the dependent
variable has been considered by MILLER [63] and by BUCKLEY AND JAMES [13]; see also HALPERN
AND MiLrER [62]. Rirov [71] has, in spite of the difficulties, computed information lower bounds
and produced asymptotically efficient estimators achieving the bounds. TiBSHIRANI [77] con-
sidered a version of this censored regression model with the linear (parametric) regression func-
tion replaced by a smooth regression function.

(c) Convolution. Here X =T(X,,X;)=X;+X, where X, and X, are independent. The traffic
model of BRANSTON [10] is a model which results from this convolution type of censoring com-
bined with a simple mixture model. Further results on this model are given by P. Groeneboom
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and A. Koning in CWI reports MS-N8401 and MS-R8508 respectively.

2.2.4 Biased sampling models. (G). Suppose that X=P, ;€P, a semiparametric model. Then suppose

that Ki(x), i=1,...,s is a collection of known non-negative biasing kernels and that A;, i=1,...,s
is a probability distribution on {1, ...,s}. Then the biased sampling distribution corresponding to
Pﬁ,Gs E:(K1> .- )KA’)’ and}_=(}\1, R }\ ) is
J Kix)Ps, G(dx)
Pooa(Xed,I=i)= 2)
J Kix)Ps, G<dx)
fori=1,...,s. Here are some examples of this type of model.
Examples:
(a) Vardi’s selection bias model. Suppose that Py ;=G and K|, . ..,K, are biasing functions with
fK,-dG<oo fori=1,...,s, and A;=0 satisfy 2’ A;=1. Then
K,~dG

PGA(XEAI—I)"‘ i=1...,s

i
J KidG ”

VARDI [80] gives a condition which guarantees existence of the nonparametric maximum likeli-
hood estimate of G. The partlcular case with X=R', K,(x)=1,K,(x)=x, which involves the

length-biased distribution / ydG(y) / p corresponding to G was studied by VARDI [79], and the
further special case with NE=0=1- A, was considered earlier by Cox [21]. Consistency, asymp-
totic normality, and efficiency of Vardi’s nonparametric maximum likelihood estimator are
addressed in a forthcoming paper by GILL AND WELLNER [29].

(b) Choice-based sampling models. Suppose that X=(Y,Z), where Z=H is a vector of covariates,
and (Y| Z =z)=Multinomial, (1,p(8,2)) (where k denotes the number. of cells and the number of
trials is 1); we will write [Y =y] for the event that outcome y occurs, y =1, ... ,k. A frequently
used model for the p’s is the multinomial - logit model with

Py(Y =y |Z=2z)=p,0,z )~—EM

2 exp(f,z)

)__._ ‘l
but in any case this part of the model is parametric; the nonparametric part of the model is G.
To get a ‘choice-based sampling model’, let Ki(x)=K;(y,z)=I1p(y), i=1,...,s where
D,,...,D, are known subsets of {1, ...,k}. Then the biased sampling model (2) becomes

jel,,,(y)P,,(Y =y |Z =2)dG(z)
k i

[ S 10)Po(Y =y | Z = 2)dG(z)
y=1

Pyo(Y =y,ZeB,I =i)=

This type of model has received considerable use in biostatistics and econometrics; see PRENTICE
AND PIKE [68], BRESLOW [12], CossLETT [20] for some history and further references. Estimation
for this model was considered by MANsKI AND LERMAN [56]. The efficiency of their estimators of
0 and generalizations were treated by COSSLETT [20]. In general the ‘choice functions’ or biasing
kernels may depend on both y and z; see MANSKI AND MCFADDEN [57]

(c) Truncated regression models. Suppose that X =(Y,Z) with ¥ =6Z +¢ where e==G with density g
and Z=H are independent. Thus the basic semiparametric model is a linear regression model
with unknown error distribution G. If s =1 and K(x)=K(y,z)=1(— o, (v) where y, is a fixed
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constant, then

L —oyyg8Y OB )
J1_.., 80 — bo)dydH @) '

This truncated regression model has been investigated by BHATTACHARYA, CHERNOFF AND YANG
[5]- Motivated by a controversy in astronomy concerning Hubble’s law, they constructed
consistent estimators of the regression parameters . Further results for this model have been
obtained by JEWELL [41], who also gives additional examples. JEWELL [40] has also considered
estimation for generalizations of this model with s=2 corresponding to stratified sampling on the
dependent variable Y.

Pg,G(YEA,ZEB) =

3. BOUNDS FOR ESTIMATION

Lower bounds for the variances of estimators play an important role in statistical theory, setting a
baseline or standard against which estimators can be compared. In their classical form such bounds
assert that any unbiased estimator 8, of §,<R, has variance no smaller than (nI(6))™'=b(6) / n:

Vary [:9,, 1= —IZQ)—

In other words b(#) / n is the smallest variance we can hope for in an unbiased estimator 0 of 0. If
0,, ig an estimator which asymptotlcally achieves the bound (in the sense that
\/;(0 —0)—+dN (0,b(6))), then we say that 0 is asymptotically efficient. 1f the statistician uses an esti-
mator §, which is inefficient, then he has not used the data to best advantage and is essentially wast-
ing observations. Hence if 0,, is another estimator with ’\/;z_(ﬂ — 80—, N(0,a(0)) where a(@)=b(0)
necessarily, then the limiting ratlo of sample sizes which yields equal standard dewatlons (and hence
a})so equal variances) of ¢, and 0 is called the asymptotic relative efficiency e, of 0 with respect to
b,; evidently e, , =b () / a(@)<1. If the estlmator 6, has asymptotic relative efficiency 1/2 relative to
an (efficient) estimator 0 and the estimator 0 requires n, =100 observations to yield a given vari-
ance, then n, =200 observations will be needed to achleve the same variance using the inefficient esti-
mator 0,,, half the data are ‘wasted’ by the use of 0 Thus in the search for ‘good’ estimators and
other inference procedures, statisticians are interested in answcrs to the questions: A. How well can
we do? What are the lower bounds for estimation in the model at hand? B. How can we construct
efficient estimates, i.e. estimates which achieve the bounds?

Our aim in this section is to briefly survey classical (Cramér - Rao) and modern (Hajek - Le Cam)
bounds for estimation in ‘regular’ parametric models. The Hajek - Le Cam approach has led to the
development of lower bounds for estimation in nonparametric and semiparametric models. Bounds of
this type have been established by BERAN [3], KOSHEVNIK AND Levit [43}, LEvIT [52], MILLAR [59],
[60], [61], PFANZAGL [66], and BEGUN et al. [1]. We give a brief introduction to these bounds for semi-
parametric models at the end of this section. A thorough treatment will be given in the forthcoming
monograph by BICKEL, KLAASSEN, RiTov AND WELLNER [7].

3.1. Cramér - Rao lower bounds
First consider the case of a regular parametric model: suppose that X,,...,X, are iid
PycP={(P;:0c©)} where ® CR" is open, that P is dominated by a (sigma-finite) measure p on X,

dPg
and let p(-,0)= T for §<©. Then the classical log-likelihood of an observation X is

(0, X)=logp(X,0),

the scores vector 1 is

R ]
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0. )= vI(0,X)= —— ( p( ,0), . ,g%p(X,fi))T,

(X 6)"a
and the Fisher information matrix for 6 is

16) = E,[i(6,)1(6,)"].
Assume that I (0) is positive definite so that 7(§)~! exists.

One form of the classical Cramer-Rao inequality for unbiased estimates '8, of a'8, where a is a
fixed vector in R, is

n T2
nVarg[a’8,]=a"1(0) 'a = SHIPZ(?I—(%))—I; 3.1

If we focus on estimation of the first component 6, eR! of 6, it follows immediately from (1), the
definition of I(f), and standard L,-projection or regression theory that

b2
nVar[6,]= su&m ') , 3.2)
_ 1
ceRy}f- Eqlll — c3b —. .. — ¢ P
1 1

110) — IOI5' O)(0)  I11(6)
where

IO= 1,0 1,0 @) 120)

denote the partltlons of I(6) and I()! corresponding to the partition of = (01,0 )T with

111(6) 112(0)] 61 = {1“(0) 112(0)]

0=, .. .,8,)". Thus when 8, is the parameter of interest and 6, =(0;, . . .,0,)" are nuisance
parameters, the effective information I, (6) for 0, is

L@ = Iy — InI'Dy, = Egiy), (3.3)
where the efficient score function i for 0, is

L=l —Ipln'h =1 — TG, I, (3.4)
and the efficient influence curve il for estimation of 6, is

L =10, (3.5)
so that

Eo() = I3, (6)"" = I''(8).

It is easily seen that the effective information I, for 6, is just the squared length of the component ll
of 11 which is orthogonal to lz, .. ld in Ly(Pg): in other words, the efficient score function is
obtained by subtracting from 1, 1ts projection H(l; ][12]) I,15! lz on the space [12] spanned by
b, ...l in Ly(Py).

If the nuisance parameters 8, =(f;, . . . ,0,)' are known, the bound (2) may be replaced by

nVarg[f;]= (3.6)

In@®)’
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and, of course,
In@)=1,0) = I — I,I3%'I
where equality holds if and only if
I, =I5 =0 oriff I Ly, ...,I;in Ly(Py). 3.7

Thus lack of knowledge of 6,=(8,, . . . ,8,)" decreases the information for §; unless (7) holds; in this
case the lower bounds (2) and (6) agree, suggesting that 8, can be estimated as well when 6, is
unknown as when 6, is known. This possibility was recognized by STEIN [73] in a paper which ini-
tiated the theory of adaptive estimation.

3.2. Hajek - Le Cam lower bounds
Two different but closely related asymptotic formulations of the classical Cramér - Rao lower bounds
have proved useful: One is the convolution-type representation theorem of HAJEK [32] and LE CaMm
[48] which has been further developed and applied by BERAN [3], [4] and MILLAR [61]. The other is
the local asymptotic minimax approach; see HAJEK [33] for a nice exposition and history, MILLAR
[60}], and Le CamM [49] for additional remarks.

Both types of lower bounds are formulated in terms of locally asymprotically normal families: Sup-
pose that X=(X}, . .., X,)=P, 4 has density p,(-,§), 0® CR, and set

1,(6) = logp, (5, 6).
If 6,=0+hn"1/2 50 that

L(0,) — 1,(6) = log[p.(X.0,) / pa(X.0)),
then P=(P, 4:0€@} is locally asymptotically normal (LAN) at 0 if there is a vector of L,(Py) func-
tions 1,(6) and a nonsingular matrix /(0) such that, with

1,(6,) — L.(® =__,,(0)Th - —z—th(a)h + R,(0,h), ' 3.9)

it follows that, in P, ¢-probability,
(i) R,(0,h)—,0 uniformly on bounded A-sets, and
(i) l (0)—->dN ©0,1(6)).

Thus 1,(6, )-—l,,(0)-—>dN(~—;-02,02) with o> =h"I(6)h. In ‘regular families’ P (with iid observations)

l L@=n"1/ 22”_1i(0 X;) where 1is the scores vector (for n =1) and I(0) is the information matrix.
Because of our Interest here in the parametric component 0 of a semiparametric model P={P},
we formulate versions of the convolution and asymptotic minimax bounds for the first component 8,
of 6.
A sequence of estimators Ty, of 8, is regular at @ if, under Py,

Va(Ty, — b1,)—4T)
for every 6, =0+n"'/2h where the distribution L(T) of T does not depend on A.

THEOREM | ( HAJEK, 1970). Suppose that P is LAN at § and that T, is a regular estimator with limit
distribution 1{T;). Then

T] %Zl + W] (3.9)
where Z,=N (0,1 / I11,(9)), 11, (8) is as in (3), and W, is independent of Z,.
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Thus any regular estimator T, of §; must have a limit distribution which is at least as dispersed as

N(0,1 /1;,(#), and it makes sense to call a regular estimator T, asymptotically efficient if
n(T,—48,,) converges in distribution to Z,; i.e. if W, =0 in (9).

Now suppose that w:R' >R satisfies:

@ wx)=w(—x) for all xeR!;

(i) w(0)=0, w(x) increases in x =0;

(iii) Ew(oZ)<oo for all 0=>0 where Z=N(0,1).

THEOREM 2 (HAJEK, 1972). Suppose that P is LAN at 0 and that w satisfies (i) - (iii). Then, for any esti-
mator Ty, of 8,

lim liminf _ sup  Egw(Va(Ty, — 0,,))=Ew(Z;) (3.10)
- Moo - Vnio, —8l<M

where Z =N (0,1 / I',(0)) as in theorem 1.

If the uniformity in 4 in (i) of the definition of a LAN family is relaxed to just pointwise convergence,
then theorems 1 and 2 continue to hold, but the bounds may not be attainable. Furthermore, if atten-
tion is restricted to regular estimates, then (10) holds without the supremum on the lefthand side.

3.3. Bounds for semiparametric models

The Hajek-Le Cam convolution and asymptotic minimax bounds stated above for a parametric model
P, continue to hold in a wide range of regular nonparametric and semiparametric models. All of the
extensions make use, in some form, of the tangent space P (at (6,G)) for the model P. For a
parametric model Py_the tangent space Po (at 8€0) is just the linear subspace [l,, .. ld] of Ly(Pg)
spanned by Ij,...,l;. For a semiparametric model P={P;;:0c0®CR?,GeG}, the tangent space
PCLy(Pyq) is snnply the set of all possible score functions of one-dimensional regular parametric
submodels (at (6,G)).

For 6,€0,G( €G, let Py and P; denote the submodels of P with G =G, and #=60, respectively:

Pg—‘z—{PgG EPO€®} Pga{Pg GEP:GEG}.
If P, and P; denote the corresponding tangent spaces, then Pg ®P; CP and typically equality holds.

Here Pg plays the role for estimation of @, that [L,,...,l;] played for estimation of #, in the
parametric model Py, and the efficient score function for 8 extending 4) is:

ip = iy — T(lp | P5) (3.11)
so that i; J.l"G in L,(Py ), and the effective information for 6 in the model P is

I'®)= Eoclisls). (3.12)

In the special case when io :lglf’g, then I"(§)=1I (O)EEg,G(igi;) and adaptation to G is possible; this
is the situation emphasized by STEIN [73] and BICKEL [6].

Now versions of theorems 1 and 2 for the parametric component & of the semiparametric model P
continue to hold with 8, replaced by # and 1 / I1;(d) replaced by I"(§)~" where I (6) is given in (12);
see KOSHEVNIK AND LEvIT [43], LEVIT [52], BEGUN et al. [1], and PraNzAGL [66], [67]. A complete
treatment will be given in BICKEL, KLAASSEN, RITOV AND WELLNER [7].
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4. CONSTRUCTION OF ASYMPTOTICALLY EFFICIENT ESTIMATES: TWO APPROACHES
Suppose that P={P;:(0,G)e@OXG}= {Py:0=(0,,6,)0, X0,} with ©,=G is a ‘regular’ semi-
parametric model. A first stage in analyzing the model is to calculate scores for # and information
lower bounds as outlined in Section 3 above if possible. A second step is to construct estimators
8,,G,) which are \/;-consistcnt. A third stage is to find estimators (4,,G,) of (6,G) which are
efficient in the sense that they actually achieve the information lower bounds (perhaps in the weak-
ened sense of convergence in distribution for fixed (6,G) rather than locally uniformly as required by
the definition of regular estimates given in Section 3). R

Two classical methods of constructing asymptotically efficient estimators 6, in regular parametric
models are the methods of maximum likelihood estimation and Bayes estimation; see LEHMANN [51]
and IBRAGIMOV AND HAS'MINSKII [38], though, as LEHMANN makes clear, the empbhasis in likelihood
estimation, even in parametric models, should be on the scores and score equations rather than on
maximizing likelihoods per se since the scores often lead to efficient estimates even when likelihoods
themselves are unbounded.

Our aim here is to outline two useful approaches to the construction of asymptotically efficient esti-
mates of the parametric part 8 of a semiparametric model P.

4.1. Method 1: Efficient score equation
Suppose that it is possible to calculate the efficient score function 1; for 6,

L=k —I,I3'L =1, — 114, |1501)
and the effective information
" )
I, (0) = Eo(1y ).

Furthermore, suppose that 5,, is a Vn-consistent estimator of g, \/;(5,, ~—@) = Op(1). Then define 6,
to be either a solution of the efficient score equation '

2 il(alm-a—Zm‘Xi) = O’

i=1

or a one-step approximation thereof:

1 oF —

— 3 1@ X)
L1 (6,)

aln = oln +

@.1)

— l n .
=0, + ;2,.:,'1(0",)(:)

where 1; is the efficient influence curve for 8y, see (3.5). Additional smoothing may also be required in
forming the sums in (1), but we have omitted it here for simplicity. Once an efficient estimator 6;,, of
0, is found, method 2 can often be used to construct an efficient estimator of ;.

While no general theorem yet exists, the estimator 8;, defined above (or variations thereon involv-
ing suitable smoothing and truncation) has been shown to be asymptotically efficient in several impor-
tant problems, a notable example being the errors in variables models studied by BICKEL AND RiTov
[9]. Roughly speaking, the fact that I, is orthogonal to L, . . . ,1,, the scores for §,, permits the use of
an inefficient estimator 6,, to estimate out the ‘nuisance parameter’ #,. This should be contrasted with
solving (or approximating by a one-step solution)

S1(8),62,) =0

i=]
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for 8,, a method which is known to produce inefficient estimates of 8, in general; see e.g. GONG AND
SAMANIEGO [30]. "

The main drawback of the method is that it requires calculation of the efficient score function 1.
Thus the method depends heavily on being able to calculate projections onto [l,]=Py, =Pg, which
often necessitates calculation of the inverse of the information operator i2 i2 =I5. When il =i1 SO il
is orthogonal to [L,]=P,,, then ‘adaptation” with respect to 6, =G is possible, and method 1 becomes
essentially the method used to construct efficient estimates in this case; see e.g. STONE [75] and
BickeL {6].

4.2. Method 2: Efficient estimation of 0, for known 6,

Now suppose that an efficient estimate 8,, of 6, is available if 8, is known. We denote this estimator
by 6,,(6,) because it depends on the ‘known’ value of 6. Substitution of this estimate of @, into the
ordinary score for 6; (as if 6, were known and equal to 6,,) yields the ‘condensed’ or ‘concentrated’
score equation

S1(81,02,(61),X) = 0
i=1

which we can solve for §,=6,. Or, if 51,, is a Vn-consistent estimate of 6;, a one-step approximation
thereof: ’

e 42)
_l:l_ 2 ll (aln ,02n(01n))

As in the case of (1), more smoothing may be needed in forming the sums in (2); we have omitted it
here for simplicity. This is a frequently used device in parametric models, but the method is equally
useful for semiparametric models. While no general results concerning the estimator (2) seem to be
known, this method has been used by Ritov [71] to construct efficient estimates for censored regres-
sion models.

5. PROBLEMS

Statisticians have a large, well-stocked tool-box for dealing with classical parametric models, and a

growing companion set of tools for handling completely nonparametric models. The choice of tools

for dealing with the rich middle ground of semiparametric models is, however, still relatively limited,
and the few available tools are not all well suited for the job. Many important problems remain.

Here is a partial list: o

(a). Calculation of lower bounds. 1f the projection II(ly | Pg) in Section 3 can be calculated, then so
can the efficient score function lp, the effective information I7;(#), and the efficient influence
curve I;. In many models this projection is simply a conditional expectation, and hence can be
calculated easily; but in other models such as the dependent proportional hazards model of
2.E(b) the projection calculation is apparently intractable. More systematic methods, possibly
involving iterative, numerical techniques, are needed.

(b). Construction of efficient estimates. HUANG [36] has made a preliminary study of method 1 out-
lined in Section 4, but general results concerning the asymptotic efficiency of methods 1 and 2, or
variations thereof involving more smoothing, are still needed. Other methods including minimum
Hellinger distance estimates, minimum Kullback-Leibler discrepancy estimators, and maximum-
likelihood estimators obtained via EM-algorithms all need further development and sharpening in
the context of semiparametric models. Efficient estimates are still unknown for many of the
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(c).
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models given in Section 2.

Identifiability and regularity criteria. For many semiparametric models, further work on
identifiability and conditions for regularity of submodels is still needed before work on estima-
tion can get underway. For examples of such studies, see the papers by HECKMAN AND SINGER
[35] and ELBERS AND RIDDER [25] concerning identifiability issues for the models of 2.E(b) and
2.E(c). Classical regularity investigations of translation and parametric models, which carry over
to many group models are given by HaJex [31], [33].

Hypothesis testing. As yet no adequate theory of hypothesis testing exists for semiparametric
models. One type of testing problem concerns testing hypotheses within a nested family of semi-
parametric models: for example, consider testing A, =yA; for some 0<y<(oo in the Clayton-
Oakes model of example E(b). Or, of interest in survival analysis, test the assumption of a pro-
portional hazards regression model against some general family of alternatives. Another rather
different testing problem would involve testing non-nested semiparametric models against one
another, e.g. a Cox-type regression model against a more classical linear regression model or
perhaps a semiparametric mixed regression model.

Asymptotics for estimates based on smoothing. Construction of efficient estimates for many of the
models discussed above require smoothing techniques involving density or conditional expecta-
tion estimators. While the asymptotics for such smoothing processes are available, they need
further development, study, and refinement to ease their systematic application to the construc-
tion of efficient estimates in a wide range of semiparametric models.

Robustness; connections and problems. Efficient estimation in semiparametric models has many
interesting connections with questions of robustness. Just as classical robustness theory has
focused on neighborhoods of parametric models (often a one - sample location model), a general-
ization suggested by BICKEL and LEHMANN [8] concerns neighborhoods of semiparametric
models, which they called ‘nonparametric models with natural parameters’. For example, are the
partial likelihood estimtors for the Cox proportional hazards model robust in some appropriate
sense (with respect to the assumption of proportional hazards)? As more experience is gained
with efficient estimates for semiparametric models, this more general type of robustness outlined
by BickEeL and LEHMANN [8] can begin to be considered. Many challenging problems remain.

Acknowledgments: 1 have profited from several helpful discussions concerning semiparametric models
with Peter Bickel. In particular, I learned of ‘method 2’ in Section 4 from him. I also owe thanks to
Richard Gill for helpful comments concerning Sections 1 and 3. R.D. Martin suggested example
2D(f).
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The Pareto distribution may be derived as a gamma mixture of exponential distributions and arises in
modelling survival times in heterogeneous populations. Cox’s proportional hazard model is a semi-
parametric generalization of the exponential regression model, and we discuss the equivalent generalization
of the Pareto model. This model predicts convergent hazards and leads to the general family of efficient
score tests described by HARRINGTON AND FLEMING [18]. A special case is the proportional odds model dis-
cussed by BennerT [4]. We review approaches to point and interval estimation in such models and discuss
extensions of the model to describe associated failure times.

1. THE MODEL.

The exponential regression model for survival times (PRENTI"E [28]) holds that an individual charac-
terised by covariate vector z experiences constant hazard which depends only on the value of z. When
this dependence is log-linear, this takes the form

At |z) = Ay exp(BT2) (1.1
Alternatively, the model may be written as a classical linear model for log failure times.

logt) =p— Bz + ¢ (1.2)
where p = - loghy and e is a standard extreme value (s.e.v.) variate.

The proportional hazards model introduced by Cox [11] generalizes (1.1) to allow the baseline
hazard to vary with time, i.e.

At |2) = Ao(t) exp(B'2) v (1.3)

where Ag(t) is some unknown baseline hazard function. The equivalent linear model for failure times
may now be written

g®)=— Bz +¢ (1.4)

where g is a non-decreasing function and e is, once again, an s.e.v. variate. The equivalence of (1.3)
and (1.4) is easily established by noting that
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8(©) = log [No(wdu = logho() (15)

Extension of the simple exponential model (1.1) to include unexplained population heterogeneity
involves introducing an unknown covariate

At |z,0) = Ny exp(BTz + w) = A £ exp(8'z) (1.6)

where £ is a random variate with distribution function ®(£), which is often referred to as the “frailty’
(VAUPEL, MANTON AND STALLARD [31]). In the simplest case, we assume the frailty distribution to be
a gamma distribution with unit mean and variance y. With this assumption, it is easily shown that the
unconditional survivor function is

F(t)z) = ng(t |2,€) d®E) = (1 + vOr)~ /7 %))

where 6 is the relative risk term exp(87z). This is the Pareto distribution. It has hazard function
6(1++v6t)"! which is monotone decreasing.

The alternative representation of (1.6) as a linear model for log survival times is as (1.2) but now
the random error term, ¢, is the log of a beta variate of the second kind with parameters 1 and y~!.
An important special case is when y=1 when the error distribution is logistic. Equation (1.2) then
gives the log-logistic model discussed by BENNETT [3].

The generalization of the Pareto model to allow time-dependent baseline hazard follows naturally.
In particular, (1.6) becomes

At |z,@) = Mg(2) € exp(BT z) (1.8)

and (1.7) becomes V
F(t|2) = {1 + v0ho(0)) ™"/ (1.9)

It may be shown that the ratio of the hazard functions between subgroups with relative risk func-
tions 6, and 6, is initially 6, /6, but converges to 1 as t—oo0. The linear model representation is as
(1.4) and (1.5), but with a different error distribution. :

In this more general setup, the special case of y=1 becomes the proportional odds model, see BEN-
NETT [4]. This bears the same relationship to the log-logistic regression model as does the proportional
hazards model to the exponential regression model. The ‘proportional odds’ property arises from
(1.9), which becomes, with y=1,

{1 = F(@|2)} / F(t]z) = 0 A1) (1.10)

so that the relative odds of survival for two individuals with relative risk functions 6; and 6, remains
constant over time (at 8, / 6,).

CrayroN AND Cuzick [9] discuss a further generalization of (1.8) in which the random effects
(frailties’) are shared between related individuals. That paper concentrated primarily upon estimation
of the parameter, vy, of the frailty distribution. Here we discuss estimation of the regression
coefficients, B8, in the simpler case of unshared frailties with y a known constant.

2. THE SIMPLE PARAMETRIC MODEL
In this section we discuss maximum likelihood estimation of the regression coefficients, 8, in the case
where Ao() is a known function. This problem arises in epidemiological cohort studies of mortality
when Ay(f) may be calculated from population vital statistics. For simplicity, in this and later sections
we shall assume the variance, v, of the frailty distribution also to be known. Simultaneous estimation
of y and B would, however, present no difficulties in principle.

We observe times ¢;, i =1,...,,N , in individuals characterized by covariate vectors {z;}. The observed
times are either known failure times or times of (independent) right censoring. We shall use the indi-
cator variables {d;} to denote failure or censoring (with the values 1 and 0 respectively). We shall
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denote the transformed times Ag(#;) by y;. As above, we denote the relative risk function, exp(,BTz,-) ,
by 0,'. .

If we write F(y) for the standard Pareto survivor function (1.7) with relative risk =1, and f(y) for
the corresponding density, then the log-likelihood is given by

1= 3 [dlog [0 @] + (1—dlog F6y,) + dilog ot | @.1)
The last term arises from the Jacobean —aélt)- The first and second derivatives are, respectively,
B =3 [4 - ot ] = 2
B4
and
L~ =5 (000 + @782 | 2T @3
3aB9B i
where the function {(y) = {(y,d) is defined as
$0) = — ')/ f ) = &), for uncensored observations (d =1), ' 24)
and
) = — F()/F(y) = Ny) , for censored observations (d =0). 2.5

These results hold in general for other error distributions, and were given by PRENTICE [29]. In par-
ticular, (2.2) and (2.3) may be used in the construction of efficient score tests for Hy:8=f, . For the
Pareto model considered here,

) =0 +vd) / (1 + ) 2.6)
We may also note that the term 6,y,{(6,y;) in (2.2) may be rewritten :

0y$@y) =@ +vy Hm ‘ (X))
where

m /(1 — m) = vy (2.8)

so that for ML estimation of B, the problem is numerically identical to that presented by logistic
regression analysis for a binary response variable, d, with binomial denominator (d +y~1). The
likelihood may be maximized using the computer program GLIM ( BAKER AND NELDER [1]). This has
been noted by CLAYTON AND CuzicK [9] and by BENNETT [3].

3. PARAMETRIC MODELS FOR Ay(?).
We now consider a more general model in which Ay(?) is some unknown function, Ay(¢;a) depending
on a (possibly vector) parameter «. Estimation of a is equivalent to finding the transformation in the
parametric family y =Aq(f;a) such that the transformed times, {y;}, are best represented by the
model described above. There is a strong connection between the generalization described in this sec-
tion and the generalization of the classical linear model proposed by Box anp Cox [5].

For known B, ML estimation of a involves solving the equations obtained by setting the first
derivatives

of 0 : d
== = 3 |dr-log No(ise) + 6{(0pi);log Ao(tie) 3.1

to zero (notation is as in section 2).
It is interesting to consider joint ML estimation of a and § carried out in a two step recursion as
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follows:

- Step 1: Maximize the likelihood with respect to a , treating the current estimates of 8 as known
constants, i.e. find the best data transformation for the current regression model, and

- Step 2: Maximize the likelihood with respect to 8 , treating the current estimates of « as known,
i.e. fit the regression model for the current transformation of the data.

Although this may not be the most efficient numerical method for ML estimation, it is useful in
establishing parallels with the semi-parametric approach discussed later. If we denote the second
derivatives of the log-likelihood with respect to & by L,, , those with respect to B (given by equation
(2.3)) by Lgg , and those with respect to both @ and 8 by L,z , then a consistent estimator of the
variance-covariance matrix of the ML estimates of 8 is given by the appropriate portion of the inverse
of the observed information matrix, i.e. by

Var(B) = [ — Lgg + LlgLy!Log 17! 3.2)

where L,, etc. are evaluated at the ML estimates of @ and B. Note that the second term in (3.2)
causes an increase in variance over that which would apply if a were known as in section 2. This term
represents the loss in information incurred by estimation of Ay(¢). If we write § for the contribution
of the i-th individual to the log-likelihood (2.1), and B for the matrix of second derivatives

B = asz/ayiaﬁj = — [ 6,50y, + 67 "0y ] Zjj , 3.3)
then the correction term in (3.2) may be rearranged and we have

Var() ~ [ — Lgg — BTSB! (3.4)
where

2y = @ /") (—Loa) ™' @ / 3. (3-3)

Now, (—L,,)"! estimates the sampling variance of the ML estimates of « for known 8, so that 2
may be thought of as an estimate of the variance-covariance matrix of the transformed values {y;},
for known {;} and B, arising out of errors of estimation of a. We shall encounter an analogous
expression to (3.4) in the next section when we discuss the semi-parametric approach.

4. THE SEMI-PARAMETRIC APPROACH.

We now consider a semi-parametric approach in which we attempt to estimate B without explicit
parametric assumptions concerning the transformation Ay(r). We assume only that Ay(¢) is a mono-
tone increasing function.

In the case of the proportional hazards model, this is achieved by recourse to ‘partial likelihood’
arguments (see Cox [11], [12]), but this approach does not seem to be more generally useful. Instead
we return to the proposal of KALBFLEISCH AND PRENTICE [18] and [19], who suggested that invariance
arguments lead to consideration of the marginal likelihood based upon the generalized rank vector of
the {#;}. If we assume the sample is ordered so that ¢#; <t,...<ty then, for uncensored data, this mar-
ginal likelihood is given by

Ly = foof I1{6:f 6y dvi} @.1n

1Yo <Py i

where ; and f(y) are as in in section 2. Kalbfleisch and Prentice suggested that this marginal likeli-
hood may be extended to allow for right-censored observations by extending the range of integration
to cover the entire domain of the underlying vector y consistent with the incomplete rank information.
Thus expressions such as (4.1) are summed over all possible underlying rank vectors. Then, if
J1sj2-,jm Tepresent the indices of the uncensored times (j; <<j,...<jy,M <N) and J; represents the
set of indices of observations censored between the i-th and (i+ 1)-th uncensored failure times,
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Kalbfleisch and Prentice showed that (4.1) generalizes to

Ly = [fouf II | 6:f @) TIFGw;) dy; |- 4.2)
B7TR /TNt R | kel,
Note that the integrand of (4.2) is the parametric likelihood whose logarithm is given by (2.1).

For the proportional hazards model, (4.2) corresponds to the partial likelihood. It is only a true
likelihood, however, in the highly artificial case of ‘progressive type II censoring’ in which the posi-
tions of the censored observations in the rank vector are determined in advance of carrying out the
experiment. Nevertheless, one would expect that, like partial likelihood, (4.2) will behave asymptoti-
cally as a true likelihood under more realistic assumptions about the censoring mechanism.

PRENTICE [29] used this likelihood to derive a series of efficient score tests similar to those proposed
by PEro AND PETO [23]. More recently, the asymptotic properties of these tests have been demon-
strated by Cuzick [14] using a general random censoring model.

For the purposes of estimation, however, this marginal likelihood is quite intractable except in the
special case of proportional hazards. CLAYTON AND CuUZICK [9] proposed an approximate method for
maximum marginal likelihood estimation using a quasi-EM algorithm. If we denote the generalized
rank vector for the censored survival times by R =(R,...,Ry), where

R, = (i, J)) 4.3)

then the algorithm is a two-step recursion:

- Step 1: (E-step) Evaluate the scores {y;} using the current estimates of the regression
coefficients, 8 (and vy), where

Yi=EQ@ | R;B Y (4.4)

- Step 2: (M-step) Maximize with respect to 8 the function given by substituting the scores {y;}
into the parametric log-likelihood (2.1). ’

We believe it will be possible to prove that this procedure leads to consistent estimates which asym-
totically approach the maximum marginal likelihood (MML) estimator. The true EM algorithm, see
DEMPSTER, LAIRD AND RUBIN [15], would involve, at the M-step, solution of the normal equations
obtained by setting the right-hand side of (2.2) to zero after first, at the E-step, having replaced the
terms {6,y,{(6;;)} by their expectations given the rank vecto. and the current estimates of 8 and y. In
the case of the proportional hazards model (y=0), {(f,y)=1 for every i/ and for all y and the method
is a true EM algorithm. In this case, also, the scores {y;} may be explicitly calculated, and we have a
novel computational method for the Cox model ( CLaAyTON AND Cuzick [10]). In other cases, the
expectations cannot be calculated exactly, and we suggest approximations in the next section.

An estimate of the variance of the MML estimator of B is given by (minus) the inverse of the
second derivative matrix of the log of the marginal likelihood. If Lgg is the second derivative matrix
of the parametric log-likelihood (2.3), evaluated at the final scores {y;} and at the MML estimates of
B, then, by differentiation of the Taylor expansion of the marginal log-likelihood about {y;}, we may
obtain the following asymptotic variance estimator

Var(B) ~[ — Lgg — BTSB | (4.5)

where 2; = Cov{y;,y;|R;B,y} and B is as in (3.4).

A similar expression may be shown to hold for the true EM-algorithm. Using results from Demp-
STER, LAIRD AND RUBIN [15], the inverse of the information matrix may be shown to be as in (4.5)
but the correction term BT 2B is replaced by the asymptotically equivalent expression ZTT'Z where Z
is the matrix with rows {z;} and T’ is the conditional covariance matrix of the {,y;{(6,y,)}.
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5. CALCULATION OF SCORES.

The scores {y;} of (4.4) cannot in general be explicitly calculated. Nevertheless, adequate approxima-
tions can be obtained. Here we indicate a possible approach and give the main results and a heuristic
argument. More work is needed to justify these calculations rigorously.

Initially we ignore censoring and assume that we observe random variates {y;}, i=1,...,N indepen-
dently distributed with densities {f;(y)}. Without loss of generality, assume that the y; are ordered so
that the rank vector, R, carries the information that y; <y, - - - <yy. We require E(y; | R) or an ade-
quate approx1mat10n The densities are assumed to possess sufficiently many derivatives to Justlfy the
expansions below. :

We shall write

m = i1+ yiv1)/2 (5.1
i = Ji+t1 — i1
and, expanding about y = m; , we obtain
1
EWi|R, yicipie1) = m — —= 17 ¢u(m;) + 60 (2)

where ¢;(y) = —f'(v) / fi(y). Now }7,~=E (vi|R) may be obtained by taking expectations of each
term in the series (5.2). We expand ¢;(m;) about ¢;(y;) and, subject to certain regularity conditions,
obtain

Fi= g Om tHo) — TG G — o H N 5.3)
or, to the same order,

}—’_iz%(yiﬂ +yi-1) — _;“Pi()_’i)(;i = Ji-1) Gi+1 — ¥ 54
so that

Grar =W ==y = e e ¢.3)
We suggest using approx1mate scores {y;} which satisfy

Gier =207 =i =y = = () (5.6

In general these approximations cannot be expected to hold for the extremes of the {y;}. In the cir-
cumstances considered here, y is constrained to the positive half of the real line and ¢,(») is finite and
regular around y =0. In these circumstances, the approximation (5.5) holds for the smallest {);}, tak-
ing yo=0. In the right tail, however, some modification of our approach is necessary.

We suppose that we are prepared to right-censor some proportion, €, of the observations. That is,
we assume simple type II censoring of the largest Ne=(N —k) observations. We may then derive an
approximate expression for the spacing between y;, and y;_, . The approach is similar to that
adopted above; we first condition upon y; _; and show that

EGr = ye—1|y-1,R) = [Zk}‘j(yk—l)]—l +
j =
+ [Izkj()’k—-l)] ’ ANOk-1)/ M -1) +

j =k

+ O(N~?) (X))

where A (y)=fi(y) / Fi(y) . As before, we expand the right-hand side about y;, and obtain

~JYk-1 = [ .Ek NG + (i)
j=

-1
+ O(N ~2). (5.8)
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The last spacing between our approximate scores is, therefore, given by
Ge = Je+1)"' = 3 NG + 60 (5.9)
>k
We may then re-express (5.6) and (5.9) as
G:—Fi-0" = 3 40D+ 3 NG, i<k, =0, otherwise. (5.10)
. i<j<k j>k s
The argument may readily be extended to allow for progressive type II censoring. Finally, our
approximate scores satisfy the following non-linear equations in the spacings,

j=i

-1
O = yi-1) = {2 Ij(flj)] , y; uncensored, = 0, otherwise. .11

where {;(y) is, as in (2.4), either A;(y) or ¢,(y) depending upon whether or not y is censored.

For the accelerated failure family considered here, f(y)=6;f(0;y;y) and {;(y)=0,{(0,y). Further,
the density f represents a mixture of exponentials, and in these circumstances the expressions {{(6;y:)}
may be regarded as empirical Bayes estimates of the frailties {§}, for if the i-th individual is known
to have failed at y, :

EG|Yi=y;v)=6¢p)=A+7v) /(1 + 6p) (5.12)
and, for right censored observations, »
E¢ | Y=y =Mp)=1/(1+ 6y) (5.13)

so that {(6,;) are approximate posterior expectations of {£;} given the rank vector, R.

The approximation of the matrix 2, Z;=Cov(y;,y; | R), presents more serious difficulties. Elsewhere
( CLAYTON AND Cuzick [9]) we have suggested that, conditional upon R, the frailties {§;} are approx-
imately independent. Writing {A;} for the spacings {y; —y; -}, we eventually obtain

=2 =2 =2 -
Cov(d;, A; |R) =~ 8; A; — A A 3 0% ¢'Oi7r) (5.14)
iz,
where 8;; is the Kroenecker delta. Note that —$'(8;y;) approximates the posterior variance of §; given
the ranks, R.

Although this expression seems to give an adequate apprc <imation, more careful examination sug-
gests that it does not provide a consistent estimator of N=. Instead we note that conditional on R the
random sequence (y;—;), i=1,..,N, is a continuous-valued Markov chain. A normal approximation
suggests that the variance-covariance matrix can be approximated by the inverse of a tridiagonal
matrix. We obtain a similar prediction in the next section.

6. NON-PARAMETRIC M.L. ESTIMATION OF Ay(?)

The replacement of y;=Ay(#;) by the scores y; in the approximate E-step of the algorithm may be
regarded simply as an attempt to construct a non-parametric estimator of the integrated baseline
hazard function, Ag(z). In this section we discuss an alternative approach which leads to an almost
identical method.

BENNETT [4] suggested a semi-parametric approach to estimation in the proportional odds model
(y=1). In essence, his method amounts to a rather heuristic approach to non-parametric maximum
likelihood estimation of Ay(¢) or, more accurately, of its values {y;}, and derivatives at the observed
failure times {;}, since the ML estimates of B are unaffected by the course of Ay(¢) between observed
failure times. Although a more formal approach along the lines indicated by JOHANSEN [17] could be
used, see Gill’s discussion of CLAYTON AND CuzicK [9], in this section we reproduce Bennett’s argu-
ment in the context of the wider Pareto family of rank regression models.

Bennett advocated simultaneous ML estimation of {y;} and 8 by Newton-Raphson iteration. For
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comparison with our work, however, we shall consider maximization of his ‘likelihood’ by the two-
step method described in section 3. We use quotes because his method is not strictly ML estimation.
The maximum of the true likelihood over the space of all non-negative functions, A;(¢), is infinite, and
the support for the function is concentrated onto the points, {;}, of observed failures. Bennett sug-
gested avoidance of these difficulties by approximating the Jacobean term in (2.1) by

@ /0t) =X =i —yi-1) /@ — 1) 6.1

This is equivalent to modelling Ay(¢) by a step function with discontinuities at the observed {}.
This argument is identical to that used by BREsLow [6], [7] in proposing an estimator of Ay(¢) for the
proportional hazards model (y=0). For censored samples, the argument is modified by taking the
discontinuities as occuring at the observed uncensored failure times. In the notation of (4.2) this
involves replacing the subscripts i and i —1 in (6.1) by j; and j;_,.

To ease the notation we consider the uncensored case. The first step in the two-step recursion now
involves estimation of the {y;} given that they are independently distributed with densities {6;f (8,y)}
where f(y) is the standard Pareto density with parameter y. Differentiation of Bennett’s ‘likelihood’
yields

a8/ = —0:00y) + i —yi—) — i1 — )7} ) 6.2)
and
. -_— > _2
(yx , yx—l) . . , (i:i)_’
20 =0;¢'Oy) — i —yi-1)"" — Giv1 — ) , (j=i—1), 63
Wiy, |0ier — 07 , (=i+1), 6.3)
0 , otherwise.

The estimates of {y;} are obtained by solving the equations obtained by setting (6.2) to zero. These
equations are identical to those for our approximate scores {J;}, (5.6), so that Bennett’s method will
lead to the same point estimates as the approximate maximum marginal likelihood method we have
proposed. Thus, the difficulties implicit in Bennett’s likelihood construction together with the fact
that his method involves estimation of more parameters than data points seem to be of no conse-
quence, at least as far as point estimation of B is concerned.

By considering the parallels between equations (3.2) and (4.5) we see that Bennett’s method will
likewise lead to correct asymptotic estimates of the variance of the estimates of B, if minus the inverse
of the second derivative matrix (6.3) correctly estimates Z, the variance-covariance matrix of the {y;}
conditional upon the rank vector R. This remains to be proved. The matrix (6.3) is tridiagonal and
may be economically inverted. Alternatively, we may use the Neumann lemma to obtain a series
expansion for the inverse of (6.3), and the first two terms yield the variance estimator (5.14).

7. OTHER APPROACHES AND EXTENSIONS.
Some general results related to semi-parametric regression have been recently set out by BEGUN,
Har1, HUANG AND WELLNER [2]. Two other approaches more specifically directed at estimation in
the semi-parametric proportional odds model have been published recently. The first of these, see PET-
TITT [26], applies the more general approach to rank regression problems proposed by PerTITT [25].
This, like our method, attempts to extend the marginal likelihood approach used by PRENTICE [29] in
developing the censored linear rank test statistics to the problem of point and interval estimation of .
Pettitt’s approach is to approximate the log of the marginal likelihood (4.1) resp. (4.2) by a Taylor
expansion about =0 up to quadratic terms in B. Essentially, the calculations then reduce to those
for weighted least squares, the observed survival times being replaced by the scores given by Prentice.
Normally, our quasi-EM algorithm will start from B=0. The initial scores are the order statistics
for ii.d. Pareto variates and the first derivative of the log marginal likelihood gives the score test for
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B=0. Pettitt’s approach is equivalent to applying the correction (4.5) to obtain an approximation to
the inverse of the second derivative matrix of the log marginal likelihood, and carrying out one step
of the Newton-Raphson iteration for maximizing the likelihood.

In fact, this represents one step of an improved iterative method to compute our estimates. After
this first step, we would go on to recompute new scores, {y;}, and the new value for the vector of first
derivatives. It might not be necessary to refine our estimate of the second derivative matrix until con-
vergence when the final variance estimate is required.

Given the possibility of continuing the iteration to obtain approximate MML estimates, there seems
little to recommend acceptance of the first step estimates. They are ot consistent and will only be
acceptable when all coefficients in B8 are close to zero.

Another method has been proposed by McCULLAGH [21] for the proportional odds model. This
generalizes methods orginally developed for ordered categorical data ( McCULLAGH [20]). For a res-
tricted number K of ordered categories, the unknown transformation g of (1.4) only enters as (K-1)
unknown ‘cut points’ which in McCullagh’s earlier work were simply estimated by maximum likeli-
hood. The generalization to a full rank regression method invalidates this approach since the number
of unknown parameters becomes more than the number of data points, and McCullagh proposes a
quasi-likelihood (weighted least squares) approach based upon conditional moments of partial sums.

The regression method for ordered categorical data along the lines indicated by McCullagh
represents a rank-regression problem with a particularly simple form of interval censoring. Observa-
tions are recorded only as lying in the intervals between adjacent ‘cut points’, {6,}. While in a
parametric problem {f,} are known, either the allowance for an arbitrary monotone transformation
or deficiencies of recording means that frequently they must be regarded as unknowns. Eliminating
these nuisance parameters from the problem by conditioning upon the marginal distribution of the
categorical response is equivalent to basing inference upon a marginal likelihood for an interval cen-
soring scheme rather similar to progressive type II right-censoring, i.e. a scheme in which the position
of the cut-points {;} in the ranking of the underlying observations is predetermined. The similarity
between latent variable models for ordered categorical data and approaches based upon the marginal
likelihood for tied ranked data has been discussed by PerTITT [27].

The approach we have used here is suitable for extension to this and more complex forms of cen-
soring. The parametric kernel of the likelihood (4.2) can be modified to take account of the interval
censoring, and the range of integration becomes the set of underlying vectors, B, consistent with the
observed ordered categorical measurement. We must then devise alternative methods for computing
the scores {y;} for such schemes. Although such data are falrly commonplace in practice, the pub-
lished methodology (apart from that using fully parametric methods) goes little further than non-
parametric estimation of the survival function and simple 2-sample non-parametric tests ( PETO [22];
TURNBULL [30]; PETO et al [24]. '

The generalization of the heterogeneous frailty model (1.8) to encompass frailty shared by related
individuals is discussed by CLayToN AND Cuzick [9]. Individuals are blocked within families or sib-
ships (S;,...,8y) and different individuals within each sibship are assumed to share the same frailty.
This extension requires modification of the simple parametric likelihood which forms the integrand of
the marginal likelihood, and the scores become

Fi=EQ | R Si..., Su; B 1) (1.1)

Approximate methods for computing these scores are given by CLAYTON AND Cuzick [9] and may be
justified rather more formally along the lines indicated in section 5 or 6. Again they may be expressed
in terms of approximate empirical Bayes estimates of the (shared) frailties.

Finally, the method may be further generalized by considering individuals as drawn from different
strata in which different baseline hazard functions, Ay(¢), apply. Now, a different monotone transfor-
mation must be used in each stratum to meet the model assumptions and we must now base inference
upon a set of rank vectors, one for each stratum. This generalization follows closely the correspond-
ing generalization for parametric likelihood in the Cox model, see KALBFLEISCH AND PRENTICE [19],
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section 4.4. In the spec1a1 case where there are two strata and each family includes one member from
each stratum, we have the father-son problem discussed by CLAYTON [8] and Cuzick [13]. The treat-
ment of that problem along the present lines is also given by CLAYTON AND CUZICK [9].

8. NUMERICAL RESULTS.

In our earlier paper ( CLAYTON AND Cuzick [9]) we evaluated our method for estimation of the
parameter y in the father-son association problem using Monte Carlo simulation. Here we evaluate
our method for estimation of 8 for known y for the simpler regression problem. We consider the case
of a single covariate, z, taking values 0 for half the observations and 1 for the remaining half. We gen-
erated four sets of 1000 data-sets, all with 8=1; the first two sets were of size N=20, and the second
two sets were of size N=50. For each sample size, we considered the cases y=1 and y=2.

Tablel
Data-set Mean S.D. Mean S.D.
(Median) (Mean Est*) | (Median) (Mean Est*)
N=20
k=0 1.24 0.845 1.22 1.07
(1.18) (0.814) (1.18) (1.03)
k=2 1.24 0.850 o122 1.07
(1.18) (0.813) (1.18) (1.02)
k=5 1.21 0.864 1.21 1.08
(1.19 (0.829) (1.17) (1.03)
N=50
k=0 1.06 0.490 1.05 0.631
(1.05) (0.506) (1.05) (0.645)
k=35 1.06 0.492 1.05 0.631
(1.05) (0.507) (1.05) (0.645)

*The mean of the 1000 estimates of the standard deviation of ,Z? using (5.14).

We analyzed these data under varying degrees of simple type II censoring; for N=20 we considered
censoring of the largest k=0, 2 or 5 observations, while for N=50 we considered k=0 or 5. Table 1
shows the mean, median and standard deviation of the estimates of B8 in each series of simulations,
together with the mean of the estimates of the standard error.

For the smaller sample size, the estimate was substantially biased but for N=50 the method per-
formed well (at the time of writing it is not known whether or not the equivalent fully parametric
method behaves similarly). Furthermore, although artificially added right censoring of up to 10% of
the observations is of scarcely any consequence (see section 5), it appears that such censoring is not
necessary in practice.
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On asymptotic inference about intensity
parameters of a counting process.

Kacha Dzhaparidze

Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

The Cox regression model may be viewed as a special case of the general model described in this paper
via the pair (A, ¥,;) of predictable characteristics of an r-variate counting process N; = (M,...,Nb), associ-
ated with its compensator A, = (A],....A]) as follows;: A, = Al +...+Al and ¥, = dA,/dA. It is sup-
posed that the latter characteristic involves the real valued parameter B, i.e. ¥; = ¥4(f), to be estimated by
means of a given sample path of {N,, 0<<t<1}. Treating this problem in its asymptotic setting, we con-
sider our experiment as n-th in a sequence of experiments, and let Z, meet Condition | of asymptotic stabil-
ity. Under this and certain additional conditions introduced on demand, we study asymptotic properties of
the estimator B for B, which is in fact the Cox estimator extended to our situation. In particular, we charac-
terize the consistency and asymptotic normality of B by estimating the probability of large deviations, and
then showing the convergence in all moments of the distribution of 8 to a normal law. Finally, it is shown
that 8 is the best within a class of (regular) estimators in the sense that none of them can have an asymp-
totic distribution that is less spread out than that of 8.

1. INTRODUCTION.

1.1. Statistical inference on counting processes attracts considerable attention in the literature of
recent years; see the bibliography where a number of related references is given which may serve as a
source for many further references. Typically, the approach taken in these works is inspired by
developments in the theory of stochastic processes related to the notion of martingales, see e.g. SHIR-
YAYEV [23], as well as by developments in the asymptotic theory of statistical decisions, see e.g. LE
CaM [17] or IBRAGIMOV AND Has'MINSKII [11]; also GREENWOOD AND SHIRYAYEV [9].

Within the framework of the theory of stochastic processe., these processes are defined on a com-
plete probability space (2,%P) equipped with a nondecreasing family {%,¢=>0} of right-continuous
sub-o-algebras of ¥ augmented by sets from ¥ of zero probability. For the sake of simplicity, we dis-
cuss only the case in which se [0,1].

Let N = (N,,%,P) be an r-variate counting process which by definition consists of components
Nii=1,..,r whose sample paths are step functions: Nj =0, Ni—Ni_ = AN; =0 or 1,
ANIAN) = 0 if ij (no two component processes jump at the same time), and Ni<ow P - as.
With N one may associate an r-variate predictable increasing process A = {A,,%,P} such that
N—A =M = {M,,5, P} is an r-variate local square integrable martingale with the predictable qua-
dratic characteristic <M >, = diagA, —[A], (see Lemma 3.1).

If, in addition, the filtration is of special form % =o{w:N,,s<t} then the probability measure P is
completely defined by the compensator A (in the sense of LIPTSER AND SHIRYAYEV [18], Section 18.3).
Hence in this case the statistical model for the observed phenomena may be completely specified in
terms of the compensator A, or, for convenience, in terms of the so-called (P, %)- predictable charac-
teristics (4,,%¥,) of N,, associated with A, by the following relations ¥, = dA,/dA, and 4, = iI7A,
(here I, = col(1,...,1), and T indicates a transposition). Obviously, the first of these characteristics is
the compensator of N,=N;+..+Nj;, while the r-variate nonnegative predictable process
¥={¥, %,P} consists of components ¥},i =1,...,r,'¥} being, roughly speaking, the probability of
having a jump of N} at time ¢, given % _ and given that N, jumps at time ¢; see BREMAUD [4], pp. 34
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and 236.

1.2. In applications the latter characteristic is usually parametrized: it is restricted to a certain
parametric family ¥ e{¥(8),8%} of nonnegative F,-predictable processes for each admissable value
of the parameter Se®.

In such a case B is ‘the parameter of interest’ - inference about g is required by means of a given

sample path of {N,,0<<¢<1} drawn according to_the pair (A,,‘I’,)B of the characteristics of N for an
unknown B and, typically, for the characteristic 4, specified only up to the restrictions of a general
nature (to be introduced below). Actually, 4, itself may depend on the parameter of interest B, as
well as on certain nuisance quantities, as it is illustrated by the following:
ExampLE 1.1. Let {P,g,ac@ BB} be a family of probability measures, where @ is a set of deter-
ministic nonnegative and nondecreasing functions a = &,, 0<¢<1, and % an open set of R'. For
each ac@ and BeB let N = (N,,%,P,p) be an r-variate counting process of the Poisson type
(LIPTSER AND SHIRYAYEV [18], p. 249) defined on the stochastic basis (,%,{%,, 0<<t<1},P,p), with
the compensator of form

¢ = Afa,B) = [@,(B)da;, 0<t<]1 ' (1.1
0

where ®(B) is an r-variate nonnegative % -predictable process for each Be%. Obviously, the pair of the
(P ,p,%)- predictable characteristics of the process N is given by the following relations

V,(B) = ©(B)/D(B) with B(B) = I7D,(B), and A(.f) = [®,(B)do, (12)
0

The most popular special case of the Cox regression model for censored survival data specifies these
characteristics as follows:

t
iy — viBZ < yi BZ T _ [~ yi Bz
Vi(p) = YieP / 3 YieP, Ao ) = [ YieF do, (13)
i=1 gi=1
with certain -predictable processes Yi and Z!, free from B; see, e.g. ANDERSEN AND GILL [1] (or,
for a little more general model, PRENTICE AND SELF [22]). These authors and later BEGUN et al. [2]
have shown that under wide conditions the particular estimat. - S for B, defined by the relation

1 1
2ug [ ¥ (BN, = flnT\I's(B)st, In¥ = col{ln¥,i=1,..,r} (1.9

possesses the desired asymptotic properties (to be specified in the next section)

Obviously, if ¥ (B) is a sufficiently smooth function of 8, then the estimator ,8 of B is well defined
by condition (1.4). also for the general set up discussed at the beginning of this subsection (and not
only for the special Cox model; see (1.3)). Naturally, one can expect that under circumstances similar
to those of the papers mentioned above, the estimator B preserves its desired properties. In the
present paper this conjecture is confirmed, furthermore, a refined characterization of these properties
is given (cf. EFRON [7]).

Note that unlike ANDERSEN AND GILL [1] here only inference on the real valued parameter 8 is dis-
cussed, while the abstract parameter a in (1.3) (or (1.2)) is considered as a nuisance quantity.
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2. ASYMPTOTIC INFERENCE.

2.1. Following the usual device of asymtotic theory ( LE CaM [17], IBRAGIMOV AND Has‘MINskII [11]),
we suppose that what is observed is an outcome of the experiment

&, = (", F" (F,0<t<1},{P"}) @1

(with a certain family of probability measures {P"}), which is actually #-th in the sequence of experi-
ments &;,5,,.... Fix P" at the right-hand side of (2.1), and define on that stochastic basis an r,-variate
counting process N" = (N7, %/,P"} where r,,n = 1,2,... is a nondecreasing sequence of integers. As
above, to the compensator A" = (A}, %,P"} of N" relate the pair (Af,\l'}‘) of the (P",%})-
predictable characteristics, and let it depend on B€® in the way described at the beginning of Subsec-
tion 1.2 (recall that A} is not fully specified - in Example 1.1, for instance, it depends also on a nui-
sance parameter a which however is s_1_1}')pressed from the notation here and below).

The class of all admissible pairs (4,,¥/)g.q of the ({P},BeB},F]) -predictable characteristics of
N" determines the family of the probability measures {P"} in (2.1). The following basic condition res-
tricts this class by an asymptotic stability requirement on the sequence! F} = A, /ky, = 1LAL/K,
for some unboundedly increasing sequence of numbers k,, n = 1,2,....

ConNDITION 1. For each admissible pair (Zf,\lf;' )g of the (Pg,%7)-predictable characteristics there exists
a continuous deterministic non-decreasing function F, such that Ff—F, in P} probability as n— o0,
each 1,0<r<1.

REMARK 2.1. In fact, by lemma 1 of McLEisH [20], p. 146 the continuity of F, implies supp</<1
|F? — F,|—0 in P} probability as n—co, for each Be®.

Define now the éstimator ,@,, for B by condition (1.4) with N = N" and ¥ = ¥". On deriving asymp-
totic (as n—o0) properties of B,, we require some regularity conditions on ¥"(8); see Conditions II-
IV in Section 5.

Condition II requires differentiability (in a cert';iin sense) of V¥"(B) = col{ V¥",i=1,..,r,} and
existance of a positive number v - the limit of f 1(3/38) V¥"(B) |*dF" in P} probability as n—oo.
0

Condition III (of the Lindeberg type ), together with Condition II, leads to the conclusion of Corol-
lary 5.1 needed for deriving asymptotic normality N (0,1/4v) of the estimator By

As for Condition IV, it permits us (via Lemma 5.1) to apply a generalized version of Theorem 5.1
of IBRAGIMOV AND Has’Minski1 [11], (Section 1.5: Inequalities for Probabilities of Large Deviations)
due to SIEDERS AND DZHAPARIDZE [24], the conclusion of which can be informally described as fol-
lows: Let an estimator B, for B be defined by maximizing with respect to 8 a certain functional of
observations (e.g. the likelihood function). If this functional satisfies certain conditions, similar to the
conditions imposed on the likelihood function in the above mentioned Theorem 5.1, then the estima-
tor B, is not only consistent (in P} probability), but also the following holds: for sufficiently large
values of n the Pj-probability that 2Vk,v(B,—B) exceeds in absolute value a (sufficiently large)
number H is less then Coexp(—coH 2), with some positive constants co and Cy,

Hence, this way we get the first main result of Section 5 - the refinement of consistency of the esti-
mator B, (Proposition 5.1). R

The second main result concerns the refinement of asymptotic normality of 8, based on a generali-
zation of Theorem 10.1 of IBRAGIMOV AND Has'minsku [11], (p. 103): if the generalized version of
Theorem 5.1 holds ( SIEDERS AND DzHAPARIDZE [24]), as well as Corollary 5.1 and Lemma 5.2, then

1. For simplicity we do not index F” and F by B on which they may actually depend; cf. Example 1.1.
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all moments of 2V/k,v (B, — B) converge to the corresponding moments of the standard normal distri-
bution (Proposition 5.2).

In the conclusion of Section 5, the results mentioned above are applied to the situation described in
Example 1.1, specifically, to the Cox regression model (see (1.3)).

2.2. In discussing optimality properties of the estimator B, in Section 6, we restrict our considera-
tions to processes of the Poisson type; see Example 1.1 in which all the introduced quantities are
indexed now by n, except the parameters a and B, of course.

In the first place we show the LAN property of the family {P? 5, ac@ Be®B} of the probability
measures defined on {",9"}; see Definition 5.1. Along with P" = P75, let the probability measure
P" = Py g be defined on (2",%), where B" = B+b/ \/Ige@, beR! and o €A is defined by the
relation ~ V/daf/dea, = 1+ a/\/k,, a,€L*dF) with F,=F/(aB) of Condition VL2. Then
P"<<<P", and dP"/dP" is given by (6.1). The above mentioned LAN property is stated in Proposi-
tion 6.1 which tells us that under the Conditions ®I-®III the logarithm of dP"/dP" is in fact asymp-
totically quadratic with the asymptotically normal linear term 87 4(a,b), and the quadratic term
—73 8ap(a,b) where g, p(a,b) is the limit in P" probability of the quadratic characteristic of 85, p(a,b).

Condition ®I.1 requires continuous differentiability of V®"(8) (in certain sense), and Condition
@1.2, together with Condition ®II, determines the form of g, pg(a,b). Condition ®@III (of the Lindeberg
type) ensures the asymptotic normality of the linear term 87 g(a,b).

Having the LAN property, one can take advantage of its fairly general implications due to Le Cam
and Hajek (see, e.g., IBRAGIMOV AND Has’Minsku [11], Ch. II and III, or MILLAR [21]). Specifically,
our conclusions about asymptotic optimality properties of the estimator B, are based on the applica-
tion of Hajek’s convolution theorem to the situation under consideration (see Theorem 6.1).

For these purposes, define first the class of regular estimators {8%} for 8. Under the conditions
ensuring the LAN property of the family {Pg g,ac@ B<®}, at ‘point’ ac@ BB (Proposition 6.1), the
estimator B% is called regular (at the point ac® Be%) if for some nondegenerate distribution function
G% the following weak convergence takes place:

&V, (B —B")IP"} = G& @2

uniformly for each |b|<c whatever ¢>0, and each bounded a € L?(dF) («", §" and P" being defined
as above). -

Now, Hajek’s convolution theorem ( BEGUN et al. [2]) tells us that G% at the right-hand side of (2.2)
can be represented as the convolution of a certain normal law with another distribution law, G} say.
By Proposition 6.2, in our special case G% = N(0,1 / 4v)*Gk where N (0,1 / 4v) coincides with the
asymptotic distribution of \/k, (8, —B); see the previous subsection.

Since convolution ‘spreads out mass’, no regular estimator 8% can haye an asymptotic distribution
that is less spread out then N(0,1/4v). Thus, in this sense the estimator 8, (which is regular under the
conditions of the previous subsection; see Theorem 6.1) is best within the class {8%).

The proof of the results just mentioned uses the fact that the neighborhood about a that shrinks at
rate k,'/2 in the directions {a}, defined above, is ‘sufficiently rich’ to include the function
(8/9B)\/:(B)/ \/ ¢:(B) where ¢(B) is the bounded limit in P% z probability of @:’(B)/ k, (Condition
@I1 ). Simply, the set {a} includes (3/98)\/¢.(B)/ \/¢.(B); see Proposition 6.2.

2.3. This inclusion typically fails in situations in which {a} is a low dimensional subspace of L?(dF),
namely, in the frequently encountered situations in which ‘the cumulative hazard function’ «, is also
parametrized up to a certain number of nuisance parameters, and hence {a} is taken as a linear sub-
space, A=A(a) say, spanned by the logarithmic derivatives of the density of &, with respect to the
nuisance parameters; see, €.g. EFRON [7], JARUPSKIN [12], BOrGAN [3], HyoRT [10]. According to
these works the following conclusions can be drawn about the maximum likelihood estimator 8%, for
B, defined by maximizing the likelihood function (see (6.1)) simultaneously with respect to the
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parameter of interest 8 and the nuisance parameters.

Under certain regularity conditions.2{ \/k, (Bl —B")|P"}=N (0,92 }) with 4,4 defined as in (6.3),
and this means that no R' X A-regular estimator Bk, can have an asymptotic distribution less spread
then that of 8%;. In fact, the estimator 8%, is called R! X A-regular if for some nondegenerate distri-
bution function G%4 &{\/k, (B4 —B")|P"}=>G%4 for each beR!,acA, whereas Proposition 6.2 tells
us that G, ‘may be represented as the convolution (6.3). In particular, Bj,, is less dispersed then the
estimator for comparing their variances we have $!'<(4v)”! with equality iff
0/3B) V¢,(B)/ \/$:(B) €A (see Remark 6.3).

It is important, however, that there is a subclass of estimators for B within which no estimator has
a less spread asymptotic distribution then B8, defined by (1.4). This is the subclass {8k} C{Bra} of
regular estimators defined as in the previous subsection by the condition: whatever the (bounded)
direction a e L%(dF) of approach to « there is some nondegenerate distribution function GY% such that
(2.2) takes place. Of course, Bj;, is not regular in this sense, as for a4 a bias appears in its limiting
distribution. However the estimator B, is regular, and it is the best among {8%} since by Proposition
6.3 G% may be always represented as the convolution G%=N(0,1/4v)*G% (Theorem 6.1).

3. THE LIKELIHOOD RATIO FOR COUNTING PROCESSES

3.1. Let (2, %, P) be a complete probability space with a filtration {%,0<t<1} satisfying the usual
conditions. Let N = {N,,%,P;0<t<1} be a multivariate (r-variate) counting process:
N = col{N',..., N'}. Consider its Doob-Meyer decompositon N =M + A  where
M = {M,,5,P;0<r<1} is a local square integrable martingale, and A = {A,,%,P;0<¢<1} a
predictable compensator.

LeMMA 3.1. The quadratic variation and quadratic characteristic of M are given by the following rela-
tions:
1) [M] = diagN — [A]—[M,A]—-[A,M]
2) <M> = diagA — [A]
ProOOF. By definition [N] = diagN, and this gives 1). To get 2) take the compensator of both sides of
1).

]

REMARK 3.1. Denote N = N'+..+ N’,I-\? = M+A4. From 2) it follows that
t
<M>, = 4, — [A], = [(1—-Ad)d4, A<M> = (1-A4)A4,
0

hence 0<<A4 <1. For simplicity assume AA <1 (in fact one can easily dispence with this restriction;
see e.g. KaBANOV et al. [13] or [16]). !

REMARK 3.2, Consider V, =I—AA,®l, and V;!=I+(1—A4,)"'AA,®l, with
I, = col{l,..., 1} and I, = diagf,. Then

!
<M>, = [VdiagdA
0

= [l diagdA VT
0

4
= [V"diagdAV*T
0




36 ' On asymptotic inference about intensity parameters of a counting process

with
V% = I —(1— V1—A4)AA/AA ®l,-I(A4 >0)

satisfying (V*#)? = V, of course), and
ymg

t
diagA, = fV"d<M>
0
t
= /d<M>V“‘T
0

t
= fV"”d<M>V“'/’T
0

with
V4 =1 + Vi—ad AA ®1,-1(A4>0)
1-A4 M

LEMMA 32. Let @ = fV ldA = j(l—AA) 'dA and N, = fV ldM =M, + [@M], =
+ [A,90], where O is the sum of the component of 9. Then
1) [9Y, = diagN, + j(l AN)d[d] ,

0
2) <9%M> = diagA + [@A]. _ _ _
PrROOF. As AN®? = diagAN, (1—-AN)? = (1—AN) and AN(1—AN) = 0, 1) follows from

A% = AM + AGAM = AN — A@(1—AN). G.)

To get 2) take the compensators of both sides of 1).
O

3.2. Suppose that a probability measure P in addition to the probability measure P is given on a
measurable space (2,%) with a filtration of special form % = o{N,:s<t},0<t<1. Along with
N = (N,,%,P), consider the counting process N = (N,, %, P) with compensator A =(A,%,P)

THEOREM 3.1. (see KABANOV et al. [15]).

1) For absolute continuity of P with respect to P(P<P) the following conditions are necessary and
sufficient: P-a.s.

I AA =1 implies A =

t
II. The components é‘ and A", i=1,...,r of ﬂ and A are related as A} = deAi where

0
colfAl,. .., N} = A = {A,,%,) is a nonnegative predictable process such that the associated Hel-
8¢ P P

t r M R — a—
linger process is bounded: 36,2/2( Vidd4' — VdA' Y+ SV l—Aés —-V1-404, )Y <co.

0i=1 st

o<t <t

2) Assume P<P, and denote by 2z, a right-continuous modification of the martingale
E(dP/dP|%) 0<:<1. Then z, = exp{m,+ D®(Am,)} where ®\(x) = In(1+x)—x, and

s=t

= [(A-1)Tdm (3-2)
0
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REMARK 3.3. The process z = (z,,%,P), being a nonnegative supermartingale with E(z|P) = 1 as
t
well as a local martingale, is a solution of the Doleans-Dade equation z, = 1 + f z,dmg, 0<t<1

0
(LIPTSER AND SHIRYAYEV [18], p. 288, or GILL AND JOHANSEN [8]), hence z, = &(m),.

REMARK 3.4. By (3.1) and (3.2) we have

Am = (A—DTAN + (1—AN) [(I—A:Z_)(I—AZ)“——I] (3.3)
and

®,(Am) = OT(A—1,)AN + (1—AN)®, [(I—Afl__)(l—AZ)“—l] (.4)
with (I)l(x)‘r—' col{®,(x),i = 1,..., r} forx = col{x', ..., x"}. Hence

z, = exp{flnT AdN -zf + 4, + S(1—AN,)in (I—AES)(I—AZS)“} (cf. LIPTSER AND SHIRYAYEV
0 s
[18], p. 312). '

ReMARK 3.5. By (3.3)

7, = (- V1+bm ) 3-5)

st .
1 1 2

= [UTdiagdNU + 3(1—AN,) [(1-A4)% (1-44,) * —1
0

st

with U = col{ VN —1 = VdA'/dA' —1,i = 1, ..., r}. The compensator of this process coincides
with the Hellinger process, 1 = 9

REMARK 3.6. It is interesting to note that the class of ‘alternative’ compensators A is restricted to

those for which A —A is dominated by <M > in the sense that for a certain r-vector valued predict-
able process H

t
A —A, = [Hd<Mm>.
0

!
If P<P then z = &(m) with m, = fHTdM. Obviously, H = (V"1)T(A—1) and A—A = <M,m>.
0

3.3. Here we give a useful representation for the likelihood ratio process, to be used in the next sec-
tion.

LEMMA 3.3. Let £<<P. Then
z = exp{2m(U)—23C + R} (3.6)

where
t
mU), = j uTdon <))
0

is a local square integrable martingale with

t
<mU)>, = [UTdiagd<OM>U<co P as., (3.8)
0
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while

R, = 23®,(\/1+Am, — 1)+2[@n,3q, fuJleagdglw (3.9)

s<t
with

®,(x) = In(1+x)—x +‘é‘x2

ProoF. By (3.2)

m =2 flUTd"JR, + fUTdiagdGJIUU . (3.10)
0 0
By (3.4) and (3.5)
T30,(dm) = 38,(\/1+8m, — 1)~ —(n —7) , | G.11)
st St

since 3@, (x —1) = By(Vx —1)—(Vx —1)? and X = #; obviously,

_[UleangIU + AU V1-A4 — V1-a1 )2 . (3.12)

st

Now (3.6) easily follows from (3.9) - (3.12), taking into account that 9L = M + [A,-"ﬁ] by definition.
By Assertion 2) of Lemma 3.2

UrAA,y
<mU)>, = flUleagdAlU + gﬁ (3.13)
RE ] - )

AA
< f UTdiagdAU + 2 UTdiaghA, U,

st s
< flUleagdAﬂJ + SWldiagh@,U,<co P as.
st

Here we first used the Schwartz inequality and then the ioundedness of the Hellinger process.!
Hence (3.8) holds.
O

4. LAN rForR COUNTING PROCESSES

4.1, Let {Q", 7, F, 0=<t<1), P")}, n = 1,2,... be a sequence of stochastic bases of the same type
as above. Let N = (N}, 4/, P") be an r,-variate counting process with the Doob-Meyer decomposi-
tion N" = M" + A", where r,, n = 1,2,... is a nondecreasing sequence of integers.

Define also 9 = [(¥")”'dM" where V" = I, —~AA"®I, .

0
Let H" = {H?, 9/, P"}, n = 1,2,... be a sequence of r,-verctor valued predictable processes such

1. Use also the following inequalities : SU(O<Ad<7) UTdiagAQU,<2 2 UTdiaghA,U, and DI(3<Ad<1)
st st
leagA@SUS<C > UTdiaghAA U, with a certain constant C determined by the fact that the number of jumps of 4, s<t,
<t
exceeding - 2 is ﬁn:te
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that
. .
mH"), = [H7dN", n = 1,2,... @4.1)
0

is a sequence of local square integrable martingales.

By Corollary 2 of LIPTSER AND SHIRYAYEV [19] this sequence is asymptotically normal (see
Theorem 4.1 below) under the following Conditions H :
H.1. For each ¢, 0=<<t<1 and ¢, 0<<ex

t
[HZ, diagdA"HE. + SI(HTAC|>e)(1 — A" )HTAEY -0 4.2)
0 st

in P" probability as n—»co, where
CHbg = col{I(H™|>0H™ ,i=1,..., 1}, H" =col{H" , i =1,..., 1y} 4.3)

H.2. For each ¢, 0<r<1

t
<m(H")>, = [HdiagdA"H" + F(1-AM YHTA@Y><W> (44
0 st

where W = (W,, %)o<i<1 is a continuous Gaussian martingale with quadratic variation
<W> = [W] = EW?, a nondecreasing continuous deterministic function (cf. GREENWOOD AND
SHIRYAYEV [9], § 5.2).

THEOREM 4.1. Under the Conditions H

d(P")
m(H") - W (4.5)

in the sense of the weak convergence in 9X[0,1]) with resp. to P" (cf. GREENWOOD AND SHIRYAYEV 91,

§ 2.2).

REMARK 4.1. For checking the above statement take into consideration that the integer valued random
measure ", associated to m(H") by

(0,11, T) = SI(Am(H"),eT), TeB(Ro), Ro = R\ {0}
s=t
with
Am(H") = HTAN" —(1—AN)H"TAG" ,
is such that

t

[ [ x*wrds, dx) = SAmEH"I(AmH",|>) @6)

0 |x|>e st

1
= [HiZ,diagdN"H g + S(1—AN" YH"TAC Y I(HTAZ|>¢)
0 st

Here we have used the following simple relation :
I(|Am(H")|>e)Am(H") = Hg;)AN"—(l—Aﬁ")l(]WTA@'|>e)WTA@' . 4.7

Now, we can easily see that on the left hand side of (4.2) we have the compensator of the expression
(4.6). Hence, denoting the compensator of " by »", one can rewrite (4.2) as follows :

[ [ x*dv'(ds, dx)—0.

O)x{>e
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Below we will need the following simple corollary of theorem 4.1.
COROLLARY 4.1. Let a sequence H", n = 1,2,... of r,-valued predictable processes satisfy the following
Conditions H’ : for each t, 0<<t<1

t
H”.0. JHTdA 0 ;
0
t N
H".1. 1 diagdA"HE 5 —0 , 0<e<1;
0
t
H’.2. [HT diagd A"H" > <W>,

0
in P" probability as n—oo. Then

3 d(P")
[ H'TdN" > W, .
0

4.2. Suppose that a probability measure P" in addition to P" is given on a measurable space
(", 9"} of the preceding subsection. Suppose in addition that the filtration (%], 0<t<1} is
minimal: ¥} = o{N{ : s<<¢t} where N" = (N}, ], P") is an r,-variate counting process with the
compensator A" = (A}, 97, P"). Let N" = (N}, 9/, P") be another counting process with the com-
pensator A" = (A}, F, P™). - -

For each, n assume P"<P" and, in accordance with II of Theorem 3.1, define the Hellinger process

9 = j"U”TdiagdA”U” + 3 (V1-a2; —V/1-04; 7 (4.8)
0 e
where
U"=col{U"=VdA"/dA™ —1,i=1,..., r,} .
Obviously, -

A" =col{A"=(U™"+12,i=1,..., r,}.
Let the following Conditions ¥ be satisfied :

9C1. For each ¢, 0<<t<<1 and ¢, 0<e<1

t

~ ~nT . ~n

Moo = [UodiagdA"U s, (4.9)
0

+ SU(AL; —AT;|>e(1 - M)V 1—0d; — \/1-A4; ¥ -0

St

in P" probability as n— o0, where
Ulsg = col{I(N"—1|>U™, i = 1,..., r,} (4.10)
(2. For each ¢, 0<t<1

I sy <W> (@.11y

in P" probability as n—oco.
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PROPOSITION 4.1.
(i) Under the Conditions 3C
d(P"y 1
mU") —» W (4.12)

(cf- (3.7), (4.1) and (4.5) with H = 2U )
(ii) The Conditions I are equivalent to the Conditions U defined by (4.2) - (4.4) for the special case of
H = 2U. :

REMARK 4.2. As the Conditions U are those of Theorem 4.1 for the special case of H = 2U, the
assertion of Lemma 3.3 concerning the process (3.7) allows us to deduce Assertion (i) of Proposition
4.1 directly from Assertion (i) and Theorem 4.1. The Assertion (ii) will be proved below.

ReMARK 4.3. Notice the difference between llflz;{) given by (4.10) and

Uk = col{IQU"|>U™ ,i = 1,..., 1} (4.13)
(cf. (4.3) ). However using the simple inequalities

1(V1+x —1|>9<I(|x|>¢)
and

I(|x —y|>e<I(x|>e/2) + I(jy|>€/2).

we get
, nT  g; ngn ol ng)”
JUE, diagdA"U o< [U (5o diagdA"U (> (4.14)
0 0

! t

< UL, 4)diagdA" Ul gy + [UE V73 diagdA"Ul virs; -
0 0

Proof of Assertion (ii) of Proposition 4.1. We proceed in three steps. In step 1) we show that the Con-
ditions € imply (4.2) with H = U. In step 2) we show that the Conditions U imply Condition J.1. In
conclusion, it is shown in step 3) that the difference between IC' and the left hand side of (4.4) with
H = 2U vanishes as n—>o0 under the Conditions J(, as well as under the Conditions U.

1) By (4.14), under the Conditions I the first term on the left hand side of (4.2) with H = U tends to
zero in P" probability as n—oo0. We will show that the same holds for the second term, as well. The
latter term does not exceed

SU((A? -1, )T A | >e)(1— A ){(A2 1, )TAg Y (4.15)
+ (1 — A4, (U T diagA@ U

as is easily seen by applying the simple inequality

|x —y|I(|x —y|>e)<4|xPI(|x|>e/2) + Ay PI(ly|>e€/2) (4.16)
(see ANDERSEN AND GILL [1], p. 1107 ) to
(A"—1,)A@" = 2U"TA@ + U™ diagA@ U" (4.17)

=1-(1-A4") /(1-A4").

Since for each €>0 one can choose a constant C that ensures the inequality |x|<C(V1+x —1)?
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whenever |x|>e¢ (e.g. via x2/(1+|x)) X (V1+x —1)?; KaBaNov et al. [14], p. 644), the expression
(4.15) in turn does not exceed
C{SI((AI—1,) A@ > (1= A4, (/1 (A7 —1, )T A — 1Y) 4.13)
s<t
+ supUTdiagAATU?-SU T diagA@FU? .
st s<t
By (4.17) and Condition JC1, the first term in (4.18) tends to zero in P" probability as n—co. In
view of the last inequality in (3.13) and the fact that!

supU7T diagAA"U? <supAJ(f—0 in P" probability as n—o0, | 4.19)

st 5=t

the second term in (4.18) vanishes as well. Thus (4.2) for H = U is proved.

2) Let the Conditions U hold ; By (4.14) again, it suffices to bound the second term of ﬁ" (see (4.9))
and to show that it vanishes as n—o0. By the simple inequality | V'1+x —1|<|x|, this term does not
exceed

2
ST [KA;' —ﬂ,")TA@§’|>e] a —AZ:){(A;‘ -, )TA@;'}
s
<437 [IHJ;‘TA@;'|>5/4] (2UITA@ V2 (1— A1)
st
+4supU"TdiagAATU?- U diagA@7UY ; (4.20)
s<t st
here we have used (4.16) and (4.17). The second term on the right hand side of (4.20) tends to zero by

the same arguments as above (cf. the similar term in (4.18) ) ; so does the first term as well, by (4.2)
for H = U. Thus (4.9) is proved.

3) In view of the assertions proved in steps 1) and 2), all we need is that

S [[(A;’ —1,)" A@g|<e](1 — AT \/1— (A7 —1, 7A@ — 1) — 421)

st

2
{-;—(A;' -, )TA@;'} |0

in P" probability as n— oo, either under the Conditions 3 or U.
Since 1—V1—x = x/2+x2/8+6(x®) for sufficiently small values of x; a constant C can be
chosen such that

10— VI—x P —(5x2|<C|x’|
Applying this inequality to the left-hand side of (4.21), one can see that it does not exceed
2
CeS(1—Ad; ){(A;’ —n,")TA@;'} <
s<t

2CeSY(1— A4, )QQUITAG?

s<t

1. As it has been mentioned in Remark 2.1, by Lemma 1 of McLE1sH [20}, p. 146 from Condition S./7 and the continuity of
¥ follows sup|3C? —3(¥|~>0 and, in particular sup|AJ(?|—»0 in P" probability as n—oo ; cf. GREENWOOD AND SHIRYAYEV
st st

[9], p. 105.
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+2CesupU?7 diagAAU?- T UL  diagA@i Uy .
s=t s<t

This and (3.13) imply (4.21). The concluding step 3) is proved.
O

4.3. The next three lemmas establish asymptotic negligability of the remainder term R (see (3.9)) in
the representation (3.6). '

LEMMA 4.1. Under the Conditions % for each t, 0<<t<1

t
supR{P—0 , RD = [Udiagdom'U" , 4.22)
(1]

st

in P" probability as n— co.
PrROOF . By Assertion (ii) of Proposition 4.1 and (4.2) with H = U, the arguments indicated in the
footnote on p. 42 lead to

t
JUE,diagd@UPg—0 in P" probability as n—co.
0

Thus, it suffices to prove (4.22) with U{<,y = U"—U{s, in place of U". But this is a direct conse-
quence of Assertion (i) of Proposition 4.1, as

t
f UIL, diagd MUl <e m(U"),
0

O
LeMMA 4.2. Under the Conditions ¥, for each t, 0<t<1
sup|R®@|—0 , R® =[O, 9] 4.23)
s=t
in P" probability as n— oo.
PrOOF . By Assertion 2) of Lemma 3.2, (4.19) and the boundedness of the Hellinger process
AZ"
<RD>, = SAWY—=r ' (4.24)
t sé 1 _AA:
A
< supAIC-S—=

s=t s<t 1 A4

< supAIE-CIG—0

st

in P" probability as n—oo (a constant C is defined by the arguments indicated in the footnote on p.
42). Obviously, (4.23) is implied by (4.24).

O
LeMMA 4.3. Under the Conditions 3 for each t, 0<t<1
sup|RP |0, RY = 3®,(\/1+Am! —1) (4.25)
s=<t

st

in P" probability as n—oo.
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ReMARK 4.3. The last assertion is the special case of Assertion 1.B for i =3, in DZHAPARIDZE [6],
Subsection 1.2. In fact

t 1 -1
[RIWMAN" + SA-AN)®,(1-A4)2 (1-4") % —1)
0

s<t

R®

1

[[@2(V14x =1y

0R,

with u" defined as in Remark 4.1 for the particular choice of H”, namely, H" = A" -1, (cf.
DzHAPARIDZE [6], p. 16).

4.4. In conclusion, let us formulate the principal results of this section - Theorem 4.2 and its Corol-
lary 4.2 stating the LAN for counting processes.

THEOREM 4.2. Under the Conditions ) the following two statements hold:
d(P")
@) "' exp(W—5<W>},
. ") 1
(i) z" = exp{(W+5,<W>},
PROOF. Assertion (ii) is derived from Assertion (i) by the arguments used in GREENWOOD AND SHIR-
YAYEV [9] (see the proof of Statement 3 of Theorem 8 on p. 99).
As for Assertion (i), it follows directly from Lemma 3.3, Proposition 4.1 and the Lemmas 4.1 - 4.3.

O
COROLLARY 4.2. Let the Conditions X are satisfied. Then the following two statements hold :
(i) For each t, 0<it=<1
z" = exp{m(2U")—%*< W=>+r"}
where a remainder term r" is such that
sup|r?|—0 (4.26)
st
both in P" and P" probability as n— oo, while the first term m(2U") is asymptotically normal :
d(P")
mQU") - W 4.27)
and
aP"y
mQRU") S W+<w> (4.28)

(ii) Let 8" = {S}, 9}, P"}, n = 1, 2,... be a sequence of r,-variate predictable processes such that for
some unboundedly increasing sequence of numbers k,, n = 1,2,... it satisfies the Conditions H with

"= k,,——z—S". Besides, for each t, 0<t<1
? ~ 4 el
j(uJ"—k,, * s"diagdA"(U" —k, * S")—0 (4.29)
0

in P" probability as n—>o0. Then

L .
2" = exp{2k, ' m(S")— 5 <W>+r") (4.30)

4
where a remainder term r™ and the first term 2k, ’

n(S") satisfy (4.26) and, respectively (4.27) and
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-1
(4.28) with k,, * S" in place of U™,
Finally, if k, rsn satisfies the Conditions W' then the first term in (4.30) is simplified to
_Lt
2k, * js"TdN".
0
ProOOF. Obviously, for the proof of Assertion (i) it suffices to check (4.26) for
= RT3~ <W>)
(see (3.6) and (3.9) ), in view of Lemmas 4.1 - 4.3 and the footnote on p. 46.
As for Assertion (ii), we apply Theorem 4.1 and its Corollary 4.1, and then the fact that (4.29)
implies
.
<mU"—k, * §")>-0

in P" probability as n—oo, each ¢, 0<t<1, which is established by using the arguments leading to
(3.13). The latter fact ensures the property (4.26) for

A
P o= 4 2mUR —k, © S").

5. CONSISTENCY AND ASYMPTOTIC NORMALITY.

5.1. Consider the situation described in__Subsection 2.1, in which for each n = 1,2, ... the r-variate
counting process N" possesses the pair (A:l,\I’I’ )p of (P}, %/ )-predictable characteristics satisfying Con-
dition I. Suppose that the r,-vector-valued process V¥"(B) is continuously differentiable (in B) in
the following sense:

ConpITION II. There is a sequence of continuous in g r,-vector valued predictable processes
n — a n
LB (=3§ V¥'(g)) = {Li(B).F,P"}, n=12,. ..
such that

II 1.For each real valued b such that E" = B + b/ \k, €%, eventually, with the same sequence of
numbers k,,n =1,2,... as in Condition I,

b

Vk,

!
II 2. For some deterministic function ¢?(8) such that v,(8) = f o*(B)dF>0, 0<t<1, we have
0

1
f I‘\/‘I”'(B") - \/‘I'"(B) — m"(p)|2d2”_>o in P} probability as n—o00.
s —

t
V(B) = [ L"(B)dF"—v/(B) in P} probability as n—>co.
0

We shall show that the estimator [A?,,, defined by (1.4) with ¥ = ¥" and N = N" is consistent and
asymptotically normal N (0,1/4v), v = v{(B). For this we need some additional conditions stipulated
in the next two subsections.
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5.2. Define —\1:"(,3) = 2{d1ag‘I"’(,B)}2 \/\I'"(,B) and

0B
l

O By = Yediaolr a2 0 \/Trcay

B In¥"(B) = 2{diag¥"(B)} Y ¥(B).
Obviously,

/{——-ln‘lf"(,B)}TdA"' = fnT a?e \If"(,B)dA 6.1
Hence,

———ln‘I"’(B) Taonr = {——ln\I'"(ﬁ) L\ (5.2

/ { } }
and

— f (== ln‘I'”(B)}leag dA”{——-—ln\If"(B)} = 4[|L"(B)PdF"—4v,(B) (5.3

] .

in P} probability as n—co (see 11.2).

Now we apply the Corollaries 4.1 and 4.2 to derive asymptotic normality of the mtegral in (5.2),
taking account of (5.1) and (5.3), and then to establish the LAN property for the ‘partial likelihood
ratio’ we define

1
Y3(b) = exp [ {In¥"(B,)—In¥"(B)} dN"
0

with 8, = B+b /2\/k,v where beB, = $—8/2\/k,v (see Remark 5.1 below). In addition we
state the Lindeberg Condition III, under which the following Corollary 5.1 holds.

Conprmion II1. If (Z:',‘I"‘)ﬂ is the pair of the (P},%})-predictable characteristics, then for each ¢>0
Condition H'".1 is satisfied with H" = ——In¥",

)
COROLLARY 5.1. (i} If Conditions II and III are satisfied, then

1
1 T
In¥” dN"|P%)=N (0,4v
e(\/];of{aﬂ (B)}"dN"|PR)=N (0,4v)
(ii) Let the Conditions II and III be satisfied uniformly in B€K, a compact subset of ®. Then uniformly
in BeK finite dimensional distributions of Yg(b) tend to finite dimensional distributions of

exp(bi—3b%}, L&) = N(O,1).

REMARK 5.1. The term ‘partial likelihood ratio’ used above may be justified as follows (cf. Cox [5] or
ANDERSEN AND GILL [1]):

Consider | the situation described in the beginning of Subsection 4.2, and suppose that N" possesses
the pair (A 1, ¥7(B)) of (P",%)-predictable characteristics and the pair (4,,¥7(8,)) of (P", %)
predictable characteristics, such that the associated Hellinger process is bounded

IGP"PY =G = [|VI(B) - VI B)Pdd <0 P"as.
0

Then by Theorem 3.1 and Remarks 3.3 and 3.4
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t
E(dP" / dP"|) = exp [{In¥"(8,)—In¥"(8))"dN"
0
and
| ,
E{Y}(b)|P"} = E{exp f {(ln¥"(B,)—In¥"(B)}TdN"|P"} = 1. (54)
0
Here the likelihood ratio is called partial because the first characteristic is one and the same in the
above considered pairs of (P",%/)- and (P",9])- characteristics of N" (According to this terminology,

the estimator defined by (1.4) might be called the maximum partial likelihood estimator).
Note, in conclusion, that analogous considerations lead to

1 =nc
E(VY30) exp(5 [|VE"(B) — VI (B)PdA™ +
0

- Ad,
+ Z(I—AN:)IH(H%—_—" IVEB) — VB P)P"} = 1. (5-5)
1-Ad, ‘

s=l1 -

5.3. For establishing further properties of the partial likelihood ratio Y}(b) we require the following

ConpITION IV. If (;1-:',‘1';' )g is the pair of the (P},37)-predictable characteristics, with the parameter 8
belonging to a finite set %, then the quantity

! ——n
8(br,by) = [1V (B — V¥ (B 1%dA", .6)
0
where

i =B + b;/2\Vkwv, beB, =%—B/2 kv, i=12,

obeys the following bounds: there are positive constants C; (independent of n) such that for
sufficiently large values of n and each b,€B,, i =1,2, beB, and BeK, a compact subset of B,

n b2 —La ?
w1 P} {(8}(0,b) < Cor—7}<Cue Gbe

cf. (5.6) with by = 0, b, = b.
Iv.2 P}y as  8b1,b)<C(b,—b\)
LemMA 5.1. Let Condition IV hold. Then there are positive constants c¢; such that for each beB,,

b;eB,, i=1,2 and BeK, a compact subset of B,
G) E{VYi®)|Psy<cie ™,

@) E(|VY3b2) — VY3b1)PIPhI<calby b
PrOOF. (i). By applying the inequality

E{\VY}®)|PR}<E{ VY (®)E+IE<D)|PE}
<E{\V/Y3(b)§P}}+P3(E<1)

(here (5.4) and the Schwarz inequality is used) to
2

b
1+b2}

£ = exp{83(0,5)— Co
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and taking into account (5.5) and Condition IV we get

E{VY}(®)|Ph} eXP{——(

This and the finiteness of % imply (i).

1+b2 —C)}+Cexp(—Cyb?)

(i) By (5.4)

E(|VY302) — VYROD PIP}} = 20—E{\/ V() Y351 |Pp}>

and by (5.5) and Condition V1.2

AA
1<E{VY3(b,)Y3(b1)exp(3 S AZ”I\/\P"(BZ — V¥ PP exp(3C (b~ b1 ))

s<1 1

<exp(3¢(b, —b))E{ \V/T}(b2)V3(b1) [P} }

where the constant ¢ arises by taking into consideration the arguments indicated in the footnote P on
p- 42. Hence :

1 2

E(IVY302) ~ V3@ < 20—¢ " )<e(b,—b:7

O

Lemma 5.1 allows us to apply the result of SIEDERS AND DZHAPARIDZE [24] mentioned in subsec-

tion 2.1, a version of the ‘large deviations’ Theorem 5.1 of IBRAGIMOV AND HAS’MINSKII [11], in order

to draw inference about the estimator 8, for the parameter B in the spirit of the above mentioned

book (see the next subsection). For this end we have resticted our attention to the scalar parameter

case in which the property of the partial likelihood Y% (b) stated in assertion (ii) of Lemma 5.1 turns

out to be sufficient (in fact, if B were a p-vector valued parameter then one should guarantee the pro-
perty (5.8) below with 2m > p).

REMARK 5.2. Condition IV.1 is a consequence of the identifiability condition: for each § > 0

llnf j|\/~1r" (B+h) —VE¥"(B)Pdd" >0, Phas. 5.7
|k|=
provided that

2
;’;(O,b)—r%— in P} probability as n—o0 (5.8)

Indeed (5.7) and (5.8) allow us to choose a constant Cg such that for sufficiently large values of n and
eache > 0

bZ
ot < ¢

(cf. IBRAGIMOV AND Has’minskn [11], p. 82), and this implies Condition IV.1.
Observe that in the case that the Newton-Leibniz formula holds

PR{83(0,b) < Co

1
V¥ (B+h) — V¥'(B) = hfL"(B+sh)ds (5.9)
0

(cf. IBRAGIMOV AND Has’MINSK1I [11], p. 66), the condition (5.8) can be viewed as a strengthening of
Condition I1.2, because (5.8) can be rewritten as
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1
SIfLB+sh / \ky )dsPAF" v (5.10)
00

in P} probability as n— oo, for each h and not only for ~ = 0 as in Condition I1.2.
By the same arguments, if

. )
sup [IL"(B)dF" < oo P} as., ;.11
b 9

then Condition IV.2 is also satisfied.

'5.4. As a consequence of Lemma 5.1 and Theorem 2.1 in SIEDERS AND DZHAPARIDZE [24] we have

PROPOSITION 5.1. Under Condition IV there are certain positive constants Cy and co such that the esti-
mator B, is consistent: B,—P in P}, probability, and for sufficiently large values of n and H

sup Ph{[2 Vi (B, —B)|>H}<Coe "

In view of the assertion (ii) of Corollary 5.1 and Lemma 4.1, we can make use of the Theorems
1.10.1 and HI.1.2 in IBRAGIMOV AND Has’MINSKII [11]. The result can be formulated as

PROPOSITION 5.2. If the Conditions II-1V hold uniformly in BEK, then we have asymptotically as n— oo
1
p 1 0
{12 Vkv (B, — B ——F— [{7=In¥"(B)}TdN"|>8}—0, for each §>0
£02 Vkyv (B, — B)P }=N (0,1)

and
J

s 2
E(RVEr B~ 1Pp) > =T

uniformly in BeK.
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5.5. In the remainder of this paper we restrict our attention to the special case desrcibed in Example
1.1 in which the process N” is of the Poisson type with the compensator (1.1) where ® = ®" satisfies
the conditions stipulated below.

ConprrioN @I. There is a sequence of r,-vector valued %7 -predictable processes, continuously depen-
dent on B, say (9/08)V®*'(B),n=1,2, ..., such that for each ac@ and Be% the following holds:

®I.1. For each b such that ,B" =B+b/Vk, €B eventually,

f 1 \/@"(,3") —Vorp) - D Ve B)Pdas0 in P’ g probability as n—o0;

\/ 9B
®1.2. For some deterministic function p?(8) such that w,(a, 8)= f 02(B)da,>0,0<t=<1, and for each ¢,
0<<r<l, ac@, BeR

t
W'(o, B) = ;1— ﬂ% \/®2(B) [Fda,—>w,(@,B) in P" g probability as n—oo.
. no

ConprTioN ®II. There is a positive bounded deterministic function ¢,(8) (uniformly in 7 and 8
m<¢(B)<M where 0<<m <M< 00) having continuous bounded derivative in B, such that for each
acl@, BB and O=<r<1

t
OILL. F'(a,B) = f;l—q);’(ﬁ)daﬁﬂ(a,ﬁ) in Pl, probability as n—co where F, = F,(a,B) =
0 n

t
[¢:(B)do;>0 (cf. Condition I).
0

®I1.2. For (3/38)®@" = 11 (3/8B)®" = 2] (diagd”"}""*(3/38) V @"

1 ;9 =n 9 N o
% Of oY O (Bda,— Of 28 ¢s(B)da;<oo in Py gprobability as n—oo.

REMARK 54. It is easily seen that these conditions imply Condition II for entries as in (1.2). Besides,
by the Conditions 11.2, ®1.2, ®II.1, ®I1.2 and (5.3)

V(e B) = UWge, B)——fl V&, [Fdo—wi(a.B)— f| Vo, Pda, = vi(a,B)

in P, g probability as —oo.
1t is easily seen that Condition III follows from ®II and the following Lindeberg condition:

Conpition ODIII. For each €>0 Condition H’.1 of Section 4 is satisfied with

H' = - 1n@"=2{diagd"} "'/ 25% Vor,

B
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5.6. Here we apply the results of Propositions 5.1 and 5.2 (as well as that of Corollary 6.1 below) to
the special case of the Cox regression-model: see (1.3) with the covariate processes Z¢*,i =1,...,r, and
the censoring factors Y?,i =1,..,r, taking values 0 or 1 (so N¥" only jumps when Y7* = 1). To arrive
at these statements concerning the properties of the estimator B, we adopt the assumptions of
ANDERSEN AND GILL [1], strengthening for simplicity Condition C on p. 1105 (in fact its scalar ver-
sion given on p. 1110) to the following condition:

sup|Zif|Y"<oo Ppg as. (5.14)
it

For this end we shall show that all the conditions stipulated above are satisfied. By (5.14) the Lin-
deberg condition ®III is completely empty, and so is the condition (5.11).
Since in this particular case
3 ./ 1 9% =n
—\ P 2 - —— & , .15
Condition ®1.2 follows from Condition B in ANDERSEN AND GILL [1], p. 1105. The latter condition,
along with Condition D in [1], ensures also ®II, with

1
1 (@ /3B)B)L
v(a,B) = 7 [{@® /3B~ }da>0.
3 (B

Further, applying (5.14) and (5.15), the Newton-Leibniz formula (cf. (5.9)), and the above men-
tioned Conditions B and D, one easily verifies ®1.1. Finally, by the same arguments one gets (5.8)
which gives Condition IV.1 because here the identifiability (5.7) takes place.
6. ASYMPTOTIC OPTIMALITY.
6.1. Suppose that the process N” is of the Poisson type and retain the Conditions ®I-@III stipulated

in Subsection 5.5. Let the probability measures P" and P" be defined on (2",9") as in Subsection
2.2. Then (see Remark 3.4) -

dap" 1 n n T IR 7 1 das N
e exp{ Of (1n<I>S(E")—~1n<I)s B)TdN? + 2 Oj m;:g—d f 6.1
1 1
— [®;(8")do; + [@;(B)da}
0o - 0
We shall now apply Corollary 4.2 to show the LAN of the {P} g,ae@ Be®} in the sense of

DEFINITION 6.1. The family {P? g,ac@, Be®} is called Locally Asymptotically Normal (LAN) at the
‘point’ ac@, B if for each beR' and each bounded acL?(dF) such that o« €@ p" €% eventually,
there is a sequence of asymptotically normal variables 83 g(a,b), n =12, ... : -

£{85.8(a,b)|P; g }=>N(0,8,,p(a,b)) as n—o0
with g, g(a,b)>0 for which dP"/dP"= exp{SZ'ﬁ(a,b)—”;‘gayﬁ(a,b) + n5.p(a,b)} where ng g(a,b)—0
in P, g probability as n—oco.

Note first that if

Ur = col{ VeI / 01 (B) \Vde} /dey, —1, i =1,..1,},
then (4.29) is satisfied by S7 = Sjg(a,b) = %b(a/ aPIndF(B) + a,l, , for which
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— js"leagdA"subzw,(a,ﬁ) +2f (a/a\/m__ Vo, dp;(a,ﬁ) + fades(a,B) 6.2)
s 0

0
in P" probability as n— o0, by the Conditions @I and ®II.

PROPOSITION 6.1. Under the Conditions ®1-®II1 the family {Pg g,ac@, BB} is LAN at the ‘point’
1

ac@, BeB for 8 p(a,b) = \/lk_ f Sﬁ(a,b)Td(N"—A"(a,B)) and g, p(a,b) then equals 4 times the
n 0

right-hand side of (6.2) evaluated at t =1.

6.2. Suppose that the underhng model confines ‘the directions’ a to a linear subspace AeL2(dF), and
let {B%4} be a class of R! X A-regular estimators for B, which includes a subclass of regular estima-
tors {BRr} C{Br4} (see Subsection 2.3). Then, by Hajek’s convolution theorem ( BEGUN et al. [2],
Theorem 3.1), we have

PROPOSITION 6.2. Let the Condition ®1-®III hold. Then
® E{ VK, (Bra —B")P "}=GR4 = N(0,% 1 4)*Gha ' 6.3)

1

as n—oo with some distribution law Gy, where 4, g=4Hwi(a,B) — f 72 (a,B)dF,(a,B)}, (e, B) being
0

the projection of (3/98)\/¢,(B) / \/$.(B) into A, that is, it satisfies the equation

L @BV B)
WIPNVHE) . (@B)adFyp) = 0
[T @Padh@h

. for each a;eA.

(ii) &{ Vi, (Bk—B|P"}=Gh = N(0,1/4v1(e, B)*Gk (6:4)

as n—>co with some distribution law Gk (see Remark 5.4), uniformly for each |b|<c whatever ¢>0, and
each bounded a < L?(dF)

REMARK 6.1. For the ‘least favorable’ direction a,= —bm,(B) the quantity g, g(a,b) coincides with
b24, 8> %.p being Fisher’s information for B8 ( BEGUN et al. [2], Section 3).

REMARK 6.2. Evidently, %, s=4v (e, B with equality iff (3/98)\/¢,(B)/ \/¢.(B) €A (see Remark 5.4).
Having the limiting distribution of (B,, B) under P" (Proposmon 5.2), one can apply the usual
contiguity arguments (allowed by Proposition (6.1)) to arrive at the formula (6.4) for B = B, with
Gk that degenerates at 0. These considerations can be summarized as the following statement on the
optimality properties of the estimator ,.

THEOREM 6.1.  Under the conditions stipulated above, the estimator ,B,, is regular and
£{ \/— kn (B, — B”)IP"}:»N ©0,1/4v,(a,B)) for each beR' and each bounded acL?*(dF) determmmg
o, B" and P ¢ as in Subsection 2.2.

The estimator B,, is the best among {B%} in the sense that no regular estimator can have its limiting
distribution less spread then B,. Besides, iff (3/98)\/¢,(B)/ \/¢,(B) €A, then it is the best among
{BRa} D {B%} in the same sense. Finally, observe that Proposition 6.2 and Theorem 11.2 in IBRAGI-
Mov AND Has’minskn [11], Chapter II, allow us to obtain the lower bounds for the risk of R! X A-
regular and regular estimators and, consequently, to give yet another characterization of the optimal-
ity of B8,. Namely, the following corollary holds:
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COROLLARY 6.1 Let the conditions stipulated above be satisfied. Let w(x)=0 x&R! be a continuous
even loss function. Then for fixed ac@,Be%

_ 12

liminf E{w({") | PLg}=—r—= 7 dx

\/_ f w(x)e
where {" =2\/k,v(B% —B). The same inequality holds also for §" = \/k,$(Bk4 — B). In particular
lim inf k,var {Bk | Prgy=@m =971,

and
lim inf k,var{Bha | PLp}=9""

If, in addition, w allows a polynominal majorant, then by the last assertion of Proposition 4.2

1.2

,1im Ew@ Vv B, ~B) | PLpy=—7= [w(e " dx,

hence attains_the lower bound for the vrisks of regular estimators. Besides, iff

(9/98) \/¢,(,B / Vé«(B) €A, then 9=4v and B, attains the lower bound also for the risks of R' X A-

regular estimators.
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Discussion of papers on Semiparametric Models

P.J. Bickel

Department of Mathematical Statistics,
University of California at Berkeley,
Berkeley Ca. 94720,

US.A.

The three interesting papers we have just heard illustrate the broad scope of this topic. This very
breadth makes discussion difficult and I apologize to the authors and audience in advance for sins of
omission. Let me begin with a schematic overview of what I see as the main areas of activity in esti-
mation in semiparametric models and position today’s papers in this schema.

PARAMETRIC
MODELS

Y
SEMIPARAMETRIC

h ¥

COMPUTATION OF ESTIMATES

ASYMPTOTICS
EFFICIENCY
I 1
EUCLIDEAN co DIM.
PARAMETERS PARAMETERS

Wellner gives us an overview of all aspects of this diagram pertaining to estimation of Euclidean
parameters in the i.i.d. case. Dzhaparidze, generalizing Andersen and Gill’s [1] work, establishes, in a
counting process framework, the asymptotic optimality properties of partial likelihood estimates for
the parameters of what might be called the general proportional hazards model. Clayton and Cuzick
(CO), to whose paper I'll devote most of my discussion, introduce the semiparametric Pareto model in
the i.i.d. case (with censoring). This model, a generalization of the Cox proportional hazards model,
is obtained here by extending the parametric Pareto model even as Cox extended the classical
exponential failure time model. The mechanism, in the uncensored case, can be described in Wellner’s
terminology, which I will also use in the sequel, as follows.

Given a parametric model {Py:0 € O} for X=(Z,T), generate a semi-parametric model
{Po.cy:0€89, G ' =h € %} in which X=(Z, h(T)) where (Z, T) =~ Py and % is the large
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group of monotone increasing transformations. Then (Z,,...,Z,, Ry, ...,R,), where Ry, ...,R,
are the ranks of A(T,), ... ,h(T,), is a maximal invariant under 9C It is reasonable to expect that

efficient estimates of 6 (if # is identifiable) can be based on the marginal likelihood of
(Zy,....Z,, Ry,...,R).

CC suggest, on heuristic grounds, an algorithm which should converge to the maximum partial
likelihood estimate of 6 and then suggest an estimate for 4 also on likelihood grounds. Although they
deal extensively with computation of the estimates and estimates of their variances, consistency, the
validity of the normal approximation, consistency of the estimates of variance, and efficiency are not
dealt with, at least in this paper. I'd like to sketch a programme for establishing these properties for
these estimates or at least one step approximations to them. Let me begin by reviewing essentially
what calculations are needed to establish the asymptotic behaviour of estimates based on maximizing
‘pieces’ of the likelihood which do not depend on the infinite dimensional part G of the parameter
@, G).

Suppose we are given X1, . . ., X, i.i.d. with distribution P4 ¢, and corresponding density p (-,4,G).
The gradient of the partial or marginal likelihood, w,(f, X}, . .., X,), and a corresponding partial or
marginal likelihood satisfies

E(g‘G)Wn(o) =0 VG-

The maximum ‘likelihood’ estimator @ solves the equation w,,(g’) = 0. Now @ is asymptotically nor-
mal if: '

wa(8)

~ _ _ _'/2 ) .
6=29 o7 0) + op(n %), @
n*wa(0) —>° 9O, 0’8, G)), (ii)
w, —=F ¢, G) # 0. (iii)
In the i.i.d. case we usually have
wa®) = —n "' Sv(X;, 0, G) + op(n™*) (i)
i=1
where
[¥x, 8, G)YdP < oo, [+(x, 6, G)dP =0
and

wi'0) = [1a(x, 6, GIAP + op(1)

Then, under uniformity conditions,

=0+ nSYX, 6, G) + op(n™")

i=1

where

Y = v/ E(vh(X1))

and

-9 :
% - aologp(’ 0, G)'

Here are some properties of y:

: d
Y 1 @G = {Elogp(Xl’ 01 G'I')ITJ:O’ GO:G}7 (a)

A i
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fis efficient &y = § — (4| 9s) = v — 4 € V. )

Note that property (i) is easier to establish for a 1-step approximation to a root of w,(-) starting
from a Vn-consistent estimate 8 of §. We return to the Cox and Pareto models in the context of spe-
cial transformation models:

(Z, T) = (Z, h(T")) ~ Py 6, G = h™';(Z, T) = Py.
Hence if P, has density fg(z, t’) the two models are specified by:

foz, 1) = vz, O™ Dgy(2) (Cox)
where ¢ is the marginal density of Z and conventionally »(z, §) = ez

folz, 1) = v(1+vyt’)_(l~+%)q0(z). (Pareto)
For simplicity suppose @ is real (i.e. one-dimensional). Then the marginal likelihood argument leads
us to take

w0, 1, 2) = n~'Llog Po[R = r]Z = ]
where R =(Ry,... ,R,) is the vector of ranks. Then

wa®) = n" S E{(Z, T | Z, R)

i=1

where § = (0 / 9)logfy. In the Cox model, § = z(1—w»1),

@ = 32 [1 - 53—,
i=1 J=1 S,
I1=j

where Ty = Tp, and v = »(zp, §). We specialize to the two sample problem,
P[Z=1=a=1~—P[Z=0]. Let F, be the empirical df. of the T/s, M = 2}.,Z,
=M /n, Fo = (n—M)"'2[_,(1-Z)I(T;<"), Fi, = M7'2]0 ZI(T<0),

s[1 -1
A(s) = [ | [le®adF,Fy ' (1) + (1—mdFe,F, ')  dv.
0 |v

Then
W@ = [(1 = P ACE,CNAFyx),
0

Standard von Mises calculations (see TSIATIS [5] for rigorous treatment) give yand § — v e@g.
In the Pareto two sample model, the CC heuristics lead to the following w, as an approximation to
w,. Let
1

vy =1 + e”ffi(e”t)t, £ = Ay

order v(Ty),...v(T,) as V<..<V), and let F; = Lw(T)|Z,=j), F/ = f;. Also let

8, = I(Zj, = 1), Vj, = v(T;), and b(x) = —?j“(x) (here, 6 is hidden). Then
J

Wa(l) == Wa(0) = 7 [(1 — e® B(F,(x)))dF1,(x),
0
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where
-1

1 ) .
B(s) =d + f l / (vrbl(B(t))dFl,,F,,“l(t) + (1—%)b0(B(t))dF0nF;l(t)} + ¢ dv

This is the same formula as for the Cox model but B is explicit in that case since
c=d—0b0_1b1-—e i

The formal von Mises calculation here is messier but should also lead to § — y € 9;. However,
there are major additional technical difficulties involving the establishment of the existence of B
(which as CC point out has to be defined more carefully) and checking (iv), (iii) and then (i) but at
the moment these difficulties do not seem insurmountable even if we add censoring. Note that if we
can establish (iv) then by contiguity calculations the efficiency of the estimate based on w, will imply,
modulo a uniformity argument, that [—w’,(§)]"! is a consistent estimate of the asymptotic variance

f Vnf . One may ask why one doesn’t rush to apply the methods mentioned by Wellner. The
difficulty is that, at least so far, we do not know how to calculate the projection on 9 explicitly.

I conclude with some brief comments on the Wellner and Dzhaparidze papers. On the whole 1
found Wellner’s classification of models very reasonable. However, I believe the distinction between
semiparametric and nonparametric models is more of description than of size. All models (including
parametric ones!) can be described nonparametrically as a set of probability distributions. Semi-
parametric models are ones which are ‘naturally (smoothly)’ describable by means of a mixed
Euclidean and infinite dimensional parametrization even as parametric models are ‘smoothly’ describ-
able by means of a Euclidean parametrization.

Although estimation methods 1 and 2 have proved successful in a variety of contexts they are lim-
ited by the need for ad hoc construction of preliminary estimates and calculation of projections. Non-
parametric maximum likelihood (NPML), Hellinger and Bayes methods (with and without restricting
to a sieve) do not have these limitations. On the other hand NPMLE’s can be nonexistent as in
regression models or consistently inconsistent as in the IFRA-distributions model of BOYLEs et al. [3]
or in the earlier example referred to there of starshaped distributions. Yet NPML works in the Cox
(BAILEY [2] or JOHANSEN [4]) and biased sampling models ( VARDI [6] ,[7]). We need to know more
generally when these methods work as well as when they fail.

Dzhaparidze’s generalization of Andersen and Gill’s treatment of the time dependent covariate ver-
sion of the Cox model is very far reaching. However, as in the i.i.d. Pareto model, as soon as the con-
ditional hazard rates are no longer multiples of each other, we have an entirely different ball game.
Even if the Pareto model is analyzable in the ii.d. case in the way I suggested, analysis of its exten-
sions to the general counting process framework remains a major challenge.
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Open discussion of papers on semiparametric models.

K. TAKEUCHI (JAPAN) .

This question concerns the paper of K. Dzhaparidze. In order to get stronger results than the usual
asymptotical normality of estimators, such as the convergence of moments, it seems that Condition
IV, that is a kind of Lipschitz condition, is necessary, but I wonder whether it may put some restric-
tions on special cases such as Cox’s model?

S.W. GREeENHOUSE (USA)

I have two minor questions for D. Clayton. In section 3, you use a recursive procedure to find the
maximum likelihood estimates of « and 8. Do you have to check whether these do indeed maximize
the likelihood jointly over the (@, B) space? Secondly, I believe @ must have a certain sign a priori
(either negative or positive). Is it possible to have a data set which yields an MLE of & which is of
the wrong sign? If so, would not the semi-parametric procedure used subsequently lead you astray
for that data set?

P. SoLomoN (UK)

This question to D. Clayton concerns the misspecification of regression models in the analysis of sur-
vival data. The proportional hazards and accelerated life families of regression models are widely
used in the analysis of survival data. If interest lies in the qualitative effect on failure of various
explanatory variables it is natural to ask how critical is the choice of model family in assessing the
relative importance of the explanatory variables. It is known that if proportional hazards is assumed
for analysis when the underlying distribution of failure time is accelerated life, then for small effects,
the limit of the maximum likelihood estimate of the regression parameter under accelerated life is pro-
portional to the true parameter. That is, the relative importance of the explanatory variables is
preserved. Have you found this for your model?

R. HoGgG (USA)

One possibly important application of Clayton’s methods is in casualty insurance, replacing survival
times by amount of loss, given a loss has occurred. In terms of ‘times’, most of the loss distributions
have decreasing failure rates and thus long tails on the right. In addition, these data are collected in
groups; thus we have the interesting problem of not only having a group at the right end due to cen-
soring, but we have a type of censoring throughout the data set.
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D.R. Cox (UK)

Here are three questions. Firstly, (to K. Dzhaparidze) can Edgeworth expansions or saddlepoint
expansions be obtained for the estimates under some condition? Secondly, (to D. Clayton) do you
ever encounter divergent hazards in practice? Can time-dependent covariates be accommodated?
Care is needed in interpreting the inflation of variance of B associated with not knowing a; cf. the
recent discussion about estimating transformations in a more standard context. Orthogonality of a
and B will help, also in the numerical analysis. Finally, (to J.4. Wellner) this classification of models
is very helpful. Is it in general true that the asymptotically optimal semiparametric estimator is
always asymptotically optimal for some parametric model (cf. EFRON [2] and OAkEs [5], [6] on pro-
portional hazards) and can such models be exhibited?

B. EpSTEIN (ISRAEL)
How do Clayton’s methods work when samples are small and there is substantial truncation?

J. GastwirTH (USA)

(to D. Clayton) Your paper contains a goodness of fit test of the proportional hazards model, namely
is-y = 0 or not. Have you compared the power of your test with other procedures such as the ones
described in the recent report by GILL AND SCHUMACHER ([3]

E. SLup (USA)

I would like to take exception here to the way in which Professors Clayton and Cuzick dlsrmss the
Cox partial likelihood as a useful vehicle for the analysis of their semiparametric model. Unlike the
Partial Likelihood in Cox’s (1972, 1975) analysis of the proportional-hazards regression model, the
analogous Partial Likelihood for the Clayton-Cuzick model will contain both the 8 and A, ‘parame-
ters’, but there is no reason to expect that the resulting expression cannot be jointly maximized with
respect both to B and the nuisance hazard. (On the other hand, it is easy to check that only y-A,,
and not y and A, separately, are identifiable from the partial likelihood.)

One motivation for taking a partial-likelihood approach, here as in Cox’s (1972) regression model,
is that if the distributions of the independent right-censoring variables are allowed to involve the
parameters 8 and A, in some unspecified way, then the full or marginal likelihoods cannot even be
written down until specific models for the censoring distributions are chosen. I believe that this
justification for partial-likelihood inference has ordinarily not been brought forward in discussions of
proportional-hazards regression because of the much more ¢ “nspicuous computational advantages of
having the nuisance hazard cancel out of the partial likelihood.

ANSWERS BY D. CLAYTON

(to S.W. Greenhouse) We have been led to this problem by an interest in epidemiology and in animal
carcinogenesis studies. Here a Weibull model often fits rather well in practice. This suggests that the
power law Ag(2;0) = t%, a>0, Ay(¢;0) = log(1+17) might provide a useful generalisation of the basic
parametric Pareto model. Negative values of a would correspond to analysis of reciprocals of survival
times and this would transform right censoring into left censoring, but this is easily accomodated.
Exclusion of negative « is not likely to be serious in practice since most of its effect would be on the
sign of the B coefficient, and by not allowing negative « less confusion will arise. Regarding the point
about convergence of the algorithm to the true MLE, when Ay(f) = * the likelihood is log-concave
in « for all 8 and in B for all a (y fixed), so that likelihood is increased at each step. However the
likelihood is not generally log-concave in (a,8) jointly so saddle points may occur, and the only pro-
tection we know for this is to start the algorithm at different places. Monotone likelihoods are also
possible which could lead to @ = 0, @ = + o0 or some |B;| = +co.

(to P. Solomon) If the accelerated failure model holds true, A¢(¢) belongs to the power law family
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Ag(t) = t* . Clearly a non-parametric estimate of Agy(z) is capable of adapting to this form. The
error distribution in our model has a shape parameter, vy, which should allow it to adapt more freely
to alternative error distributions than the proportional hazards model. Thus, one would conjecture
that, if we are free to choose the most appropriate v, then the estimates of 8 should be even more
closely proportional to the equivalent parametric estimates than are the coefficients of the Cox model.

(to D.R. Cox) Our prime interest in this model arose out of a need to incorporate random effects in
conventional proportional hazards regression analysis. A penalty of such random effects is, margi-
nally, to destroy proportional hazards. That is, except in the case of the positive stable mixing distri-
butions in which proportionality can be preserved, see HOUGAARD [4]. This paper exploits this side
effect of our earlier work. However, there seems to be no way to allow for divergent hazards in this
way. Of course, there are distributions of the error ¢, which allow divergent hazards but the basic
parametric kernel will no longer be expressable as a mixture of exponentials. Whether the regularity
conditions which are necessary to support our approximations carry over into these cases remains to
be seen. As regards time-dependent covariates, clearly this is an important extension which we.should
wish to be able to deal with. Unfortunately our present approach in terms of marginal likelihood
seems rather limiting here, although formally the procedure can still be carried out. We agree that it is
important to assess the loss of information associated with estimating a or more generally Aq(?).
When f is not near zero some loss will occur in general. It is of interest to note that when vy is also
estimated the estimator for v is independent of that for § when y = 0, regardless of the value of B.

(to P.J. Bickel) We have found these suggestions most helpful and interesting and hope that they will
lead to a more rigorous justification of our methods. However we suspect that a deep analytical prob-
lem lies at the base of this theory, and that this problem will be the same (or very similar) regardless
of the basic framework used to set up the model.

(to E. Slud) Even in the proportional hazards case, Cox’s partial likelihood is difficult to defend on
theoretical grounds, although it certainly works well enough. A more satisfactory framework is the
point process set up of Aalen, Gill and co-workers, see e.g. ANDERSEN et al [1]. This has the ability
to accomodate very general censoring mechanisms, and hopefully someday will be useful for putting
these more general models on a firm theoretical groundwork.

(to J. Gastwirth) GILL AND SCHUMACHER [3] have developed 2 class of tests for proportional hazards
which consist of comparing different weighted averages of the relative risk function. In particular they
consider weights corresponding to the l-parameter family of tests studied by HARRINGTON AND
FLEMING which include the Peto-Prentice generalization of the Wilcoxon test as a special case
(v = 1). The Pareto family of frailty models we considered yields the Harrington-Fleming test as
score tests (weight functions) for the regression parameter when the (frailty) parameter is known. Also
our test of y = 0 is the locally most powerful test against this family of alternatives. It is not clear
that the Gill-Schumacher tests are efficient for any model. However, we haven’t investigated the
behaviour of any of these tests for small samples.

(to B. Epstein) Our numerical work is limited, but the table in our paper indicates appreciable bias in
the estimate when the sample size is twenty, but not when it is fifty. We suspect this is also true for
the MLE in the parametric model. Our limited experiments with different types of censoring suggest
that its main effect is to reduce the effective sample size to the number of uncensored observations,
but when this exceeds fifty the bias will again be small.
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ANSWERS BY K. DZHAPARIDZE

(to K. Takeuchi) A large sample study of the special Cox model usually requires asymptotic stability
of the involved predictable processes, in the sense of ANDERSEN AND GILL (1982), for instance. Con-
cerning this special model no conditions additional to those of the latter paper are required.

(to D.R. Cox) Results concerning some kind of expansions for the present type of problem are not
known to me. This seems to be a very hard open research topic!

(to P.Bickel) In deriving some kind of asymptotic efficiency results the multiplicativity of the model in
Aalen’s sense (or ‘asymptotic multiplicativity’) indeed plays an important role.

ANSWERS BY J.A. WELLNER

(to D.R. Cox) At any particular point in the (infinite-dimensional) parameter space there is a class of
locally equivalent hardest parametric submodels, for which the optimal semiparametric estimator
remains optimal; the theory gives a recipe for exhibiting such models. So locally the answer is yes; but
globally the question is not so meaningful since we are stuck with an infinite dimensional parametri-
zation to fix points in the model.
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Efficient testing in a class of transformation models.

P.J. Bickel

Department of Mathematical Statistics
University of California at Berkeley’
Berkeley Ca. 94720
US.A.

1. INTRODUCTION,

Transformation models of the following type have been discussed among others by Cox [6], CLAYTON
AND Cuzick [4] and DoksuM [8]. We observe (Z;,Y;) with Y; €J; an open subinterval of R, which
are a sample from a population characterized as follows. There exists an unknown transformation =
from J, an open subinterval of R onto J; with >0 such that ¥ = 7(T) where (Z,T) follow a
parametric model. The intervals J; here may be proper or halfrays or R itself. Colloquially, if Y is
expressed in the proper unknown scale, i.e. as T, then the joint behaviour of (Z,T) has some nice
parametric form. The case considered by previous authors,is

logT = 6"Z + ¢
where ¢ is independent of Z. The distributions of € considered so far include:
Cox [6]: e has an exponential distribution.

CLAYTON AND CuUzICK [4]: e has a Pareto distribution with density

f@ =0+1w G 1), t>0, c=0 (1.1)

where ¢ = 0 is the Cox model. An important special case of (1.1) considered by BENNETT [2] is the
log logistic model, ¢ = 1 which has the attractive proportional odds property.

DoxksuM [8]: In generalization of the Box-Cox model, ¢ has a Gaussian distribution.

It seems reasonable in these models to base inference about the parameters of the underlying
parametric model such as #,c above on the maximal invariant of the group of transformations gen-
erating this semiparametric model, {(z,t)—>(z 'r(t))} This maximal invariant is just M = (Z ,R)
where Z = (Z;, - -+,Zy) and R = (Ry, - -, Ry) is the vector of ranks of the ¥;. The likelihood
of M or the condmonal likelihood L (6) of R given Z = z can in general only be expressed as an N
dimensional integral. It can be evaluated exphc1t1y for the Cox model. Clayton and Cuzick propose
some ingenious approximations and Doksum proposes that both the value of L and its distribution be
calculated approximately by Monte Carlo. So far, however, the asymptotic behaviour of these

1. Research supported by Office of Naval Research.
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procedures is not well understood.

In this paper we specialize to Z = 0,1 as in BICKEL [3]. Moreover we suppose, as did Clayton and
Cuzick, that the parameter § governing the conditional density of T = 7(Y) given Z = j, denoted
Ji(+,0) is real, and in particular that the distribution of ¢ is assumed known.

In this context, for a subclass of transformation models, we construct asymptotically efficient tests
of H: 0 = 6y vs K: > 6,. The subclass includes the Pareto model for ¢ = 1. The testing problem
as such is not very interesting save in the case where 6, corresponds to independence of Y and Z
which is already well understood. However, the solution of the testing problem is a first step in the
solution of the estimation problem whose importance is clear. The tests we propose are based on
‘quadratic rank statistics’:

R;

=1.2,2)). (1.2)

N _R. N R
= N1 b2 -2 e
Ty =N Za(5n2) + N ,-,jzilb( NN

N
We interpret efficiency in this context conditionally on Z , or equivalently the two sample sizes .ElZi
i=

N
and N — ngi. We show,
i)y If6y =86, +iN"1/2 =0,

, .
Ly, (o—N | Z )--> N(at, 1) in probability for some a >0 1.3
N

where oy is a sequence of normalizing constants.
ii)  If Sy is any other sequence of statistics not necessarily depending on the ranks only such that

plimysup, P »[Sy = s | Z]l=a
then, for each 1, 8y as above,
pli_mNP(ow)[SN =28 l Z ] <1-— (I)(Z]_.a h at).

We use the subscripts # and (f,7) to indicate the parameter values under which we compute. An
important consequence of (i) and (ii) is the following. Let Ay(¢) = L(8y) / L(6,) be the conditional
rank likelihood ratio statistic for H: 6 = 6y vs K: 8 = Oy given Z . Then L(0y)/ L() is also
efficient. That is an asymptotically size a test based on Ay(r) has power given by (1.3) and in fact
tests based on Ay(?) for different ¢ are asymptotically equival "nt to each other and our quadratic rank
test.

We begin by heuristically deriving what turn out to be appropriate @ and b. In section 2 we discuss
existence and computation of Ty, in section 3 asymptotic normality for Ty, and in section 4,
efficiency. Extensions to estimation, the Pareto model for 0= ¢ <1 and the normal model as well as
to censored data are discussed in section 5. We also present some preliminary Monte Carlo results in
this section.

We first calculate formally the locally most powerful rank test statistic for H: 8 = 8 vs K: §>6,.

By Hoeffding’s formula,
N So(Ti,0) -z o fi(T5,0)
II I =
1) G (& ~)}

PR =71Z =] :E{

]

so that the locally most powerful test statistic

N7 DiogpilR = riz =1l

1
is just N 2 Sy where

N
Sy = N7' 2 ZioEq {co(T) 1 Z R } + ZnEq (1(T) 1 Z .R }
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where ¢;(¥) = af;(‘;g-fj(t,ﬂo) and Zy =1 (Z; = j). Equivalently, if D = (D‘l, -+ ,Dy) are the
antiranks defined by T;; = Tp, where T'(;)< - - - < T, are the order statistics of the sample, then

1 N
Sy =N7! 2 2 (ZpEa(c(To) 1 Z,2). (14

To get an approximation to the scores in (1.4) we write f;(-,0) as f;(-), and define

N FS m a
n=2Z, m=N—-n m=—=1—m.
i=1 N

We treat 7; as deterministic constants in the sequel. Let
h(-) = mfo(-) +mfi(+)
with H the corresponding distribution function. Note that 4 and H depend on N and are random

only through the ;.
Finally let, for 0 <z <1,

M@ = GETI@), . (15)
g0 = fEHT'@)/hH'(@) '
the density of H(T) given Z, = j, and

70 = =<0 | (16
]

We can rewrite (1.4) as

Sy = Sn1 + Swo
where

N

Sy = N7 2 Zp;,EQ(U) 1 Z D)
where (Z;,U;) are i.i.d with U, given Z; = j having density g; and the marginal density of U, is uni-
form,

mogo +mg = L .7

The next step is to note that Uy ~ -;v so that

N N . s
Sy =~ N7 2 (Zp,0(37) + N (5B — )12 .2 1) (1.8)

~

plus terms we expect to be of order 6(V 1)
The first term of the approximation is a linear rank statistic. For the second we use a heuristic
argument of Clayton and Cuzick who argue that if

Yi=EWUylZ.,D)
then y; satisfies approximately the recurrence relation,

@i+ =) =G =yi-0)7'} = (1 = Zp o Gi) + Zp 11 G7)- 1.9
Let

~ N
Gi(t) = (N%j)-‘igll(u,. <nZ;
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be the empirical d.f.s of the two subsamples of U; from gy, g1, and let

R(?) = 7y Gy + (1 — my)G (1.10)
be the empirical d.f. of the sample Uy, - - -, Uy. Define,

0, =GR '(¢t+0), 0<t<1 (1.11)

0;0-) =0

where for any df. F, F71(¢) = inf{s: F(s5) = t}. Qo is a distribution function with jumps of size

m~! at # such that Zp, = 0 while Q1 jumps (N —m)~! at J-— with Zp, = L Ev1dent1yy, is

a function of — N Z, Q(), Ql only. Interpolate smoothly in some way between I’N and -17

1 <i < N to obtain a function v on (0,1) such that,
- i
Ji = V(F)

Any solution of (1.9) must satisfy, for some c,d

yi=d+ 2 (c + ZZDoYo(i'-k)"'ZDkl’/l(;k)) !

j=
or foru = L ~ izl
N N
u 1 _
Y@= d+ [(+ [1oC6)ioddoe) + G ENdde) d (112)

This is essentially the integral equation of BICKEL [3], save that we make the transformation H(-) and
apply (1.8). Unfortunately, the hopes for analytic approximation of solutions to (1.12) expressed in
BICKEL [3] have so far not been realized. However, suppose we (still formally) extend the definition
of (1.12) to functions v(-,Q,Q’) by replacing Qo Ql by arbitrary Q,Q’ such that,

700 + M Q') = t, fort = 0,

LI |
Na ’

with ¢, d depending on Q,Q’. Then, if Q = Gy, Q= G, ]f,— =1 and d = 0, v(¥) = u formally
satisfies the extension of (1.12) since by (1.7)

YoTogo + V1mg1 = 0.
Therefore, writing v(u) = V(u,éo,él)

u 1
Aw) = v()—u = [ {Ie + [(ro(©))RedQ0(s) + 11 (v ())71dQ 1 ()]t

1
—[1 = [Gro(s)modGo(s) + v1(s)mdG (s)] ™" yat }.

The constants c(éo,él), d (éo,é,) are formally determined by smooth fit at the boundaries,
A©) = A1) = 0. (1.13)
Let,

1
als) = 21/ (s)gs). (114)

Then,

RN
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Ay~ — Z{Zl;’o(}’o(" $))d0o(s) — 10(©)Go(s)) + 71 (V1 (¥ ()41 (5)
~1($)dG (&}t + (¢(Q0,01) — Du + d(00,01)
~ = Z{?a(s)&s)ds + zYo(Sﬁod(éo(S) — Go()) + Vi)Y d(Q1(s) — G ()}t
+(c(Q0,Q1) — Du + d(éo,él)

] ——

1 . LI R
Jels)hs)ds + [ 216 d Q) = G)e)

Ol R

11 . 1y .
+ u[(Ja6b6)ds + [ 2, 6)i3d(Q; = G)o)

After some algebra, this reduces to,
1 1

~ ~ l ~
Au) =~ — [K(s,u)a(s)As)ds — [K(s,u) 2 v;(s)m;dQ;(s)
) ° j=0

where

K(s,u) = sAu — su.
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(1.15)

(1.16)

Continuing to ignore existence and unicity questions we define A(u) as the solution of the linear
integral equation obtained from the approximate equation (1.16). We introduce a Green’s function

solving
1
Awv) + [K(s,u)a(s)A(s,v)ds = K(u,v).
0

Then A(?) is given by
! 1 n
A = — gA(t,u)jEO%jyj(u)de(u).

We now define
1, -
Ty = f jgoo\j(t) + }‘j,(t)A(t))%j 40,
0i=

1 1 . 1 1 11 LA R
Z NORAG® = 22 [ BN Om i idd a0

which is of the form (1.2) with
i i—1

_— il iedaie1 1
bl b = N (GG AT

If

1
[ly/@0ldt <o, j=0,1,
0

(1.17)

(1.18)

(1.19)

(1.20)
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we shall see in Lemma 2.2 that A defined by (1.17) exists and is unique. We sketch in section 3, the
asymptotic theory of Ty given by (1.19) under (1.20) and

H
[IN@ldt <o j =0, a2mn
0

Conditions (1.20) and (1.21) are satisfied for the Pareto family if ¢ = 1. They fail for ¢ <1 and the
normal and exponential families.

2. EXISTENCE AND COMPUTATION OF Ty.
We establish existence and unicity and some properties of A(z,u) given by (1.17).

Lemma 2.1. Suppose fo.f1 have common support S = {fy > 0} and are twice continuously differentiable
on S. Then, vy,Y, are continuously differentiable on (0,1), « is continuous and,

a = E Jgjyj .1
so that,

a(s)=0 for0<s<1, 22
with equality iﬂj} H™ () = j}‘ (H ™ (s)).

1

ProorF. By (1 7

2 7;v;g = 0. 2.3)
Differentiatmg,

a= §0ﬂm’gf 2 ST = 2 7Y}8)- 24)
Further,

g = i;"-(H ~h 2.5)
so that

v =5 =™ | @6)

f.l

and y; = 0 for all j iff all the ~fL(H“(s)) are equal.
J
O
LEMMA 2.2. Suppose that the conditions of lemma 2.1 hold. Then, A defined by (1.17) exists and is
unique. Moreover
1

i
f A% (u,v)o(u)du < j o(u)du Q.7
0 0

1
AW < [a(u)du + 1 2.8)
0

PRrOOF. By (1.20), v; are bounded on [0,1] and by (2.1) so is . As in Tricom [12] p. 3 let,
Yu,v) = Va(u)Adu,v).
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Then, i satisfies
L)) = Va@)K(6,v)
where L is the operator on L,(0,1) given by,
L) =1+T
where [ is the identity and

: .
K@@ = [Va)K(s,0)Vea(t)is)ds.
0

Since a € L,(0,1) the operator K is bounded, self adjoint and nonnegative definite since the kernel K,
the covariance kernel of the Brownian bridge, is. Hence, L is 1-1 and onto. Moreover, all eigenvalues
of L are =1 so that |IL"!|| < 1. Existence, uniqueness and (2.7) follows. Further from (1.16)

1 1 1 1
1AGu)! < [1AGs,u)] a(s)K (s,2)ds + K (tAu) < ( [ £2(s,u)a(s)ds ) > ( [als)ds) 2 41
0 0 [§]

: O
LemMMA 2.3. (a). Under the conditions of lemma 2.1, A(- ,u) is continuously differentiable on [0,u),(u, 1]

and i:)—Zt&—(t,u) has a jump discontinuity of -1 at t = u. Moreover, A(-,u) is the unique solution of the

Sturm-Liowville equation,

') —aty@ =0 (2.9)
everywhere except at t = u, which satisfies the boundary conditions,

a) y(0) =0 2.10)

b) y(1) =0

(b). Suppose AR Va2 are fundamental solutions of (2.9) satisfying
y1(0) =0, »,°0) = 1, y,(1) =0, y,’(1) = —1say. Theny,, y, are linearly independent and A(t,u)
is given by,
_ ni@ya(u)
A(t,u) = ——-————D(u) O<t=<u 2.1D
_ y2p()
Dw) °
where D (u)=y,(0) is, the Wronskian of (2.9).
ProOF. From (1.17), A(-,u) is absolutely continuous and satisfies,
3A 1 ~ 1
E—(t,u) + fa(s)A(s,u)ds = fsa(s)A(s,u)ds +I(t<u)—u 2.12)
t 0

<t=xl

Differentiating again for t=%u we obtain (2.9). The boundary conditions follow from (1.17).

If y(-,u) is a ‘solution’ of (2.9) as above it can be integrated twice to obtain (1.17). Finally, it is
easy to verify that (2.11) is a ‘solution’ of (2.8) satisfying (2.9) and (2.10) with the required jump
discontinuity. The background for these calculations may be found in HiLLE [11], Theorem 8.2.1 and
lemma 8.5.1.

O
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3. ASYMPTOTIC LINEARITY AND NORMALITY.

We give in this section linear approximations to two sample quadratic rank statistics which are uni-
form over families of statistics as well as families of distributions. The generality is greater than we
need for this paper but will be needed in the sequel treating models in which a has a singularity at 0
or 1. We essentially use the methods of CHERNOFF AND SAVAGE [5] and PYKE AND SHORACK [13].

Suppose U, -+-,U, are iid Gy, Up41, - -,Uy are iid G, N=m+n Let
T = -]"71 = 1—m and suppose G; have twice continuously differentiable densities g; on (0,1) such

that,
mogo + Mg = 1.

G(),Gl can vary with N.A R
Define y; as in (1.5), Q;, R as in (1.10), (1.11). For given a,c: [0,1]- R, k : [0, 11-R™ let

1

Sy = {a(t)dQ,-(t) ~ 3.1
11 . .

Vy = { g b(s,)dQ;(u)dQy(v) ' (32

where

b(s,t) = a(s)c()A(s, 1),
1

A(t,u) + fK(s,t)k(s)A(s,u)ds' = K(t,u). (3.3)
0

All the results of Section 2 apply to A given in (3.3) when we replace a by k since no property of a
other than a > 0 was used in that section. Let

Py = (Pl llyll; <M, lloggille <M, 0<e<m<1—¢).

Ay = {a| a’absolutely continuous, lla’ll; + llall, < M}

By = (kI llkll; < M?},

where || - ||, is the L, norm on (0,1) or (0,1)X(0,1) as appropiate.

If Ry(a,P) is a statistic based on Uy, - - -, Uy and P denotes the probability measure correspond-
ing to (Go,G,) as well, and for any € €0, there exist K(€) < oo, N(¢) < co independent of P, a, M
such that,

PI|Ry(a,P)| < K(e)c(M)d(N)]=1—¢, if N = N(e)
we shall write,
Ry = &c(M)d(N)) (3.4

LemMa 3.1 Ifac A, P <P, write
1 1 1
Sy = {a(t)de(t)-i- {a(t)d(Gj —G)() + {Bj(t)d(R(t) — 1) + Ry(a,P),

where
1

Bj(r) = [a'(s)g;(s)ds.

Then, for every 8 >0,
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-34s
Ry = 6(N * M)

ProoF. Since a € A, P €P, so that

1 1
Sw = [a@d6(0) = [(Q() = GHeNa’ @it ~ a @I (O) | (3.5)

By strong approximation theorems to the quantile and empirical processes , see e.g. CSORGO [7], and
a standard estimate on the modulus of continuity of the Brownian bridge,

- - - -3+
Qi) = GIN = (GO = GO+ OHR() = Mo = &N+ Me™),
We use here that |ig;’ll; < MeM. Therefore, by (3.5)

1 1 . ~245
Sy = {(Gj(t)— Gi(1))a'(t)dt — { go@)(R@) — a’(t)dt + O(N *  Me™M)

since 1a(0)Q;(0)| < MN .

]
LeMMA 3.2 Suppose a,c,d € Ay, k €By, P €P. Write
11 1
Vw = { [b(5,)dG;(5)dG.(2) + {Al(s)d(Gj — G,)(s) (3.6)
! .
1 1
+ {Azmd(Gk(t) — Ge(1)) + { B()d(R(t) — t) + Ry(b,P)
where
1
A(s) = a(s) {A(s,t)de(t) 3.7
1
A1) = c@®) { A(s,1)dG(s) 3.8)
1
B(u) = [(A)(s)g,(s) + 42'(5)ge(s))ds. (3.9)
Then
_3
Ry = O(N * +8MeM)
ProoOF. Write
11 1
Vv = { [b(5.0)dGy()dGi(r) + {A 1)d(Q; — G)(s) (3.10)
0
1 11
+ {Az(od(Qk — G + { { b(s,)d(Q; — G)($)d(Qx — G (@),
and let

1
W) = [a(s)d(Q; — G;Xs),

1
W) = [e@d(Qk — GO
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1
d() = [sk(s)A(s,t)ds. R
! .

Then

11
{ { b(s,0)d(Q; — G)($)d(Qx — Gie)(1) (3.12)

11 X

{ { As,0)dW | (s)dW (1)
1 1

== [([ 5, 6OW W0

1 1

{ {([am.k@)dy) — I(s < t) = (d(t) — 1)} W(s)dsdW (1)

k)

O\ -

by (2.12) with « = k. The first term in (3.12) above is
11 v :
= { { ( { W 1(5)ds)AW, )k (V)dW 5 (£)dv. (3.13)
By lemma 2.3 since A is symmetric
%A(v,t) + ZA(s,v)k(s)ds =I(¢t<v)+d@)—» (3.14)

Substituting into (3.13) and then (3.12) we get
11

{ { b(s,1)d(Q; — G)Xs)d(Qr — Gi)() (3.15)

= Zz{(ZWl(s)dv)k(v)[zWz(t)dz)A(u,v>k(u)
— (W, (v) — W5(0) + (d(¥) — v)W(0)] }dudv
- ZWl(s)Wz(s)ds + (ZWI (s)ds)(sz(t)(d’(t) — 1)dt).
Argueing as in lemmas 3.1,
Wil = G(N_%(Ila'ul + llalle)) (3.16)

1
Wil = 0N 2 (lic’ll; + licllg)).

Moreover since
1 1
d(@t)+ [K(t,s)k(s)d(s)ds = [K(1,s)sk(s)ds,
0 0

arguing as in lemma 2.2

1 1 1 1
ldll < ([k()d*s)ds)* (fk(s)ds)® + [k(s)ds <2 [k(s)ds. (3.17)
0 0 0 0
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Also
1 : 1 1
d'(t) = — [K(t,s)k(s)d(s)ds + [sk(s)ds — [s?k(s)ds
[3 t 0

and
1 .
4l < 2 [k (s)ds. (3.18)
0

Combining (3.16) - (3.18) permits us to bound (3.15) by

11
OV ' M2[ [ [k (uke (v)ACu,v)dudy (3.19)
00

1 1 1
+([k@)a )1+ [k@)av) + 1+ [k@)av)])
0 0 0

= OV "1 + M®))

since k € By,.
Apply lemma 3.1 to the first three terms in (3.10) and (3.19) to the last to obtain the lemma.

a
THEOREM 3.1 Suppose Ty is given by (1.19) where a € By and yj, N, A;' € Ay Then
1 1 S A s
Ty = jEOWj { Ai(0)dG;(t) + N EUEOAj(U,-)Z,j + OV Me™) (3.20)
where
! 1
4jw) = N0) = [N@G; = 2 (/) ~ yup(w)) (3.21)
and
1
vi(u) = m; [AGuN/(0)dG(2). (3.22)
0

PrOOF. Note that by assumption 4; are bounded. Moreover,

11 1
EA(UY) = = Z([v)du + [(orogol) + miyig ()l

1
= 2 ()~ v©) =0

Apply lemmas 3.2 and 3.1 to the quadratic and linear parts of Ty resgectively and obtain that Ty is

. a - +8
linear in m(G; — G;), j = 0,1, and R(-)— -) with remainder O(N 4 Me™M). We show that the
linear part can be put in the form (3.20). By symmetry it suffices to argue this if one of the A;, Ay
say, is identical to 0. Then, from lemmas 3.1 and 3.2, after some simplification,

1 1

Ty = M (fM@OdG () + [M()d(G) — Gi)(0) (3.23)
0 0

1 1
+ [(JX@d61©)d(Res) = 5)
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1

1 1 -
= 2, [ [ AN ©d6 0, d(G; — 6w

j=0

1 1 X 3 ,
/ aa_u {7 [AtwN()dG 1 (¢) }7,dG(w)d (R(s)—s) +O(N 4 Mo M),
s 0

o'\—-o

NM—-

j=0

Now, since
3 1 1 1 3A
22 VO [AGN@©de = ;') [AG N @O)de + v,(w) [ @)dt
0 0 0

1
and .Eo'yj(u)%jgj(u) = 0, the last term in (3.23) simplifies to
=

11
- [ ( [a(w)A@u)duly (0)dG(D))d(R(s) — 5). (3.24)
0 S

Since A is symmetric, (3.24) simplifies using (2.12) to

1
{ (%A(s,t) — I(s < 1) — d(t) + DN DG OAR(E) — 5)

where d is given by (3.11) with £ = «. We finally obtain

1 1 1
{(5@; {A(s,t)h’(t)dGl(t) — [A/(6)dG (D)d(R(s) ~ 5).

After substituting in (3.23) we arrive at (3.20).
O

4. EFFICIENCY.

We are throughout conditioning on Z , ie. treating the situation where we have two samples of
known size m and N-m, from F;(r~'(~ ),0) and Fo(r~!(-),0) respectively. Without loss of generality
suppose that under the basic model, conditionally on Z = j, T has the distributions on (0,1) given by
SEH'@),0) @n

840 =S @)

and suppose that
A: Al of these distributions have common support (0,1) and

A4, 6) = —%mggj(z, 0) 4.2)
v,(t,6) = —%(t,a) 43)
1

are well defined. Moreover, we require A;(-,6), A;'(-,6), ¥;(-,0) to belong to Ay for some M, § close
enought to 6.
Since

Aj(t,a‘.')) = A_](I)9 Yj(t,OO) = Y](t)’

we see by lemma 2.1, that, under A, a € By, and all conditions of theorem 3.1 are satisfied.

These conditions are easily seen to be satisfied for the Pareto model if ¢ = 1. In that case, in fact,
Y'(-,8), X'(-,0) are continuous and a fortiori bounded on [0,1].

Under A, if v; is defined by (3.22),




P. J. Bickel 75

I llee = 6(M°). @4
Let,

1 .
96,0 =t =@ —b0) 2, 0<r<1, (4.5)

1
if |6—6y]1 < (_zouvj'nw)“l. Then,
j= . .

70 >0
and since

v(0,0) =v(1,6) =0
¢ maps [0,1] monotonely onto itself. Let,

g(1.0) = £(9(:,0),0)4',9). (46)
If gi(-,0) is the density of T given Z = j, then g;(-,0) is the density of ¢ ~'(T,6). Note also that,

éj( - 500) = gj .
The model corresponding to {g;(-,8), j = 0,1} is a parametric submodel of the original model. Now
3. - : 3, _
ﬁloggj(t, 0) = N0 +v;(q(, 0),0)1 E‘.Ov,(t) + —a—e-logq (t,0) 4.7

where,

.Yj(tya) = ~i(t’0)
8j

In particular,
P . _ 1 , 1
551088/@.60) = N — (2 v/ () = v;0) 2 vi(®)): @8)
All functions in (4.7) are continuous in 6 and uniformly bounded in ¢ in a neighbourhood of 6,. It

follows that Ay(fy), the log-likelihood ratio of the data at 8y -= 6, +tN 2 to 6, given Z satisfies,

N 1
Ax@n) = i§]j§ozij10g[4§j(7},0N)/ g(TH] 4.9)

1 o1
=N"7 3 3 Diogg 1,002, — £ 3.4 [(Ltog b)) g
i=1j=060 g8\ 1Li,Up )Lij 2j=0',0 FY) 8gJ »U0)) 8f

+ (D)

under the pair (gg,g1). Under (A) it is also easy to check that,
1

{)\j(t)gj(t)dt =0 (4.10)
so that,

N o1 &(T;,0 _L ~

z Szl 5Tty _ 73,3 3 Z,A(T) @.11)

i=1j=0 g(Ty) i=1j=0

i
t2 1 n 5
- .z_jgowj {A 2(u)dGi(u) + o(1).
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Therefore, the test based on Ty is asymptotically most powerful for testing H:0 = 8, vs
Ky : 0 = 0y conditionally on Z = j, T has distribution g;(-,). Conditional efficiency of Ty in the
sense of section 1 follows. If we take,

1
No% = 2 7 fAz(u)dG (u)
then (1.3) holds with

é 7; fAz(u)dG (u))— 4.12)

To see this note that by (4.11) and the boundedness of the 4; the measures induced by gj(- ,8y) and
g; are contiguous. Again from (4. 11) and (3.20),

tN!

——2——TN = AN(ON)+ NoN op(1). (4.13)
Efficiency follows from this equlvalence of Ty and the likelihood ratio test while (4.12) follows by a
standard contiguity calculation e.g. Le Cam’s third lemma, p. 208 Hajek and Sidak [10]. Since the
conditional rank likelihood ratio test is at least as powerful as the test based on Ty its efficiency fol-
lows.

5. EXTENSIONS AND MONTE CARLO.
Extension of these results to the case Z finite say = {0, . — 1} is straightforward. The only
change needed in formula (1.14), (1.19), (2.1), (3. 20), (3.21) etc is to replace the upper limit of sum-
mation 1 by p — 1. However, 8 in such cases is typically multivariate so that one sided hypotheses
without nuisance parameters are not very interesting. The extension to such hypotheses and estima-
tion can be carried through by studying, under a fixed ,, the family of statistics Ty(f), with A;,y; etc.
chosen appropriate to 8 being true, at least for | — 8y = O(N ~!/2). Theorem 3.1 permits this kind
of analysis. We intend to report on this subsequently.

It is relatively straightforward to show that for the Pareto family, including the Cox model for
c =0,y is continuously twice differentiable on [0,1) but,

Y@ =21 —oy17") ast>1.
So,
v/l = 00 ife<l G.D

For the normal model, « blows up and is not integrable at either 0 or 1. It appears that these
difficulties can be resolved by considering statistics Ty based on a censored version of the data, Z
and {R;: N <i < (1 — )N} with &,¢ [0 at a slow enough rate. This analysis which is in progress
should be extendable to the case of general right censoring and possibly also to time dependent
covariates. Our results so far establish the efficiency of rank likelihood ratio tests. We expect that
our extensions will show that estimation by maximizing the rank likelihood is generally efficient in
transformation models, not just in the Cox model as was shown by EFRON [9] and BEGUN et al [1].
This expected conclusion is supported by the results of DoksuM [8]. Although we believe the approx-
imation methods of Clayton and Cuzick which motivated our approach are similarly efficient we have
not been able to analyze them successfully. How does our approach relate to the two situations for
which formulae are known, (i) fy, = fi and (i) fo(t) = e™%, f1(1) = Qe_a’, the Cox model? In (i)
our approach leads to go = g; =1 and hence v; = a=0. So A(%,Qy,Q1)=0 and we obtain one of
the forms of the classical linear rank statistic for testing H : fy = fi.

Our approach in (ii) requires censoring and in any case does not lead to an explicit form of Ty.
However, if we follow the approach of BickeL [3] and do not reduce to (gg,g;) before linearizing
(1.12) we arrive at an explicit quadratic rank statistic but based on a kernel which is of order
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(1—18)"'neart = 1.

Monte Carlo The programming for this section was done by Julian Faraway to whom I am most
grateful. We present some very limited Monte Carlo simulations.
We consider the Pareto model for ¢ = 1 in the form

"

1
¥ =G
/i) = e (1+e 2

with m =n =250, 6§, = L

n72 j=0,1

We plot in figures 1-3 power curves, for levels of significance .1, .05, and .01 and statistics Ty, Tno,
Ty where Ty is given by (1.19),
1

Tyo = o [MAO\(®)
0

is the natural linear rank approximation to Ty while,
1 _b% & 1 b &
Ty = &,je 2t(1+e 2 t)—‘dal(z)—q‘rofe 2t(1+e? 0 dGy@)
0 0

is the locally most powerful test statistic for the parent family whose power is as we have seen unat-
tainable by a rank statistic. Our results are based on 1000 simulations. The critical values were
chosen using the simulations rather than the normal approximation as they could be in practice. Nor-
mal probability plots for Ty under the hypothesis show the normal approximation to be satisfactory.

The power functions are consistently ordered as the theory predicts. Ty improves only slightly over
Tyo for the situation considered. If this effect is observed more generally, we would advocate con-
sistent use of the simpler linear rank approximation. Not knowing the transformation can cost a lot
as measured by the discrepancy between Ty, and Ty. However, Ty, is the locally most powerful test
for a model which is only an approximation (for 6, close to 0) to the actual least favorable model
given by (4.6), so the comparison even in this case may be grossly unfair.
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