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1. INTRODUCTION

Polyhedral combinatorics studies combinatorial problems with the help
of polyhedra and linear programming. Basic is the following observation.
Let }’ be a collection of subsets of the finite set S, let ¢:S—>R, and
suppose we are interested in

Ue}’}.

(1.1) max{Z%U c(s)

(E.g., S is the set of edges of a graph, and 37 is the collection of matchings,
in which case (1.1) is the maximum 'weight' of a matching.) Usually,%f is

too large to evaluate each set U in ¥ in order to determine the maximum (1.1).
(E.g., the collection of matchings is exponentially large in the size of the

graph.) Now (1.1) is equal to

(1.2) max{cTKU ‘Ucr}

where XU denotes the incidence vector of U in ]RS, i.e., XU(S)=1 if s¢U, and
=0 otherwise. (Here we identify functions c:S—>R with vectors in the linear
space ]RS, and accordingly we shall sometimes denote c(s) by cs.) Since (1.2)
means maximizing a linear function over a finite set of vectors, we could

equally well maximize over the convex hull of these vectors:
T ' '
(1.3) max{c X ,xéconv{?(u ‘Uéy}}‘.

Since this convex hull is a polytope, there exists a matrix A and a column

vector b so that

(1.4) conv{?(U \Ue@( = {xe]Rs lesb}.
Hence (1.3) is equal to:

(1.5) max ch IAxsb}.

Thus we have formulated the original combinatorial problem as a linear
programming problem, and we can appeal to linear programming methods to study
the combinatorial problem.

In order to determine the maximum (1.1) algorithmically, we could use

LP-algorithms like the simplex method or the primal-dual method. Sometimes,
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with the ellipsoid method the polynomial-time solvability of (1.1) can be
shown. Moreover, by the Duality theorem of linear programming, (1.5), and

hence (1.1), is equal to
. T T
(1.6) mln{yblyzo; {IEBFC},

which gives us a min-max equation for the combinatorial maximum. Often this
provides us with a 'good characterization' (i.e., (1.1) belongs to NP Qico-NP),
and it enables us to a 'sensitivity analysis' of the combinatorial problem.
However, in order to apply LP-techniques, we should be able to find
matrix A and vector b satisfying (1.4). This is one of the main theoretical
problems in polyhedral combinatorics. Although the system Ax <b clearly always
exists, there is the problem that in many cases it is enormously big and often
too difficult to describe explicitly. The application of LP-methods will be

helpful only in case the system Ax b is 'decent' enough.

Historically, applying LP-techniques to combinatorial problems came
along with the introduction of linear programming in the 1940s and 1950s.
Dantzig, Ford, Fulkerson, Hoffman, Johnson and Kruskal studied problems like
the transportation, flow and assignment problems, which can be reduced to
linear programming (by the total unimodularity of the constraint matrix) and
the traveling salesman problem, using a rudimentary version of a cutting
plane technique (extended by Gomory to general integer linear programming).

The field of polyhedral combinatorics was extended and deepened considerably
by the work of Edmonds in the 1960s and 1970s. He characterized basic poly-
topes like the matching polytope, the arborescence polytope and the matroid
intersection polytope, he introduced (with Giles) the important concept of
total dual integrality, and he advocated the link between polyhedra, min-max
relations, good characterizations and polynomial-time solvability.

Fulkerson designed the clarifying framework of blocking and anti-blocking
polvhedra, enabling to deduce one polyhedral characterization or min-max
relation from another. Other fundamental results were obtained by Lovasz
and Seymour.

In this chapter we describe the basic techniques in polyhedral combina-
torics, and we derive as illustrations polyhedral characterizations for some
concrete combinatorial problems. First, in Sections 2 and 3 we give some
background information on polyhedra and linear programming methods.

For background and related literature we refer to Bachem and Grdtschel
[1982], Grotschel and Padberg [1985], Grinbaum [1967], Lovasz )_'1977,197’93,
Pulleyblank [1983], Schrijver[?§83c,1986], Stoer and Witzgall [1970].
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2. BACKGROUND INFORMATION ON POLYHEDRA.

A set Pg-]Rn is called a polyhedron if there exists a matrix A and a column

vector b such that
(2.1) P ={x|ax<bl.

If (2.1) holds, we say that Ax <b determines P. A set Pg’IRn is called a

. n "
polytope if there exist x,,...,%X_ in R such that P=conv{x1,...,xt}. The

1 t
following theorem is intuitively clear, but is not trivial to prove, and is

usually atrributed to Minkowski [18963 ;, Steinitz EL916] and Weyl [1935]:

(2.2) Finite basis theorem for polytopes. A set P is a polytope if and only if

P is a bounded polyhedron.
Motzkin [1936] extended this to:

(2.3) Decomposition theorem for polyhedra. P cR"” is a polyhedron if and only if

there exist x ..,xt,yl,...,yse]Rn such that

17-
P ={’\1x1+"'+’\txt+f’1y1+“'+t‘sys\ ApreeerhgrPyree g2 0 A1+"°+>‘t=1§ .

Now let P = -{x [ Axs’b} be a nonempty polyhedron, where A has order m xn.
If ceIRn with c#0 and $=max{ch l xeP}, then the set {xl ch=5} is called a
supporting hyperplane of P. A subset F of P is called a face of P if F=P or
if F=PnH for some supporting hyperplane H of P. Clearly, a face of P is a
polyhedron again. It can be shown that for any face F of P there exists a
subsystem A'x <b' of Ax<Db such that F={xeP f A'x=b'}. Hence P has only
finitely many faces. They are ordered by inclusion. Minimal faces are the

faces minimal with respect to inclusion. Hoffman and Kruskal [1956] showed :
(2.4) Theorem. A set F is a minimal face of P if and only if @#F ¢P and

F = -{x ‘A'x=b'}
for some subsystem A'x <b' of Ax<b.

All minimal faces have the same dimension, viz. n-rank(A). If this is O,

minimal faces correspond to vertices: a vertex of P is an element of P which
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is not a convex combination of two other elements of P. Only if rank(A)=n,

P has vertices, and then the vertices are exactly the minimal faces. Hence:

(2.5) Theorem. Vector z in P is a vertex of P if and only A'z=b' for some

subsystem A'x <b' of Ax <b withA' nonsingular of order n.

The matrix A' (or subsystem A'x <b') sometimes is called a basis for z.
Generally, such a basis is not unique. P is called pointed if it has vertices.
A polytope always is pointed, and is the convex hull of its vertices.

Two vertices x and y of P are adjacent if conv{x,yg is a face of P. It
can be shown that if P is a polytope, then two vertices x and y are adjacent
if and only if the vector %(x+y) is not a convex combination of other vertices

of P. Moreover, one can show:

(2.6) Theorem. Vertices z' and z" of the polyhedron P are adjacent if and
only if z' and z" have bases A'x <b' and A"x <b", respectively, so that

they have exactly n-1 constraints in common.

The polyhedron P gives rise to a graph, whose nodes are the vertices of P,

two of them being adjacent in the graph if and only if they are adjacent on
P. The diameter of P is the diameter of this graph. There is the following

conjecture of W.M. Hirsch (cf. Dantzig [1963]):

(2.7) Hirsch' conjecture. A4 polytope in R" determined by m inequalities

has diameter at most m-n.

This conjecture is related to the number of iterations in the simplex method
(see Section 3). See also Klee and Walkup [1967] and Larman B970].

A facet of P is an inclusion-wise maximal face F of P with F#P. A face
F of P is a facet if and only if dim(F)=dim(P)-1. An inequality ch gc% is
called a facet-inducing inequality if P C {x i ch éé} and P (\{x[ ch= 5}
is a facet of P.

Suppose B2x <b is an irredundant (or minimal) system determining P; that
is, no inequality in Ax <b is implied by the other. Let A+x gb+ be those in-
equalities a‘&gé from Ax<b for which az <§ for at least one z in P. Then
each inequality in A+xsb is a facet-inducing inequality. Moreover, this
defines a one-to-one relation between facets and inequalities in A+x <b+.

If P is full-dimensional, then the irredundant system Ax <b is unique up to
multiplication of inequalities by positive scalars. There is the following

characterization:
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(2.8) Theorem. If P={x lefsb}-is full-dimensional, then Ax <b is irredundant,
if and only if for each pair a"ix ébi and aI,‘x £b, of constraints from BAx<b

there is a vector x' in P satisfying aix'=b:_L and a?x“<;bj.

The polvhedron P is called rational if we can take A and b in (2.1)
rational-valued (and hence we can take them integer-valued). P is ratiomal

if and only if the vectors x SaX Y Yg in (2.3) can be taken to be

17
rational. P is called integral if we can take xl,...,xt,yl,...,yS in (2.3)
integer-valued. Hence P is integral if and only if P is the convex hull of
the integer vectors in P; equivalently, 'if and only if every minimal face

of P contains integer vectors.
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3. BACKGROUND INFORMATION ON LINEAR PROGRAMMING

Linear programming, abbreviated by LP, studies the problem of maximizing
SN . . T
or minimizing a linear function ¢ x over a polyhedron P. Examples

of such a problem are:

(3.1) (1) max{ch | ax éb},
(ii) max-[ch | x>0, Abe},
(iii) max{ch | x>0, Ax= b},

(iv) min{ch | x>0, ax zb}.

It can be shown, for each of (i)-(iv), that if the set involved is a polyhedron
with vertices (which is always the case for (ii)-(iv)), and if the optimum
value is finite, then it is attained by a vertex of the polyhedron.

Each of the optima (3.1) is equal to the optimum value in some other

LP-problem, called the dual problem:

(3.2) Duality theorem of linear programming. Let A be an mxn-matrix and let

beIRm and c eian. Then

(3.3) (1) max{ch ‘Axsb} min{yTb‘ v2 0, yTA= c

(i1) max{ch | x>0, Axéb}

Tg.
min{yTb ‘ y 20, yTA ?CT};
min{yTb ‘ yTAZCT};

T

max{yTb [ v20, vy AgcT};

(iidi) max'[ch lx;O, Ax=b}
(iv) min{ch [ x>0, ax>b}

provided that these sets are nonempty.
It is not difficult to derive this from:

, m
(3.4) Farkas' lemma. Let A be an mxn-matrix and let beIR . Then Ax=b has a

m . T
solution x 20 if and only if ysz 0 holds for each vector yelR with y AZ2O.

The principle of complementary slackness says: let x and y satisfy
Ax <b, y >0, yTA=cT; then x and y are optimum solutions in (3.3)(i) if and
only if for each i=1,...,m: yi=0 or a?:x:bi (where a?x-—-bi denotes the i-th
line in the system Ax=b). Similar statements hold for (3.3)(ii)-(iv).

We now describe briefly three of the methods for solving LP-problems.
The first two methods, the famous simplex method and the primal-dual method,

can be considered also, when applied to combinatorial problems, as a guideline
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to derive a 'combinatorial' algorithm from a polyhedral characterization.
The third method, the ellipsoid method, is more of theoretical value: it
is a tool to derive sometimes the polynomial-time solvability of a combina-

torial problem.

The simplex method. The simplex method, due to Dantzig B951a], is the method

. mxn m n
used most often for linear programming. Let A éR , belR , c€R . Suppose

we wish to solve max bTx l Axsb}, where the polyhedron P := {x[ Axﬁb} is
a polyhedron with vertices (i.e., rank(A)=n).

The idea of the simplex method is to make a trip, going from vertex to
better, adjacent vertex, until an optimal vertex is reached. By (2.5),
vertices can be described by bases, while by (2.6) adjacency can be described
by bases differing in exactly one constraint. Thus the process can be
described by a series

(3.5) A x<b0, A X <b

0 xgbl, A

1 2 27

of bases, where each xk g= %:1bk is a vertex of P, where Ak+1x gbk_l_ differg

1
. T
by one constraint from Akxgbk, and where c xk+1>c :ﬁ(

The series can be found as follows. Suppose Akx <b has been found.

If CTA;:1 20, then X, is an optimal solution of max{c xl Ax <b} since for
each x satisfying Ax<b one has Akx <bk and hence ch—(c A )A <(c Akl)bk
—c X, -

If cTAk ;?O choose an index i so that (c A ) <O and let z:=—A]Z e,

(where e; denotes the i-th unit basis vector in ]R ) Note that for A0,
xk+>\z traverses an edge or ray of P (=face of dimension 1), or it is outside
of P for all A>0. Moreover, cTz=—cTAk e, >O Now if Az <0, then xk+/\ze p
for all )\ZO, whence max{c X \Ax sb}—w. If Azé;O, let }\O be the largest

k such that xk+}\z belongs to P, i.e.,

-a
(3.6) )\O .= mln{J jxk lj 1,...,m; az)O}
a Z
]
Choose an index j attaining this minimum. Replacing the i-th inequality in
T
. \ . ) . <
%{x Sbk by inequality ajxsbj then gives us the next systemTA]{+1x\bk+1.
Note that xk+1=xk+)\oz, implying ;hat if xk_l_l#xk then c'x_ , >c x .
Clearly, the above process stops if c )ﬁ<+1>c X for each k (since P has
only finitely many vertices). This is the case if each vertex has .exactly one
basis - the nondegenerate case. However, in general it can happen that

xk+1=xk for certain k. Several 'pivot selection rules', prescribing the

choice of i and j above, have been found which could be proved to yield



termination of the simplex method. No one of these rules could be proved
to give a polynomial-time method - in fact, most of them could be shown to
require an exponential number of iterations in the worst case.

The number of iterations in the simplex method is related to the diameter
of the underlying polyhedron P. Suppose P is a polytope. If there is a
pivot selection rule such that for each ceﬁRn the problem max{éTxlzu<sb§
can be solved within t iterations of the simplex method (starting with an
arbitrary first basis A

x<b, corresponding to a vertex), then clearly P

0
has diameter at most t. Howeger, as Padberg and Rao [}97% showed, the
'traveling salesman polytopes' (see Section 10) form a class of polytopes
of diameter at most 2, while maximizing a linear function over these
polytopes is NP-complete.

A main problem seems that we do not have a better criterion for
adjacency than (2.6). Note that a vertex of P can be adjacent to an exponent-
ial number of vertices (in the sizes of A and b), whereas for any basis A'
there are at most n(m-n) bases differing from A' in exactly one row. In the
degenerate case, there can be several bases corxresponding to one and the
same vertex. Just this phenomenon shows up frequently in polytopes occurring
in combinatorial optimization, and one of the main objectives is to find
pivoting rules preventing from going through many bases corresponding to

the same vertex (cf. Cunningham [ﬁ97é]).

Primal-dual method. As a generalization of similar methods for network flow

and transportation problems, Dantzig, Ford and Fulkerson [1956] designed the
'primal-dual method' for LP. The general idea is as follows. Starting with
a dual feasible solution y, the method searches for a primal feasible solution
x satisfying the complementary slackness condition with respect to y. If
such a primal feasible solution is found, x and y form a pair of optimal
(primal and dual) solutions. If no such primal solution is found, the method
prescribes a modification of y, after which we start anew.

The problem now is how to find a primal feasible solution x satisfying
the complementary slackness condition, and how to modify the dual solution y
if no such primal solution is found. For general LP-problems this problem
can be seen to amount to another LP-problem, generally simpler than the
original LP-problem. To solve the simpler problem we could use any LP-method,
e.g. the simplex method. In many combinatorial applications, however, this
simpler LP-problem is a simpler combinatorial optimization problem, for
which direct methods are available. Thus, if we can describe a combinatorial

optimization problem as a linear program, the primal-dual method gives us a
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scheme for reducing one combinatorial problem to an easier combinatorial
problem.
We describe the primal-dual method more precisely. Suppose we wish

to solve the LP-problem
. . T ‘
3.7 min{c"x| x>0, ax=b,

. . . m n
where A is an mxn-matrix, with columns a ...,an, béeR and ceR . The

1!
dual problem is:

(3.8) max{yTb ‘ yTA gch .

The primal-dual method consists of repeating the following primal-dual
iteration. Suppose we have a feasible solution Y, for (3.8). Let A' be the
submatrix of A consisting of those columns aj of A for which ygaj=c_. To
find a feasible primal solution for which the complementary slackness

condition holds, solve the restricted linear program:
(3.9) min{A [x', 3305 A'x' +bh=b} = max{y’b l va'<0; ybsth.

If the optimum value is 0, let x',A be an optimum solution for the minimum.

0
So xé 20, A'x6=b and A=0. Hence by adding zero-components, we obtain a
vector xOZE)such that Axo=b and (xo)j=0 if ygaj<:cj. By complementary

slackness, it follows that xO

(3.8). If the optimum value in (3.9) is positive, it is 1. Let u be an

and yo are optimum solutions for (3.7) and

optimum solution for the maximum. Let @ be the largest real number satisfying

(3.10) (yo+6u)TAgcT

(Note that 6)>O.) Reset Yo=Y +Bu, and start the iteration anew.

This describes the primag—dual method; it reduces problem (3.7) to
(3.9), which is often an easier problem. It actually consists only of
testing feasibility of: x'2>0, A'x'=b. In several combinatorial applications
this turned out to be a successful approach, in which case one can use other
methods to sclve (3.9) than the simplex method - see Papadimitriou and
Steiglitz [1982].

The primal-dual method can equally be considered as a gradient method.
Suppose we wish to solve (3.8), and we have a feasible solution Yq- This Y,
is not optimal if and only if we can find a vector u such that uTb;>0 and

T
u is a feasible direction in Yo (i.e., (yO+eu) a<d for some ©>0). If we
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. . . T .
let A' consist of those columns of A in which yoA gcT has equality, then

u is a feasible direction if and only if uTA'so. So u can be found by

solving the right-hand side in (3.9).

(3.11) Application: maximum flow. Let D=(V,A) be a directed graph, let

r,s €V, and let a 'capacity'

function c:A— Q+ be given. The maximum flow

problem is to find the maximum amount of flow from r to s, subject to c:

max Z'
+

x(a)- 2

(3.12) _ x(a)
aed (r) acd (r)
[}
subject to: Z+ x(a)- Z_ x(a) =0 (vev,vér,s),
aed (v) ael (v)

0 £x(a) €c(a)

If we have a feasible solution x

xo, that is,

(3.13) ZL ufa) - il_
aex (x) acé
51 u(a) - Z__
aco (v) aed
u(a)=0
u(a) €0

(a€nd).

0’ we have to find a feasible direction in

a function u:A-—sR satisfying

u(a)>0,

(x)

u(a) =0 (vev, v#r,s),

(v)

(ag€a, X, (a)=0),
(a€an, X, (a)=c(a)).

One easily checks that this problem is equivalent to the problem of finding

Q
an undirected path from r to s in D=(V,A) so that for any ar\& in the path:

(3.14) if xo(a)=0r

if xo(a)=c(a) '

if O <y (a) <<c(a),

If we have found such a path, we find u as in (3.13)

then arc a is traversed forwardly,
then arc a is traverses backwardly,

then arc a is traversed forwardly or backwardly.

(by taking u(a)=+1,

resp.-1, if a occurs in the path forwardly, resp. backwardly, and u(a)=0

if a does not occur in the path). Taking the highest 9 for which x0+€ru is

feasible in (3.12) gives us the next feasible solution. The path is called

a flow-augmenting path, since the new solution has a higher objective value

than the old. Iterating this process gives finally an optimum flow. This is

exactly Ford and Fulkerson's algorithm [i957] for finding a maximum flow,

which is therefore an example of a primal-dual method. (Dinits [1970] and

Edmonds and Karp 5972] showed that a version of this algorithm is a

polynomial-time method.)
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The ellipsoid method. The ellipsoid method, developed by Shor [1970a,b,

1977] and Yudin and Nemirovskii [1976a,b] for nonlinear programming, was
shown by Khachiyan fl97§] to solve linear programming in polynomial time.
Very roughly speaking, it works as follows.

Suppose we wish to solve the LP-problem
T
(3.15) maxcx‘Axgb},

where AéQm"n, beQm and c¢ eQn. Let us assume that the polyhedron P:=
{x ’ Axs’b} is bounded. Then it is not difficult to calculate a number R

By

such that Pg{x G]Rnl B3 sR}. We construct a sequence of ellipsoids EO 1

E,;..., each containing the optimum solutions of (3.15). First, EO:=
n
{XGIR ' xfi < R?I- Suppose ellipsoid Et has been found. Let z be its center.
T
If Az <b does not hold, let a,

by z. Next let Et+1 be the ellipsoid of smallest volume satisfying E

. If Az<Db does hold, let E

xgbk be an inequality in Ax<b violated

>
t+l —

Etr\ {x ‘ aix sazz

T T
. , . )
volume satisfying Et+1 2 Et n{x\ c x>c z}

) be the ellipsoid of smallest
One can prove that these ellipsoids of smallest volume are unique, and

that the parameters determining E can be expressed straightforwardly in

t+l -1/3n

those determining Et and in a, resp. c. Moreover, vol(Et+1)<( e -vol(Et).
Hence the volumes of the successive ellipsoids decrease exponentially fast.
Since the optimum solutions of (3.15) belong to each Et’ we may hope that
the centers of the ellipsoids converge to an optimum solution of (3.15).

If we would make this description more precise, a main problem to be
solved is that ellipsocids with very small volume yet can have a large
diameter (so that the centers of the ellipsoids can keep far from any
optimum solution of (3.15)). Another, technical, problem is that the unique
smallest ellipsoid usually is determined by irrational parameters, so that
if we work in rational arithmetic we must allow approximations of the
successive ellipsoids. These problems indeed can be overcome, and a poly-
nomially bounded running time can be proved.

It was observed by Grdtschel, Lovdsz and Schrijver [198{}, Karp and
Papadimitriou [1982} and Padberg and Rao [198@}, that in applying the
ellipsoid method, it is not necessary that the system Ax<b is explicitly
given to us. It suffices to have a 'subroutine' to decide whether or not a
given vector z belongs to the feasible region of (3.15), and to find a
separating hyperplane in case z is not feasible. This especially is useful
for linear programs coming from combinatorial optimization problems, where

the number of inequalities can be exponentially large (in the size of the
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underlying data-structure), which yet can be tested in polynomial time.
This leads to the following result (Grdtschel, Lovdsz and Schrijver

[I98£]); Suppose we are given, for each graph G=(V,E), a collection ¥é of

subsets of E. For example:
(3.16) (i) ¥G is the collection of matchings in G;
(ii) @é is the collection of spanning trees in G;

(iii) ¥é is the collection of Hamiltonian circuits in G.

With any class (¥E IG graph), we can associate the following problem:

(3.17) Optimization problem: Given a graph G=(V,E) and c € @, find F e¥ <
maximizing ZL€F ce.

So if (;é 'G graph) is as in (i), (ii), and (iii) above, (3.17) amounts

to the problems of finding a maximum weighted matching, a maximum weighted
spanning tree, and a maximum weighted Hamiltonian circuit (the traveling
salesman problem), respectively.

The optimization problem is called solvable in polynomial time, or
polynomially solvable, if it is solvable by an algorithm whose running time
is bounded by a polynomial in the input size of (3.17), which is IV‘+IE(+
size(c). Here size(c):= Z%eE size(ce), where the size of a rational number
p/4q is logz(‘p|+1)+logz(|q|). So size(c) 1s about the space needed to
specify ¢ in binary notation.

Define also the following problem for any fixed class ($é| G graph):

E
(3.18) Separation problem. Given a graph G=(V,E) and xe @ , determine

whether or not x belongs to COHV[XF‘ FegG}, and if not, find a separating
hyperplane.

(3.19) Theorem. For any fixed class (3&‘ G graph), the optimization problem
(3.17) is polynomially solvable, if and only if the separation problem

(3.18) is polynomially solvable.

The theorem implies that with respect to the question of polynomial-time
solvability, the polyhedral combinatorics approach described in Section 1
(i.e., studying the convex hull) is, implicitly or explicitly, unavoidable:
a combinatorial optimization problem is polynomially solvable if and only

if the corresponding convex hulls can be described decently, in the sense
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4. TOTAL UNIMODULARITY

A matrix is called totally unimodular if each subdeterminant belongs to
{O,+1,—13' . In particular, each entry of a totally unimoaular matrix belongs
to ‘{O,+1,-—1}. The importance of total unimodularity for polyhedral combinatorics
comes from the following theorem (Hoffman and Kruskal [1956] ):

(4.1) Theorem. Let A be a totally unimodular mXn-matrix and let b & z".
Then the polyhedron P:=fx‘ Ax< b} is integral.

Proof. Let F={x I A'x=b'} be a minimal face of P, where A'x<b' is a subsystem

of Ax<b. Without loss of generality, A'= [-Al A2], with A, nonsingular. Then

1
Al is an integral matrix (as detA =+1), and hence the vector

1
AIlb‘
(4.2) X = 0

is an integral vector in F. ﬂ

In fact, Hoffman and Kruskal.showed that an integral m X n-matrix A is
totally unimodular if and only if for each beZZm each vertex of the polyhedron
{xéIRnl x20; Axsb} is integral.

There are several other characterizations of total unimodularity. By far
the deepest - in terms of decomposition - is due to Seymour [1’9803 (see
Chapter ).

We mention a strenthening of (4.1) due to Baum and Trotter 5977]. A
polyhedron P in R" is said to have the integer decomposition property if
for each k€N and for each integral vector z in kP (={kx‘xeP‘,) , there exist
integral vectors x

. ..,xk in P so that z=x, +. +xk It is not difficult to

1’ 1
see that each polyhedron with the integer decomposition property is integral.

(4.3) Theorem. Let A be a totally unimodular mpA n-matrix and let bez™ .

Then the polyhedron P:={x ' Axgb} has the integer decomposition property.

Proof. Let k€N and z € kP r\zn. By induction on k we show that z=x1+. ..+xk

for integral vectors x in P. By (4.1), there exists an integral

A ,xk
vector, say X in the polyhedron {x | Ax<b; -Ax g (k—1)b—Az} (since (i)
the constraint matrix [_2] is totally unimodular, (ii) the RHS-vector

Gk—l)];—Az) is integral, and (iii) the polyhedron is nonempty, as it

contains k ~z). Then z—xke (k-1)P, whence by induction z—xk=x1+. . .+xk_1

for integral vectors Kpreeor¥Xy 4 in P.
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We mention one other characterization of total unimodularity, due to

Ghouila-Houri [1962]:

(4.4) Ghouila-Houri's theorem. A matrix A is totally unimodular if and only if

each subset R of the rows of A can be partitioned into two classes R' and R",
so that the sum of the rows in R' minus the sum of the rows in R" is a {b,il}—

vector.

Application: Bipartite graphs.

It is not difficult to see that the VxE-incidence matrix A of a bipartite
graph G=(V,E) is totally unimodular: any square submatrix B of A either has
a column with at most one 1 (in which case detBé{O,il} by induction), or has
two 1's in each column (in which case detB=0 by the bipartiteness of G). In
fact, the incidence matrix of a graph G is totally unimodular if and only if
G is bipartite.

The total unimodularity of the incidence matrix of a bipartite graph

has several consequences, some of which we will describe now.

(4.5) The matching polytope of a graph G=(V,E) is the polytope conv{KM !

M matching} in ]RE. Theorem (4.1) directly implies that the matching polytope of a

bipartite graph G is equal to the set of all vector x in ]RE satisfying:

(4.6) (1) x>0 (e €E),
(11) ) x_ <1 (v €V)
esxv

(since the polyhedron determined by (4.6) is integral).

Clearly, the matching polytope of G=(V,E) has dimension IE] Each
inequality in (4.6) is facet-determining, except if G has a vertex of degree
at most 1. It is not difficult to see that the incidence vectors XM,XM' of
two matchings M,M' are adjacent on the matching polytope iff MAM' is a
path or circuit. Hence, the matching polytope of G has diameter J(G). (This
paragraph holds also for nonbipartite graphs.)

The above characterization of the matching polytope for bipartite graphs,
implies that for any bipartite graph G=(V,E) and any 'weight' function
C:E"->}g_:

(4.7) maximum weight of a matching = max ch‘ x2>0; Axgl},

where A is the incidence matrix of A, __1_ denotes an all-one column vector, and
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where the weight of a set is the sum of the weights of its elements. In

particular:

(4.8)  2(@ = maxf1"x| x> 0; ax<1t.

(4.9) The node cover polytope of a graph G=(V,E) is the polytope conv{}{N(
7 \Y .

N node cover} in R . Again, Theorem (4.1) implies that, if G is bipartite,

the node cover polytope of G is equal to the set of all vectors y in Ry

satisfying

(4.10) (1) O{yvil (vev),
(11) y_+y >1 v, wleE).

It follows that for any weight function w:V——>]{+

(4.11) minimum weight of a nocde cover = min{wTy{ v>0; yTA ?,1_},
where A again is the VxE-incidence matrix of G. In particular:
(4.12) (G) = min-{_l_Ty [ v=0; yTA2_1_'S.

Now, by linear programming duality, we know that (4.8) and (4.12) are equal,
i.e., we have Kénig's matching theorem: p(G)= T(G) for bipartite G.

By Theorem (4.3), the matching polytope P of G has the integer decomposition
property. This has the following consequence. Let k:=A(G). Then (1,...,1{TéZRE
belongs to kP, and hence is the sum of k integer vectors in P. Each of these
vectors being the incidence vector of a matching, it follows that E can be
partitioned into k matchings. So we have Kénig's edge colouring theorem: the
edge coloring number K(G) of a bipartite graph G is equal to its maximum

degree.

The above forms just some examples of the consequences of Theorems (4.1)

and (4.3) to bipartite graphs. We briefly mention some more.

(4.13) The perfect matching polytope of a graph G=(V,E) is the polytope

COHV{XM 'M perfect matching} in IJ% It is a face of the matching polytope of
G. For bipartite graphs, by (4.6), the perfect matching polytope is determined
by
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(4.14) (1) x_ 21 (ec E),
(ii) 2 x_ =1 (vev).
esv ©

This is equivalent to a theorem of Birkhoff (1946): each doubly stochastic
matrix is a convex combination of permutation matrices.

One easily checks that the incidence vectors ZM,XM' of two perfect
matchings M,M' are adjacent on the perfect matching polytope if and only
if MAM' is a circuit (cf. Balinski and Russakoff [1974]) . So the perfect
matching polytope has diameter at most %]V} . The dimension of the perfect
matching polytope of a bipartite graph is equal to ]E'l —|V[+1, where E' :=
Um NN M), whevre the union and intersection both range over all perxfect

matchings (see Lovdsz and Plummer [1986] ).

(4.15) The assignment polytope of order n is the perfect matching polytope

of K . Equivalently, it is the polytope in ]Rnxn of all matrices (x, .)ljl .
n,n ij'i, =1
satisfying:
(4.16) (1) xij}O (1,3=1,...,n),
- n - iz
(11) Zi=1 xij—-l (3=1,...,n),
e n - 1=
(iii) Zj=1 xij 1 (i=1,...,n).

Balinski and Russakoff [1974] studied assignment polytopes, proving inter

alia that they have diameter 2 (if n>4). See also Balinski [:1985] , Bertsekas

[1981), colafarb [1985], mung [1983], Padberg and Rao [1974), Roohy-Lalen
[1981].

(4.16) The coclique polytope of a graph G=(V,E) is the polytope conv{xc{

C coclique} in JRV. By (4.1), for bipartite G, it is determined by:

(4.17) (1) O0gy <1 (vev),
(i1) y +y <1 {v,wiem).

So if A is the VxE-incidence matrix of the bipartite graph G, and w:V~7]R+

is a 'weight' function, then:

T
(4.18) maximum weight of a coclique = max{wTy ' vy>0; yTA <1 }
In particular:

(4.19) (@) = max{lTy I y2 0; yTAéf}.
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(4.20) The edge cover polytope of a graph G=(V,E) is the polytope conv{K‘F{
y E
F edge cover} in R. By (4.1), for bipartite G, it is determined by:

(4.21) (i) O§Xe<1 : (e¢E),
) >
(ii) Z‘esv X,z (vev)

(assuming G has no isolated vertices). Hurkens [_1986:( characterized adjacency

on the edge cover polytope, and showed that its diameter is |Ej- Q(G) .

From (4.21) it follows that for any weight'function w:E—a]R+:
(4.22) ‘minimum weight of an edge cover = min{wa, x> 0; Ax}_l}.
In particular:

(4.23) Q@) = min{_l_Tx [x>0; ax>1].

By linear programming duality, (4.19) and (4.23) are equal, and hence we
have Kénig's covering theorem: o(G)= Q(G) for bipartite G.

By (4.3), the edge cover polytope of a bipartite graph has the integexr
decomposition property, implying a result of Gupta [_1967]: the maximum number
of pairwise disjoint edge covers in a bipartite graph is equal to its minimum

degree.

(4.24) Let A be the incidence matrix of the bipartite graph G=(V,E), let
wezE, beZZV, and consider the linear programs in the following duality

equations:

min{yTb | v>o; yTA} WT},
max{yTb | y>0; YTA éWT'_IL

(4.25) (1) max{wa lx;O; Axsb'ﬁ
(ii) min{WTx I x> 0; Ax>b}

]

By (4.1), these programs have integer optimum solutions. The special case

b=1 is equivalent to the following min-max relations of Egervary:

(4.26) (i) the maximum weight of a matching is equal to the minimum
- = E;
value of Zvev Y, where y.V—->Z+ such that yu+yv'; LR Ve {u,v}/é
(ii) the minimum weight of an edge cover is equal to the maximum

value of ;, where y:V—-—;Z{_ such that yu+yv< vy Ve={u,v}eE.

veV yV

n .,
(4.27) The transportation polytope for ae]RT,beIR+ is the set of all vectors
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(x, {i=1,...,m;j=1,...,n) in'mptn satisfying:

ij
(4.28) (i) X, ? 0 (i=1,...,m;3j=1,...,n),
(ii) Z} x.. =a (i=1,...,m),
n = =
(iii) z:i=1 14 = bj (j=1,...,n).

It is related to the Hitchcock-Koopmans transportation problem. Klee and
Witzgall [196é] studied transportation polytopes, showing that x satisfying
(4.28) is a vertex iff {{bi

xlj:>0} contains no circuits (where Ppreser
o) ,ql,...,q are vertices). Moreover, the dimension is (m-1) (n-1) if a and
b are positive (if the polytope is nonempty, i.e., if 2' a, ‘Zl b ). Bolker
[7972] and Balinski [19741 showed the Hirsch conjecture for some classes of
transportation polytopes. Bolker [E97i] and Ahrens [198{] studied the number

of vertices of transportation polytopes.

(4.29) Related is the dual transportation polyhedron, which is, for fixed

m . . . ,
ceR xn' defined as the set of all vectors (u;v) in ]an]fn satisfying:

(4.30) ui+vj; cij (i=1,...,m;j=1,...,n),
u,=0.

1
It is not difficult to see that the dimension is m+n-1, and that (u;v)

satisfying (4.30) is a vertex iff {{p (g }‘ .=C, } is a connected graph

on vertex set {pl’ cerPp Ay dy } Ballnskl [1;84] showed that the diameter
of (4.30) is at most (m-1) (n-1), thus proving the Hirsch conjecture for this
class of polyhedra. Balinski and Russakoff [1984] made a further study of dual
transportation polyhedra, characterizing vertices and higher dimensional faces
by means of partitions. See also Balinski [E98$], Ikura and Nemhauser [198%],

Zhu [1963].

Application: Directed graphs.

Total unimodularity implies also several results for flows and circulations
in directed graphs. Let M be the VxA-incodence matrix of a digraph D=(V,A). Then
M is totally unimodular. Again this can be shown by induction: Let B be a square
submatrix of M. If B has a column with at most one nonzero, then detBéf{b,113
by induction. If each column of B contains a +1 and a -1, then detB=0.

We mention the following consequences.




-4.7-

(4.31) Let D=(V,A) be a digraph, let r,seV, and let ceIRi be a 'capacity'

function. Then the r-s-flow polytope is the set of all vectors x in ]RA

satisfying:

(4.32) (i) O0<gx <c (a€n),

a a

(ii) Z’ X = Z X (vevV; v#r,s).
- a + a
a€d (v) aed (v)

Any vector x satisfing (4.32) is called an r-s-flow (under c). By the total
unimodularity of the incidence matrix of D, if c is integral, then the r-s-
flow polytope has integral vertices. Hence, if ¢ is integral, the maximum

value (:=. X_) of an r-s-fow under c¢ is attained by

+ X - -
aed (r) "a ael (x) Ta
an integral vector (Dantzig B951bt() .

(4.33) Max-flow min-cut. By LP-duality, the maximum value of an r-s-flow under

A
c 1is equal to the minimum value of 2 , Where yeIR+ is so that there

c
v aeAn ya a
exists a vector z in R satisfying:

(4.34) (1) ya—zv+zw20 (a=(v,w) € 4),

(ii) =z =1, z =0.
r s

Again, by the total unimodularity of the incidence matrix of D, we may take
the minimizing y,z to be integral. Let w:={vev I zvél}. Then for a=(v,w) &
é}+(w) we have y_ >z -z >1, and hence

a v ow

(4.35) 2 yaca > Z vy c 2 Z c

ach aed w) 22 agd (W) a

. + .
So the maximum flow value is not less than the capacity of cut 8 (W) . Since
it can be larger neither, we have Ford and Fulkerson's max-flow min-cut

theoren.

(4.36) Given digraph D=(V,A) and r,s €V, the shortest route polytope is the

P . s s
convex hull of all incidence vectors X of subsets P of A being a disjoint
union of an r-s-path and some directed circuits. By the total unimodularity
of the incidence matrix of D, this polytope is equal to the set of all vectors

A
X €R satisfying

(4.37) (i) O <xa<1 (aed),
(ii) Z+ x = Z'_ X (veV; v#r,s),
aed (v) 2 aed (v
(i1i) & x - 2 x = 1.
a€3+(r) a a€d (r) a
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So it is the intersection of an r-s-flow polytope with the hyperplane
determined by (iii). Saigal E969] showed that the Hirsch conjecture holds

for the class of shortest path polytopes.

(4.38) For digraph D=(V,A) and [,ue'JRA, the circulation polytope is the set

, , . A . .
of all circulations between 6 and u, i.e., vectors x€R satisfying:

(4.39) (i) Eagxagua (a€n),
(ii) Mx=0,

where M is the incidence matrix of D. By the total unimodularity of M, if

¢ and u are integral, then the circulation polytope is integral. So if

f and u are integral, and there exists a circulation, there exists an

integral circulation. Similarly, a minimum cost circulation is integral.
By Farkas' lemma, the circulation polytope is nonempty iff there are

A \ . .
no vectors z,we¢R , y€R satisfying:

(4.40) (i) =z,w20,
(ii) z—w+MTy=O,
(1i1) uz -8 <o.

Suppose now qu, and (4.40) has a solution. Then there is also a solution
satisfying O0<y <1, and hence, by the total unimodularity of M, there is a
solution z,w,y with y a {0,1} -vector. We may assume that zawa=0 for each

arc a. Then, for W:= {ve \Y% ( yv=1}:

(4.41) 2 DY Ea = wz-0Tw<o.

aed W & adttm

Thus we have Hoffman's circulation theorem [1960]: there exists a circulation

x satisfying {<x<u, iff [su and there is no subset W of V with

< 2y U4

+ .
acs (W) “a

aed (W) Y

(4.42) More generally, for ﬁ,u e]RA and b',b" é]RV, the polyhedron
(4.43) {XGIRA( lex<u; b'gMx<Db"
is integral, if f,u,b' ,b" are integral. Moreover, the total unimodularity

of M yields a characterization of the nonemptiness of (4.43), extending

Hoffman's circulation theorem.
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It is not difficult to see that (4.43) is an affine transformation

of the polytope of vectors (x';x";y';y") in :lRAxIRAx]RV)c]RV satisfying:

(4.44) xé}O, X;?O (agn),
yV>0,y;?0 (vew),
. x! + 2_ x;+yv=b;+ 8_ ua—8+ Ea (vev),
acd (v) aed (v) acd (v) agd (v)
xa+xa=ua—Qa (a¢n),
yv+yv=bv—bv (vev)

(the transformation is given by xa:=xé+ga) . Thus (4.43) is transformed into
a face of the transportation polytope (4.27). In this way, several results

for (4.43) can be derived from results for transportation polytopes.

See also Hoffman [;960,1976,19753.
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5. TOTAL DUAL INTEGRALITY

Total dual integrality appears to be a powerful technique in deriving
min-max relations and the integrality of polyhedra. It 'is based on the
following result, shown, implicitly or explicitly, by Gomory [__1-963],»
Lehman 5965:) , Fulkerson [1971], Chvatal [1973a], Hoffman 5974] and Lovasz

[1976] for pointed polyhedra, and by Edmonds and Giles [}975] for general
polyhedra.

(5.1) Theorem. A rational polyhedron P is integral if and only if each rational

supporting hyperplane of P contains integral vectors.

Proof. Since the intersection of a supporting hyperplane with P is a face

of P, necessity of the condition is trivial. To prove sufficiency, suppose
that each rational supporting hyperplane of P contains integral vectors. Let
p= {x\ AbeS, with A and b integral. Let F= {x iA'x=b'.S be a minimal face of
P, where A'x<Db' is a subsystem of Ax<b. If F does not contain any integral
vector, there exists a vector y such that cT:=yTA' is an integral vector, while
8:=yTb is not an integer (this follows from Hermite's normal form theorem).

We may suppose that all entries in y are nonnegative (we may replace each

entry Yy of y by yi—Lyi_‘) . Now H:={x { ch= 8} is a supporting hyperplane of

P, not containing any integral vector. D

Note that the special case where P is pointed can be shown without appealing
to Hermite's theorem: if x* is a non-integral vertex of P, w.l.o.qg. x;¢z.
There exist supporting hyperplaneg H={xlch=ch*}— and g={x‘?:'Tx=?:'Tx* touching
P in x* so that c¢ and 3’ are integral and so that cT—?:'T=(1,O, ...;0). If both H
and ff contain integral vectors, we know ch*eZZ and "éTx*eZZ. However,

o~ T * *
(c-c) x =x1$z.

Theorem (5.1) can be applied as follows. Consider the LP-problem
(5.2) max ch‘Axsb},
for rational matrix A and rational vectors b,c.
(5.3) Corollary. The following are equivalent:

(i) the maximum value in (5.2) is an integer for each integral vector c¢ for

which the maximum is finite;
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(ii) the maximum (5.2) is attained by an integral optimum solution for each
rational vector ¢ for which the maximum is finite;

(iii) the polyhedron {x !Axslﬁ is integral.

Proof. Directly from Theorem (5.1). []
Now consider the LP-duality equation

(5.4) max chl Ax < b} = min{yTbl yv20; yTA=cT}.

Clearly, we may derive that the maximum value is an integer if we know that
the minimum has an integral optimum solution and b is integral. This motivated
Edmonds and Giles [_1977] to define a system Ax <b of linear inequalities to
be totally dual integral or TDI if for each integral vector c, the minimum in
(5.4) is attained by an integral optimum solution. Then we have the following

consequence:

(5.5) Corollary. Let Ax<b be a system of linear inequalities, with A rational

and b integral. If:

Ax<b is TDI (i.e., the minimum in (5.4) is attained by an integral

optimum solution y for each c for which the minimum is finite),

then:
{k [Axsk% is integral (i.e., the maximum in (5.4) is attained by an
integral optimum sclution x for each c¢ for which the maximum is finite).
Proof. Directly from Corollary (5.4). []

Note that the notion of total dual integrality is not symmetric in objective
function ¢ and RHS-vector b. Indeed, the implication in (5.5) cannot be

reversed: the system xlgo, X +2x22 0 determines an integral polyvhedron in R?,

while it is not TDI. However,lGiles and Pulleyblank [-1979] showed that if

P is an integral polyhedron, then P=[x l Axgb} for some TDI-system Ax b with
b integral. In Schrijver {_—19813 it is shown that if P is moreover full-dimens-
ional, then there is a unigque minimal TDI-system determining P with A and

b integral (minimal under deleting inequalities).

For more on total dual integrality, see Cook [1983a,1986j , Edmonds and
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Giles [198@  Cook, Fonlupt and Schrijver [1986], Cook, Lovdsz and Schrijver

E984] )

We now give some combinatorial applications of total dual integrality.

(5.6) Application: Arborescences. Let D=(V,A) be a directed graph, and let

r be a fixed vertex of D. An r-arborescence is a set A' of [V'-l arcs forming
a spanning tree such that each vertex v#r is entered by exactly one arc in
A'. So for each vertex v there is a unique directed path in A' from r to v.
An r-cut is an arc set of the form Bh(U), for some nonempty subset U of
V\{r}. As usual, é_(U) denotes the set of arcs entering U.

It is not difficult to see that r-arborescences are the inclusion-wise
minimal sets of arcs intersecting r-cuts. Conversely, the inclusion-wise
minimal r-cuts are the inclusion-wise minimal sets of arcs intersecting all
r-arborescences.

Fulkerson [1974} showed:

(5.7) Fulkerson's optimum arborescence theorem. For any ’'length’ function

Q:A-ﬁ Z+ , the minimum length of an r-arborescence is equal to the maximum

number t of r-cuts C ,C, (repetition allowed) so that no arc a is in

177" "
more than {(a) of these cuts.

This result can be formulated in polyhedral terms as follows. Let C be the
matrix with rows the incidence vectors of all r-cuts. So the columns of C
are indexed by A, and the rows by the sets U with @#U QV\{r-ﬁ. Then (5.7)

is equivalent to both optima in the LP-duality equation
T iy T T T
(5.8) min{(’,x’xgo; Cx}it):max{y_l_lygo; yvcgk }
A
having integral optimum solutions, for each 26ZZ+. So in order to show the
theorem, by (5.5) it suffices to show that the maximum in (5.8) has an integral
optimum solution, for each l:A —>Z , i.e. that the system x>0, Cx)}_ is TDI.

This can be proved as follows (Edmonds and Giles [1977]) .

Proof of (5.7). If some component of 6 is negative, the maximum in (5.8) is in-
feasible. If all components of 4 are nonnegative, let vector y attain the maximum
in (5.8), so that

(5.9) Z'yU-lUl- |viu|

is as small as possible (U ranging over all U with Q}#UQV\{r}) . Such a vector
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y exists by compactness arguments.

Then the collection

(5.10) & := {U‘ yU>O}

is laminar, i.e., if T,U e?’ then TCU or UCT or TaU=@. To see this, suppose

T,U e¥ with Tof“U ¢T and TaU#@. Let §:= minfyU,yT}>O. Next reset:

£,
&,

(5.11) Vg =

Yy T

1= +
Yrau *7 Yravu

1=y

+
U Yoy VU

. . , T
while y does not change in the other coordinates. By this resetting, y C does

87(T) 5_.1(5“(0) > E.xé"(Tf\U)jL Elxg—(ToU)),

while yTl does not change. However, the sum (5.9) did decrease, contradicting

not increase in any coordinate (since &-Q¥

the minimality of (5.9). This shows that ¥ is laminar.
Let C' be the submatrix of C consisting of the rows corresponding to

r-cuts b— (U) with U in ¥ Then
' T
(5.12) max{zTi lzz 0; zTC' < IZT} = max{yT_l_ ‘ y20; yTC <? %

Here the inequality <€ is trivial, as C' is a submatrix of C. The inequality
> follows from the fact that the vector y above attains the second maximum
in (5.12), while y has 0O's in positions corresponding to rows of C not in C'.
Now the matrix C' is totally unimodular. This can be derived as follows
with Ghouila-Houri's criterion (4.4). Choose a set of rows of C', i.e.,
choose a subcollection g of -}/ Define for each U ing the *‘height' h(U) of
U as the number of sets T in 9 with T2U. Now split 9 into godd and geven'
according to h(U) odd or even. One easily derives from the laminarity of 9that,
for any arc a of D, the number of sets in Qodd entered by a, and the number of
sets in g%ven entered by a, differ by at most 1. Therefore, we can split the
rows corresponding to 9 into two classes fulfilling Ghouila-Houri's criterion.
So C' is totally unimodular.
By Hoffman and Kruskal's theorem (4.1), the first maximum in (5.12) has
an integral optimum solution z. Extending this z with components 0 gives an
integral optimum solution for the second maximum in (5.12). So the maximum

in (5.8) has an integral optimum solution. D

A direct consequence is that the r-arborescence polytope of D=(V,A)

(being the convex hull of the incidence vectors of r-arborescences) is deter-
mined by:
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(5.13) 0 $'Xa§ 1 (a€n),
o x_»1 (970 evN{r]).
aes (u) 2 %

This is a result of Edmonds [19651. It follows, with the ellipsoid method,
that a minimum length r-arborescence can be found in polynomial time, if

and only if we can test (5.13) in polynomial time. This last indeed is
possible: given x QQA, we first test if Os'anI for each arc a; if xa<0 or
xa:>1 for some a, we have a separating hyperplane; otherwise, consider x as

a capacity function on the arcs of D, and find an r-cut C of minimum capacity
(with an adaptation of Ford and Fulkerson's algorithm); if C has capacity

at least 1, then (5.13) is satisfied; otherwise, C yields a hyperplane sepa-
rating x from the polyhedron deterxrmined by (5.13).

For a characterization of the facets of the r-arborescence polytope,
see Held and Karp [1970] and Giles [1975,1978].

One similarly shows that for any directed graph D=(V,A), the following
system, in erRA, is TDI:

(5.14) x_ 30 (agn),
5 x 1 (wrocv, $Tw=0),
aet” (U)

which is a result of Lucchesi and Younger [1973]. It is equivalent to:

(5.15) Lucchesi-Younger theorem. The minimum size of a directed cut covering

in a digraph D=(V,A) is equal to the maximum number of pairwise disjoint

directed cuts.

Here a directed cut is a set of arcs of the form B_(U) with @#U#V, 5+(U)=¢.

A directed cut covering is a set of arcs intersecting each directed cut - equi=
valently, a set of arcs whose contraction makes the digraph strongly connected.

Note that the Lucchesi-Younger theorem is of a self-refining nature: it

implies that for any 'length' function @:A-eﬂz+ , the minimum length of a
directed cut covering is equal to the maximum number t of directed cuts Cl,
...,Ct (repetition allowed), so that no arc a is in more than ZGU of these
cuts. (To derive this from (5.15), replace each arc a by a directed path of

length £(a).) In this weighted form, the Lucchesi-Younger theorem is easily

seen to be equivalent to the total dual integrality of (5.14).
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(5.16) Application: Polymatroid intersection. Let S be a finite set. A

function £:9(S)—>R is called submodular if
(5.17) £(T)+£(U) 2 £(TaU)+£ (ToU) for all T,U¢S.

There are several examples of submodular functions. E.g., the rank function
of any matroid is submodular (see Welsh [19873) .

Let f,,f,. be two submodular functions on S, and consider the following

172
system in the variable xéIRS:

(5.18) (1) x>0 (se8),
(i1) Z'Sw x_ < £, (0) wes),
(iii) Zseu x_ < £, (U) (uces).

Edmonds 5.970,1979] proved:
(5.19) System (5.18) is TDI.

. L. T
Proof. Let c:S~—>Z, and consider the dual LP-problem for maximizing c x over

(5.18):

(5.20) min{ X v £, (0) + ¥ 2/, (0)

s X U
Y:Z€ER ; (y . +z ) }c}.
UeS UcS * vu ?(

ueS

We must show that this minimum has an integral optimum solution. Let y,z

attain this minimum, so that

(5.21) Z (y.+z )+ 0] *|s\u
ues O U | |

is as small as possible. Let
(5.22)  ¥:={ues (yU>o}.

We show that ¥ forms a chain with respect to inclusion. Suppose not.

Let T,U€ ¥ with ’I‘df’.U 4.T. Let § := min{yT,yU}> 0. Next reset
as in (5.11). Again, the modified y forms, with the original z, an optimum
. T U TaU TuvU
solut f . i =y ' .
ution of (5.20) (since X=X 2 and £, (T)+f, (U);f1 (TaU) +£, (TVU))
However, (5.21) did decrease, contradicting the minimality of (5.21). This

shows that }/ forms a chain. Similarly,

(5.23) g== {ugs(zU>o‘}
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forms a chain.

Now (5.20) is equal to

(5.24) min{ Z £, (U) + 2 z f (U) yeIR ; zeIR Zy ?gj-f- Z\z U‘>c’g,
Yyt ul ?
ue¥ Ueg
since y,z attain (5.20), using (5.22) and (5.23).

The constraint matrix in (5.24) is totally unimodular, as can be derived
easily with Ghouila-Houri's criterion (4.4). Hence (5.24) has an integral
optimum solution y,z. By extending y,z with O-components, we obtain an integral

optimum solution of (5.20). D

This result has several corollaries. We mention some of them. If f1 and

f2 are integer-valued submodular functions, then the total dual integrality
of (5.18) implies that (5.18) determines an integral polyhedron. In particular,
let f1 and f2 be the rank functions of two matroids (S, Il) and (S,IQ) . Then

the following result of Edmonds E970] follows.
(5.25) Corollary. The polytope conv{?(I I IeIl !\Iz} is determined by (5.18).

Proof. Note that an integral vector satisfies (5.18) iff it is equal to ZI

for some I in Ilr\]:z. U

A special case is that if we have one matroid (S,I), with rank function,
say, f, then its independence polytope (= conv.{'XI (I € Ig) is determined by
x >0 (s€8), Z\’ x ££f(U) (UgS) (Edmonds [19713). So (5.25) concerns the

S s€U s

intersection of two independence polytopes. The facets of independence poly-
topes, and of the intersection of two of them, are described by Giles [1975] .
Hausmann and Korte [1978] characterized adjacency on the independence poly-
tope. See also Edmonds B979], Cunningham [1984].

Another direct consequence for matroids is:

(5.26) Edmonds' matroid intersection theorem. The maximum size of a common

independent set of two matroids (S,'l'l) and (S,I,z) is equal to

minch (f1 (U)+f2(S\U)), where f1 and f2 are the rank functions of these

matroids.

Proof. By (5.25), the maximum size of a common independent set is equal to

max{l X l x satisfies (5. 18)} and hence, by the total dual integrality of

S
(5.18), to mln{ Ues yU 1(U)+z £ (U))l y,zéZZ i )'ZlUcS(yU+ZU)K }
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It is not difficult (using the nonnegativity, the monotonicity and the sub-
modularity of £, and f2) to derive that this last minimum is equal to the

1
(5.26) . []

minimum in

The proofs of (5.7) and (5.19) given above are examples of a general
proof technique for total dual integrality studied by Edmonds and Giles
[}97i]: First show that there exists an optimum dual solution whose nonzero
components correspond to a 'nice' collection of sets (e.g., laminar, a chain,
'cross-free'). Next prove that such nice collections yield a restricted
linear program with totally unimodular constraint matrix. Finally, appeal
to Hoffman and Kruskal's theorem to deduce the existence of an integral
optimum dual solution for the restricted, and hence for the original, problem.

Edmonds and Giles described a general framework based on this proof
technique, from which several integrality and min-max results follow. For
variations and extensions, see Frank [{979,198%], Frank and Tardos [i98{},
Grishuhin [1981], Groflin and Hoffman [1982], Hassin [1978], Hoffman [1978],
Hoffman and Schwartz [39793, Lawler and Martel [I982a,5], Schrijver [E984é].
See also Frank [198é}, Fujishige [i97@ . For a survey, see Schrijver[&984ﬁ}.
For an application of TDI to non-optimizational comb¥inatorics (viz. Nash-
Williams' orientation theorem), see Frank {i986] and Frank and Tardos [1984].

For relations between submodularity and convexity, see Lovdsz [z98§3.
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6. THE MATCHING POLYTOPE AND GENERALIZATIONS

We now survey methods and results arising from one of the pioneering
successes of polyhedral combinatorics, the characterization of the matching
polytope by Edmonds [1965]. For the basic theory on matchings we refer to
the chapter by Pulleyblank.

The matching polytope of an undirected graph G=(V,E) is the polytope
conv.{XM [M matching} in JRE. Edmonds showed that this polytope is egual

to the set of all vectors x in R satisfying:

(6.1) (i) xezo (e€E),
(i) Zeav x <1 (vev),
(iii) E]egU x < [%1v]] (Uev).

Since the integral vectors satisfying (6.1) are exactly the incidence vectors
KM of matchings M, it suffices to show that (6.1) determines an integral
polyhedron. In fact, Cunningham and Marsh 59783 showed that the system (6.1)
is TDI. So for each w:E—>Z, both optima in the LP-duality equation

(6.2) max{w'x | x satisfies (6.1)] =
mln{g y + Z‘) ,_%IUJ { yé]R zeéR (V) VeeE Z h% +22U>we£
veV ugv vee Ude

are attained by integral optimum solutions. It means: for each undirected

graph G=(V,E) and for each 'weight' function w:E-3>Z:

(6.3) max {W(M) \ M matching§ =
mln{z Y, + 2 z [_%|UU ] yeZ ZEZ W) VeeE.Zy +2 z, >w } .
veV Ucv €e U:>e
Here w(E') := ZeeE' LR for any subset E' of E.ENote that (6.3) contains the

Tutte-Berge formula as special case (by taking w=i_)]

Proof. We may assume that w is nonnegative, since replacing any negative
component of w by 0 does not change the terms in (6.3).

For any w, let Vw denote the left hand term in (6.3). It suffices to
show that Vw is not less than the right hand term in (6.3) (since ( is trivial).
Suppose (6.3) does not hold, and suppose we have chosen G=(V,E) and w:E—->2Z+
so that ‘V‘+[E\+W(E) is as small as possible. Then G is connected (otherwise,
one of the components of G will form a smaller counterexample) and we>1 for

each edge e (otherwise we could delete e). Now there are two cases.

Case 1: There exists a vertex v covered by every maximum-weighted matching.
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In this case, let w'ezﬁ arise from w by decreasing the weights of edges
incident to v by 1. Then »’w,=;)w—1. Since W' (E)<w(E), (6.3) holds for
w'. Increasing component Y, of the optimum y for w'by 1, shows (6.3) for w.

Case 2: No vertex is covered by every maximum-weighted matching. Now
let w' arise from w by decreasing all weights by 1. We show that ‘}w >
Vw, + % [vJJ. This will imply (6.3) for w: since w'(E)<w(E), (6.3)
holds for w'; increasing component Zy of the optimal z for w' by 1, shows
(6.3) for w.

Assume Vw< Vw' + L%IVI_[ , and let M be a matching with Dw'= w' (M), such
that w(M) is as large as possible. Then M leaves at least two vertices in
V uncovered, since otherwise w(M)=w' (M)+,_%lv[_| , implying szw(M)=w' (M) +
Pvij= 2, 5.

Let u and v be not covered by M, and suppose we have chosen M, u and v
so that the distance d(u,v) in G is as small as possible. Then d(u,v)>1,
since otherwise augmenting M by {u,v} would increase w(M). Let t be an internal
vertex of a shortest path between u and v. Let M' be a matching with
w(M')=l)W not covering t.

Now MAM' is a disjoint union of paths and circuits. Let P be the set
of edges of the component of M AM' containing t. Then P forms a path starting
in t and not covering both u and v (as t,u and v each have degree at most
one in M4AM'). Say P does not cover u. Now the symmetric difference M AP is

a matching with |MAP|<|M|, and therefore:

(6.4) W' (MAP)-w' (M) = w(MAP)-|MAP| -w(M)+|M| >
w(MAP) -w(M) = w(M')-w(M'AP)2 0.

Hence j)w,=w' (MAP) and w(MAP) > w(M). However, MaP does not cover t and u, and

d(u,t) <d(u,v), contradicting our choice of M,u,v. D

So (6.1) is TDI. A consequence is the following fundamental result of

Edmonds [19653 .

(6.5) Edmonds' matching polyhedron theorem. The matching polytope of a graph

is equal to the polyhedron determined by (6.1).

(For other proofs, see Balinski [1972], Green-Krdotki 1}980], Lovasz [1979],
Schrijver [198351], Schrijver and Seymour [1977], and Seymour [1979].)

In fact, Edmonds found (6.5) as a by-product of a polynomial-time
algorithm for finding a maximum-weighted matching. In turn, with the
ellipsoid method, Padberg and Rao 5982] showed that (6.5) yields a poly-

nomial-time algorithm finding a maximum-weighted matching - see (6.11) below.
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It is not difficult to see that two matchings M and M' have adjacent
incidence vectors if and only if MaM' consist of one path or circuit. Hence
the matching polytope of graph G has diameter M(G).

As the origin and all unit basis vectors belong to the matching polytope,

it is full-dimensional. Pulleyblank and Edmonds !_-1974] showed:

(6.6) Theorem. The following is a minimal system determining the matching

polytope of graph G=(V,E):

(6.7) (i) x }O (egE),
(ii) Z‘ X, <1 (vew,
(iii) Z cu SL fUU (U gV, U induces a 2-connected

factor-critical subgraph).

Here W:= {vév ( deg(v)=1 and the vertex adjacent to v also has degree 1, or
deg(v)=2 and the two vertices adjacent to v are not adjacent, or deg(v)}B}.
A graph G is factor-critical if for each vertex v the graph G-v has a perfect
matching.

For proofs of (6.6), see Pulleyblank [1987.], Lovéisz [1979], Cornuéjols
and Pulleyblank [1—982] and Lovdsz and Plummer E986J . In fact, it was shown
by Cunningham and Marsh E978] that (6.7) is TDI (cf. Cook [1984] for a short
proof) .

We now describe some consequences of Edmonds' matching polyhedron theorem.

(6.8) The perfect matching polytope of a graph G=(V,E) is the polytope"

conv.{XM [M perfect matching} in JRE. This polytope clearly is a face of

the matching polytope of G (or is empty), viz. the intersection of the
matching polytope with the (supporting) hyperplane {xéIRE} ZleeE %, = %]Vl}.
It follows that the perfect matching polytope is determined by the following

inequalities:
(6.9) (1) x,20 (e €E),
. < _
(ii) Bany X = (vevV),
(iii) Z‘eeg(u) x 21 (Uev; |u| odd).

(Note that (ii) and (iii) imply (6.1) (iii).)
Again it is easy to see that two perfect matchings M and M' yield
adjacent incidence vectors if and only if MAM' forms one circuit. Naddef

5982] and Edmonds, Lovdsz and Pulleyblank El982] gave formulae for the
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dimension of the perfect matching polytope. The latter paper also gives a
characterization of the facets of the perfect matching polytope (see also
Lovdsz and Plummer [ﬁ985]).

From description (6.9) of the perfect matching polytope one can derive
with the ellipsoid method a polynomial-time algorithm for finding a maximum-
weighted perfect matching (and hence of a maximum-weighted matching). It
amounts to showing that the system (6.9) can be tested in polynomial time.
Padberg and Rao [1982] showed that this can be done as follows.

For a given:(EQE we must test if x satisfies (6.9). The inequalities
in (i) and (ii) can be checked one by one. If one of them is not satisfied,
it gives us a separating hyperplane. So we may assume that (i) and (ii) are
satisfied. If {V] is odd, then clearly (iii) is not satisfied for U:=V. So
we may assume that ]V, is even. We cannot check the constraints in (iii) one
by one in polynomial time, simply because there are exponentially many of
them. Yet, there is a polynomial-time method of checking them. First note
that from Ford and Fulkerson's max-flow min-cut algorithm we can derive easily

a polynomial-time algorithm having the following as in- and output:

(6.10) input: subset W of V;
output: subset T of V such that WaT#@#W\T and such that X(S(T))

is as small as possible.

Herge x(E') := ZLeE' X, for any subset E' of E. We next describe recursively an

algorithm with the following in- and output specification:

(6.11) input: subset W of V with |W| even;
output: subset U of V such that 'WAU( is odd and such that X(é(U))

is as small as possible.

First we find with algorithm (6.10) a subset T of V with WAT#@#WAT and with
x(3(T)) minimal. If )WaTl is odd, we are done. If ‘WqTI is even, call,
recursively, the algorithm (6.11) for the inputs WaT and WAT, respectively,
where T:=W\T. Let it vield a subset U' of V such that |WaTAU'| is odd and
x(d(U")) is minimal, and a subset U" of V such that |WAEQ\U"| is odd and
X(S(U?)) is minimal. Without loss of generality, WNf¢IJ' (otherwise replace
U' by VAU') and WnT‘QLW (otherwise replace U" by V\U").

We claim that if X(8(TaU')) < x($(TaU")) then U:=TaU' is output of
(6.11) for input W, and otherwise U:=TaU". To see that this output is justified,
suppose to the contrary that there exists a subset Y of V such that | Wa¥| is

odd and x(g(Y))<fx(3(TnU')) and x(é(Y))<fx(6(§kU“)). Then either IWanTI is odd or
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lW{\Yr\E} is odd. Case 1: }wr\YnT] is odd. Then x(g(Y))> x(cg(U')), since
U' is output of (6.11) for input WaT. Moreover, x(é(TuU'))} x(é(T)),
since T is output of (6.10) for input W, and since Wn(TuU') # @ #

W\(TwU'). Therefore we have the following contradiction:
(6.12)  x(8(0) 3 x(8(U")) > xS (Tau N +x(8(Tuu") ) -x(§(T)) 2 x (S (TaU ") ) >x(§(¥))

(the second inequality follows since x(cS(A))+x(<§(B)); x(cS(AAB))+x(é(AUB)) for
all A,BcV). Case 2: anYr\_'I_‘l is odd. Similarly.

Given the polynomial speed of the algorithm for (6.10), it is not
difficult to see that also the described algorithm for (6.11) is polynomial-

time. As a consequence, we can test (6.9)(iii) in polynomial time.

The perfect matching polytope is one example of the self-refining nature
of matching theory. Tutte [1952,1954,1981), Belck [1950) and Edmonds and
Johnson E970] showed that by 'elementary constructions' several other
variants and extensions can be derived from matching results. Here we give
a brief survey of polyhedral results derived from the matching polyhedron
theorem (see also Green-Krdtki 5980] , Ardoz, Cunningham, Edmonds and Green-—

Krétki [1982] ;, Cook and Pulleyblank [1-9833 , Schrijver [1983c]).

(6.13) b-matchings. Let G=(V,E) be a graph and let b:V—aZ+. A b-matching is

<b_for each vertex v. (So if b =1 for
e v v

each v, b-matchings are just incidence vectors of matchings). The b-matching

a vector xe:ZZE satisfying Z‘ X
+ eyv

polytope is the convex hull of the b-matchings. Edmonds [1965] (cf. Edmonds
and Johnson [.1970:] , Pulleyblank ﬁ973], Green-Krdtki f19803) showed that the
b-matching polytope is determined by:

(6.14) (1) x>0 (e€E),
(1i) & x <b (vev),

es3v e v Zl )
(i1i) Segu x <[5 2, bv} (Uev).

This can be derived from (6.5) by the following elementary construction due to
Tutte E95ﬂ: split each vertex v into bv vertices, and replace each edge
{u,v% of G by bubv new edges connecting the new vertices corresponding to u
and those corresponding to v.

Cunningham and Marsh (cf. Marsh [_19793) showed that a maximum-weighted
b-matching can be found in polynomial-time. With the ellipsoid method this
can be derived also from (6.14) - see Padberg and Rao [1982-].

Pulleyblank 5973] characterized the facets of the b-matching polytope.
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In fact, (6.14) is TDI - see Cunningham and Marsh El978], Schrijver and
Seymour 5977:} , Hoffman and Oppenheim D.978], Pulleyblank [1980] . The minimal
TDI-system was given by CookE983c]and' Pulleyblank ):1981] (cf. Cook and
Pulleyblank E983]) . 'Triangle-free' 2-matching polytopes were studied by
Cornuéjols and Pulleyblank [198@ and Cook E983b].

(6.15) Capacitated b-matchings. Let G=(V,E) be a graph and let b:V~>Z+ and

c:E-» ZZ+. A c-capacitated b~matching is a b-matching x satisfying xegce
for each edge e. The c-capacitated b-matching polytope is the convex hull of

the c-capacitated b-matchings. It is determined by:

(6.16) (i) 0<Lx <c (eeRr),
e e
(ii) X x <b (vev),
e e 2:V 2 8
(111) 2 x + 2 o x < L%( vew Pytiocr ce>J (Ugv, FC8U)

(Edmonds and Johnson 5970,1973] , Green-Krdétki [1980] ). This can be derived
from (6.14) with an elementary construction due to Belck [ 950] and Tutte
[1952 1954] Replace each edge e~{u VB by a path {u u B {u ,v7] {v ,v} of
length three, where u, and v, are new vertices. This gives the graph G*(V E)
Put b(ue):=b(ve) =c,. Now if x satisfies (6.16), define % on E as follows.
For e={u,v73, let x(fu u'l)) -—x({v ,v} =X and ¥ {u Y ‘S) c —Xg - Then ¥
satisfies (6.14) with respect to G. Moreover, % has equallty in (6.14) (ii)
for each new vertex. Hence X is a convex combination of b-matchings in G,
each of which has equality in (6.14) (ii) for each new vertex. This gives that
X is a convex combination of c-capacitated b-matchings in G.

The same construction also derives the total dual integrality of (6.16)
and the polynomial solvability of the maximum-weighted capacitated b-matching
problem from the 'uncapacitated' case.

Cook and Pulleyblank 5983} (cf. Cook f_-1983b]) characterized the facets
of the c-capacitated b-matching polytope, and the minimal TDI-system for it
(see also Grdtschel [1977}33) .

(6.17) Lower and upper bounds. Let G=(V,E) be a graph and let b',b":V-> ZZ+.

Then the convex hull of all xéZE satisfying b’ 52, x < b" for each
+ vT e3v Te v

vertex v is determined by:

(6.18) (1) xe>0 (e€E),

=z

(ii) b;fgS'eav x, Db (vev),
(1ii) 2 L%(z\' U"b —ZveU'bv)J

ect" Fe T Tect' FeT Teed(un)<Sum
(U',U"gv, u'au"=g) .



-6.7-

This can be derived from the characterization of the b-matching polytope by
the following elementary construction. Let x satisfy (6.18). Let 8;<§,E> be
the graph obtained from G by adding to each vertex v a new vertex v', and a
new edge {V,V'}. Let bV:=b; and bv,:=b;-bé. Define §;:=Xe for each old edge e
~ ~ ~ o~
a :=b"-2 . is£i - -
an X{V’V,} v Y sy xe Then X satisfies (6.14) for G, while Z;BV xe bv for
each veV, and hence x is a convex combination of b-matchings y in G, each
tisfying 2
satisfying esv
tion of integer functions satisfying (6.18) (i) (ii). Also the total dual

ye=bV for each veV. This implies that x is a convex combina-

integrality of (6.18) follows in this way.
One similarly derives for any graph G=(V,E) and functions c',c":E->Z,
b',b":V—>2Z, an inequality system for the convex hull of the functions

xX:E->Z satisfying

(6.19) (i) c'gx <c" (e€E),
e e Te

(ii) b'<d  x <b" (vev) .
v edv e Vv
This can be reduced easily to the case where cé=0 for each e (replace c; by
c"-c' and subtract E? c  from b' and b"). We leave deriving the inequal-
e e esv e v v
ity system to the reader (see also (6.24) below). As a special case we

mention the following.

(6.20) The edge cover polytope of a graph G=(V,E) is the convex hull of the

incidence vectors of edge covers. It is determined by the following in-

equalities:
(6.21) (1) O\xes'l (e ¢E),
' < .
(i1) & x> [(u]] (Uev).
enU#J

This can be derived directly from the characterization of the capacitated
b-matching polytope, as x is an edge cover if and only if y:=1-x satisfies
0<¢y<1 and 0 €2

esv
adjacency on the edge cover polytope and showed that the diameter is equal

to [E[- Qo).

ye < deg(v)-1 (for ve€V). Hurkens [1986] characterized

(6.22) Bidirected graphs. Edmonds and Johnson [}975} derived an even more

general result for so-called 'bidirected graphs'. In matrix terminology, it
is as follows. Let A be an integer m x n-matrix so that in each column the

m
sum of the absolute values of the entries is at most 2. Let b',b"¢Z , c',c"

ez" (components are allowed to be #%). Edmonds and Johnson derived with
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elementary constructions that the convex hull of the integer solutions of
(6.23) c'<x<c", b'<Ax<b"
is determined by (6.23) together with all inequaiities of form
(6.24) ((z"~2" )T+ (y"-y* )TA)X < E“Tc"—z'Tc' +y"Tb"—y"Tb'J ’

T
where z',z" e{O,Q]n, v',y"€ {O,ﬂm so that (z"-z') +(y"—y')TA is an integer

vector.

(6.25) Parity conditions. We can add parity conditions, as was shown also

by Edmonds and Johnson [1973]. Again let A be an integer m xn-matrix so that
in each column the sum of the absolute values is at most 2. Let b',b"€ ZZm,
c',c"e ZZn, and J g{l,...,m}. Then an inequality system for the convex hull

of the integer solutions of

(6.26) c'< x<gc", b'<ax<b",

(Ax)j = b:'] (mod 2) for jeJ,
can be derived from the previous, by adding for each j in J a new variable
zj. Then a vector X belongs to the convex hull of the integer vectors satis-
fying (6.26) if and only if the vector ('}\(’, (gj jeJ) ), where §'~:=%((A§<’) .=b')
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belongs to the convex hull of the integer vectors (x,z) € R xIRJ satisfying:

(6.27) c' ¢xgc",
0<z, <3 (bY-b!) i€ J),
5 575 (3 )
b' < (Ax) . <b" i€ J
y )J : (743,
(Ax) .=2z, = b! (jed).
J J J J )

This last system is a special case of (6.23). Hence (6.23) and (6.24) yield
the inequalities for (§,%’), and therefore for x. We will not describe them

here, but will restrict ourselves to the following special case.

(6.28) Chinese postman polytope. Let G=(V,E) be a connected graph. Call a

vector x:E~»Z a Chinese postman route if it satisfies:

(6.29) (1) xe>,1 (e €E),

(ii) Zeav x, is even (VEV) .



So, by Euler's theorem, a Chinese postman route corresponds to a cycle in G
covering each edge at least once. The Chinese postman polytope is the convex
hull of all Chinese postman routes, which is determined by the following

system:

(6.30) (1) xe>/1 (e €E),
. > C .

(i) B sy %, 2180 +1 (U ev with | §()| oaa)
(Edmonds and Johnson 1973] ) . Related are results on T-joins and T-cuts -

see Edmonds and Johnson ['197?;], Lovéasz [1975:_1, Sebd [1985], Seymour [1977,
1979] .

Note. For results on the fractional matching polytope {xé]RE t geav x(_3 <1
veV)ﬂS of a graph G=(V,E), see Balinski 596‘.’;{ Balinski and

Spielberg [’19693 Trotter [-1973] Nemhauser and Trotter [1974] Lovdsz and
Plummer ):—9863 For 'matching forest polytopes', see Giles El982a b, c]



7. BLOCKING POLYHEDRA

Another useful technique in polyhedral combinatorics is a variant of
the classical polarity in euclidean space, viz. the blocking relation between
polyhedra. It was introduced by Fulkerson [.1970a,1971] » who noticed its
importance to combinatorics and optimization. Often, with the theory of
blocking polyhedra, one polyhedral characterization (or min-max relation)
can be derived from another, and conversely.

Basic idea is the following result. Let c¢ dl,...,dte]RI: satisfy:

IRERRTE
(7.1) L+ mD = {xem? & d"x>1 for j=1 £y
. conv{cl,...,cm + = {xe + 5X2 or j=1,...,tY.
Then the same holds after interchanging the e and dj:
' n n{ T . .
(7.2) conv{dl,...,dt}+m+ = {xem+ \ c,x>1 for 1—1,...,m}.

In a sense, in (7.2) the ideas of 'vertex' and 'facet' are interchanged
compared to (7.1). The proof is a simple application of Farkas' lemma.
(7.3) Theorem. For any cl,...,cm,d .,d

(7.2) holds.

IRi, (7.1) holds if and only if

17" t

Proof. Suppose (7.1) holds. Then & in (7.2) is direct, since cfdj>1 for
all i,j as the ci belong to the RHS in (7.1), and since c>0.
. n .
To show 2 in (7.2), suppose x¢conv{d1,...,dt} +IR+. Then there exists

a separating hyperplane, i.e., there is a vector y such that
T . T n
(7.4) vy x<m1n{y z ‘ zéconv{dl,...,dt](+m+}'

We may assume t >»1 (since if t=0, then (7.1) gives that Oe{cl,...,cm’(r, and
therefore x does not belong to the RHS in (7.2)). By scaling y, we can assume
that the minimum in (7.4) is 1. Therefore, y belongs to the RHS in (7.1),
and therefore to the LHS. So y2 }\1c1+...+Amc for certain Xl,...,xm}O with
>\1+...+>\m=1. Since yTx<1, it follows that cix<1 for at ledst one i. Hence
x does not belong to the RHS in (7.2).

This shows (7.1) =>(7.2). The reverse implication follows by symmetry. D

. n .
This theorem has the following consequences. For any XC¢IR , define the

blocking set B(X) of X by:
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T .
(7.5) B(X) := {xé]Ri‘ v x21 for each y in X}.

Clearly, for cyr ...,cmelR?_, if P is the polyhedron

n
(7.6) P := conv{cl,...,cm’g+]R+,
then
T i i
(7.7) B(R) = {x€R] [ cix>1 for i=1,...,m}.

So B(P) is a polyhedron again, called the blocking polyhedron of P. If
R=B(P), the pair P,R is called a blocking pair of polyhedra. By the following

corollary of (7.3), this is a symmetric relation.
(7.8) Corollary. For any polyhedron of type (7.6), B(B(P))=P.

Proof. We can find dl,...,dteIRI_: so that (7.1) holds. Hence by (7.3), (7.2)
holds. Therefore, B(P)=conv{d1,...,dt1]+]RI:. Hence B(B(P))={xé]R1: l dr;‘x;l for
all j=1,...,t}. That is: B(B(P))=P. O

So both (7.1) and (7.2) are equivalent to:

. n - n
(7.9) the pair conv {cl PR cm‘Q +JR+ and conv{d . ,dt& +R+ forms a

170"
blocking pair of polyhedra.

The following corollary shows the equivalence of certain min-max relatiomns.

(7.10) Corollary. Let cl,...,cm,dl,...,dte]RI_:. Then the following are

equivalent:

(7.11) for each LeR :min{LTcl,...,{Tcmls:max{}\1+...+)\t\ Al""’)‘tém+;zj}’\jdj s{};

n
;1 T T

7. : mi ... = e .. ;2 .
(7.12) for each we]R+ mln{w dl' .o W dtlj max{r/1+ +,Jm , fll' ,rlm6]R+, 2 'Jicigwf
Proof. By IP-duality, the maximum in (7.11) is equal to min {{I‘x lxe]R:l_;

T

djx21 for j=1,...,t}. Hence, (7.11) is equivalent to (7.1). Similarly,

(7.12) is equivalent to (7.2). Therefore, (7.3) implies (7.10). D

Note that by continuity, in (7.11) we may restrict 1, to rational, and hence
to integral vectors, without changing the condition. Similarly for (7.12).

This is sometimes useful when showing one of them by induction.
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A symmetric characterization of the blocking relation is the 'length-

width inequality' given by Lehman 1965]:

(7.13) Lehman's length-width inequality. Let c .,cm,d .,dté]Ri. Then

e 170"
(7.1) (equivalently (7.2), (7.11) or (7.12)) holds if and only if:

(7.14) (i) dc.>1 for all i=1,...,m and 3=1,...,t;
r T T c T T T n
(ii) mln‘iQ cl, ...,Q rcm'S' -mlniw dl,...,w dtl <L w for all &,weZZ_._.

Proof. Suppose (7.14) holds. We derive (7.11). Let eéij. By LP-duality, the
—_— R .
maximum in (7.11) is equal to minieTxl xe]Rz; d?xQ?l for j=1,...,t}. Let this

minimum be attained by vector w. Then by (7.14):

(7.15)  { Tw>min ZTci) (minw'd,) > min fZTciz .
i j i
. . . T
So the minimum in (7.11) is equal to(L w.
Next, suppose (7.1) holds. Then (7.11) and (7.12) hold. Now (7.14) (i)
follows by taklng‘-z=dj in (7.11). To show (7.14) (ii), let Al""'At’rﬁ""'fm
attain the maxima in (7.11) and (7.12). Then

9 SI DX St 2 T T T
(7.16) (5 /\j) (2 ) = 7 9 Aj’)iéj : /\j yidjci— (Zj\' /\jdj) (%Vici)gﬁ w.
This implies (7.14) (ii). [1

It follows from the ellipsoid method that if c,,...,c_,d ,...,dtéZIRI:

1
satisfy (7.1) (equivalently, (7.2),(7.11),(7.12)), then:

1

(7.17) for each feJRi: mingﬂTc ,...,{Tcm} can be found in polynomial time,

1
if and only if

. T T . . ,
for each wejRi: mlnfw A, ,.-e,W dt} can be found in polynomial time.

1
This is particularly interesting if t or m is exponentially large (cf. the
applications below) .

For more on blocking (and anti-blocking) polyhedra, see Ardoz
1973), Ardoz, Edmonds and Griffin [1983], Bland [1978], Griffin [1977),
Griffin, Ardoz and Edmonds [1982}, Huang and Trotter [1986}, Johnson [197?}.
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(7.18) Application: Shortest paths and network flows. The theory of blocking

polyhedra yields an illustrative short proof of the max-flow min-cut theorem.
Let D=(V,A) be a directed graph, and let r,s £V. Let cl,...,cmeIRi‘ be the
incidence vectors of the r-s-paths in D. Similarly, let dl’ .. -,thIR+ be the
incidence vectors of the r-s-cuts.

Considering a given function e:A——}Z+ as a 'length' function, one
easily verifies: the minimum length of an r-s-path is equal to the maximum
number of r-s-cuts (repetition allowed) so that no arc a 1is in more than
{(a) of these cuts. (Indeed, the inequality min>max is easy. To see the
reverse inequality, let p be the minimum length of an r-s-path. For i=1,...,
p, let Vi:= {ve v f the shortest r-v-path has length at least i.& . Then 8_(v1) ’

.,8_(Vp) are r-s-cuts as required.) This implies (7.11). Hence (7.12)
holds, which is equivalent to the max-flow min-cut theorem: the maximum
amount of r-s-flow subject to a capacity function w is equal to the minimum
capacity of an r-s-cut. (Note that 2‘1 r)ici is an r-s-flow.) In fact, there
exists an integral optimum flow if the capacities are integer, but this fact
does not seem to follow from the theory of blocking polyhedra.

The above implies that the polyhedra conv{cl, .o ,cm'lSHRi and conv{dl,
,dQﬁ]RZ: form a blocking pair of polyhedra. By (7.17), the polynomial-
time solvability of the minimum-capacitated cut problem is equivalent to

that of the shortest path problem.

(7.19) Application: r-arborescences. Let D=(V,A) be a digraph and let reV.
.,d

Let ¢ .,cm be the incidence vectors of r-arborescences, and let 4

Lo
be the incidence vectors of r-cuts (cf. Application (5.6)).

1" t

From (5.13) we know that (7.1) holds. Therefore, by (7.3), also (7.2)
holds. It means that for any 'capacity' function weIRi‘, the minimum
capacity of an r-cut is equal to the maximum value of rl1+. . .+er where Vl’
yeessT

,Vk;O are so that there exist r-arborescences T with the property

1 k
that for each arc a, the sum of the Vj for which aeTj is at most ca.
Hence the convex hull of the incidence vectors of sets containing an

r-cut as a subset, is determined by the system (in xé]RA):

a
(ii) Za x >1 (T r-arborescence) .

(7.20) (1) 0<x <1 (ae€n),
€T " a

Edmonds 5973] in fact showed that (7.20) is TDI (again, this does not seem
to follow from the theory of blocking polyhedra). It is equivalent to: the

minimum size of an r-cut is equal to the maximum number of pairwise disjoint
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r-arborescences.

The theory of blocking polyhedra can also be applied to directed cuts
and directed cut covers (cf. (5.15)). Again it follows that the convex hull
of incidence vectors of sets containing a directed cut as a subset, is
determined by (7.20), with 'r-arborescence' replaced by 'directed cut cover'.

However, in this case the system is not TDI (cf. Schrijver [}980b,1982,19835]).
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8. ANTI-BLOCKING POLYHEDRA

The theory of anti-blocking polyhedra, due to Fulkerson [i971,1972] , is to
a large extent parallel to that of blocking polyhedra, and arises mostly by
reversing inequality signs and by interchanging 'min' and 'max'. We here
restrict ourselves to listing results analogous to those given in Section 7
- the proofs are similar.

n , . -
Let CpreerCy ,d ...,dt_‘\fEZIR+ such that dnn((cl,...,cn>)=d1m(<d1,...,dt7)

1!
=n. Then the following are equivalent:

(8.1) (conv{cl,...,cm’g +]R13)I\IR2 = {xéIR:_l l drI.Ix <1 for j=1,...,t};
(8.2) (conv{dl,...,dt’]} +IR?)!\1R2 = {xéIRi lcix L1 for i=1,...,m}.

Define for any subset X of ]Rn the anti-blocking set A(X) of X by:
(8.3) A(X) := {xé]Ri 'yTxgl for each y in X’}.

Clearly, if

_ n n

(8.4) P := (conv{cl,.. . ,cm‘S+IR__) n ]R+ P

then

(8.5 ) = [xew} | fx<t for 1=1,...,m].
+ i

A(P) is called the anti-blocking polyhedron of P. If R=A(P), the pair P,R is

called an anti-blocking pair of polyhedra. Again, this is a symmetric relation:
(8.6) For any polyhedron P of type (8.4), A(A(P))=P.
Each of the following are equivalent among them and to (8.1) and (8.2):

. n n : . n n
(8.7) the pair (conv{c . ,cmﬂs +]R_)(\]R+ and (conv{él1 fe o ,dt} +IR ) /\]R+ forms

1"
an anti-blocking pair of polyhedra;
(8.8) for each {cR" :max{[rcl,...,f{, c ’k—mln{,\ Foo A |/\ .. )\telR /\ a. ;

b MU L\ﬂ

\VJ
ws—.‘-\i

33
(8.9) for each wgJR max{w dl,...,w dS-mln{rll +f/ “J ,...,r/ ER Ivlcl
(8.10) (1) d cl<1 for all i=1,...,m and j=1,...,t,

J
(ii) max{@ cl,...,~€ cm]ymax{wle,...,wTdt}>€Tw for all (,we?Zr_;

I

+

This last characterization again is due to Lehman [19653 .
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(8.11) Application: Perfect graphs. The theory of anti-blocking polyhedra

yields a proof of Lovasz's perfect graph theorem (cf. Toft [1987] ). This
line of proof was developed by Fulkerson E970b,1972,1973], Lovasz 1972

and Chvital [1975].
Define for any graph G=(V,E), the cligue polytope as the convex hull

of the incidence vectors of cliques in G. Clearly, any vector x in the clique

polytope satisfies

(8.12) (1) x>0 (VEV),
(ii) Zvcs xvél (S¢v, S coclique),

since the incidence vector of any clique satisfies (8.12). The circuit on
five vertices shows that generally (8.12) can be larger than the clique
polytope. Chvatal fl975] showed that the clique polytope is exactly determined
by (8.12) if and only if G is perfect. Anti-blocking theory then yields the
perfect graph theorem.

First observe the following. Let Axg 1l denote the inequality system
(8.12) (11). So the rows of A are the incidence vectors of cocliques. By

definition, G is perfect if and only if the optima in
(8.13) max{wa \ x>0, Axg_l_} = min{yT_l_ ty;O; yTAsz }
have integral optimum solutions, for each { 0,1} -vector w.

(8.14) Chvatal's theorem. G is perfect if and only if its clique polytope

is determined by (8.12).

Proof. (I) First suppose G is perfect. For w:VeZ+, let oow denote the maximum
weight of a clique. To prove that the clique polytope is determined by (8.12),

it suffices to show that
T .
(8.15) = max{u'x | x>0; Ax<1]

for each w: V->Z . This will be done by induction on Z ey LA
If w is a {0 1}-vector then (8.15) follows from the remark on (8.13).

So we may assume that v 22 for some vertex u. Let e =1 and e =0 if v#u.

Replac:Lng w by w-e in (8 13) and (8.15) gives, by lnductlon, a vector y >0

so that y A (w-e) and y 1 U —e" Since (w-e) }1, there is a coclique S with

ys>0 and u €S. Wetmay assume thatx g w-e. Denote a: ~A
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Then . B =0 . L i i -

u%—a<xgw or suppose a%~a 2 et C be any clique with ZLeC (w a)V
. i =W ~=0 . i — X —

ww—a Since ww-a o Sn€=@. On the other hand, since w-a<w-e <w, we know

that Z;EC (w—e)v=a§_e , and hence, by complementary sla?kness, ISnC‘=1, a

contradiction.

Therefore,

T T
(8.16) ww=1+ww_a=1+max{(w—a) X { x>0, Ax gl&}max{w X ( x20, Ax<1 'g

implying (8.15).

(I1) Conversely, suppose that the clique polytope is determined by (8.12),
i.e., that the maximum in (8.13) is attained by the incidence vector of a
clique, for each wezzz. To show that G is perfect it suffices to show that
the minimum in (8.13) also has an integer optimum solution for each {O,i&—
valued w. This will be done by induction on Z;ev LA

Let w be {b,l}—valued, and let y be a, not necessarily integral, optimum
solution for the minimum in (8.13). Let S be a coclique with ys>>0, and let

a = XF (we may assume a <w). Then the common value of
(8.17)  max{(w-a)Tx | x>0, ax<1}= min{y"1 [y>0, y'a Stu-a)T }

is less than the common value of (8.13), since by complementary slackness,
each optimum solution x in (8.13) has aTx=1. However, the values in (8.13)
and (8.17) are integers (since by assumption, the maxima have integral opti-
mum solutions). Hence they differ by exactly one. Moreover, by induction the
minimum in (8.17) has an integral optimum solution y. Increasing component

Yg of v by 1, gives an integral optimum solution of (8.13). []

Note that the clique polytope of G is determined by (8.12) if and only
if the clique polytope and the coclique polytope of G form an anti-blocking
pair of polyhedra. Here the cocligue polytope is the convex hull of the in-
cidence vectors of cocliques. The theory of anti-blocking polyhedra then

gives directly the perfect graph theorem of Lovasz [I972]:

(8.18) Lovasz's perfect graph theorem. The complement of a perfect graph is

perfect again.

Proof. If G is perfect, by (8.14), G is determined by (8.12). Hence the
clique polytope and the coclique polytope of G form an anti-blocking pair
of polyhedra. Hence the coclique polytope and the cligue polytope of G

form an anti-blocking pair of polyhedra. Therefore, the clique polytope of
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G is determined by (8.12). Hence, by (8.14), G is perfect. D

Note that by (8.14), with the ellipsoid method, a maximum-weighted
coclique in a perfect graph G can be found in polynomial time, if and only if
a maximum-weighted clique in a perfect graph G can be found in polynomial
time. Since the complement of a perfect graph is perfect again, this would not
give a reduction of the clique problem to an easier problem. For a different
approach for finding a maximum-weighted clique and coclique in a perfect
graph in polynomial time (also based on the ellipsoid method), see Grétschel,

Lovasz and Schrijver E1981,1984].

(8.19) Application: Matchings and edge-colourings. Let for any graph G=(V,E),

Pmat(G) denote the matching polytope of G. By scalar multiplication, we can
normalize system (6.1) determining Pmat(G) to: x>0, Cx<1, for a certain
matrix C (deleting the inequalities in (6.1) corresponding to Uc¢V with

]Ul <1). As the matching polytope is of type (8.4), and hence its anti-blocking

E | -
polyhedron A(Pm (G)) is equal to {ze'IR+ l Dz?l}, where the rows of D are the

at
incidence vectors of all matchings in G. So by (8.8), taking €=1_:

(8.20) max{A(G) , max -——U——-—]I = min{yTl ly}O; yTDélT}.

vey L2100 B -
JUj22

Here <U)> denotes the collection of all edges contained in U.

The minimum in (8.20) can be interpreted as the fractional edge-colouring
number z*(G) of G. If the minimum is attained by an integral optimum solution

¥y, it is equal to the edge-colouring number X(G) of G, since
T
(8.21) §e) = min-{y 1 (y} 0; yTD}_l_T; vy integralwx.

By Vizing's theorem, K(G)=A(G) or 8(G)=A(G)+1 if G is a simple graph. If G
is the Petersen graph, then A(G)=X*(G)==3 while X(G) =4, Seymour [1979:} con-
jectured that for each, possible nonsimple, graph one has A(G) gma.x{-A(G)'Fly

rg*(c;ﬂ'} )
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9. CUTTING PLANES
For any set Pg]Rn, let the iInteger hull of P, denoted by PI’ be:

(9.1) PI 1= conv{x! XEP; x integral}.

Trivially, if P is bounded, then P_ is a polytope. Meyer [1974] showed that

I

if P is a rational polyhedron, then P_ is a rational polyhedron again.

Most of the combinatorial resultz given above, consist of a character-
ization of the integer hull PI by linear inequalities, for certain polyhedra
P. E.g., the matching polytope is the integer hull of the polyhedron determined
by the inequalities (6.1) (i) (ii). For most combinatorial optimization problems
it is not difficult to describe a set of linear inequalities, determining a
polyhedron P, in which the integral vectors are exactly the incidence vectors
corresponding to the combinatorial optimization problem; hence, PI is the
convex hull of these incidence vectors. However, it is generally difficult
to describe P by linear inequalities (cf. Sectionvlo).

The cutting plane method was introduced by Gomory [1966] to solve integer
linear programs. Chvatal [;973%](and Schrijver E980;]for the unbounded case)
derived from it the following iterative process characterizing PI.

Define for any polyhedron P<_31Rn:

v ==
(9.2) Pl H rational HI !

affine halfspace
with H 2P

, , T .
where a rational affine halfspace is a set H:={x( cx sél- , with ceQn (c#0)
and Se @. Clearly, we may assume that the components of ¢ are relatively

prime integers, which implies:
(9.3) H_ ={x {ch g@ﬂ;.

This usually makes the set P' easy to characterize.

. m
For instance, for any rational m x n-matrix and b€ @ we have:

(9.4) {xl Axgb’},- = {x l (uTA)x gLuTbJ for all uéQT with uTA integral};
{x | x20; Axgb}' = {x| x30; LuTAJx sf_uTb_'g for all ueQI_:_lE

(here L J denotes component-wise lower integer parts).

The halfspaces HI (more strictly, their bounding hyperplanes) are called

cutting planes.
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It can be shown that if P is a rational polyhedron, then P' is a

rational polyhedron again. Trivially, PCH implies P CHI , and hence PIQP' .

I.—
Now generally P" # P', and repeating this operation we obtain a sequence

of polyhedra P,P',P",P"Y,... satisfying:

(9‘5) PQP’?P"QP"‘Q...QPI.

Denote the (t+1)th set in this sequence by P(t). Then:

(9.6) Theorem. For each rational polyhedron P there exists a number t with

(t)_
P —PI.

A direct consequence applies to bounded, but not necessarily rational, polyhedra:

(9.7) Corollary. For each polytope P there exists a number t with P(t)=PI.
Blair and Jeroslow [1982] (cf£. Cook, Gerards, Schrijver and Tardos [1986])

proved the following generalization of (9.6):

(9.8) Theorem. For each rational matrix A there exists a number t such that

for each column vector b one has: {x [ Axsbz(t)z {x‘ Ax < b}I.

Hence we can define the Chvdtal rank of a rational matrix A as the smallest

such number t. The strong Chvdtal rank of A then is the Chvatal rank of the

matrix
I
-I
(9.9) NE
-A

It follows from Hoffman and Kruskal's theorem (cf. (4.1)) that an integral
matrix A has strong Chvatal rank O if and only if it is totally unimodular.
Similar characterizations for higher Chvatal ranks are not known. In Examples
(9.10) and (10. 3) we shall see some classes of matrices with strong Chvital

rank 1.

For more on cutting planes, see Jeroslow [ﬁ978,197§], Blair and Jeroslow
[1977,1979, 1987 ).

(9.10) Example: the matching polytope. For any graph G=(V,E), let P be the

polytope determined by (6.1) (i) (ii). So P_ is the matching polytope of G.

I
It is not difficult to show that P' is the polytope determined by (6.1) (i)

(ii) (iii). Hence Edmonds' matching polyhedron theorem (6.5) is equivalent to



-9.3-

asserting P'= 1+ So the matching polytope arises from (6.1) (i) (ii) by one
'round' of cutting planes.
It is the content of (6.22) that all integral mX n-matrices A=(ai.)

satisfying‘2§=1\aij|é§2 for j=1,...,n, have strong Chvatal rank at most 1.

More about cutting planes in Section 10.
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10. HARD PROBLEMS AND THE COMPLEXITY OF THE INTEGER HULL

The integer hull PI can be quite intractable compared with the
polyhedron P. This has been shown by Karp and Papadimitriou [}982}, under
the generally accepted assumption NP # co-NP.

First note that the ellipsoid method (cf. Section 3) can be used also
in the negative: if NP # P, then for any NP-complete problem there is no
polynomial-time algorithm for the separation problem for the corresponding
polytopes. More precisely, if for each graph G=(V,E) Qis is a subset of P(E),
and if the Optimization problem (3.%7) is NP-complete, then (if NP#P) the
Separation problem (3.18) is not polynomially solvable. :

In fact, Karp and Papadimitriou showed that for any class (#E \G graph) ,
if the Optimization problem (3.17) is NP-complete, and if NP # co-NP, then
the class of polytopes conv{?XF IF€-¥E§ has difficult facets, i.e.,

(10.1) there exists no polynomial é such that for each graph G=(V,E) and
each ceZZE and 56 ® with the property that ch sé defines a facet
of conv{&?‘ F6¥G}, the fact that ch:<5 is valid for each XF with
Fe¢ %JG has a proof of length at most .@(iV]+\E{+size(c)+size 5)).

The meaning of (10.1) might become clear by considering description (6.1)
of the matching polytope: although (6.1) consists of exponentially many
inequalities, each facet-defining inequality is of form (6.1), and for them
it is easy to show that they are valid for the matching polytope.

Another negative result was given by Boyd and. Pulleyblank [i984]:
let, for a given class & [G graph), for each graph G=(V,E) the polytope
Ps in B® satisfy (PG)I=conV{XF£ F6§!G} and have the property that:

(10.2) given G=(V,E) and cé]RE, find max{ch‘ X EPG}

is polynomially solvable. Then if the Optimization problem (3.17) is NP-
complete and if NP#co-NP, then there is no fixed t so that for each graph
(t) _ F
G, (P —conv{x 'F5¥G}.
Similar results holds for subcollections ¥; of $(V) and for directed
graphs. See also Papadimitriou [1984] and Papadimitriou and Yannakakis [i982]

for the complexity of facets.

(10.3) Example: the coclique polytope. Let G = (V,E) be a graph, and

let Pcocl(G) be the cocligue polytope of G. Let P(G) be the polytope in
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]RV determined by

(10.4) (1) xv7, 0 (vev),
(ii) Z'VGC xvél ‘ (Cgv, C clique).

So P(G) is the anti-blocking polyhedron of the clique polytope - cf. (8.11).
Clearly, Pcocl(G) CP(G), since each coclique intersects each clique in at
most one vertex. In fact, as the integral solutions of (10.4) are exactly

the incidence vectors of cocliques, we have:

(10.5) Pcocl(G) = P(G)I.

)(t)

Chvatal [1973&1,198{] showed that there is no fixed t so that P(G
P(G)I for all graphs G (if NP#co-NP, this follows from Boyd and Pulleyblank's
result mentioned above), even if we restrict G to graphs with o{(G)=2.

By Chvatal's theorem (8.14), the class of graphs with P(G)I=P(G) is
exactly the class of perfect graphs. In (9.10) above we mentioned Edmonds'
result that if G is the line graph of some graph H, then P(G) '=P(G)I, which

is the matching polytope of H.

(t)

The smallest t for which P(G) =P(G) _ is an indication of the computa-

tional complexity of the coclique number O{(G). Chvatal E973a] raised the

question whether there exists, for each fixed t, a polynomial-time algorithm

(t)

determining d(G) for graphs G with P(G) =P(G)I. This is true for t=0, i.e.,

for perfect graphs (Grdtschel, Lovdsz and Schrijver @981] ) -
Minty [i980] and Sbihi 1:1978,19803 extended Edmonds' result of the poly-
nomial solvability of the maximum-weighted matching problem, by describing

polynomial-time algorithms for finding a maximum weighted coclique in K1 3~

free graphs (i.e., graphs with no K as induced subgraph). Hence, by (3.9),

1,3

the separation problem for coclique polytopes of K -free graphs is polynom-

1,3
ially solvable. Yet no explicit description of a linear inequality system

defining Pcocl(G) for K, ,-free graphs has been found. This would extend

Edmonds' description of 11;_1?1e matching polytope. It follows from Chvatal's
result mentioned above that there is no fixed t such that P(G) (t)=P(G)I for
all Kll3—free graphs. (See Giles and Trotter {_-1981].)

Another 'relaxation' of the coclique polytope of G=(V,E) is the polytope

Q(G) determined by:

(10.6) (1) xv'>0 (vev),
(ii) xv+xwg 1 ({v,w} cE).
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(t)

Again, Q(G)I=P (G). Since Q(G)>P(G), there is no t with Q(G) =

cocl
Q(G)I for all G. It is not difficult to see that Q(G)' is the polytope

determined by (10.6) together with:

(10.7) Z]

« lcl-1
veC v

< > (C is the vertex set of an odd circuit).

It was shown by Gerards and Schrijver [198&} that if G has no subgraph H
which arises from K4 by replacing edges by paths such that each triangle
in K4 has become an odd circuit in H, then Q(G)'=PCOC1(G). Graphs G with
Q(G)'=Pcocl(G) are called by Chvéatal [3975} t-perfect.

Gerards and Schrijver showed more generally the following. Let A=(aij)
be an integral m pxn-matrix satisfying

(10.8) 2 (i=1,...,m).

n
3=1 | 235] <

Then A has strong Chvatal rank at most 1 if and only if A cannot be trans-

formed to the matrix

(10.9)

OO
OHHOO M
O OO

by a series of the following operations: deleting or permuting rows or columns,
T
or multiplying them by -1; replacing‘[é g } by D—bcT, where D is a matrix and

b and ¢ are column vectors.
() _

_Pcocl(G)

Chvatal 19735] showed that for G=Kn the smallest t with Q(G)
is about logn.

Chvatal [?975] observed that the incidence vectors of two cocliques
C,C' are adjacent on the coclique polytope if and only if CAC' induces a
connected graph. For more on the coclique polytope, see Fulkerson [i97£],
Chvatal [;973a,1975,1984,1985], Padberg [I973,1974,1977,197§], Nemhauser
and Trotter [1974,1975), Trotter [1975}, Wolsey 1197651, Balas and Zemel

[E97i], Ikura and Nemhauser [ﬁ98@ , Grdtschel, Lovasz and Schrijver (}986].

(10.10) Example: the traveling salesman polytope. For any graph G=(V,E), the

traveling salesman polytope is equal to 'conv{XH\ligEh H Hamiltonian circuiﬁ}.
As the traveling salesman problem is NP-complete, by Karp and Papadimitriou's
result, the traveling salesman polytope will have ‘'difficult' facets (cf.
(10.1), if NP#co-NP.

Define the polyhedron pgnf:by;
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(10.11) (1) Oéxeél (e €E),
(1i) & x =2 (vevV),
eav e
iii) 2/ ucv).
(1ii) 2“eesg(U) x 22 (Tev)

Since the integral solutions of (10.11) are exactly the incidence vectors

of Hamiltonian circuits, P_ is equal to the traveling salesman polytope.

Note that the problem of minimizing a linear function ch over P is poly-
nomially solvable, with the ellipsoid method, since system (10.11) can be
checked in polynomial time ((iii) can be checked by reduction to a minimum
cut problem). So if NP#co-NP, by Boyd and Pulleyblank's result, there is no
fixed t such that P(t)=PI for each graph G.

The system (10.11) however has been useful in solving large-scale in-
stances of the traveling salesman problem: for any ctEQE, the minimum of
ch over (10.11) is a lower bound for the traveling salesman problem, which
can be computed with the simplex method using a row generating technique.

This lower bound can be used in a 'branch-and-bound' procedure for the travel-
ing salesman problem.

This approach was initiated by Dantzig, Fulkerson and Johnson 1954,195§],
and developed and sharpened by Miliotis [i97é], Grdtschel and Padberg [1979a,bj,
Grdtschel [198Q], Crowder and Padberg [1980] and Padberg and Hong [1986] (see
Grotschel and Padberg [19851 and Padberg and Grdtschel E98§I for a survey).

Grotschel and Padberg [i979é] showed that the diameter of the traveling
salesman polytope for G=Kn is equal to %n(n-3). They also proved that for
complete graphs all inequalities in (10.11) are facet-defining (if ‘V];?S).
For more about facets of the traveling salesman polytope, see Held and Karp
[1970,1971], chvatal [19735] Grotschel and Padberg [1975,1977,1979a,b],
Maurras [}975], Grdtschel [1977a,1986], Grdétschel and Pulleyblank [}984],
Grdtschel and Wakabayashi [ﬂ981a,5], Cornuéjols and Pulleyblank [19853,
Papadimitriou and Yannakakis [ﬁ984].

Papadimitriou and Yannakakis [}98é] showed that it is co-NP-complete to
decide if a given vector belongs to the traveling salesman polytope. Moreover,
Papadimitriou [i97é] showed that it is co-NP-complete to check if two Hamil-
tonian circuits H,H' yield adjacent incidence vectors (see also Rao [1976]).

On the other hand, Padberg and Rao [E974} showed that the diameter of
the 'asymmetric' traveling salesman polytope (i.e., convex hull of incidence
vectors of Hamiltonian cycles in a directed graph) is equal to 2, for the
complete directed graph with at least 6 vertices. Grdtschel and Padberg [1985]

conjecture that also the 'undirected' traveling salesman polytope has diameter
2.
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(10.12) Other hard problems. We mention some references studying polyhedra

associated to other hard problems. Set packing problem: Fulkerson [i97i] ’
Padberg 6973,1977,1979] , Balas and Zemel 5977}, Ikura and Nemhauser [19853.
Set~-covering problem: Padberg '[i97§] ;, Balas E980:’, Balas and Ho [1980].

Set partitioning problem: Balas and Padberg [?1972} , Balas L—1977] , Padberg
6979:), Johnson ﬁgso:l ', Linear ordering and acyclic subgraph problem:
Grdtschel, Jinger and Reinelt [1984,198551,% , Jinger 59853. Knapsack

problem and 0, l-programming: Balas [1975], Hammer, Johnson and Peled [19753 ’
Wolsey E975,1976a,197:7:s, Johnson E98(ﬂ, Zemel r1978], Crowder, Johnson
and Padberg 5983]. Bipartite subgraph and maximum cut problem: Grdtschel
and Pulleyblank 5986, Barahona [1983a,b:‘, Barahona, Grdtschel and

Mahjoub (1985 ).

For more background information on hard problems, see Grdtschel E977a,

198@ .




-R.1-

REFERENCES

1981 J.H. Ahrens, A conjecture of E.D. Bolker, J. Combinatorial Theory
(B) 31 (1981) 1-8.

1973 J. Araoz, Polyhedral neopolarities, Ph.D. Thesis; University of
Waterloo, Waterloo, ont., 1973.

1982 J. Ar&oz, W.H. Cunningham, J. Edmonds and J. Green-Krotki, Reductions
to l-matching polyhedra, Report 82238-OR, Institut fir Operations
Research, Universitit Bonn, Bonn, 1982.

1983 J. Ardoz, J. Edmonds and V.J. Griffin, Polarities given by systems of
bilinear inequalties, Math. Oper. Res. 8 (1983) 34-41.

1982 A. Bachem and M. Grdtschel, New aspects of polyhedral theory, in:
Modern Applied Mathematics - Optimization and Operations Research
(B. Korte, ed.), North-Holland, Bmsterdam, 1982, pp. 51-106.

1975 E. Balas, Facets of the knapsack polytope, Math. Programming 8 (1975)
146-164.

1977 E. Balas, Some valid inequalities for the set partitioning problem,
Ann. Discrete Math. 1 (1977) 13-47.

1980 E. Balas, Cutting planes from conditional bounds: a new approach to
set covering, Math. Programming Stud. 12 (1980) 19-36.

1980 E. Balas and A. Ho, Set covering algorithms using cutting planes,
heuristics, and subgradient optimization: a computational survey,
Math. Programming Stud. 12 (1980) 37-60.

1972 E. Balas and M.W. Padberg, On the set-covering problem, Operations Res.
20 (1972) 1152-1161.

1977 E. Balas and E. Zemel, Critical cutsets of graphs and canonical facets
of set-packing polytopes, Math. Oper. Res. 2 (1977) 15-19.

1965 M.L. Balinski, Integer programming: methods, uses, computation,
Management Sci. 12 (A) (1965) 253-313.

1972 M.L. Balinski, Establishing the matching polytope, J. Combinatorial
Theory (B) 13 (1972) 1-13.

1974 M.L. Balinski, On two special classes of transportation polytopes,
Math. Programming Stud. 1 (1974) 43-58.

1983 M. Balinski, Signatures des points extrémes du polyédre dual du probléme
de transport, C.R. Acad. Sci. Paris Sér. A-B 296 (1983) 457-459.

1984 M. Balinski, The Hirsch conjecture for dual transportation polyhedra,
Math. Oper. Res. 9 (1984) 629-633.

1985 M.L. Balinski, Signature methods for the assignment problem, Operations
Res. 33 (1985) 527-536.

1974 M.L. Balinski and A. Russakoff, On the assignment polytope, SIAM Rev.
16 (1974) 516-525.

1984 M.L. Balinski and A. Russakoff, Faces of dual transportation polyhedra,
Math. Programming Stud. 22 (1984) 1-8.

1969 M.L. Balinski and K. Spielberg, Methods for integer programming:

algebraic, combinatorial, and enumerative, in: Progress in Operations
Research, Relationship between Operations Research snd the Conputer,
Vol.III (J.S. Aranofsky, ed.), Wiley, New York, 1969, pp. 195-292.

1983a F. Barahona, The max-cut problem on graphs not contractible to Kg,

Oper. Res. Letters 2 (1983) 107-111.



1983b

1985

1977

1950

1981

1946

1977

1979

1982

1978

1972

1984
1973a

1973b

1975

1984

1985

1983a

1983b

1983c

1984

1986

-R.2~-

F. Barahona, On some weakly bipartite graphs, Oper. Res. Letters 2
(1983) 239-242.

F. Barahona, M. Grdtschel and A.R. Mahjoub, Facets of the bipartite
subgraph polytope, Math. Oper. Res. 10 (1985) 340-358.

S. Baum and L.E. Trotter, Jr, Integer rounding and polyhedral decompo-
sition of totally unimodular systems, in: Optimization and Oper-
ations Research (R. Henn, et al., eds.), Springer, Berlin, 1977,
pp. 15-23.

H.B. Belck, Reguldre Faktoren von Graphen, J. reine angew. Math. 188
(1950) 228-252.

D.P. Bertsekas, A new algorithm for the assignment problem, Math.
Programming 21 (1981) 152-171.

G. Birkhoff, Tres observaciones sobre el algebra lineal, Rev. Fac. Ci.
Exactas, Puras y Aplicadas Univ. Nac. Tucuman Ser. A 5 (1946)
147-151.

C.E. Blair and R.G. Jeroslow, The value function of a mixed integer
program: I, Discrete Math.19 (1977) 121-138.

C.E. Blair and R.G. Jeroslow, The value function of a mixed integer
program: II, Discrete Math. 25 (1979) 7-19.

C.E. Blair and R.G. Jeroslow, The value function of an integer program,
Math. Programming 23 (1982) 237-273.

R.G. Bland, Elementary vectors and two polyhedral relaxations, Math.
Programming Stud. 8 (1978) 159-166.

E.D. Bolker, Transportation polytopes, J. Combinatorial Theory (B) 13
(1972) 251-262.

S.C. Boyd and W.R. Pulleyblank, Facet generating technigques, to appear.

V. Chvatal, Edmonds polytopes and a hierarchy of combinatorial problems,
Discrete Math. 4 (1973) 305-337.

V. Chvatal, Edmonds polytopes and weakly Hamiltonian graphs, Math.
Programming 5 (1973) 29-40.

V. Chvatal, On certain polytopes associated with graphs, J. Combinatorial
Theory (B) 18 (1975) 138-154.

V. Chvatal, Cutting-plane proofs and the stability number of a graph,
Report 84326-0r, Institut flir Operations Research, Universitéit
Bonn, Bonn, 1984.

V. Chvatal, Cutting planes in combinatorics, Europ. J. Combinatorics
6 (1985) 217-226.

W. Cook, Operations that preserve total dual integrality, Oper. Res.
Letters 2 (1983) 31-35.

W.J. Cook, On some aspects of totally dual integral systems, Ph.D.
Thesis, University of Waterloo, Waterloo, Ont., 1983.

W. Cook, A minimally totally dual integral defining system for the
b-matching polyhedron, SIAM J. Algebraic and Discrete Meth. 4
(1983) 212-220.

W. Cook, A note on matchings and separability, Report 84315-OR, Institut
fur Operations Research, University Bonn, Bonn, 1984.

W. Cook, On box totally dual integral polyhedra, Math. Programming 34
(1986) 48-61.



1986

1986

1984

1983

1980

1982

1983

1980

1979

1984

1978

1951a

1951b

1963

1956

1954

1959

1970

1965

1967

1970

-R.3~

W. Cook, J. Fonlupt and A. Schrijver, An integer analogue of
Carathéodory's theorem, J. Combinatorial Theory (B) 40 (1986)
63-70.

W. Cook, A.M.H. Gerards, A. Schrijver and E. Tardos, Sensitivity theorems
in integer linear programming, Math. Programming 34 (1986) 251-264.

W. Cook, L. Lovasz and A. Schrijver, A polynomial-time test for total
dual integrality in fixed dimension, Math. Programming Stud. 22
(1984) 64-69.

W. Cook and W.R. Pulleyblank, Linear systems for constrained matching
problems, preprint.

G. Cornuéjols and W.R. Pulleyblank, A matching problem with side
constraints, Discrete Math. 29 (1980) 135-159.

G. Cornuéjols and W.R. Pulleyblank, The travelling salesman polytope
and {0,2}-matching, Ann. Discrete Math. 16 (1982) 27-55.

H. Crowder, E.L. Johnson and M.W. Padberg, Solving large-scale zero-one
linear programming problems, Operations Res. 31 (1983) 803-834.

H. Crowder and M.W. Padberg, Solving large-scale symmetric travelling
salesman problems to optimality, Management Sci. 26 (1980) 495-509.

W.H. Cunningham, Theoretical properties of the network simplex method,
Math. Oper. Res. 4 (1979) 196-208.

W.H. Cunningham, Testing membership in matroid polyhedra, J. Combinatorial
Theory (B) 36 (1984) 161-188.

W.H. Cunningham and A.B. Marsh, A primal algorithm for optimal matching,
Math. Programming Stud. 8 (1978) 50-72.

G.B. Dantzig, Maximization of a linear function of variables subject to
linear inequalities, in: Activity Analysis of Production and Allocation
(Tj.C. Koopmans, ed.), Wiley, New York, 1951, pp. 339-347.

G.B. Dantzig, Application of the simplex method to a transportation
problem, in: Activity Analysis of Production of Allocation (Tj.C.
Koopmans, ed.), Wiley, New York, 1951, pp. 359-373.

G.B. Dantzig, Linear Programming and Extensions, Princeton University
Press, Princeton, N.J., 1963.

G.B. Dantzig, L.R. Ford and D.R. Fulkerson, A primal-dual algorithm for
linear programs, in: Linear Inequalities and Related Systems (H.W.
Kuhn and A.W. Tucker, eds.), Princeton University Press, Princeton,
N.J., 1956, pp. 171-181.

G. Dantzig, R. Fulkerson and S. Johnson, Solution of a large-scale
traveling-salesman problem, Operations Res. 2 (1954) 393-410.

G.B. Dantzig, D.R. Fulkerson and S.M. Johnson, On a linear programming,
combinatorial approach to the traveling-salesman problem, Operations
Research 7 (1959) 58-66. 3

E.A. Dinits, Algorithm for solution of a problem of maximum flow in a
network with power estimation, Soviet Math. Doklady 11 (1977) 1277-1280.

J. Edmonds, Maximum matching and a polyhedron with 0,1-vertices, J. Res.
Nat. Bur. Standards (B) 69 (1965) 125-130.

J. Edmonds, Optimum branchings, J. Res. Nat. Bur. Standards (B) 71
(1967) 233-240.

J. Edmonds, Submodular functions, matroids, and certain polyhedra, in:
Combinatorial Structures and Their Applications (R. Guy, ed.),
Gordon and Breach, New York, 1970, pp. 69-87.



1971

1973

1979
1977

1984

1970

1973

1972

1982

1979

1980

1982

1984

1984

1985

1978

1970a

1970b

1971

1972

1973

-R.4-

J. Edmonds, Matroids and the greedy algorithm, Math. Programming 1
(1971) 127-136.

J. Edmonds, Edge-disjoint branchings, in: Combinatorial Algorithms
(R. Rustin, ed.), Academic Press, New York, 1973, pp. 91-96.

J. Edmonds, Matroid intersection, Ann. Discrete Math. 4 (1979) 39-49.

Edmonds and R. Giles, A min-max relation for submodular functions
on graphs, Ann. Discrete Math. 1 (1977) 185-204.

J. Edmonds and R. Giles, Total dual integrality of linear inequality
systems, in: Progress in Combinatorial Optimization (W.R. Pulleyblank,
ed.), Academic Press, Toronto, 1984, pp. 117-129.

J. Edmonds and E.L. Johnson, Matching, a well-solved class of integer
linear programs, in: Combinatorial Structures and Their Applications
(R. Guy, et al., eds.), Gordon and Breach, New York, 1970, pp.
89-92,

J. Edmonds and E.L. Johnson, Matching, Euler tours and the Chinese
postman, Math. Programming 5 (1973) 88-124.

J. Edmonds and R.M. Karp, Theoretical improvements in algorithmic
efficiency for network flow problems, J. Assoc. Comput. Mach.
19 (1972) 248-264.

J. Edmonds, L. Lovasz and W.R. Pulleyblank, Brick decompositions and
the matching rank of graphs, Combinatorica 2 (1982) 247-274.

A. Frank, Kernel systems of directed graphs, Acta Sci. Math. (Szeged)
41 (1979) 63-76.

A. Frank, On the orientation of graphs, J. Combinatorial Theory (B) 28
(1980) 251-261.

A. Frank, An algorithm for submodular functions on graphs, Ann. Discrete
Math. 16 (1982) 97-120.

A. Frank, Generalized polymatroids, in: Finite and Infinite Sets I
(A. Hajnal, et al., eds.), North-Holland, Amsterdam, 1984, pp.
285-294.

A. Frank and E. Tardos, Matroids from crossing families, in: Finite and
Infinite Sets I (A. Hajnal, et al., eds.), North-Holland, Amsterdam,
1984, pp. 295-304.

A. Frank and E. Tardos, An application of simultaneous approximation in
combinatorial optimization, in: 26th Annual Symposium on Foundations
of Computer Science, IEEE, New York, 1985, pp. 459-463.

S. Fujishige, Algorithms for solving the independent flow problems,
J. Oper. Res. Soc. Japan 21 (1978) 189-203.

D.R. Fulkerson, Blocking polyhedra, in: Graph Theory and Its Applications
(B. Harris, ed.), Academic Press, New York, 1970, pp. 93-112.

D.R. Fulkerson, The perfect graph conjecture and pluperfect graph theorem,
in: Proc. 2nd Chapel Hill Conf. on Combinatorial Math. and Its Appl.
(R.C. Bose, et al., eds.), University of North Carolina, Chapel
Hill, N.C., 1970, pp. 171-175.

D.R. Fulkerson, Blocking and anti-blocking pairs of polyhedra, Math.
Programming 1 (1971) 168-194,

D.R. Fulkerson, Anti-blocking polyhedra, J. Combinatorial Theory (B) 12
(1972) 50-71.

D.R. Fulkerson, On the perfect graph theorem, in: Mathematical Programming
(T.C. Hu and S.M. Robinson, eds.), Academic Press, New York, 1973,
pp. 69-76.



1974

1985

1962
1975

1978

1982a
1982b
1982c
1979
1981
1985

1960

1963

1980
1977
1982
1981
1982
1977a
1977b
1980

1982

-R.5-

D.R. Fulkerson, Packing rooted directed cuts in a weighted directed
graph, Math. Programming 6 (1974) 1-13.

A.M.H. Gerards and A. Schrijver, Matrices with the Edmonds-Johnson

property, Report 85363-OR, Institut fiir Operations Research,
Universitidt Bonn, Bdnn, 1985,

A. Ghouila—Houri, Caractérisation des matrices totalement unimodulaires,
C.R. Acad. Sci. Paris 254 (1962) 1192-1194.

F.R. Giles, Submodular functions, graphs and integer polyhedra, Ph.D.
Thesis, University of Waterloo, Waterloo, Ont., 1975.

R. Giles, Facets and other faces of branching polyhedra, in: Combinatorics
I (A. Hajnal and V.T. S&s, eds.), North-Holland, Amsterdam, 1978,
pp.401-418.

R. Giles, Optimum matching forests I: special weights, Math. Programming
22 (1982) 1-11.

R. Giles, Optimum matching forests II: general weights, Math. Programming
22 (1982) 12-38.

R. Giles, Optimum matching forests III: facets of matching forest poly-
hedra, Math. Programming 22 (1982) 39-51.

F.R. Giles and W.R. Pulleyblank, Total dual integrality and integral
polyhedra, Linear Algebra and Appl. 25 (1979) 191-196.

R. Giles and L.E. Trotter Jr, On stable set polyhedra for K
J. Combinatorial Theory (B) 31 (1981) 313-326.

1, 3—free graphs,

D. Goldfarb, Efficient dual simplex algorithms for the assignment problem,
Math. Programming 33 (1985) 187-203.

R.E. Gomory, Solving linear programs in integers, in: Combinatorial
Analysis (R. Bellman and M. Hall Jr, eds.), Amer. Math. Soc.,
Providence, R.I., 1960, pp. 211-215.

R.E. Gomory, An algorithm for integer solutions to linear programs, in:
Recent Advances in Mathematical Programming (R.L. Graves and P.
Wolfe, eds.), McGraw-Hill, New York, 1963, pp. 269-302.

J.J. Green-Krétki, Matching polyhedra, M.Sc. Thesis, Carleton University,
Ottawa, Ont., 1980.

V. Griffin, Polyhedral polarity, Ph.D. Thesis, University of Waterloo,
Waterloo, Ont., 1977.

V. Griffin, J. Ardoz and J. Edmonds, Polyhedral polarity defined by a
general bilinear inequality, Math. Programming 23 (1982) 117-137.

V.P. Grishuhin, Polyhedra related to a lattice, Math. Programming 21
(1981) 70-89.

H. Grdéflin and A.J. Hoffman, Lattice polyhedra II: generalization,
constructions and examples, preprint.

M. Grdtschel, Polyedrische Charakterisierungen kombinatorischer Optimierungs-
probleme, Verlag Anton Hain, Meisenheim am Glan, 1977.

M. Grétschel, The monotone 2-matching polytope on a complete graph,
Oper. Res. Verfahren 24 (1977) 72-84.

M. Grdtschel, On the symmetric travelling salesman problem: solution of
a 120-city problem, Math. Programming Stud. 12 (1980) 61-77.

M. Grotschel, Approaches to hard combinatorial optimization problems,
in: Modern Applied Mathematics - Optimization and Operations Research
(B. Korte, ed.), North-Holland, Amsterdam, 1982, pp. 437-515.



1984

1985a

1985b

1981

1984

1986

1987

1975

1977

1979a

1979b

1985

1981

1985

1981a

1981b

1967
1967

1975

1978

-R.6-

M. Groétschel, M. Jinger and G. Reinelt, A cutting plane algorithm
for the linear ordering problem, Operations Res. 32 (1984)
1195-1220,

M. Grdétschel, M. Jlinger and G. Reinelt, On the acyclic subgraph poly-
tope, Math. Programming 33 (1985) 1-27.

M. Grdtschel, M. Jlinger and G. Reinelt, Facets of the linear ordering
polytope, Math. Programming 33 (1985) 43-60.

M. Groétschel, L. Lovasz and A. Schrijver, The ellipsoid method and its
consequences in combinatorial optimization, Combinatorica 1
(1981) 169-197.

M. Grétschel, L. Lovasz and A. Schrijver, Geometric methods in
combinatorial optimization, in: Progress in Combinatorial Optimi-
zation (W.R. Pulleyblank, ed.), Academic Press, Toronto, 1984,
pp. 167-183.

M. Grétschel, L. Lovasz and A. Schrijver, Relaxations of vertex packing,
J. Combinatorial Theory (B) 40 (1986) 330-343.

M. Grdétschel, L. Lovasz and A. Schrijver, Geometric Algorithms in
Combinatorial Optimization, Springer-Verlag, Heidelberg, 1987.

M. Grotschel and M.W. Padberg, Partial linear characterizations of the
asymmetric travelling salesman polytope, Math. Programming 8 (1975)
378-381.

M. Grétschel and M.W. Padberg, Lineare Charakterisierungen von Travelling
Salesman Problemen, Z. Oper. Res. 21 (1977) 33-64.

M. Grdtschel and M.W. Padberg, On the symmetric travelling salesman
problem I: Inequalities, Math. Programming 16 (1979) 265-280.

M. Grdtschel and M.W. Padberg, On the symmetric travelling salesman
problem II: Lifting theorems and facets, Math. Programming 16
(1979) 281-302.

M. Grdtschel and M.W. Padberg, Polyhedral theory, in: The Traveling
Salesman Problem, A Guided Tour of Combinatorial Optimization
(E.L. Lawler, et al., eds.), Wiley, Chichester, 1985, pp. 251-305.

M. Grdétschel and W.R. Pulleyblank, Weakly bipartite graphs and the
max-cut problem, Oper. Res. Letters 1 (1981) 23-27.

M. Grdtschel and W.R. Pulleyblank, Clique tree inequalities and the
symmetric travelling salesman problem, Math. Oper. Res., to appear.

M. Grdétschel and Y. Wakabayashi, On the structure of the monotone
asymmetric travelling salesman polytope I: hypohamiltonian facets,
Discrete Math. 34 (1981) 43-59.

M. Groétschel and Y. Wakabayashi, On the structure of the monotone
asymmetric traveling salesman polytope II: hypotraceable facets,
Math. Programming Stud. 14 (1981) 77-97.

B. Griinbaum, Convex Polytopes, Interscience-Wiley, London, 1967.

R.P. Gupta, A decomposition theorem for bipartite graphs, in: Theory
of Graphs (P. Rosenstiehl, ed.), Gordon and Breach, New York,
1967, pp. 135-138.

P.L. Hammer, E.L. Johnson and U.N. Peled, Facets of regular 0-1 polytopes,

Math. Programming 8 (1975) 179-206.

R. Hassin, On network flows, Ph.D. Thesis, Yale University, New Haven,
1978.



1978

1970

1971

1960

1974

1978

1979

1956

1978

1978

1980

1983

1986

1983

1985

1978

1979

1978

1980

1985

1982

-R.7~

D. Hausmann and B. Korte, Colouring criteria for adjacency on 0-1
polyhedra, Math. Programming Stud. 8 (1978) 106-127.

M. Held a@d R.M. Karp, The traveling-salesman problem and minimum
spanning trees, Operations Res. 18 (1970) 1138-1162.

M. Held a?d R.M. Karp, The traveling-salesman problem and minimum
spanning tregs: part II, Math. Programming 1 (1971) 6-25.

A.J. Hoffman, Some recent applications of the theory of linear in-
equalities to extremal combinatorial analysis, in: Combinatorial
Analysis (R. Bellman and M. Hall, Jr, eds.), Amer. Math. Soc.,
Providence, R.I., 1960, pp. 113-127.

A.J. Hoffman, A generalization of max flow-min cut, Math. Programming
6 (1974) 352-359.

A.J. Hoffman, On lattice polyhedra III: Blockers and anti-blockers
of lattice clutters, Math. Programming Stud. 8 (1978) 197-207.

A.J. Hoffman, The role of unimodularity in applying linear inequalities
to combinatorial theorems, Ann. Discrete Math. 4 (1979) 73-84.

A.J. Hoffman and J.B. Kruskal, Integral boundary points of convex
polyhedra, in: Linear Inequalities and Related Systems (H.W.
Kuhn and A.W. Tucker, eds.), Princeton University Press, Princeton,
N.J., 1956, pp. 223-246.

A.J. Hoffman and R. Oppenheim, Local unimodularity in the matching
polytope, Ann. Discrete Math. 2 (1978) 201-209.

A.J. Hoffman and D.E. Schwartz, On lattice polyhedra, in: Combinatorics
II (A. Hajnal and V.T. Sés, eds.), North-Holland, Amsterdam,
1978, pp. 593-598.

H.-C. Huang and L.E. Trotter, Jr, A technique for determining blocking
and anti-blocking polyhedral descriptions, Math. Programming Stud.
12 (1980) 197-205.

M.S. Hung, A polynomial simplex method for the assignment problem,
Operations Res. 31 (1983) 595-600.

C.A.J. Hurkens, to appear.

Y. Ikura and G.L. Nemhauser, A polynomial-time dual simplex algorithm
for the transportation problem, Tech. Rep. 602, School of O.R. and
I.E., Cornell University, Ithaca, N.Y., 1983.

Y. Tkura and G.L. Nemhauser, Simplex pivots on the set packing polytope,
Math. Programming 33 (1985) 123-138.

R.G. Jeroslow, Cutting-plane theory: algebraic methods, Discrete Math.
23 (1978) 121-150.

R. Jeroslow, An introduction to the theory of cutting-planes, Ann.
Discrete Math. 5 (1979) 71-95.

E.L. Johnson, Support functions, blocking pairs, and anti-blocking
pairs, Math. Programming Stud. 8 (1978) 167-196.

E.L. Johnson, Subadditive lifting methods for partitioning and knapsack
problems, J. Algorithms 1 (1980) 75-96.

M. Jinger, Polyhedral Combinatorics and the Acyclic Subgraph Problem,
Heldermann Verlag, Berlin, 1985.

R.M. Karp and C.H. Papadimitriou, On linear characterizations of combi-
natorial optimization problems, SIAM J. Computing 11 (1982) 620-632.




1979

1967

1968

1970

1982a

1982b

1965

1982

1972

1975

1976

1977

1979

1983

1986

1978

1979

1975

1974

1978

1896

1980

1982

~-R.8~

L.G. Khachiyan, A polynomial algorithm in linear programming, Soviet
Math. Doklady 20 (1979) 191-194.

V. Klee and D.W. Walkup, The d-step conjecture for polyhedra of
dimension d <6, Acta Math. (Uppsala) 117 (1967) 53-78.

V. Klee and C. Witzgall, Facets and vertices of transportation poly-
hedra, in: Mathematics of the Decision Sciences, Part I (G.B.
Dantzig and A.F. Veinott, eds.), Amer. Math. Soc., Providence,
R.I., 1968, pp. 257-282.

D.G. Larman, Paths on polytopes, Proc. London Math. Soc. (3) 20 (1970)
161-178.

E.L. Lawler and C.U. Martel, Computing maximal "polymatroidal" network
flows, Math. Oper. Res. 7 (1982) 334-347.

E.L. Lawler and C.U. Martel, Flow network formulations of polymatroid
optimization problems Ann. Discrete Math. 16 (1982) 189-200.

A. Lehman, On the width-length inequality, mimeographic notes, 1965
(see: Math. Programming 17 (1979) 403-417).

A.K. Lenstra, H.W. Lenstra, Jr and L. Lovasz, Factoring polynomials
with rational coefficients, Math. Ann. 261 (1982) 515-534.

L. Lovasz, Normal hypergraphs and the perfect graph conjecture, Discrete
Math. 2 (1972) 253-267.

L. Lovasz, 2-Matchings and 2-covers of hypergraphs, Acta Math. Acad. Sci.
Hung. 26 (1975) 433-444.

L. Lovédsz, On two minimax theorems in graph, J. Combinatorial Theory
(B) 21 (1976) 96-103.

L. Lovasz, Certain duality principles in integer programming, Ann.
Discrete Math. 1 (1977) 363-374.

L. Lovasz, Graph theory and integer programming, Ann. Discrete Math.
4 (1979) 141-158.

L. Lovasz, Submodular functions and convexity, in: Mathematical Program-
ming - The state of the Art (A. Bachem, et al., eds.), Springer-
Verlag, Berlin, 1983, pp. 234-257.

L. Lovadsz and M.D. Plummer, Matching Theory, Akadémiai Kiadd, Budapest,
1986.

C.L. Lucchesi and D.H. Younger, A minimax relation for directed graphs,
J. London Math. Soc. (2) 17 (1978) 369-374.

A.B. Marsh, Matching algorithms, Ph.D. Thesis, Johns Hopkins University,
Baltimore, 1979.

J.F. Maurras, Some results on the convex hull of Hamiltonian cycles of
symmetric complete graphs, in: Combinatorial Programming: Methods
and Applications, Reidel, Dordrecht, 1975, pp. 179-190.

R.R. Meyer, On the existence of optimal solutions to integer and mixed-
integer programming problems, Math. Programming 7 (1974) 223-235.

P. Miliotis, Using cutting planes to solve the symmetric travelling
salesman problem, Math. Programming 15 (1978) 177-188.

H. Minkowski, Geometrie der Zahlen (Erste Lieferung), Teubner, Leipzig,
1896.

G.J. Minty, On maximal independent sets of vertices in claw-free graphs,
J. Combinatorial Theory (B) 28 (1980) 284-304.

D. Naddef, Rank of maximum matchings in a graph, Math. Programming 22
(1982) 52-70. ‘




-R.9-

1974 G.L. Nemhauser and L.E. Trotter, Jr, Properties of vertex packing and
independence system polyhedra, Math. Programming 6 (1974) 48-61.

1975 G.L. Nemhauser and L.E. Trotter, Jr, Vertex packings: structural
properties and algorithms, Math. Programming 8 (1975) 232-248.

1973 M.W. Padberg, On the facial structure of set packing polyhedra, Math.
Programming 5 (1973) 199-215.

1974 M.W. Padberg, Perfect zero-one matrices, Math. Programming 6 (1974)
180-196.

1977 M.W. Padberg, On the complexity of set packing polyhedra, Ann. Discrete
Math. 1 (1977) 421-434.

1979 M.W. Padberg, Covering, packing and knapsack problems, Ann. Discrete
Math. 4 (1979) 265-287.

1985 M.W. Padberg and M. Grdtschel, Polyhedral computations, in: The
Traveling Salesman Problem, A Guided Tour of Combinatorial
Optimization (E.L. Lawler, et al., eds.), Wiley, Chichester,
1985, pp. 307-360.

1980 M.W. Padberg and S. Hong, On the symmetric travelling salesman problem:
a computational study, Math. Programming Stud. 12 (1980) 78-107.

1974 M.W. Padberg and M.R. Rao, The travelling salesman problem and a class
of polyhedra of diameter two, Math. Programming 7 (1974) 32-45.

1980 M.W. Padberg and M.R. Rao, The Russian method and integer programming,
GBA Working Paper, New York University, New York, 1980.

1982 M.W. Padberg and M.R. Rao, 0dd minimum cut-sets and b-matchings, Math.
: Oper. Res. 7 (1982) 67-80.

1978 C.H. Papadimitriou, The adjacency relation on the traveling salesman
polytope is NP-complete, Math. Programming 14 (1978) 312-324.

1984 C.H. Papadimitriou, Polytopes and complexity, in: Progress in Combina-
torial Optimization (W.R. Pulleyblank, eds.), Academic Press,
Toronto, 1984, pp. 295-305.

1982 C.H. Papadimitriou and K. Steiglitz, Combinatorial Optimization: Algo-
rithms and Complexity, Prentice-Hall, Englewood Cliffs, N.J., 1982.

1982 C.H. Papadimitriou and M. Yannakakis, The complexity of facets (and some
facets of complexity), in: Proc. 14th Annual ACM Symp. Theory of
Computing, ACM, New York, 1982, pp. 255-260.

1973 W.R. Pulleyblank, Faces of matching polyhedra, Ph.D. Thesis, University
of Waterloo, Waterloo, Ont., 1973.

1980 W.R. Pulleyblank, Dual integrality in b-matching problems, Math. Pro-
gramming Stud. 12 (1980) 176-196.

1981 W.R. Pulleyblank, Total dual integrality and b-matchings, Oper. Res.
Letters 1 (1981) 28-30.

1983 W.R. Pulleyblank, Polyhedral combinatorics, in: Mathematical Programming -
The State of the Art (A. Bachem, et al., eds.), Springer-Verlag,
Berlin, 1983, pp. 312-345.

1987 W.R. Pulleyblank, Matching theory, this volume.

1974 W. Pulleyblank and J. Edmonds, Facets of l-matching polyhedra, in:
Hypergraph Seminar (C. Berge and D. Ray-Chaudhuri, eds.), Springer-
Verlag, Berlin, 1974, pp. 214-242.

1976 M.R. Rao, Adjacency of the traveling salesman tours and 0-1 vertices,
SIAM J. Appl. Math. 30 (1976) 191-198.



1981

1969

1978

1980

1980a
1980b

1981

1982

1983a

1983b

1983c¢

1984a

1984b

1986

1977

1985

1977

1979

1980

1970a

1970b

1977

A.

-R.10-

Roohy-Laleh, Improvements to the theoretical efficiency of the
network simplex method, Ph.D. Thesis, Carleton University, Ottawa,
1981.

Saigal, A proof of the Hirsch conjecture on the polyhedron of the
shortest route problem, SIAM J. Appl. Math. 17 (1969) 1232-1238.

Sbihi, Etude des stables dans les graphes sans étoile, M.Sc. Thesis,
Université Sci. et M&d. de Grenoble, Grenoble, 1978.

Sbihi, Algorithme de recherche d'un spable de cardinalité maximum
dans un graphe sans é&toile, Discrete Math. 29 (1980) 53-76.

Schrijver, On cutting planes, Ann. Discrete Math. 9 (1980) 291-296.

Schrijver, A counterexample to a conjecture of Edmonds and Giles,
Discrete Math. 33 (1980) 213-214.

Schrijver, On total dual integrality, Linear Algebra and Its Appl.
38 (1981) 27-32.

Schrijver, Min-max relations for directed graphs, Ann. Discrete
Math. 16 (1982) 261-280.

. Schrijver, Short proofs on the matching polyhedron, J. Combinatorial

Theory (B) 34 (1983) 104-108.

Schrijver, Packing and covering of crossing families of cuts, J.
Combinatorial Theory (B) 35 (1983) 104-128.

. Schrijver, Min-max results in combinatorial optimization, in: Mathe-

matical Programming - The State of the Art (A. Bachem, et al., eds.),
Springer-Verlag, Berlin, 1983, pp. 439-500.

Schrijver, Proving total dual integrality with cross-free families -
a general framework, Math. Programming 29 (1984) 15-27.

Schrijver, Total dual integrality from directed graphs, crossing
families, and sub- and supermodular functions, in: Progress in
Combinatorial Optimization (W.R. Pulleyblank, ed.), Academic Press,
Toronto, 1984, pp. 167-183.

. Schrijver, Theory of Linear and Integer Programming, Wiley, Chichester,

1986.

. Schrijver and P.D. Seymour, A proof of total dual integrality of

matching polyhedra, Report ZN 79/77, Mathematical Centre, Amsterdam,
1977.

Sebd, The Schrijver system of odd join polyhedra, Report 85394-0OR,
Institut flr Operations Research, Universitdt Bonn, Bonn, 1985.

P.D. Seymour, The matroids with the max-flow min-cut property, J.

Combinatorial Theory (B) 23 (1977) 189-222.

P.D. Seymour, On multi-colourings of cubic graphs, and conjectures of

Fulkerson and Tutte, Proc. London Math. Soc. (3) 38 (1979) 423-460.

P.D. Seymour, Decomposition of regular matroids, J. Combinatorial

Theory (B) 28 (1980) 305-359.

N.Z. Shor, Utilization of the operation of space dilatation in the

minimization of convex functions, Cybernetics 6 (1970) 7-15.

N.Z. Shor, Convergence rate of the gradient decent method with dilatation

of the space, Cybernetics 6 (1970) 102-108.

N.Z. Shor, Cut-off method with space extension in convex programming

problems, Cybernetics 13 (1977) 94-96.

1916 E. Steinitz, Bedingt konvergente Reihen und konvexe Systeme (Schluss),

J. reine angew. Math. 146 (1916) 1-52.



-R.11-

1970 J. Stoer and C. Witzgall, Convexity and Optimization in Finite Dimensions I,
Springer-Verlag, Berlin, 1970.

1987 B. Toft, Colorings of graphs, this volume.

1975 L.E. Trotter, Jr, A class of facet producing graphs for vertex packing
polyhedra, Discrete Math. 12 (1975) 373-388.

1952 W.T. Tutte, The factors of graphs, Canad. J. Math. 4 (1952) 314-328.

1954 W.T. Tutte, A short proof of the factor theorem for finite graphs,
Canad. J. Math. 6 (1954) 347-352.

1981 W.T. Tutte, Graph factors, Combinatorica 1 (1981) 79-97.
1987 D.J.A. Welsh, Basic matroid theory, this volume.

1935 H. Weyl, Elementare Theorie der konvexen Polyeder, Comm. Math. Helv.
7 (1935) 290-306.

1975 L.A. Wolsey, Faces for a linear inequality in 0-1 variables, Math.
Programming 8 (1975) 165-178.

1976a L.A. Wolsey, Facets and strong valid inegualities for integer programs,
Operations Res. 24 (1976) 3067-372.

1976b L.A. Wolsey, Further facet generating procedures for vertex packing
polytopes, Math. Programming 11 (1976) 158-163.

1977 L.A. Wolsey, Valid inequalities and superadditivity for 0-1 integer
programs, Math. Oper. Res. 2 (1977) 66-77.

1976a D.B. Yudin and A.S. Nemirovskii, Evaluation of the informational complex-
ity of mathematical programming problems, Matekon 13 (2) (1976-7)
3-25.

1976b D.B. Yudin and A.S. Nemirovskii, Informational complexity and efficient
methods for the solution of convex extremal problems, Matekon 13 (3)
(1977) 25-45.

1978 E. Zemel, Lifting the facets of zero-one polytopes, Math. Programming
15 (1978) 268-277.

1963 Zhu Y.-J., Maximum number of iterations in the dual algorithm of the
Kantorovi&-Hitchcock problem in linear programming, Chinese Math.
3 (1963) 307-313.



