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1. INTRODUCTION

1.1. The class of differential-algebraic equations

We consider the following system of differential-algebraic equations (DAEs)
v(t) = F@v(@)—Aw(), (1.1a)
0=BE@)+g®) (1.1b)

where v(@)eBR™ and w()eR™  are unknown, and O<¢<l.  Further

F:RXR™ > R™, g: R —» R™ and the linear operators 4 €L(R™,R™), BeL(R™,R™) are
. . « ey . m

given, together with an initial value v0in R™,

v(0) = v°. 1.2)
We assume m;=m, and
BA is regular. (1.3)

Systems of the type (1.1) arise for instance as semi-discrete (space discretized) versions of the
Navier-Stokes equations for incompressible fluids, in which case v represents the velocity field and w
the pressure field, which is fixed in some given point of the spatial domain. The boundary values are
then incorporated in F and g, and F may also contain forcing terms. The DAE system (1.1) is a so
called index 2 system. For nonstiff problems of this type convergence results for BDF methods were
obtained by LOTSTEDT and PETZOLD [7], and GEAR, LEIMKUHLER and GUPTA [5]. Here we will con-
sider stiff systems, but we confine ourselves to a small class of methods.

When using a standard ODE method, like BDF, for the numerical solution of (1.1), we usually
compute at each time level new approximations to v and w simultaneously, see [5], [7]. An alternative,
that will be considered in section 3, is to first compute a prediction to v by an ODE method, using
only (1.1a) and freezing the Aw(r) term, and then projecting this prediction onto the plane defined by
the algebraic constraints (1.1b). This results in a scheme where the computation of v and w can be
done successively, which reduces the dimension of the algebraic equations to be solved at each step.
For the Navier-Stokes equations such procedures were introduced by CHORIN [1] and TemAM [12].

The main object of this paper is to analyze to what extent the stability properties of the original
ODE method are affected by such a prediction-projection procedure. We shall restrict our attention to
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a simple one-step method, the f-one leg method, as the underlying ODE method. The stability
analysis of this method itself is relatively simple. Further it will be assumed that the DAE system (1.1)
satisfies certain stability requirements. These requirements do allow the system to be arbitrarily stiff,
no bounds are imposed on the Lipschitz constant of the function F, nor on the norms of the matrices
A and B.

1.2. Stability of the differential-algebraic equations
In the following it will be assumed that F and g are continuously differentiable. Let the projection C
in R™ be defined by

C = A(BA)™'B. (1.9
By differentiation of the algebraic constraints (1.1b) it follows from (1.1a) that

v(t) = (I —O)F (v (@)—Ce@), (1.5a)

Aw(t) = CF(tv (1)) +Cg(2). (1.5b)

The system (1.5) in its turn implies that (1.1a) holds and that (d/df)B (v (¢)+ g(t)) = (, so that with a
consistent initial value for v, 0 = B(»*+ g(0)), we reobtain (1.1b). Thus (1.1) is equivalent with (1.5),
provided that the initial value is consistent with the algebraic constraints.

It is convenient to consider Aw(¢) as dependent variable instead of w(¢). If Aw(¢) is known we can
always compute w(t) from w(f) = [(BA)"!Bldw(¢). The matrix I —C arising in (1.5) is a pIOJecuon
on the plane {#ucR™ :Bu = 0}. If AT = B this projection is orthogonal w.r.t. the Euclidian inner
product.

The Euclidian inner product on the spaces R™,m=1, will be denoted by (x,y), and |x| = (x,x)!/?
is the corresponding norm. For any function G: R™—>R™ we denote by p[G] its one-sided Lipschitz
constant and by |G|l its Lipschitz constant,

WG] = sup{(Gx —Gy,x —y)/ 1x —p 1 *x,y €R™ x5y},
UGN = sup{1Gx —Gy1/1x —p | :xy eR™, x4y} .

(Usually the names logarithmic norm and spectral norm are used for g[G}, |G|, if G is linear).
It will be assumed in the rest of this paper that there are constants a,B8,y=0 such that for any
tel0,1]

ICF@ )li<a, (I —COYF(1,)]<B, ICII<y. (1.6)

These assumptions imply that the system (1.1) is stable in the following sense. Consider beside (1.1) a
perturbed version

5() = F,5(0)—Aw()+x(0), (1.72)

0= B(O)+g®O+y@®) (1.7b)

with perturbations x,y:[0,1]>R™ ,y differentiable. By using the equivalence between (1.1) and (1.5)
and the mean value theorem, it follows that the differences

a(@®) = v(@)—v (@), at) = Aw@E)—Aw()
satisfy

() = I —OH@@)+T —C)x(t)—Cy(2),

&(t) = CH(t@)+Cx®)+C0p@)

where




1
H@) = [F@y@)+@)—v@e)dr

0
and F’(t,v) stands for the Jacobian matrix D,F(z,v). From (1.6) it follows that pf(/ —C)H(t)]=<p and
ICH(®)ll<a, and we get for all £[0,1] (see [2}, [3], for example)

la (O <e® (@) +{(B)™"(* — D)eA, (1.8a)
le@®)] <aleg (] +A (1.8b)
whenever |( —C)x(#)—Cy(t)l <A and |Cx(¢)+Cy(r)| <A for all 7. Here (Br)~ (e —1) should be
taken equal to 1 if Bz = 0. Thus we see that v(¢) and Aw(¢) are stable w.r.t. perturbations x and y for
which |x(#)| and [y(z)| are bounded. It can also be shown that (1.6) is necessary for the above sta-

bility result to hold. Important is that in (1.6) the Lipschitz constants of F,4 and B are not involved
(only of C and CF). Hence the problem may be arbitrarily stiff.

2. THE §-METHOD
In this section we consider the so-called one-leg version of the #-method, and we discuss its stability
properties. Applied to an ordinary differential equation

u@t) = G(tu()
this method reads

utl = u" +hG (" +0h, (1—O)u" +0u" ).
Here, 0 is a parameter, 4>0 isla stepsize and " = nh(n = 0,1,2,...). This class of method, contains
the implicit midpoint rule (=) and the Backward Euler method (§=1). We assume in the following
that = %‘ For 0<-%- the method is not A-stable and there will be no stability for arbitrarily stiff sys-
tems. ;

Let t"*% = " 4+6hy" " = (1—Gp"+0"*! and w"t0 = (1—O)w"+6w"+!, where the v wh
denote approximations to v(¢"),w(r"), respectively. Applying the above method for discretization of
(1.1a), we get the following scheme for n = 0,1,2,...

pttl = yn +hF (1" +0’Vn +0)_hAwn+9’ (2.1a)

0= B l+g@" ). 2.1b)
In these relations w"*' does not feature explicitly. From a known v" we can compute v"*! and
w"*?_ The approximation w”*! can then be found by using the recursion

whtl = — 071 (1—gw" +6"'w*?, w0 from (1.5b). 22)
As with the DAE itself we can eliminate the nonstate variables w, giving us
n+o

viH =y h (I —C)F (0 v 0 —hCy

Aw"t? = CF(t"“,v"”)+Cg"+%

where
1

nt5 _ n n
£ 7 =hTEE =g
These formulas show that application of the -method to (1.5) leads to the same process for comput-

n+-
ing the approximations v”, only with § * replaced by (" *?).
In order to analyze stability of the scheme (2.1) we consider a perturbed version




sntl ;n+hF(tn+0,’;,"+0)_hA,‘{,"+0+h§"+1, (2.32)
0= B(;n+l+g(t"+l)+h'ﬂ"+l)- (2.3b)

Here the perturbations & *1,n"*! may stand for round-off errors or errors caused by not solving
exactly the nonlinear equations defined by (2.1), but also local discretization errors may be
represented this way. The factors 4 in front %f the perturbations are only for notational convenience.
For (2.3) we have an initial value v , and B(v +g(0)+hn’) = 0. Define for all n=0

~n ~n
€] =v —v", § = Aw —Aw",

and let H* = H(@" 05"’ yn+9) where

1 \
H(t,x,y) = fF'(t,y +(x —y))dr (for teR and x,y eR™). 4
0

By subtraction of (2.1) from (2.3) and application of the mean-value theorem we obtain by some cal-
culations

Ol = d+h(I—-OHE 0 +h —COF P —hC "t -, (2.5a)

gt = CH"e P +C@* +qt —) (2.5b)
where €?t? = (1—6@)¢? +0¢" T1(j = 1,2). Relation (2.5a) can be rewriten as

j 7 %

et = (I -6z} ' I +(1-0ZNe} +( —0Z7) (I — O —hC O ")
with1 T = h(I —C)H". Our assumption (1.6) implies p[Z7]<hpB, and we may conclude that for
0=+,0hp<1

I —0Z7)~ (I +(1—6)ZHI<(1—0hB)~'(1+(1—0)hp),

I —8z%) Hi<(1—6np)~!

(see for example [3; Th.2.3.1]). Let A be an upper bound for |&'],|9"| (for all n). By using also
ICH"||<a,||Cll<y we then obtain from (2.5) the inequalities

|l T <(1—6rB) " (1+(1—0)hP) || +(1—6hB) 1A (1+3y)A, (2.62)

led 0| <alel ™| +3yA, : (2.6b)
and (2.6b) implies

g+ <|071(1—0)| || +0 ale} 0| +3y07 1A, (2.6c)

Define vy = 0 for 9>%, and v = 1. From (2.6a), (2.6¢c) the following global result follows in a
standard way.

THEOREM 2.1. Consider (2.1), (2.3) with |&1<A,|v"|<<A (for all n). Assume 02% and (1.6). Then
there exist c,h >0, only depending on a,B,y and 8, such that for all n=0, 0<h<h and 0<t,<1
17 <eP M| ter, A,
1 1<167'(1=O)1" 1§ | +c(1+vpt,h ™ )1 | +A).
For 0>% the above theorem shows stability: small initial errors and perturbations cause small glo-

bal errors. In case § = -%* we have ¥y 7% 0 and then a factor ™! appears in the upper bound for

|€3 |. By some authors, for example [8], [10], the midpoint rule is called unstable (the situation with so
called index 1 systems is similar). It should be noted however that (i) the instability is weak, (ii) it can
be avoided by not using (2.2), and (iii) if the £,%" depend smoothly on n, as will be the case if they

&
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represent local discretization errors, there may be cancellation of errors which will cause the A~ fac-
tor to disappear. We shall discuss this below in some detail.

ReEMARK 2.2. Under the additional assumption that (I —C)F(z,Cx) satisfies a Lipschitz condition
w.r.t. x, it can be shown that, for ¢, bounded away from zero, the upper bound for |€}| in theorem
2.1 still holds if we only have |h7n"|<A (instead of |%"|<A). For the Backward Euler method we
then get the same result as obtained in [5,p.86] and [7,p.500] for the BDF methods applied to non stiff
problems.

Suppose the vectors £",n" represent errors caused by round-off and the nonexact solution of the
algebraic equations in (2.1), i.e. (2.1) stands for an ideal process whereas (2.3) is the actual computing
process. Let Iej?lscA(i = 12). If 0>7 we see that these errors affect v* and w” in a similar way,

but for § = % we get |€] | <cA,le§|<ch 'A. If h~'A is not small it is not advisable to compute the
w" from (2.1), (2.2) for § = ';-; the recursion (2.2) then allows a linear error growth leading to the

k™! factor (see [8]). For this situation there are some alternatives which avoid the use of (2.2). For
example, we can compute the w", only at points where output is requested, by using (1.5b). A cheaper
way, which requires some more storage, is to compute the w" by interpolation or extrapolation of the
w" 0 <w(t" +0h). The computation of these intermediate vectors w”*? in (2.1) is always stable, as
can be seen from (2.6b2 (and the bound for the |e]1).

If we put in 2.3) v = v(t"),w = w(t") with v(#),w(f) the exact solution of (1.1) the &,9" are
local (residual) discretization errors, and theorem 2.1 can be used to prove convegence. With stiff sys-
tems the local discretization errors are difficult to estimate, due to the fact that no (moderate) bounds
may exist for certain derivatives which arise in Taylor series expansions. This is of course very much
problem dependent (see Frank et al. [4] for a detailed discussion). It was proved by KRAAYEVANGER
[6] that the §-method applied to arbitrarily stiff ODEs is convergent with order 1 if 6> and order 2

if 8 = ';— It follows that in our case the same order of convergence holds for the v”. If (2.2) is

avoided, as indicated before, the same orders can be obtained for the w”. Here we shortly discuss the
process (2.1), (2.2) and we assume that all arising derivatives can be bounded properly. This will hold
if F satisfies a Lipschitz condition and is sufficiently smooth. Taylor series expansion then shows

1 .. 1,1 -
. 1 =0, § = (3= +5(3 —PIH(@")+...
so that theorem 2.1 can be applied with
A=O0®mifo>7, A= 0n)ifd =+

This shows first order convergence for both v* and w” in case 0>%. Ifé= ?1[ we get second order

convergence for the v", but seemingly only first order for the w”. This last result can be improved.
Let @ = 5 and consider the expression in (2.5b) for € *¢. The right hand side of (2.5b) will depend

smoothly on 7. Therefore we have not only
gt = —g+24*, |1 = O@?), @.7)
but also

4t = G+ TITO— g tO) |HIHI_ o) = o). (2.8)

Direct use of (2.7) leads to the global bound |ej| = O (k). From (2.8) however we obtain the second
order result [} = O(h?) (for all n).
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3. A PREDICTION-PROJECTION METHOD
When using the §-method of section 2 we solve at each step new approximations v and w
simultaneously. This is avoided in the following scheme, with two parameters § and A. We first com-

n+1 n+8

pute a prediction " *! for v**1,

utl = v +hF@E" 0, (1— 0" +0u" ) —hAaw", (3.1a)
after which v"*! and w”*! can be solved from the relations

v+l = B (1—0—N)Aw™ —hOAW™ 1. (3.1b)

0 =B "tl+g@*h). (3.1¢)
In actual computations we will perform (3.1b), (3.1c) by first solving w**! from

hOBAw"*! = Bt +g(t"t)—h(1—0—N)BAw". 32

Then v" *! can be obtained (explicitly) from (3.1b).

Schemes of the above type were introduced for the Navier-Stokes equations by CHORIN [1] and
TeMaM [12}; they considered # = 1 and A = 0. VAN Kan [14] constructed a second order method
with § = 5 and A = 1. In these papers the steip (3.1a) was simplified by linearization and splitting
techniques. Here we will consider (3.1) with §==- and A=0.

It can be seen from (3.1b), (3.1¢) that v**! is a projection of 4" ** onto the plane defined by (3.1¢).
We assume that this projection, which equals I — C, is orthogonal. This holds if

AT = B.

In order to compare the stability properties of (3.1) with those of the original method (2.1), we con-
sider the perturbed version

@' = T RFE 0 (1—0) 07" T ) — A" R, (3.3a)
T = T h ==X — oA R+, (3.3b)
0=BG" " +g" ) +rg ), (3.3¢)

~n ~n . .
and we define ¢f = v —v",ef = Aw —Aw". Let v, be as in section 2.

THEOREM 3.1. Let 02%, A=0 and suppose C is an orthogonal projection. Consider (3.1), (3.3) with

11, 19" 1, 1€ | <A (for all n) and let x(h) = 16~'(1—6)| +2aMh. There exist positive constants ¢ and h,
only depending on o, B,\ and 0, such that for all n=0, 0<h<h, 0<t,<1,

L 1
le7 1 <e || +ct? A+cBAr(h +vp1,)" |1,
| | <(cRY" +c BN +vgt,)*/ Q| +e(1+wpt,h =) +4).

The proof of this theorem will be given at the end of this section. First we discuss some of its
features.

Comparision with theorem 2.1 shows that we still have qualitatively the same behaviour. The main
difference is that with the prediction-projection method the errors ¢} are influenced by ), and, as a

consequence of this, the initial error € remains significant for the €} (for large n), even if 0>5. As

before there is for § = % a weak instability giving rise to the A ! factor in the estimate for the }. In
the same way as in section 2 this weak instability can be avoided. (The fact that also with method
(3.1) the intermediate vectors w” ™% are stable can be seen from formula (3.9) together with the above
estimates). )

For the method (3.1) it is somewhat surprising that the weak instability for the w" in case § = 5
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does not influence the v" too much. After all, unlike method (2.1), the w” are used explicitly in (3.1).
It is the extra assumption that C is orthogonal which is responsible for this (see remark 3.2).
There is a second surprising feature in theorem 3.1. If 8 = 0 we have

et <]l | +cA,
1 1

and thus the accuracy of the v" is then not influenced by the choice of A nor by the error in w9, The
reason for this is that there is a certain form of decoupling if 8 = 0; in fact it can be shown that the
stability assumption (1.6) with 8 = 0 implies that (/ — C)F(¢,x) only depends on (I —C)x, not on Cx,
and this implies that the v" computed from (3.1) are identical to those from the method (2.1). (We
shall not prove this result since this situation, (1.6) with 8 = 0, seems um'eahstlc)

Theorem 3.1 can be used to prove convergence for method (3.1) by taking Vo= e, w = w(lt")

~n+

We are free to choose the vectors #  in (3.3) in a convenient way. For example, we can take u  to
be equal to the solution at ¢ = " *! of

u(t) = F@t,u(@®)—Adw(@™) ¢=t"),u(t™) = v(").

Assuming certain derivatives to be bounded (see section 2) it follows by a Taylor series expansion and
some calculations that

& = (7 =00m+0ETH = A-NO®)+(5—0W+0RD)E = 0.
Thus we can apply theorem 3.1 with A = O(h?) if § = ';',A = 1, and with A = O(h) if 0#';— or

As£1, showing convergence for the v* with order 2 of §=1/2,A=1 and order lloth,erwise. In a similar
way as in section 2 it can be shown that this also holds for the w” (for §== the situation is here

somewhat more complicated; one can use formula (3.7b)).

Proof of theorem 31. Let &*'=#""'—um*' and z" = RHEC,(1-0)" +0i" !
(10" +6u™ 1) (see (2.4)). From (3.1) and (3.3) we obtam by subtraction

At = S+Z"(1 -0 +0e8 T | —hAeG +hE T, (3.4a)

gt = gt —h(1—0—-Ne—h8ei ! +hqr (3.4b)

0 = B[}t +hg ), _ (B.4¢)
By eliminating €} *'from (3.4a), (3.4b) we obtain

ATl + RSt — prtl — gt =

= Z"[It + RO — hOND —hoy Y] @.52)
Further we have for all n

I—-C)3 =0, Cef = —hCE (3.5b)
The recursion formed by (3.5) becomes a bit more simple to handle by introducing

& =& + hE, &f = hée
and

dtl = (I —0Z") @ I gt gy — 0z 0 (1—0)] .
Then

et —el +07 el 0 — gt = ZM[el O +ent Nk —ghdnt1], (3.62)

(I—C)s =0and Cef =0. (3.6b)

Let




@it = -0t gt = Cd"t,Z] = (I1—-C)Z2" and Z§ = CZ".

From (3.6) it follows that ;
et —el —hd}t! = Zi[e} 0 +e3 T —Aef —Ohd™ ], (3.72)
A —Ondy T = 0Z3[et 0 +elT0 — el —Ohd" ). (3.7b)

In the following we shall use ¢ to denote a positive constant depending on &,8,A and 6, not neces-
sarily always with the same value. Further it will be tacitly assumed that the stepsize 4 is bounded
from above such that arising terms like (1—ch)™! can be bounded by a constant for all possible .
From (1.6) it follows that y{Z"]<h(a+B). Application of theorem 2.3.1 in [3] shows that

ld" | <cA (for all n). (3.9)
Now consider (3.7b). Since [|1Z} || <ah we have
le3+® —Ondy ' | <Oah (|t —OhdT 1 |+ |ef t —Ond3 ! |+ |NE] | ).
Hence, assuming (1 —fah) ! <2,
lef 0 —Onhdy 1 | <20ah{|e} T0 —Ohdit! |+ A€} ), 3.9)
lef T <k(h)lel | +ch{lel*! |+ e | +A). (3.10)

Next we consider (3.7a). We have p[Z7]<hpB. Further, since C is an orothogonal projection,
(x,y) = 0 whenever x,yeR™ ,(I —C)x = x and Cy = y. It follows that

(@1 — el —hdi ! et 0 —Ghat H1y<hB| el O + el 0 —Nel —Ohd™ |2 =
= hB(1ei+? —OhdyH! |2+ |ed 0 —Aef —Oh+1 12).
For any two vectors x,y €R™ and 02-;' we have the inequality
(x —3,0x +(1—-0p)=T 1x 12— Iy 1%
This follows by evaluating the left-hand side and using (x,y)gz‘l,_—lx |2+'%‘I y12. Application of the
inequality with x = €] *! —hd]*! and y = e} shows that
1+ — R 12— | |2<2Bh{ 1€} T0 —ORdy 1 |2+ |5 +0 —Nel —6hdg+! 12).
Hence
et —hdi Y |2 — (e} 12<4BR{6* |l —hd] Y |2+ 3.11)
+ (1-071ef 12+ 1e5 0 —O0nd3 ™+ 12+ |Aef |12},

In case B8 = O the statement of the theorem easily follows from (3.10) and (3.11). Assume in the
following 8>0. We have

|e'1'+1 __hdrlt+1 |2>le'1'+l |2—2hle'1'+1 ' Idrlz+l I+h21d'1'+‘ |2>
=1—-h)et ! 2—h1—h) ]t |2
Combining this with (3.8), (3.9) and (3.11) we obtain
lef 1 12<<(1+cBh)l e} 12 +cPhiNe} |12 +chA2, (3.12)

We shall use (3.10) and (3.12) to get the upper bounds for |e]| and |e5| in terms of the data.
Without loss of generality it may be assumed that the sequence {lef |} is nondecreasing. From (3.10)
we then easily obtain

led | <<u(h)|ed | +c(h +vpt,)(1€} | +A). (3.13)




Insertion of this inequality into (3.12) leads to
lef t1 12<(1+cBh) €] |1+ cBhu(h)? | Aed |2 +chA?,

and we obtain the global result

leh 12<e®P 1) |24 ctnA? +cB(h +pt,)I1AeD 12,
under the assumption that h is such that x(h)<1 if 0>%. Taking square roots on both sides we thus
get

L €1
le7 | <eP €0 | +ct” A+cBAh +wpt,)” 162 ]. (3.19)
By combining (3.13) and (3.14) we further obtain
le3 | <(u(h)" +cBAh +vpt, )/ 2) €D | +c(h +rgt, )] | +A). (3.15)

The inequalities of the theorem now follow easily. [

REMARK 3.2. In this section we have made the extra assumption that C and I —C are orthogonal pro-
jections. In case this does not hold method (3.1) can still be applied, although the method is less
natural then (v"*! is then no longer the orthogonal projection of 4" *! onto the plane defined by the
algebraic constrlaints). It can be shown that we have stability for nonorthogonal projections provided
that either 0>'§- or A = 0. However, for the interesting case § = 5> A = 1 the weak instability for

the w" may then influence the v*. This can be seen by some tedious calculations with a linear test-
problem and m; = 2,m; = 1. We omit the proof of these statements since nonorthogonal projec-
tions seem of minor importance.

4. CONCLUDING REMARKS .

The restriction to the §-methods as ODE method in the foregoing was only imposed to be able to
derive stability results. The prediction-projection idea can also be used for higher order multistep
methods.

For the derivation of the stability results for the #-method and its modification (3.1) we have used
assumption (1.6), which guarantees stability in the Euclidian norm of the DAE system itself in a
rather general sense. Under this assumption both methods appear to be stable (with some restrictions
if §=7). This situation would change with other assumptions. Suppose, for instance, that g=0, so

that the exact solution v of (1.1) lies in the plane defined by the equation Bu = 0. The function F(z,-)
may only be defined in a reasonable way near this plane. If the DAE (1.1) is only stable as long as v
remains very close to this plane then the §-method (2.1) may still be stable, but with method (3.1)
difficulties may be expected, due to the fact that the prediction #"*! leaves the plane. Numerical
experiments on the Navier-Stokes equations by VAN KAN [14] and TEN THUE BOONKKAMP [13] with
prediction-projection schemes similar to (3.1) (with different ODE methods) revealed no stability
problems, so that assumption (1.6) seems more realistic for this equation than the situation discussed
above.

Finally we note that in [14] stability has been proved for method (3.1) with #=1/2,A=1 under the
assumption that A7 =B, F is linear and time independent, and

HF1<0. @1

We have not followed this approach here. Condition (4.1) does not guarantee stability of (1.1) (under
perturbations). One can add the assumption ||CF|i<a. This is necessary for small errors in »°~»(0)
to cause only small errors too in w® (cf. (1.5b)). However, then we have (I — C)F]<a, which implies
that our assumption (1.6) holds with a=. In this sense (1.6) is more general than (4.1).




10

REFERENCES

1.

2.

3.

10.

11.

12.

13.

14.

A.J. CHORIN, On the convergence of discrete approximations to the Navier-Stokes equations. Math.
Comp. 23 (1969), 341-353.

G. DAHLQUIST, Error analysis for a class of methods of stiff non-linear initial value problems. Lec-
ture Notes in Mathematics 506, Springer Verlag, Berlin, 1976.

K. Dexker and J.G. VERWER, Stability of Runge-Kutta methods for stiff nonlinear differential
equations. North-Holland, Amsterdam, 1984.

R. FrANK, J. SCHNEID and C.W. UEBERHUBER, The concept of B-convergence. SIAM J. Numer.
Anal. 18 (1981), 753-780.

C.W. GEAR, B. LEIMKUHLER and G.K. GUPTA, Automatic integration of Euler-Lagrange equations
with constraints. J. Comp. Appl. Math 12, 13 (1985), 77-90.

H.F.B.M. KRAAUEVANGER, B-convergence of the implicit midpoint rule and the trapezoidal rule.
BIT 25 (1985), 652-666.

P. LotsteDT and L.R. PETZOLD, Numerical solution of nonlinear differential equations with alge-
braic constraints I: convergence results for BDF methods. Math. Comp. 46 (1986), 491-516.

R. MARz, On difference and shooting methods for boundary value problems in differential-algebraic
equations. ZAMM 64 (1984), 463-473,

R. MARz, On initial value problems in differential-algebraic equations and their numerical treatment.
Computing 35 (1985), 13-37.

L.R. PETZOLD, Order results for implicit Runge-Kutta methods applied to differential-algebraic sys-
tems. SIAM J. Numer. Anal. 23 (1986), 837-852.

L.R. PerzoLD and P. LOTSTEDT, Numerical solution of nonlinear differential equations with alge-
braic constraints, part 11: practical implications. SIAM J. Sci. Stat. Comp. 7 (1986), 720-734.

R. TEMAM, Sur Papproximation de la solution des équations de Navier-Stokes par la méthode des
pas fractionnaires (II). Arch. Rat. Mech. Anal. 33 (1969), 377-385.

JHM. 1eN THUE BOONKKAMP, The odd-even hopscotch pressure correction scheme for the
incompressible Navier-Stokes equations. Report NM-R8615, Centre for Math. and Comp. Sc.,
Amsterdam, 1986.

J. vaN KAN, A4 second order pressure-correction method for viscous incompressible flow. SIAM J.
Sci. Stat. Comp. (1986), 870-891.




