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A State Space Approach to the Problem of Adaptive Pole Assignment

J. W. Polderman

Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

An algorithm for adaptive pole-placement for the class of single-input/single-output systems of order n is
proposed. The asymptotic properties of the algorithm do not depend on persistently exciting signals. Exci-
tation is used only initially to avoid pole-zero cancellation of the parameter estimates. The main result is
that the asymptotic behaviour of the system equals the behaviour one would have obtained on the basis of
the true system. Since this does not imply full identification of the desired control law, we propose the term
weak self-tuning. The reason that such a result can be obtained without identification of the true system is
the following: Suppose we have a wrong estimate of the system, and that based on that estimate we gen-
erate the controls, and that the incorrectness of the estimate is not revealed by the resulting closed-loop
behaviour of the system, then the inputs are exactly equal to the ones we would have applied if we had
known the system.
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Key Words & Phrases: Adaptive pole-placement, self-tuning, certainty-equivalence.
Note: This report has been submitted’ for publication elsewhere.

1. INTRODUCTION

This paper deals with the problem of adaptive pole assignment of single-input/single-output linear
time-invariant systems of which only the order is assumed to be known. This problem has received
considerable attention in the literature. Several approaches have been proposed. Pole assignment can
be treated in the framework of model reference adaptive control. This has for instance been done in
[16]. A drawback of this method is that due to the used convergence analysis only minimum phase
systems can be handled. In [3,4,5,7,9] the problem is studied for general systems in input/output form
with the only assumption that the order of the system is known. Algorithms based on parameter esti-
mation and the certainty equivalence principle are proposed. In all of these papers stability results
are derived under additional assumptions. The main reason that these assumptions have to be made
seems to be that during the estimation procedure (unstable) pole-zero cancellation can occur. This can
be avoided by assuming extra knowledge of the true system, which reduces the results essentially to
local ones. Another way of avoiding that parameter estimates eventually have common factors is to
use sufficiently exciting signals to assure convergence of the estimates to the true parameter value. It
should be clear that additional injected signals can influence the performance of the system negatively,
moreover it is always difficult to guarantee internal excitation by means of conditions on an external
signal, since external excitation may be annihilated by unpredictable signals in the feedback loop.

In [10,12] algorithms are presented that overcome this difficulty. In [12] the parameter estimates are
modified to keep them away from the boundary of the “dangerous region”. In [10] the identification is
done simultaneously in the parameter space and the controller space. By using an extra (non-linear)
feedback driven by the discrepancy between the controller estimate and the expected behaviour on the
basis of the parameter estimate, these two schemes are brought into agreement with each other. The
extra feedback can be interpreted as an asymptotic vanishing excitation signal. A drawback of both
In this paper an adaptive pole assignment algorithm is proposed which does not call for external
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exciting inputs and where no a priori information of the system is needed either. The underlying idea
is that complete knowledge of the system parameters is not needed in order to be able to generate the
proper sequence of inputs, and hence one should not make any attempt to learn the system com-
pletely. This observation is based on an analysis of the asymptotic structure of the problem. By this
we mean the following. Generally speaking, in adaptive control one has a (partially) unknown plant
and a control objective. The sequence of inputs that reaches the objective will in general depend on
the unknown system, hence in one way or an other one should try to gain knowledge of the system on
the basis of, initially, arbitrary inputs and the resulting outputs. Then, based on the information one
can calculate the to be applied inputs more accurately. What one then hopes is that by applying this
procedure the information about the system will eventually be sufficient to generate the desired con-
trol inputs. However, this procedure leads inevitably to lack of internal excitation, since information
of the system will be obtained on the basis of closed-loop behaviour only. We believe that this is a
fundamental problem in adaptive control. One way of dealing with this problem is to inject a
sufficiently rich signal to assure internal excitation, and hence complete knowledge of the system. But
before deciding to do that, it might be a good idea to investigate whether or not lack of internal exci-
tation leads to sub-desired behaviour. One of the key observations of this work is that in the case of
pole assignment the information one obtains from the closed-loop behaviour of the system without
external signals, is just sufficient to generate the proper sequence of inputs. We believe that this pro-
perty can be seen as a kind of a posteriori justification for a lot of existing algorithms. Based on this
observation an algorithm will be derived which will asymptotically result in exactly the same closed-
loop behaviour as one would have obtained on the basis of complete knowledge of the system. The
problem of pole-zero cancellation in the estimation procedure is avoided by monitoring how far away
we are from cancellation. If we are too close, we apply a special (finite) sequence of inputs, to bias the
estimates from cancellation. The crucial novelty is then that we can prove that this has to be done
only a finite number of times.

We will use both the input/output description as well as the input/state/output representation of the
systems at hand. The state space description is more convenient for parts of the analysis and to state
the results in a clear fashion, whereas the input/output description seems to be the right tool for the
estimation part of the algorithm.

Our main result is that the asymptotic closed-loop behaviour of the adaptive controlled system equals
the behaviour we would have obtained knowing the true system parameters. The proof of this result is
independent of the desired pole locations. Hence even in the somewhat unrealistic situation where
one wants to place the closed-loop poles in the unstable region our algorithm is applicable. This may
look purely academic, but it shows that the adaptation of the controller parameters does not depend
on stability properties of the system. The reason that we are able to derive such a result is that we
consider the unknown parameters in the state space description as linear maps of which we want to
know the action on certain subspaces. The variables on which these maps act can then be normalized
without losing any information.

The paper is organized as follows. In section 2 we will formulate the problem statement. First we will
give the non-adaptive problem and then its adaptive counterpart. A general theorem will be given
which relates the adaptive requirement to the resulting closed-loop behaviour of the system. In section
3 we make an attempt to reveal some of the basic principles on which an algorithm should be based.
These principles are widely used but seldom commented upon. In section 4 a detailed study is made
of how much information of the system parameters we need for generating the appropriate sequence
of controls, and how much information we can obtain from the closed-loop behaviour. In sections 5
and 6 algorithms will be presented for the observed state case and the non-observed state case respec-
tively. To illustrate the algorithms, simulation results will be dlscussed in section 7. Finally, in section
8 we will draw some conclusions.




2. PRELIMINARIES
Consider the following time-invariant finite dimensional linear system:

x(k+1) = Ax(k) + bu(k), x(0) (2.1.a)
yk) = ex(k) (2.1.b)
(4,b,c)€E, where . .
E:={(4,b,c)eR"*" XR"*! XR!*" | (4,b,c) minimal } 2.2
Also define:
E:={(4,b)eR"™ " XR"¥! | (4,b) controllable } (2.3)

Let A:= {A;,..,A,} CC be such that \e A = AcA. Let the control objective be the assignment of the
n
closed-loop poles to the configuration A. Define 6€R[X] by: o(X)=][(X —A,)).

i=1

Define f : E — R!*" by: )
f(4,b):= —[0..01] [bidbi..;A" " 1b] 1o(4) 2.4

Then the characteristic polynomial of A +bf(4,b) is exactly o, and moreover, since the system is
single-input, f(4,b) is the only feedback law with that property. (see [17]).
Suppose now that the true value (4¢,bg,co) of the system parameters is unknown. Then the control
objective has to be replaced by a weaker one. As a modified version of the original control objective
we choose the following:
Generate a sequence of inputs such that asymptotically the applied inputs equal the inputs that
would have been calculated on the basis of the true system parameters. Moreover, the resulting con-
trolled system should be stable, provided that A is contained in the unit disk.
The following theorem relates the above described requirements to the resulting closed-loop behaviour
of the system.

2.1 Let (4,b)eR™"XR"™!, not necessarily controllable, and let feR'". Let the sequence
{u(k)}ren and x(0)eR" be given. Define x (k) by:

x(k +1) = Ax(k)+buk) 2.5)

Assume that for all k: x (k) % 0 and suppose:
. k)—fx(k

tim |2E—AE) 2.6

k—o0 ’ Hloe () | (26)
Then there exists a sequence of matrices {4 };.n such that for all &:

i) x(k+1) = A+bf +A)x (k) @.n

i) klim A, =0 2.8)
PROOF Define:

_ T
oy = DO —frONE) @9
x(k) x(k)

then one can easily check that 2.7 holds. 2.8 follows from 2.6.

ComMENT Theorem 2.1 tells us that if the input of a linear system is asymptotically given by state
feedback, then asymptotically the system will behave as if this feedback was used. This result holds
whether or not f is stabilizing. An important feature in the assumption of the theorem is the




AR

normalization. This decouples the result from the norm of the state trajectory, and emphasizes that
everything depends only on the directions of the states.

If we replace (4,b) by (4¢,bo) and fby f(A4y,bo), we see what kind of result we get if we are able to
produce a sequence of inputs which satisfies (2.6). In section 5 and 6 we will present algorithms which
produce such sequences.

3. ADMISSIBLE ALGORITHMS

In this section we will define a class of admissible adaptive pole assignment algorithms. There are two
reasons why we think that at least an attempt in this direction should be made. The first reason is
that we want to rule out algorithms from which it is intuitively clear that they will give bad
behaviour, although mathematically things look good. Since we deal with deterministic systems we
can, mathematically speaking, identify the system exactly within finite time. After having done so, we
can then calculate the control law and apply it for ever. It should be clear that this kind of open-loop
adaptive control will not be very robust against (slow) variations of the system parameters.

The second reason is that we want to make the principles that lead to the development of the algo-
rithms proposed in sections 5 & 6 more explicit. It will turn out that our algorithm is just an example
of an admissible algorithm that behaves well asymptotically. But it is quite possible that there are
better algorithms within the class defined below.

DEFINITION 3.1 An admissible adaptive pole assignment algorithm is a procedure consisting of two
parts: An estimation part and a control part. Furthermore there is a rule which connects these two
parts. The procedure should obey the following rules.

()RECURSIVENESS At every time instant a new estimation of the system parameters (or a function of
them) is made on the basis of a uniformly bounded number of past observations and past estima-
tions.

(i)NEUTRALITY The estimate at time k +1 equals the estimate at time k if and only if there is no
discrepancy between the observed data and the data expected on the basis of the estimate at time k.

(iif)CERTAINTY EQUIVALENCE The estimation part and the control part are connected according to the
certainty equivalence principle: The control action at time k, for almost all k is calculated on the
basis of the latest estimate, as if this estimate represents the true system. With almost always we
understand: always except for a finite number of times. At those time instants a alternative control
action may be taken.

An admissible algorithm is called regular if it does not use the possibility of taking alternative control

actions. It is called irregular otherwise.

ComMeNT If the algorithm does not depend on time, then neutrality and certainty equivalence enter
quite naturally. For, suppose we are lucky and the initial guess of the system parameters happens to
be the true one, then the control action should equal the desired one. Since this should hold for every
possible value of the system parameters certainty equivalence and neutrality follow. Another motiva-
tion for neutrality is the following: Suppose that the present estimate is not falsified by the newly
observed data, why should one then change the estimate and moreover in which direction should this
be done. The escape possibility of taking alternative control actions at a finite number of time
instants is provided for the following reason. Since the estimation part produces estimates in the space
of minimal triples, one should be able to avoid that estimates eventually become non-minimal. OQur
algorithms make use of this possibility.

Note that by definition it is not allowed to use external excitation signals.
In the next section we will investigate the question whether there is any chance that there exist admis-
sible algorithms which give good asymptotic behaviour.




4. How MUCH CAN WE LEARN, AND HOW MUCH SHOULD WE LEARN?

In this section we shall give a characterization of how much we can learn from the true system when
the control sequence is generated by a regular admissible algorithm. The reason that we restrict our
attention to regular algorithms (i.e. algorithms which generate every input on the basis of the latest
estimate) is that for every admissible algorithm there is a time instant after which the algorithm
behaves regular. Since we want to draw conclusions about possible limit points of an unspecified
admissible algorithm, we should not include algorithms with very specific initial behaviour.

DEFINITION 4.1 Let T be a regular admissible algorithm. We call (4,b,c¢,X(0)) indistinguishable from
(49,bg,¢0,x(0)) under the use of T, if and only if (4,b,c¢) is invariant under 7, provided that the
observed data is produced by (4¢,bo,co), and the input sequence is generated by 7. We call
(4,b,¢,x(0)) indistinguishable from (4¢,b¢,c0,x(0)) if and only if (4,b,c,x(0)) is indistinguishable
under the use of 7, for every regular admissible 7.

ComMmEeNT The above definition is motivated by the following observation. Suppose we have a guess
(4,b,¢,x(0)) of the system which happens to satisfy the requirements of the Definition 4.1. Suppose
now that we apply a regular admissible algorithm to the system with initial value (4,b,¢,x(0)). Since
(4,b,¢,x(0)) is invariant under the algorithm, the next and all the successive estimates will be (4,b,c).
Hence by applying a regular algorithm we can never tell whether the true system parameters were
(4,b,¢) or (Ag,bg,co). In that sense (4,b,c,x(0)) cannot be distinguished from (4¢,b¢,co,x(0)). Note
that the relation defined above is non symmetric and non transitive.

ProprosITION 4.2 If the state trajectory is observed, then (4,b,c,x(0)) is indistinguishable from
(Ag,bgp,c0,x(0)) if and only if for all k:

(Ao+bof (4,b))x(k) = (A+bf (4,b))x (k) 4.1)
where x (k) is defined by:
x(k+1) = (Ao +bof (4,b))x (k) . (4.2)

ProOOF Suppose (4,b,c,x(0)) is indistinguishable from (4¢,bg,co,x(0)). Take (4,b) as the initial state
of any admissible algorithm. According to the certainty equivalent principle we should then apply
u(0)=f(4,b)x(0). Now observe the new state x(1). Since (4,b) is invariant under the algorithm, we
conclude that:

x(1) = (Ao +bof (4,0)x(0) = (A4 +bf (4,0))x(0), 4.3)

according to the neutrality principle. For general k the same conclusion holds.
Suppose now that for all k£ (4.1) holds, then again by the neutrality principle, (4,b) will be invariant
under any admissible algorithm.

PrOPOSITION 4.3 If the state trajectory is not observed, then (4,b,¢,z(0)) cannot be distinguished from
(A o,bg,co,x(0)) if and only if for all k:

yk) = y(k), 4.4)
where y (k) and y(k) are defined by:
x(k+1) = Agx(k)+bof (4,b)z(k) ,x(0) ' (4.523)
y (k) = cox(k) (4.5b)
2(k+1) = Az(k)+bf (A,b)z(k)  ,2(0) (4.62)

k) = cz(k) (4.6b)




ProoOF The proof is completely analogous to that of Proposition 4.2.

CoMMENT The essential conclusion of the above results is that if we have a guess of the true system
which happens to be indistinguishable from the true system under the use of any admissible algo-
rithm, we will not change this guess. The crucial question then arises what the consequences are for
the resulting input sequence. The reassuring answer is that both in the observed state and in the non
observed state case the applied input sequence is then exactly the desired one. The following theorems
formalize this statement.

THEOREM 4.4 Suppose that for all k:

(Ao+bof (4,b))x (k) = (A +bf (4,b))x (k), 4.7
where x (k) is defined as in (4.2); then for all k:
SfA.b)x(k) = f(Ag,bo)x (k) (4.8)

THEOREM 4.5 Suppose we have (49,b¢,¢9,x(0)) and (4,b,c,z(0)) for which (4.4), (4.5) and (4.6) hold,
then for all k:

S A,b)z(k) = f(Ao,bo)x (k) (4.9)

REMARK From Theorems 4.4 and 4.5 it follows that once we have a guess of the true system which is
indistinguishable from the true system under the use of any admissible algorithm, the resulting input
sequence is exactly the desired one. This reflects in a certain sense a narrow escape. For the minimum
information about (4¢,b¢,cp) is that we should be able to calculate the desired input at every time
instant, i.e. f(49,b0)x (k). On the other hand it is obvious that the maximum information we can get
from the true system by means of an admissible algorithm is described by 4.4, 4.5, and 4.6. Hence the
maximum we can get is the minimum we need. This can be rephrased by saying that there is no
conflict between closed-loop identification and pole assignment. It should be noted that this does not
hold for general control criteria, see for instance [15].

For the proofs of Theorems 4.4 and 4.5 we will use the following two results, which we will prove in
the appendix to this section.

THEOREM 4.6 Let (Ao,bo),(A,b)elAZ' and V' a linear subspace of R"*” such that:

i) Forall veV: (4o +bof(4,b))veV 4.10)

ii) For all veV: (4o +bof(4,b)yv = (4 +bf (4,b))v (4.11)
Then:

for all veV': f(A,b)v=f(4¢,bo)v. (4.12)

PrOOF See the appendix to this section.

THEOREM 4.7 Let {(u(k),y(k)lxen be a sequence in R? and suppose there exist
(41,b1,¢1), (A2,b3,c5), minimal triples of order n, and sequences {x(k)(”,x(k)(z)} in R”, such that
for all k:

x(k+DD = 4, x(k)V +buk) (4.13)
x(k+1)P = A, x (k)P +bu(k) 4.14)




y(&) = e1x (@) (4.15)
y(k) = e3x(k)® (4.16)

Define %; = span {x(k)}rcn, and d; = dim (%), i =1,2.

@)if d; < n, then there exists a non-singular matrix S, such that: Sx(k)® = x (k).

(il)d 1 = dz. )

(iiD)if there exists g; such that: u(k) = g,x(k)(l), then there exists a non-singular matrix S, such that:
Sx(k)V = x (k).

PRrROOF See the appendix to this section.

ProoF OF THEOREM 4.4:

Suppose that (4.7) holds. Define X:= span {x(k)}icn. Then : (4o +bof(4,b))XCX Moreover, for
all xeX: (do+bof(4,b)x = (A+bf (4,b))x. Hence by Theorem 4.6 we have for all xe%:
fA,b)x = f(Ag,bo)x. In particular: f(4,b)x (k) = f(Ag,bo)x (k).

PrOOF OF THEOREM 4.5:

Suppose (4.4), (4.5) and (4.6) hold. Then, by putting u(k) = f(4,b)z(k), the conditions of Theorem
4.7 are satisfied. Hence there exists a non-singular matrix S such that for all k: Sx(k) = z(k). By
replacing z(k) by S ~1x(k) in (4.5a) and (4.6a) we obtain two recursions for x (k):

x(k+1) = (Ao +bof (4,b)S x (k) @.17
and:

x(k+1) = S(4 +bf (4,b))S "' x (k) (4.18)
Define: A: =SAS ™!, and b: =Sb, then (4.17) and (4.18) can be written as:

x(k +1) = (Ao +bof (,b))x (k) (4.19)
and:

x(k+1) = (A +bf (4,b))x (k) (4.20)

Hence, by Theorem 4.4 it follows that for all k: f (j,g)x (k) = f(dg,bo)x(k), which is equivalent to:
fA,b)z(k) = f(Ao,bo)x (k).

APPENDIX.

ProOF OF THEOREM 4.6 Suppose that ACR and that A;55A; for all is%j. Let V be one-dimensional.
Then Vis generated by an eigenvector v of (4 -+ bf (4,b)) corresponding to let’s say A:=A;. Hence by
(4.11): (Ao+bof(A4,b)y =Av. Suppose (A4g,bg) is in standard controllable form. Then
v=[LA,., A" 7. The spectrum of d¢+bgf (4g,bo) is by definition of fequal to A. Hence A is an
eigenvalue of (4o +bof (Ao,by)), and there exists v such that (4do+bof(4o,be))V=Av. From the
standard controllable form it is easy to see that the only candidates for an eigenvector with eigenvalue
A are multiples of v, hence v =p, for some p0. Hence (4o +bqof (Ao,bo))v =(Ao+bof (4,b))v. Since
by%0, we conclude that f(4,b)y =f(Ag,bo)v.

If dim“V>1, then “V'has a basis of eigenvectors and the above reasoning gives the result. For general A
the proof goes along the same lines, but then one has to study several different cases. We skip the
details.

For the proof of Theorem 4.7 we will use the following:
LemmMA 4.8. Let (4,b)eF and x(0)eR". Let {u(k)} be a sequence of real numbers. Define:




x(k +1) = Ax(k)+bu(k) k =0,1,2,.. @21)

Define %:= span {x(k)}rcn, and d:=dim (). If d<n, then there exists a geRlX" such that for all
k:

u(k) = gx(k) _ , 4.22)

PROOF Suppose (4,b) is in standard controllable form i.e.
01 ::0

0
10 o ;
A=|: : ::0 b= |, (4.23)
0 0 ::1 1
ay a; : : a,
Define aeR'*" by: a:=(a,,..,a,) Define:
A:=A—ba (4.24)
u:=ax(k)+uk) (4.25)
then:
x(k+1) = Ax(k)+bi(k) | (4.26)
Suppose x (0)=[x,(0),..,x,(0))7, define H cR"*N by:
H := [x(0),x(1),x(2),x(3),....] “4.27)
then:
x1(0) x2(0) x30) . . . x,(0 %0
_ : : u(0)
= 32(0) i(0) @2
%0 @0 @) . . . #(n—=2) wn—1) .

Since d<<n, rank(H)<n. Now H is a truncated Hankel matrix, hence its rank does not increase if we
add the last row, shifted to the left, as the n + 1-th row. This shifted row is:

[u(0), u(1),u(2),u(3),....] 429
Since the rank of the increased matrix is equal to the original one, the last row is a linear combination
of the first n rows. In other words, there exist gy, . . . ,g, €R such that:

Tat1 = g1r1 .t gur, (4.30)
where r; denotes the i-th row. Define geR'*" by: g := [g, ... ,8,). Then for all k:

u(k) = gx(k) 4.31)
Define g by: g: =g —a. Finally:

u(k) = wm—ax(k) ‘ 4.32)

= gx(k)—ax(k) 4.33)

= gx(k) “4.34)




We will now prove Theorem 4.7:

PrROOF OF THEOREM 4.7:

i). Suppose

d1<n.

i—1
yk+i) = c;Aix(k)V+ Z_A‘{blu(k +i—j—1)

Define:

then:

j=o0

Ci
clAl
W .=
(,‘114'11—.l
y (k)
y(k+1)—cibuk)
Wx(k) = |.

y(k+n—1)—A472bu(k)—..—c byulk +n—2)

From which we conclude that:

From which we derive:

In the same

_x(k)“) ] [1 0
u(k) 0. —c1by

[O I} : = 1 —c,477%p, .
: 1
ulk +n -2) 0 0

P YOS

xP (k) }(k +n—1)

u(k) =T [y

Lz;(k +n—2) _;t(k +n—2)

way one derives that:

P 0

@ (k) Gk +n—1)

u(k) = T2 i)

u(k +n ~2) L;t(k +n—2)

_Clb]
0

1y

).z(k +n—1)
u(k)

utk +n—2)

(4.35)

(4.36)

437

(4.38)

(4.39)

(4.40)
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x(k)(l) x(k)(z)

k k
tt( ) — R ?( ) @41
utk +n-—2) utk +n—2)

where R=T;T;'. Now since u(k+i) = bf (x(k +i+1)®—A,x(k +i)®), there exist matrices
MP,... . MP R " | such that for all k:

x(k)V = MPx k)P + ...+ MPx(k +n— 1)@ (442
and similarly:
x(k)® = MPx(k)D+..+MPxD, 4.43)

Since by assumption d<n, we conclude from Lemma 4.9 that there exists g, such that
u(k) = g1x(k)D, hence x(k +1)" = (4, +b,g)x(k)V. Together with (4.43) this gives that there
exists a matrix N; such that for all k:

x(k)® = Nx(k)® 4.44)

Denote by %, the linear span of x (k)P cn, and by d, its dimension. From (4.44) it follows that:
d;<d,, hence by Lemma 4.9 there exists g, such that for all k: u(k) = g,x(k)®. As above we con-
clude that there exists a matrix N, such that for all k:

x(k)D = Nyx(k)® (4.45)

Finally (4.44) together with (4.45) gives the statement.
ii) This follows immediately form part 7).
iii) Suppose u(k) = g,x(k)V, then just as in the proof of part (i) ( (4.43) ), we conclude that:

x(k)® = Nyx(k)V

Since d; = d, = n, it follows that N is non-singular.

5. AN ADMISSIBLE ALGORITHM FOR THE OBSERVED STATE CASE

We will now propose an admissible algorithm for the case that the state of the system (2.1) is
observed. This is of course not a very realistic situation, but on a conceptual level it provides a good
preparation for the non-observed state case. The algorithm is a modification of the one described in
[13,14]. There an essential assumption was made on the controllability of the limit points of the
sequence of parameter estimates. By introducing an alternative procedure when the parameter esti-
mates are close to non-controllable, this assumption is relaxed. A drawback is that the analysis of the
algorithm becomes a little bit more complicated. However, the superficial reader may take it for
granted that parameter estimates and their limit points are controllable, without losing appreciation of
what is going on.

ALGORITHM 5.2

We will introduce the algorithm inductively. Choose any sequence {¢,} and any sequence {C;} such
that:

&J0 and Cytoo G.D

INITIALIZATION (A g,bo): arbitrarily, ko = 0, jo = 0, x(0): given.

RECURSION
& = d"(Ar-bi), Er ) (5.2)

" d means Euclidean distance. As proven in [2], &, is the smallest singular value of the controliability matrix of (ﬁk,I;k).

&
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ifh =0
then:
{if& =g
then:
{u(k) = f(Ar,bi)x (k) (5.2.a.1)
hi vy = hy (521b.1)
Je+1 = Ji } (5.2.d.1)
else (if &; <e;,)
{uk) = G llx@®)l (5.2.2.2)
ht1 =n (5.2b.2)
T, =k (5.2.c2)
Jer1 = Jet1}} (5.2.d.2)
else (if h;>0)
{uk) =0 (5.2.a.3)
By = be—1 , (5.2b.3)
Je+1 = Ji } (5.2.d.3)
{ x(k+1) = Agx(k)+bou(k) (5.2.€)
3k +1) = Ax(k)+byu(k) (5.2.9)
Ag i1 = A + (@I +llx E)IR) G (ke + 1) — 2k + D)x (k)T (5.2.8
bew1 = b + (lu@IR+lIx®IR) (x (k +1)—Z(k + Du(k) } (5-2h)

ReMARK The division in (5.2.g) and (5.2.h) can of course only be done if x(k) or u(k) is non-zero.
Therefore if x(ko) = 0 for some ko, we do not change the estimates anymore and we take u(k) = 0
for all k = k. For the analysis of the algorithm we will assume that x (k)40 for all k. This assump-
tion is also needed if we want to apply Theorem 2.1.

CoMMENT Let us first explain how the (k +1)—th estimate, (A,c +1,bk +1) of (49,bp) is calculated from
(Ak,bk,u(k)) Suppose (4i,b) has been calculated and that u(k) has been applied to the true sys-
tem, this gives:

x(k +1)=Aox(k)+bou(k) (5.3)
Define )
ék_H:: {(4,5)eR™ " XR" ¥ | Ax(k)+bu(k)=x(k +1)} (.4

then ékﬂ is exactly the set of those parameters that are able to explain the transition from x (k) to
x(k +1), given u(k). Since a fortiori (4¢,b9)€ Gy +1, it is natural to choose (Ay 41,bx+1) somewhere
in Gy 4. Since G . is linear affine, we can take the orthogonal projection of (4y,b;) on Gy ;1. One
may check that the recursions for (4,,b;) are indeed based on this geometrical consideration. As a
first consequence we have that (4 11,b¢ +1) is closer to (4¢,bo) than (4;,b;) and hence the sequence
of estimates is bounded. The idea of orthogonal projection is not new, it was already used in [1] and
[7], and seems to go back to [8]. R . .

The algorithm is obviously recursive. Also, since (Ay.1,bx+1) = (Ag,by) if and only if
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x(k +1) = x(k +1)), neutrality is guaranteed.
Certainty equivalence is less easy to see. Onmly in the first loop of the algorithm we take
u(k) = f(Ar,bi)x(k), hence we have to show that the other loop is used only a finite number of
times. The formal proof will be given in Lemma 5.3, but first we will explain intuitively how u (k) is
calculated. Of course one would prefer to take u(k) = f (Ak,bk)x (k), for all k, however it is always
possible that (Ak,bk) is non-controllable which makes it impossible to calculate f (Ak,bk) If we
assume extra knowledge of the system, for instance if we assume that (49,b¢) belongs to a known
convex subset of E, then (4;,b,) will be controllable for all k, but we want to have a global result.
Another possibility is to inject external signals to force (4y,b;) to converge to (4g,bp). In finite time
(Ak,bk) will then be in a convex neighbourhood of (44,b,) contained in E. But we don’t want to add
external signals all the time. What we do is the following. §, measures how close (Ak,bk) is to non-
controllable. If §; is large, we take u(k) = f (Ak,bk)x (k), if 8 is small (measured by the sequence ¢; )
we start an alternative procedure. First we take a large input, large compared with the norm of x(k)
Then we apply n times the zero-input, and the distance-checking procedure starts again. We denote
7; the time instant on which the alternative procedure starts for the j —th time. 7, is the first time
that an estimate (Ak,bk) is closer to the boundary of the set of controllable pairs than ¢. 7;+1 is the
first time after 7;,+n that an estimate is closer to the boundary of the set of controllable pairs than
€ +1. At time 7;, the input is taken to be C;llx(r))ll, after which we apply the zero mput for n time
steps and the distance checking procedure starts again. The sequence 7; constructed in this fashion
can be interpreted as a sequence of stopping times (terminology borrowed from the theory of stochas-
tic processes).
As soon as k = oo (which can take quite a long time), it is easy to see that:

7o = min { j | d(( b),E) } (5.5)
T =min {j =7 _;+n+1 | d(( b),E) &) (5.6)

The minimum is understood to be infinity if the set over which the minimization takes place is empty.
Suppose now that the set of finite stopping times is infinite. Then, essentially what happens is the fol-
lowing. Due to the growing inputs at time 7, the dynamics of the system (i.e. the matrix 4,), will be
dominated by the input. As a consequence b, will be identified asymptotica]ly Moreover, the states
x(me+1) will converge to the subspace spanned by b,. Finally, since we apply zero-inputs and
because of the controllability of (4,by), the states x (7 + 1),....,x (7, +n) will asymptotically span the
whole state space. That means that asymptotically we will measure the action of 4, on the whole
state space and hence 4, will be identified too. In other words (A,b;) will converge to (4¢,b,). But
since (4¢,by) is controllable, it has a positive distance to the boundary of E. However, the assumption
that the set of finite stopping times is infinite and the fact that ¢; tends to zero, imply that the limit
points of (A -, b .) are non-controllable. This is a contradiction and hence the number of finite stop-
ping times is ﬁnite. This procedure of avoiding that estimates come too close to the boundary of the
set of controllable pairs is, of course, not exclusively applicable to pole assignment. It can be used for
every adaptive control problem where pole-zero cancellation can occur. It proves that a search
through the (4,b)-space can be done as long as one is willing to accept temporary alternative inputs.
Moreover, the alternative procedure is started and switched off automatically, which is completely in
the spirit of adaptive control. The inputs u(7y),....,u(Tmax) can be interpreted as an initial excitation
signal, not for identification purposes but only to avoid pole-zero cancellation of the estimates. The
sequences ¢;, C; can be seen as design parameters. In [11] an other procedure for biasing the esti-
mates from non-controllable is described for stochastic systems.

We know now that after some time instant we will always use uwk)=f (Ak,bk)x (k). The original
motivation of this control policy combined with the projection on Gy ; lies in the theory described in
section 4. For suppose that the sequence of estimates converges to (4,b) say. Then (4,b) is an invari-
ant point of the algorithm and hence it should satisfy:
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A +bf (A,b) 5 = Ao +bof (A,D)|x : 5.7

where % is the invariant subspace spanned by the asymptotic state-trajectory. From Theorem 4.6 we
can then conclude that f(4,b)|« = f(49,bo)|«, and in particular that asymptotically the applied
input equals the desired input.

In the next three lemmata we will derive some basic properties of the algorithm including the finite-
ness of the set of finite stopping times. .

LemmMa 5.1 Il(ﬁk,l;k)—(Ao,bo)H is a decreasing sequence, hence it converges to some real constant
R = 0.

ProoF This a direct consequence of the orthogonal projection feature, which assures that
(s b)— (A 0,50)| = WAy 11,5 +1)— (Ao,bo)l.

Although Lemma 5.1 is very simple, not to say trivial, it is an important feature of our algorithm. A
direct consequence of 5.1 is that (4,,b,) converges to a sphere with centre (44,b¢) and radius R. If
R =0 then (4;,b;)—>(A4¢,bo) and we are done. In the sequel we shall therefore assume that R >0.

Lemma 5.2 lim i(de-+1,be+1)~Aibolll = 0

PRQOF Suppose the claim is not true. Then there exists €>0 and a sequence {s;}, such that for all &:
”[(As,d-l3bs,,+l)_;(A£k9bs,,)]” =€

Now denote |[(A4x,bx)—(4o,bo)ll by r,. Choose 8>0 and let k¢ be such that R<<r, <R +38 for all
k = k. Using Pythagoras’ theorem we see that for all k = k&

s, —Ti4s, = rs, ~(rsk2_€2)% (5'8)
= R—((R+8—&)% = C (5.9

for some positive constant C and § sufficiently small.
Since r;, is non-increasing we have r, —r, = C, which yields:

rs, <rs,, —C(k —ko)<R +38—C(k — k). v (5.10)
Hence there exists k such that 7, <<R, which is a contradiction.
LemMA 5.3 {7, | keN, 1, <o} is finite.

PROOF Suppose the contrary. Assume that (;4\ Tk,l‘;,k) converges, say klim (ﬁ nsbr,) = (4,b). (Other-
—>00
wise take a suitable subsequence). Then, for all :

d((4,b),E,)<e, (5.11)
Hence (4,b) is non-controllable. Since for all k: (/'ik H,I;k +1)eék +1, we have:
x(k+1) = Ay 41 x(K)+ by 4 ulk) (5.12.2)
= Agx (k)+bou(k) (5.12.b)
In particular:
x(me+1) A;i'rk+lx('rk)+3'rk+lCkllx(Tk)“
Ixe+DI I, 1% () + by, 11 Cellx @I ©-13)

Aox (1) +bo Crllx (Tl

(5.14)

= Mox (m)+ boCellx (r)I
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Now:
(et Aex(m)+hoCellx (o)l
koo IXx(me+ DI koo 14 ox(r)+boCrllx (ol |l
x(Tx)
Tl +boCy
x(7)
e ()l

k—

* 14, +boCell

boC, b
0Cx 0 bo

% (1) T ol P
(o 2okl

k->o0
14

for some p5£0. On the other hand, if we take the limit in (5.13), we obtain:

pb
Hence:
lim b, = b,
From (5.2.a.3) and (5.19) we can now conclude that:
x(me+i)  Ab7'bg
koo llx(re+DI 145 1boll
Since for all k: x(k +1) = ,:1k+1x(k)+3k +1UYx, we have:

A

X(’Tk+i +1) - A,.k+,-+1x('rk+i) = AoX(Tk+i)

i=l,.,n+1

- x('rk-l-i) AoX(Tk+i)
A vitr S :
flx(m + DI [lx (e -+ D
Taking limits at both sides gives:
AAY by = AoAh7 b, i=1,.,n

Since (4¢,by) is controllable, we conclude that 4 =4, and hence:
lim (A'r,‘,b'rk) = (AO’bO)
ko0

And thus
(4,b) = (Ao,by)

(5.15)

(5.16)

5.17

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.29)

(5.25)

Since by assumption (4,b) is non-controllable, we have a contradiction and the statement follows.

COROQLLARY 5.4 For all k sufficiently large, (;lk,gk) is controllable and moreover all the limit points of

{Ay,b} are controllable.

ANALYSIS OF THE ALGORITHM.

The properties of the algorithm will be derived in several steps. First we shall state our main result.

THEOREM 5.5 Consider the (controlled) system (2.1,5.2), there exists a sequence of matrices {4, }ren
such that:
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i) x(k +1)=(4o+bof (A, b))x (k) (5.26)
=(do+bof (Ao,bo)+A)x (k) (5.27)
ii) klixgo A, =0 (5.28)

CoMMENT. Theorem 5.5 tells us that asymptotically the action of the closed-loop matrix is identical
to that of the optimal closed-loop matrix. It should be noticed that we do not claim that the real
closed-loop matrix converges to the optimal one, but only as far as the action on the real state-
trajectory is concerned. This weaker form of convergence is not surprising, if we realise the fact that
the estimation procedure only receives information about the action of the real closed-loop matrix on
the state-trajectory. We propose the term ‘weak self-tuning’ for this kind of behaviour. Self-tuning
would have implied that klirgo Ag+bof (Ar,br) = Ao+ Bof (Ao,by), which we do not claim. Note

that the above result is valid whether or not A is contained in the unit disk. This shows that the
adaptation part of the algorithm does not depend on the stability properties of the closed-loop sys-
tem. The reason that the result holds even for the instable case, is that the estimation part of the

algorithm depends on the direction of x (k) (i.e. —”—ﬁﬁl—), rather than x (k) itself. The normalization

plays an important role in the proof of Theorem 5.5. Of course for stability of the closed-loop system
it is needed that A is contained in the unit disk.

Lewaa 5.6 lim [(do-+bq f(jk,ék))—(jk+13kf(2k,13k))14—L”§ (';)” -0

PROOF Since the algorithm 5.2 is admissible, there exists ko such that u, = f(Ay,b)x (k) for all
k > ky. Hence by definition of Gy ;, we have for all £ > kg

(o +bof Gheob) =Gt +hian f A bNITEGor = 0 (5.29)
Using Lemma 5.2, Corollary 5.4, and taking limits at both sides of (5.29) gives the statement.
THaEOREM 5.7
D Jim (b~ — Ao bo)~2L =0,
x @l i
i) lim [(Ao+b0f(Akabk))“(A0+b0f(Ao,b0))]m =

ProOF i) Suppose the claim is not true. Then there exist >0 and a subsequence {s;}, such that for
all k:

I 5,)—f (Aosbo)) T E ";“ (5.30)

Assume that {s,} was already such that:
lim (4,,,) = (4.b) (5.31)
26 - (5:32)

k>0 (sl
for some (4,b)eE and x* €R". Then for all /:
JEim (As+s5b14) = (4,D) (5.33)
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Define X, and z; by:

X = (A +bf(4,b))x", k=0,1,2,... (5.34)

Z, = (Ao+bof (4,0))x", k=0,1,2,... (5.35)
Then, by Lemma 5.6 and (5.33), we have for all k:

% =2, ‘ (5.36)
Hence by Theorem 4.4 it follows that in particular:

fUb)x" = f(Ag,bo)x” (5.37)

This contradicts (5.30), and the statement follows.
ii) This follows from Lemma 5.6 and (i).

Proor of Theorem 5.5:
This is now a direct application of Theorem 5.7 and Theorem 2.1.

REMARK In [13,14] Theorem 5.5 was proven slightly different. There the notion of excitation space

was introduced. This is the space spanned by the limit points of {"%)——

(:)" }xen- Denote this space by

%. From Theorem 5.7 we can then derive that:
lim [f (A b)—f (Ao,bo)lx = 0 (5.38)

for all x €%, which implies that only on the asymptotic active part of the state space the action of
S (Ayg,by) is as desired. This illustrates the term weak self-tuning. Also it can be proven that % is
invariant under 4 +bof (49,bo)-

6. AN ADMISSIBLE ALGORITHM FOR THE UNOBSERVED STATE CASE

We will now propose an adaptive pole assignment algorithm for the class of single-input/single-output
discrete time systems of (known) order n. The algorithm is based on ideas developed in the previous
section. There it was assumed that the state of the system was observed. This assumption is now
relaxed, and hence the algorithm should also contain an observer part. Indeed, the algorithm consists
of an estimation part including an adaptive observer and a control part. However, one can also view
the estimation part as an adaptive partial realization procedure, since no attempt is made to identify
the system parameters completely, and the true state trajectory (whatever that may be) is not recon-
structed either. What we really end up with is not a complete realization of the unknown system, but
an input/state/output description that is suitable for one input/output sequence, namely the asymp-
totic one. This section runs very much parallel to section 5 and the reader is referred to that section
for some of the details and discussions.

We will first give three different descriptions of the system. Then we will introduce the algorithm.
Then we will prove some basic properties. Next we will formulate the main theorem of this paper:
the characterization of the asymptotic closed-loop behaviour of the controlled system. Finally, we will
give the analysis of the algorithm, ultimately leading to the proof of the main theorem.

THE SYSTEM: :
The true system is supposed to be linear, time-invariant, single-input, single-output and of known
order n. Hence it has an input/output description of the form:

yk+1) = adyk)+..+ad_ 1y (k —n + 1)+ bu(k)+..+ b2 _ju(k —n +1) 6.1

Since we want to work in i/s/o form, we realize (6.1) as follows: Define



(A0,bg,c)eR™ " XR" I XRI*", by:

aj 1...0
: 0 :

Ao := P . 0 by 1=
O 1
a_,0...0

And define for every k, x(k)sR", by:

x1(k) = y(k)
5l = B alej 1y ~1=))+ 3 b04; _ule —1—))
j=0 j=0
Then for all k:
x(k +1) = Aox(k)+bou(k)
y(k) = ex(k)

0
bn—l

c:=[10..0]

i=2,.,n
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6.2)

(6.3.2)

(6.3.b)

(6.4.2)
(6.4.b)

Although there are of course many other realizations of 6.1, we will refer to 6.4 as the true realization,

and to the sequence {x(k)}rn as the true state trajectory.

We will also need the following non-minimal realization of 6.1. Define Fy € R@~DX@—1) gpng

g0 E‘R(Zn -Dx1 by-

rad . a_, al_, b .
1 0 0 0
0 . . .
: 0
1 :
For=100 0 o0 00
0 1
: : 0
0 0 0 0

Define:

by 2 bY_1
0 0
0 0
0 :
1 0

-bg.
0

&(k) := [y (k)yk =1,y (k —n + D,u(k —1),...utk —n + D

then for all k:
Sk +1) = Fop(k)+gou(k)

Moreover, since (4¢,b,) is controllable, so is (Fg,go). Finally define M eR®" ~Dx# by:

1 0 0 .. 0
0 a; a, a,
a, as . 0
M :=
T Gy :
LO a,-, 0 .. 0

0
by
b,

0
b,
b3

0 1
b, 1

6.5)

(6.6)

6.7

6.8)




18

then for all £ we have by (6.3) that:
x(k) = Me(k)

THE ALGORITHM 6.11
Choose any sequence {¢, } and any sequence {C;} such that:

|0 and C 10
INITIALIZATION (d g,bo): arbitrarily, iy = 0, jo = 0, $(0): given.

RECURSION
Gotk) 1. .. 0 [ Bok)
- 0 . .
jk = : 0 I;k =
s 1 :
G (k) 0 . . . 0 by _1(k)

& = d" (Ax,be),Ex, )

if b, =0
then:
if& =g,
then:
(u(0) = f Aibi)ek)
b1 = Iy
Je+1 = Ji }

else (if 8, <¢;,)
{ulk) = G lig(io)l
hry = 2n—1
T, =k

Jk+1 = jet1}}

else (if h,>0)
{uk) =0
hev1 = e—1
Je+1 = Ji }

{yk+1) = adyk)+..+ad _ 1yt —n + 1) +buk)+...+ b2 _ju(k —n +1)
Pk +1) = ao(k)y (k) + ...ty 1 (K)y (k —n + 1) +bo(K)u (k) + ...+ by _ 1 (K)u(k —n +1)

(6.9)

(6.10)

(6.11.A)

(6.11.B)

6.11.a.1)
(6.11.b.1)
(6.11.d.1)

(6.11.2.2)
(6.11.b.2)
(6.11.c.2)
(6.11.d.2)

(6.11.a.3)
(6.11..3)
(6.11.4.3)

6.11.¢)

6.11.9)

* d means Euclidean distance. As proven in [2], 8, is the smallest singular value of the controllability matrix of (ﬁk,l;k)‘
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Ak) = Q2+ ... Hy2k —n + D +ut()+ ..+ ul (e +n — 1) "y k + D) —pk +1)] 6.11.g)

Gk +1) = Gk)+NKY Kk —i) i =0,.,n—1 (6.11h)
bk +1) = b(k)+AKuk —i) i =0,.,n—1 (6.11.)
x(k) = Zai+j—l(k +1yk _lfj)”' E;’Hj—l(k’*'l)u(k’"l“‘j) i = 1l,..,n (6.113)
j=0 F=0
B+ D) = Dol —)+ Dbk +Dule—))  i=lon ) 6.11k)
j=0 j=0

ReMark The division in (6.11.g) and can of course be done only if ¢(k) or u(k) is non-zero. Therefore
if ¢{ko) = O for some kg, we do not change the estimates anymore and we take u(k) = O for all
k = ky. For the analysis of the algorithm we will assume that ¢(k) # 0 for all k. This assumption is
also needed if we want to apply Theorem 2.1.

CoMMENT The interpretation of the algorithm is more or less the same as for the observed state case,
the main difference being that now a state trajectory has to be invented too. Define:

Gk+1 :={(a0,..,a,,_1,b0,..,b,,_1)]y(k +1) = 2 (ﬂ,}l(k —1)+b,u(k ""l)) } (612)
Then ék.{.l is  linear affine lnoand (ag,...,ag_l,bg,...,bg_l)eékﬂ. Define

(@o(k +1),...,a, _1(k +1),bg(k +1),...,b, _1(k +1)) as the  orthogonal projection  of
(@0(k)s--rs 8 —1 (K), b0 (K), Dy —1 (K)) OO G 1.

THE OBSERVER

The definition of x(k) and z(k 1) is motivated by the following analysis.

At time k we compute (ag(k +1),...,a, —1(k +1),bo(k +1),...,b, —(k +1)) on the basis of the observed
data (u(k —n+1),y(k —n +1D,..,u(k),y(k),y(k +1)). Suppose we want to have an i/s/0 description
of this finite i/0 sequence:

% +1) = Ak + DE()+b(k + Du()) j=k—n+1,.k (6.13.2)
() = ¢x(j) (6.13.b)
Let X be the unique solution of the equations:

ad J=2aA P
AL + ¢S Ay b pute—n+j—1-1) = y(k—n+j) j=l,.n (6.14)
=0

Then, if (ﬁkﬂ,ﬁk +1) was the true parameter, X would have been the estimation of x(k —n + 1) based
on the dead-beat observer for (4¢,by). Since we use (A +1,b; +1) instead of (44,by), the observer
part of the algorithm can be interpreted as a certainty equivalence dead-beat observer. Now one may
check that:

Ay — n—2 . N
) = Ajx + S Ay ibgue—n+j—1-1) (6.15)
1=0
Sk +1) = Ay 1 306) +by 1+ u(k) (6.16)

where X (k) and z(k -+ 1) are defined by (6.11.j) and (6.11.k).
The next three lemmata give some essential properties of the algorithm.

LemmMa 6.1 Il(;lk,l;k)—(Ao,bo)Il is a decreasing sequence, hence it converges to some real constant
R =0.

PROOF See the proof of Lemma 5.1.

LEMMA 6.2 klga ||[(zak+1,1;k+1)—(z:1k,l;k)]” =0
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PrOOF See the proof of Lemma 5.2.
LeMMA 6.3 {7, | k€N, 7,<<oo} is finite.

ProOF Suppose the contrary. Assume that (fi ml;n) converges, say klim (/Al nsbr) = (4,b). (Other-
. —3.00

wise take a  suitable  subsequence). Then (4,b) is  non-controllable. Define

(Fie,gx)eR@ ~DX@n =1 5 g@n =DX1 by replacing a? by a,(k) and b? by b;(k) in (6.2). Now the proof

is completely analogous to the proof of Lemma 5.3.

COROLLARY 6.4 For all k sufficiently large, (Ak,l;k) is controllable and moreover all the limit points of
{Ag, b} are controllable.

The analysis of (6.11) is as follows: first we will prove that the sequence {z(k +1)} provides asymp-
totically a realization of the controlled system. Then we will apply Theorem 4.7 to the limiting
behaviour of the system to connect the true state trajectory with the constructed one.

ANALYSIS OF THE ALGORITHM

THEOREM 6.5 Consider the (controlled) system (2.1,6.11). Assume that there exists A€ A such that
A 0. Then there exists a sequence of matrices {Ay }rcn, such that for k sufficiently large:

i) x(k+1) = Agx(k)+bof (Ax, bz (k) (6.17)
= (Ao +bof (Ao,bo)+Ap)x (k) (6.18)
i) lim A =0 (6.19)

ReMARK Just as in Theorem 5.5 we do not claim that (44,b¢) is identified, nor is f(4¢,bo) identified.
Even the state trajectory is not reconstructed. The constructed state trajectory z(k) will in general not
equal x(k), nor will f(4,,bc) be close to f(A4g,bp). In the limit, both f(Ay,b;) and z(k) will be
wrong, but the resulting input sequence u(k) = f(Ay,b;)z(k) will be as desired, and that is what
really matters. Again this could be seen as a weak form of self-tuning. As in section 5, the above
result is valid whether or not A is contained in the unit disk. This shows that the adaptation part of
the algorithm does not depend on the stability properties of the closed-loop system. The reason that
the result holds even for the instable case, is that the estimation part of the algorithm depends on the
direction of ¢(k) (i.e. —ﬂlﬁL), rather than ¢(k) itself. The normalization plays an important role in

okl
the proof of Theorem 6.5. Of course, for stability of the closed-loop system it is needed that A is

contained in the unit disk.

Note that:
3(k) = Myo(k) (6.20)
3(k) = My _ (k) (6.21)

where the matrices Aﬂlk €R"*@ =D are defined by replacing ad by a;(k) and b? by i:i(k) in (6.8).
Define:
n—l1 n—1 . )
d = gl = [ Dy — 1)+ 3 u?(k — )P (6.22)
j=0 j=

LemmMa 6.6

lim ud—‘kﬁ(k + 1) — (A +bf A, b)EENI = 0 (6.23)




21

. Proor From Lemma 6.3 and (6.11.a.1) we deduce that for k sufficiently large:

3k +1) = Ay 1 5(K) +by 11 f A, bE(K) (6.24)
Hence:
2k +1) = (A 41 My + by 11 g b M _1)(k) (6.25)

Now, since [I(Az,b5;)~(Ag 11,5 +1)l > 0, the continuity of f on E, the controllability of the Limit
points of (4,,b;), we conclude:

. 1 A ~ ~ Ao s
klilg “71;[2(16 + 1) — (A 41+ 1 1f (Ar, b))z (6.26)
e e s s k S S ()

= tim (g oy Me+ ot f G )M - )25 — i My bt f (A DO a7
Jm 1Ak +1 M+ by 4 1f (Aie, b )M 1)||<1>(k)|l (Ag + 1My 1 +by 1 f (A, b )M, T Il €6.27)

THEOREM 6.7

Ao,bo)x (k)= f (A, bz (k
tim 1240 °)()df(" ) — 6.28)
- 00 k

PRrROOF Suppose the claim is not true. Then there exist >0 and a sequence {1, } such that for all k:
S (Ao,bo)x (k) f (Ar,b)z(k) |
I | = e

a4 (6.29)
Let x” be a limit point of * () . Say klitgo f—g—gi = x", for some subsequence {#{} of {#,}. Let
{#2} be a subsequence of {tﬁ“t}k, such that: "
lim (Ap,bp) = (4,b) (6.30)
and
lim Zgg)) =z (6.31)
Then for all &
lm (Aprp,brep) = (A,0) (6.32)
Define sequences {x (k) } and {z(k)'} as follows:
x(©0) :=x" z(0) : =z~ (6.33)
z2(k)" = (A +bf (4,b))z* (6.34)
x(k+1) = Agx(k) +bof (4,b)z(k) (6.35)
Then, by Lemma 6.6, the fact that cz(k) = cx(k), and (6.32), for all k:
ex (k) = cz(k)’ . (6.36)
hence by Theorem 4.7 there exists a non-singular matrix .S such that for all k:
Sz(k)' = x(k)" (6.37)

Hence, by Theorem 4.5:
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fAb)" = f(dg,bo)x" (6.38)
which contradicts (6.29).

ReMARK Theorem 6.7 tells us that asymptotically the applied input equals the desired input if we nor-
malize with the norm of ¢(k). For the derivation of the same result, but this time normalized with the
norm of x (k) (in order to be able to apply Theorem 2.1), we will study, as an intermediate step, the
non-minimal realization (6.7) of (6.1).

We have for all k:
$k +1) = Fop(k)+gou(k) (639)
Define hyeR*@ D py:
ho := f(do,bo)M (6.40)
Then the desired input is:
u(k) = f(do,bo)x (k) = f(Ao,bo)Me(k) = hoo(k) (6:41)
Hence the desired closed-loop representation of (6.39) is given by:
¢k +1) = (Fo+goho)d(k) (642)
However, the applied control is:
u(k) = [ Abi() = f (AibOM—1906) (6.43)

The following Theorem characterizes the asymptotic closed-loop behaviour of the realization
(6.11,6.39).

THEOREM 6.8 There exists a sequence of matrices {A; Yren such that:

@)k +1) = (Fo+gof (Ar,b)My —1)p(k) (6.44)
= (Fo+goho+Ar)p(k) (6.45)
@) klim Ay =0 (6.46)

Proor The proof follows immediately from Theorem 6.7 and Theorem 2.1

LEMMA 6.9 Let {M, },.n be a sequence of matrices in R"*", such that klim M, = M £ 0. Choose
—>00
x(0)eR"*" and define:

x(k+1) = Mpx (k) 6.47)
Assume that for all k x(k) 7 0. Denote by %X the linear span of the limit points of l]_xx(Llli)% Then:

) MXCX (6.48)

ii) for all xe%X ,x540 : Mx =0 (6.49)
PROOF i) Suppose x” is a limit point of {-ﬁ-%gl—]}. Say kli_{?o %;Tl. = x", for some subsequence
{5¢}. Then:

Mx* M, x(s;) = lim 1 x(1+s;) (6.50)

k—oo |lx (s

k—o0 ”)C(Sk)”
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o @S x(I4s) WM, x(sll  x(1+s4) 651
T koo xGl Mx sl T kse lx@Oll lx(1+sll- ©>1)
_ x() o x(A+se) eqge X(1+sg)
= M ol sl M I s 632)
Hence Mx" € X. By linearity the result follows.
ii) After a change of basis, M and M, can be decomposed as:
_ M“ 0 _ Mll(k) M12(k)
M=10 o M= \Mue) Muto) ©33)
such that M, is non-singular. Then:
Xk +1) . (Mu(R)x (k) +Myu(k)xa(k)
i Ceor - AR @l =0 659
xik+1) (M (k)x(k)+Mp(k)xa(k))
koo XNl ke llx ¢l 70 (6:55)
This yields:
x(k)
(ol —> coker(M) (6.56)

By linearity the statement follows.

COROLLARY 6.10 Let x” be a limit point of %IQ, then: x° £ 0.
k

PrROOF One may check that ACo(Gp). Since by assumption at least one of the N's is non zero, we
conclude by Lemma 6.9 that there exists p > 0 such that for i:

k+) o g (6.57)
dy.
N . x(%)
ow suppose x = 0. Say — 0, then:
i
e+ DI _ Mox(®R)+bof Ay b )20 659
d, d,
(o +bof(Ao,bo)x(t)+bo(f (Ay,.b, 2(t)—f (A0,bo)x ()l
- -0 (6.59)
d,
This implies:
(Y(tk),)’(tk + 1)9"’y(tk +n— lz;u(tk)’u(tk + 1)"~’u(tk +n— 1)) -0 (6.60)
b
+n—1
o Hutn=h (6.61)
d,
which contradicts (6.57).
COROLLARY 6.11
u(k)—f(Ag,bo)x (k
]imll(() f (Ao o)‘())"=0 (6.62)

k=0 Hx (I
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7/
Proor Since by the previous corollary m < §, for some & > 0, we have:

W) fAobo)x k) @)~ (Ao,bo)x(K)  di
o, ! llx o)ll- '" e d llx (i)

=0 (6.63)

ProOF OF THEOREM 6.5
The proof of Theorem 6.5 is now just an application of Theorem 2.1 and Corollary 6.11.

7. SIMULATIONS

The algorithms presented in sections 5 & 6 have been simulated extensively. As could be expected,
convergence gets slower as the order of the system increases. . The asymptotic behaviour of the con-
trolled system was characterized in terms of the action of the asymptotic closed-loop matrix on the
state-trajectory. The weak self-tuning property, however, can better be illustrated by a comparison
between the applied input and the desired input. In many cases the assumption (2.6) in Theorem 2.1
implies that:

uk) _
Ay ! (7.1)

We will now give the graphs of the output of a second order unstable non-minimum phase system
a
and of % (where superscripts a and d stands for ”applied” and ”desired” respectively). The

u
applied algorithm is the one introduced in section 6 (non-observed state case). The true system has
the realization:

-11 1
x(k+1) = [ 6 0] x(k) + |5| uk) (7.2.2)
y(k) = [10}x(k) (7.2.b)
The system was initially guessed as:
N -3 1] . 2
Ao= 117 ¢l bo= |3 (1.3
The desired closed-loop characteristic polynomial was chosen to be:
X? — 17X + 0.72 (7.4)

If we look at figures 7.1 and 7.2, we see that initially the system behaves badly. Then after a certain
learning period, the quotient of applied and desired input is close to 1 and the system begins to sta-
bilize. One may check that y (k) tends to zero exponentially fast, the exponent tending to the slowest
a
desired pole: 0.9. At iteration 32 there is a peak in the graph of %. The explanation is that the
u
state was suddenly too far away from the subspace it was converging to. Outside this subspace the

a
control law was still far away from the desired one. Although after 150 iterations _E‘_(L’;l; is very close
u

to 1, the true system has not been identified at all. The simulations showed that the Euclidean dis-
tance between the true system parameters and (4 1s9,b159) was almost 2.24 (initially 2.65). After 150
iterations the closed-loop poles were 0.89998 and 0.81490. The larger deviation of the second pole
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from the desired one can be explained by the fact that the state-trajectory converges to the invariant
subspace belonging to the other pole. Hence information about the invariant subspace belonging to
the second pole gets poor very quickly. This illustrates the weak self-tuning feature: only the poles
which are excited asymptotically are placed properly.

2 F
e9

1+
€9

-~ g™ g O
%o

e9
_2 1 i i : i i A

0 20 40 60 80 100 120 140 160

number of iterations
Figure 7.1. The output of the system.
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Figure 7.2. The quotient of applied and desired input.

8. CONCLUSIONS AND REMARKS

Algorithms have been proposed for adaptive pole-assignment for single-input/single-output systems.
Pole-zero cancellation of the estimates was avoided by introducing a finite number of special inputs.
A weak form of self-tuning was derived without imposing conditions on the richness of the signals.
There are some interesting topics for further research. First of all the limit points of the estimates.
We did not claim convergence of the sequence of estimates since we did not need it. It would, how-
ever, be interesting to know whether or not the estimates converge. If they do, it is obvious that the
limit will be an invariant point of the algorithm, and will hence satisfy (5.7). For the first order case
convergence of the estimates can be proven.

Another question is to which invariant subspace of Ag+bof (4g,b) the state traJectory converges.
From simulations we know that in most cases the state trajectory converges to the invariant subspace
belonging to the slowest desired pole, as in the non-adaptive case. It is not unlikely that this will
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generically be the case, but a proof has not yet been found.

The algorithms as presented have an interesting potential possibility. The asymptotic results have been
derived without imposing any conditions on excitation. In the initial period inputs are calculated on
the basis of very little knowledge of the system, and hence they can be expected to be far from
appropriate. This means that initially certainty equivalence does not make so much sense, and hence
the input sequence could also contain an active learning part. This learning should then be tempered
more and more as the tuning gets better and better. Since the results presented here do not depend
on asymptotic excitation, this should in principle not change the asymptotic properties of the algo-
rithm, but only the initial part.

Finally, the algorithm should be translated into the continuous time case.

We hope to report on these topics in the near future.
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