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1. INTRODUCTION
In this paper we study four classes of classical integrable N-particle systems on the line, which can be
characterized by an N XN matrix-valued function L (referred to as the Lax matrix) on a 2N-
dimensional phase space £, cf. (2.1), (2.17), (2.31), (2.32) and (2.59) below. The symmetric functions
S1,-.,Sy of L are in involution, so that the spectrum of L is conserved under the flow corresponding
to any Hamiltonian in the maximal Abelian algebra generated by S,...,Sy.

It follows from general principles (the Liouville-Arnold theorem) that there exists a canonical
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transformation ®:Q2—Q (the action-angle map) which diagonalizes the Abelian algebra in the sense
that the functions S;°® ! depend only on the new generalized momenta (the action variables). How-
ever, this existence result yields neither an explicit picture of ® nor a precise description of the
action-angle phase space . (This state of affairs is the classical analog of the quantum situation:
There the spectral theorem ensures the existence of a unitary joint eigenfunction transformation & for
the maximal Abelian quantum algebra, but does not provide detailed information concerning & and
related matters such as existence of bound states, scattering, etc.)

Our main result is an explicit construction of an action-angle map ® for the systems mentioned
above. We also determine explicitly the wave and scattering maps for a large class of Hamiltonians,
cf. Theorem 4.1. A crucial auxiliary result concerns the spectral asymptotics as t—>00 of two classes
of t-dependent matrices. For the first class this amounts to a quite straightforward application of
nondegenerate perturbation theory, since the r-dependence is linear, cf. Theorem Al. However, for
the second class the dependence on ¢ is exponential and the result (Theorem A2) is of independent
interest.

The systems I, and I1,, studied below are commonly known as Calogero-Moser systems [1]. The
subscript refers to the nonrelativistic Hamiltonians with pair potential ¥(q)=1/¢g* for I, and
V(q)=1/sh%q for II,,. The relativistic generalizations presented and studied in [2] are denoted I,
and I1,,;. The results of this paper have a bearing on the relations of the latter systems to soliton solu-
tions of various nonlinear PDE, which are detailed in [2, 3]. We intend to come back to this issue in
a sequel to this paper, where we shall consider systems of particles that behave as solitons, antisoli-
tons and their bound states [4]. '

For the case I, an explicit construction of ® can already be found (in a somewhat different guise)
in a paper by AIRAULT, MCKEAN and MOSER [S]. They observed that there exists a commutation
relation of the Lax matrix L with an auxiliary matrix-valued function 4 on @, which can be used to
infer crucial spectral properties of L. This state of affairs was further explained and elaborated on in
a paper by KAZHDAN, KOSTANT and STERNBERG [6]. We have followed the lead of these papers and
exploit a generalization of the commutation relation for the case I,, to the other three cases. Further
related work includes a paper by ADLER [7], who obtains detailed information about the systems I,
and II,, with external potentials, and various references listed in the survey [1].

In all cases the action variables are simple functions of the eigenvalues of the Lax matrix L,
whereas the matrix A4 is diagonal and depends only on the positions. Therefore, the similarity
transformation turning L into a diagonal matrix L turns 4 into a matrix 4 whose symmetric functions
are commuting Hamiltonians on the action-angle phase space Q. It turns out that 4 is in essence
equal to the Lax matrix of one of the four cases considered here. We shall express this state of affairs
by saying that the two cases involved are dual to each other. Specifically, it turns out that I,, is dual
to itself, cf. (2.24), II,, is dual to I, cf. (2.49-50), whereas II,,; is again self-dual, cf. (2.73). The
self-duality of 1,, (already pointed out in [5]) and II,,; can also be expressed by saying that ® equals
its inverse when € and © are identified in the obvious way. (More precisely, for the case II,,, this
holds after a scaling.)

It is known that the integrability of the systems ,, and I7,, persists after quantization, cf. [8]. As
proved in [9], the systems I,; and 11, can also be formally quantized in such a fashion that integra-
bility is preserved. Elsewhere, we shall return to the quantum version of these systems and present
evidence to the effect that the duality properties just described survive quantization, too; Moreover,
there exist again intimate relations with various well-known integrable quantum systems [10].

We proceed by discussing the results and the organization of this paper in more detail. Though the
cases I g 11, I, may be viewed as special cases of II,,, it turns out to be quite awkward to keep the
action-angle map under control in the various parameter limits leading to the former systems. There-
fore, we have opted for a case by case construction of ®, which is presented in Sections 2B-2D. As a
bonus, this brings out the peculiarities of each case and leads to a clear picture of the duality proper-
ties. However, for conceptual and notational reasons we begin with Section 2A, which explains the
construction and its consequences in general terms. The reader might skip this section on first




reading and refer back to it when needed.

The construction performed in Chapter 2 only involves some simple linear algebra, including two
versions of Cauchy’s identity (listed at the end of this chapter). However, we have not found a way
to avoid considerable analysis in proving that the map ® is indeed a canonical transformation. We
have relegated most of these analytic aspects to several appendices. Specifically, we prove in-Appen-
dix B that @ and its inverse are real-analytic, whereas Appendix C is devoted to showing canonicity.
In the latter appendix we make essential use of the results of Appendix A and Chapter 3. Appendix
A contains the spectral asymptotics results already mentioned above, whereas Chapter 3 is devoted to
a case by case study of special flows whose relevant features can be established without using the
canonicity property of ®.

Admittedly, our proof of this key property is not exactly straightforward. The main analytic
difficulty in our approach (which hinges on exploiting scattering theory) is to justify a certain inter-
change of limits. Obviating this snag involves holomorphicity arguments and the uniform estimates of
Appendix A, and is already nontrivial for the simplest case I,,. (In the previous work on this case
mentioned above this interchange is left unjustified.) Possibly, smoothness and canonicity of ® can
also be established by adopting a picture as presented in [6, 11], but from the information given there
it is not obvious to us why the two different descriptions involved should be related by a canonical
transformation.

In Chapter 4 we study the scattering for a certain class of Hamiltonians. We prove that all of these
have the same wave and scattering maps as the special Hamiltonian studied in Chapter 3. For the
nonrelativistic systems this invariance principle had already been conjectured to hold in [12], where
we presented and discussed a quantum analog (cf. also [13], where similar invariance principles are
proved for several integrable field theories). Just as in [12], one may argue that due to this invariance
principle the various dynamics involved are ‘equally important” from a mathematical point of view; In
this picture the fundamental objects are L and ®, and the special Hamiltonians of Chapter 3 are sin-
gled out solely by their simplicity and by their physical interpretation in terms of space-time sym-
metry groups.

Chapter 5 contains some further developments. Specifically, in Section 5A we prove an asymptotic
property of the action-angle map, which may be viewed as a generalization of the invariance principle
of Chapter 4. In section 5B we show that one can get new integrable particle systems by restricting ¢
to certain submanifolds. These restricted systems may be viewed as being associated with the root
systems C; and BC,, in the same sense as the unrestricted systems are associated with Ay and 4,
resp. (cf. [1]) In the final Section 5C we collect some further observations of interest, including a
striking property of matrices associated with the case I, (i), a one-parameter generalization of the
Lax matrix whose symmetric functions still commute (ii), a symmetry property of @ (iii), and last but
not least, the relation between the four cases (iv).

This paper is in essence self-contained. In particular, we do not assume involutivity of the sym-
metric functions of the Lax matrix, since this information would not simplify our canonicity proof. Of
course, once canonicity of ® is proved, this commutativity property is an obvious corollary. Quite a
few other previous results are simplified and subsumed, as well. For instance, the explicit description
of the special flows studied in Chapter 3 can already be found in [1] for the cases I, and II,,, and in
[2] for the cases I,; and IT,,, but its validity is proved here with a minimum of labor (avoiding e.g.
the somewhat involved arguments of [2, Appendix B].)

We close this introduction by listing two versions of Cauchy’s identity in a form which suits our
later requirements:

(—=—)| = [Tl - 2

a+x,-—xj i<j az_(xi,__xj)Z

shz Sh22
— ) = 1—
ey =) = A G ety

(1.1)

1 (1.2)

Note that (1.1) follows from (1.2) by setting z =aB,y =8x and taking B8 to 0. For further discussion
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of these formulas we refer to [2].

2. THE CONSTRUCTION OF THE ACTION-ANGLE MAP
2A. Generalities

We begin by sketching the construction of the action-angle map ® in general terms. The systems stu-
died below all have a phase space and action-angle space given by

N

ﬂE{(q,O)ER2”|qN< s <qr}, w=D,dg;/\db; 2.0
i=1 ,

~ ~ ~ A N A

O=(@q.0cR¥|Oy< - - - <0,}, &= dg;\db;. 22)

i=1

They are characterized by an N XN matrix L on §, which also depends on certain parameters, collec-
tlvely denoted by g. These parameters take values in a region G CC' which we shall not specify here,
since G and / depend on the case at hand.

The key to the construction of @ is a commutation relation of L with a diagonal matrix A that is a
simple function of the matrix

Q= diag(q1,--,9n) 2.3)
This commutation relation is of the form
f@I4,L] = e®e—F(4,L), (2.4

where the complex-valued and matrix-valued functions f and F and the vector e(g;q,6) depend on the
case. In all cases considered below L is diagonalizable and has real spectrum. Thus, an invertible
matrix T exists satisfying

L=TLT™! = diag(\;,...,\y), AheR 2.5)
Then (2.4) implies

@Ay —N) = &8 —F(A,L),;. (2.6)
Here, we have set

A=TAT! @7

e=Te, e=T Ve 2.8)

(where ¢ denotes transpose)

We now render T umque by imposing several requirements. First, we exploit (2.6) to prove that
the coordinates of ¢ and ¢ are non-zero and that L has simple spectrum. Thus, we may and shall
require

A< - -+ <A 2.9)

This determines 7" up to left multiplication by a diagonal matrix D with D;%£0. We then fix
Dyy,...,Dyy up to a sign by requiring

e=e (2.10)
cf. (2.8). Finally, the sign is fixed by first proving that (2.10) entails e is real and then requiring
>0, i=1,..,N. Q@.1D

Next, we reparametrize I:,é,- and A with points in Q. In particular, the eigenvalue A; is written as a
simple function of §;. By virtue of the uniqueness of 7, we obtain a well-defined transformation @
from £ into O in this way.

&
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. To show that @ is a bijection, one need only solve (2.6) for A and regard A and i, as functions on
Q, after which the map can be ‘run backwards’. That is, one can construct a map &:2—Q such that

&o® = idg, Bo& = idg, 2.12)

which entails that @ is bijective. . —

Since the eigenvalue A; of L is reparametrized in terms of 6; only, the bijection ® diagonalizes any
Hamiltonian H which is defined in terms of L (e.g, H =TrLk), in the sense that Ho& depends only
on @. In particular, for any h € C§ (R) one can define a Hamiltonian Hj, such that

) Gy = Sh) e
Viewed as a Hamiltonian on fl, the rhs obviously generates the linear fiow

QOIO=@G1 + )., Gw + th O, ). @.14)
However, it does not follow from this that the pullback to Q,

@O0E)=6:40).H) 2.15)

is the solution of Hamilton’s equations for Hj, unless one can prove that & is a symplectic
diffeomorphism.

We prove smoothness of ® and & in Appendix B in the general context of this section. However,
our proof of canonicity hinges on picking a special h, for which (2.15) can be shown to solve the
Hamilton equations for Hj, without assuming canonicity of & An important ingredient for showing
this is a description of ¢(¢) in terms of eigenvalues of a matrix A (¢) defined below. This description
(for general h) is given at the end of each of the following sections, and amounts to an explicit picture
of the position part of the Hamiltonian flow generated by H,, once we have proved that & is canoni-
cal. )

The matrix A (¢) involves 4 and L in a simple fashion and reduces to 4 when 7 =0. The notation

AO=TANOT " (2.16)

which we shall use below is therefore consistent with (2.10). We shall denote evaluation of the
matrices Q,L and T in the point (2.15) by appending a subscript . Finally, we shall use the symbol
~ to denote similarity.

2B. The case I,,
The nonrelativistic rational case I,, is characterized by the Lax matrix

L(p;q,o),-jza,-joj+p(1—s,.j)qllqi, peiR® @.17)
Setting

A=0, e=l, @.18)

f=1/p, F=i, 2.19)

it is clear that L satisfies the commutation relation (2.4). Moreover, L is diagonalizable and has real
spectrum, since (2.17) implies L=L". Thus, a matrix T exists satisfying (2.5). Then the transformed
commutation relation (2.6) reads

Taking i =j, one sees that ¢ =1, so that the coordinates of e and e are non-zero. Taking then
ij, it follows that A; —A,5%0, so that o(L) is simple. Hence, we are now in the position to require
(2.9) and (2.10). Doing so, we may reparametrize L and A; by setting

&




L = diag(B,,....0x), =N\ (.21

Since the requirement (2.10) entails 2,? =1, we can now fix T completely by requiring (2.11). Thus, in
this case the requirements amount to imposing

& =¢€=1 i=L.,N (2.22)

We claim that the matrix 7, which has just been uniquely determined, is unitary. To pro/ve this, we
note that we could have started with a unitary T to diagonalize L, since L is self-adjoint. If we then
require (2.9), the ambiguity left is a diagonal unitary. But unitarity entails e =e, cf. (2.8), so that the
ambiguity can be removed by requiring (2.22). By uniqueness one then obtains the same T as before.

At this point the reader might wonder why we did not require that T be unitary to begin with.
This would however lead to certain difficulties later on, which we wish to avoid. In fact, we only need
the upitarity to conclude that the quantities q,__A,, are real. (Indeed, this is obvious from the fact
that A=A when T is unitary, cf. (2.18), (2.7).) Combining this definition with (2.20-22) and (2.17) we
conclude

A = L(—p:8,9) 2.23)
Summarizing, we see that we have constructed a map ®: Q-0 (g, 0)»(&,5) by diagonalizing L(p;q,6)

with a umquely determined unitary T, 0 being the eigenvalues of L and g; the diagonal elements of
TQT!

THEOREM 2.1. The map ®(p;q,0) is a smooth bijection from § onto Q whose inverse satisfies

60;3.0) = Po®(—p;8,9) 2.24)
Here, P is the permutation
P(xp)=(,%), (x,y)eR¥ (2.25)

PrOOF. Using the self-duality relation (2.23) it is obvious how to construct a map &:Q—Q satisfying
(2.12), and bijectivity and (2.24) then follow.

Well-known facts concerning matrix-valued holomorphic functions entail real-analytlmty, and hence
smoothness, of ﬂ(p ¢,0). The less obvious fact that g(p;q,0) is real-analytic, as well, is proved in
Appendix B. [

As announced in Section 2A, we shall now conclude this section with a theorem which, when com-
bined with the canonicity property proved later, yields an explicit description of the (position part of
the) Hamiltonian flow generated by

Hy=Trh(L), heCgR). (2.26)
(Here, h(L) is defined by the functional calculus.) Note that (2.26) entails that (2.13) holds true. The
notation used in the following theorem and its proof is explained at the end of Section 2A.
THEOREM 2.2. Let

A(D=0 + th'(L) ‘ 227
Then

A@) ~ O, (2.28)

PrOOF. We have ﬁ(t)z;l +th '(i), from which it follows that
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AQ@) = L(—p:8,9) + 1 diag(W'(B),.... 0" B(w)) (2.29)
cf. (2.23), (2.21). From this formula and the definition (2.15) of (¢(?), 0(t)) we can now conclude
T UAWT, = 0. (2.30)
—

so that (2.28) follows. [

2C. The cases 11, and 1,

We consider the nonrelativistic hyperbolic systems and the relativistic rational systems alongside,
since they turn out to be dual to each other. We shall use subscripts to distinguish the two cases,
unless the context prevents confusion. The Lax matrices are given by

Ly (05 0)y=08,0; + p(1—8))——L£——> pe(0,), peiR’ 231)
2shE >4 —9))

Lo(B.p:g. 0= expl S0, + OVIVIC)Brig), Be@,0), peiR’ @32
where

Via=TT -1 XD

1= (G—q)
Ckqy=—— 2.34)
D= tg—g
(Here and henceforth, positive square roots are taken.)
The commutation relation (2.4), with L=L,,, is satisfied when one sets

A= explpQ], &= exp[lziq,-] (2.35)

f=lpp, F=A (2.36)
Since L is self-adjoint, we can find an invertible T diagonalizing L, so that (2.6) reads here

1 ~ . ~

Solving for A we get

Ay = &8,C(— Ny, (2.38)
cf. (2.34). We now use Cauchy’s identity (1.1) to conclude

2,2
1 S N
4] = He, He, IIn- } (2.39)

i<j PZPZ - ">\j)2

Since |f'i| = |4| = exp|[u=;q;]50, the coordinates of ¢ and e are non-zero and o(L) is nondegenerate.
Hence we may and shall require (2.9) and (2.10).
Next, we claim that (2.10) entails reality of e. Indeed, since L* =L, we could have chosen a unitary

T to diagonalize L. Then we would get e=e, so that (2.10) can be satisfied by multiplying this uni-
tary T from the left with an appropriate diagonal unitary. Hence, the resulting unitary must be equal
to the previous T up to a matrix D with D;=x1, and reality follows. We can, therefore, require
(2.11) in addition to (2.10), which yields a unique unitary T.

We are now in the posmon to reparametrize the relevant objects with points in ﬂ as follows:

L, = dtag(ﬂl,..., ,,), 0,-=}\,- (2.40)




@urk= explE-GIVi(—posb)", 2.41)
which entails

finr = Lrel(l"r_P;&é) (2.42)
in view of (2.38) and (2.31-33). Thus, we obtain a map ®,,:0-0, (q,ﬂ)w((},a). -~

The fact that ®,, is a bijection will be obvious from (2.40-42) and the construction of ®,., on
which we now embark. When L =L, we can satisfy (2.4) by setting

4=0, o= exptL oV (pmig)" @43
S=VBp, F=L (2.49)
Again, L is self-adjoint and hence there exists a matrix T satisfying (2.5). Now, (2.6) reads
1 ~ o~

Next, we invoke (1.1) once more, to conclude
’ H}\, - |L] - exp[ﬁZﬂ,];éO

Hence, the eigenvalues A; are non-zero. Taking i =j in (2.45) it follows that ¢; and e; are non-zero.
Taking then i=%4j, it follows that o(L) is simple. Thus we can require (2.9) and (2.10). Moreover, it
follows in the same way as before that (2.10) entails unitarity of T and hence reality of e. Thus, T
can be rendered unique by imposing the extra condition (2.11).

We proceed by noting that (2.10-11), combined with (2.45), implies A;>0. Hence we may set

Ly = diag(exp[Bby],..., exp[BOx]), 6= 'In\, (2.46)
which implies
Gradi = expl 24 @47)

on account of (2.45) and (2.10-11). Finally, since T is unitary and 4 self-adjoint, the numbers ¢},-.——;,2,-,.
are real and (2.45), (2.30) imply

Arg = Loy (B, —p;0,9) (2.48)

This completes the construction of ®,,,.

THEOREM 2.3. The maps ®,,(n,p;q,0) and ®,.(B,p;q, 0) are smooth bijections from Q onto Q. Moreover,
their inverses satisfy

B (1,036:0) = Po®,i(t, —p36,9) (2.49)
8rel(B’p;a’ﬂ) = P°®nr(ﬁ:~9;0,&) (2.50)

where P is the permutation (2.25).

Proor. Bijectivity and (2.49-50) are immediate from the above, cf. (2.40-42) and (2.46-48). Smooth-
ness follows from Theorem B2. [l

We continue by defining H,, for the case II,, via (2.26) (with L=L,,, of course). In view of (2.40)
the relation (2.13) follows again. Hence, the following theorem gives information on the flow gen-
erated by Hj, in the sense explained in Section 2A.




THEOREM 2.4. Let
A()= exp[pQ] expltph’(Ly)]

Then
A@)~ exp[pQ]

Proor. The analog of (2.29) reads

A() = Lyo(p, —030.9) explip diag(’B),.... " Oy))]
cf. (2.40), (2.42). Hence we conclude

771 explttph'(LYA () expl— %eph' (DT, = expluQ],
50 (2.52) follows. (1

(2.51)

(2.52)

(2.53)

(2.54)

Let us finally obtain the analogous theorem for the case I,;. In this case we must replace (2.26) by

H,=Trh(B"'InL), heC¥(R)

(2.55)

(with L=L,,;) to ensure that (2.13) holds true. The significance of the following result for the H,-

flow is detailed in Section 2A.

THEOREM 2.5. Let

A@D=Q + th’ (B~ 'InL,,).
Then

AW~

PROOF. By virtue of (2.46) and (2.48) we have
A() = LB, —p:0,9) + t diag(®W B)),....1"0n))
Hence, (2.30) holds here, too, and (2.57) results. ]

2D. The case I1,,
The hyperbolic relativistic systems have Lax matrix

L(B’l"zaq70)ljz exp['g(oi + Hj)](V:AVJ%Cq)(IL,Z;q), ﬁ,ME(0,00)

where
h? ’
Vi zg=[I11 ——————"
o sk Sg—a)
C259)=—
sh(z+L@—qp)
Then (2.4) is satisfied with

A= explpg), o= expihg+Lo1V0z:)"

[=1/2thz, F=/AL+LA)

We first consider the choice

&

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)
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*+zei(0,7) ] - (2.64)
Then C is self-adjoint, so L is self-adjoint, too. Choosing a unitary T diagonalizing L, we get for (2.6)
in this case

1 ~ oA~ _l_ ~

with e -"—‘g, since T is unitary and e real. Taking i =; and noting ;4,v,~>0, we see that A;>0. Hence we
may introduce real numbers §,=8"'In\;, in terms of which we can rewrite (2.65) as
4y = &% exp[——fzi(t),-wj)]cw,—z;o),-j (2:66)
cf. (2.61). Hence, by Cauchy’s identity (1.2)

4] = TIEPTIN- —
S s —Lo,—b yeh— L6,y
2 7 2+

] 2.67)

But we have lﬁ[#:O (cf. (2.62)), so that e;#0 and 9,;&@. We can, therefore, render T unique by
requiring (2.9-11).
In view of the above we have

L = diag(explBfi),...,explfOy]), H;=B"'l\, (2.68)
and we may introduce geR”" by setting

b= expl B8+ L41vi(p ;b 2.69)
so that

A = L(wB,—z:;0,9) (2.70)

by virtue of (2.66). This completes the definition of the map <I>:(q,0);—>(c},9) for the case (2.64).
We shall now handle the case
ziizﬁ eR’ @71
For these values of z the Cauchy matrix C is not self-adjoint, but now C is real, cf. (2.61). Since one
still has ¥;>0 (cf. (2.60)), L is real, too. Thus the symmetric functions of L and traces of powers of

L are real, and hence may be viewed as Hamiltonians on 2. Apart from this, the regime (2.71) is of
interest, since it connects the relativistic Calogero-Moser systems with the relativistic Toda systems:

The latter arise in the limit |y|—>o00, where yEth;L [14].

In order to define @, let us fix (¢,0)e} and consider the spectrum of L as y varies over R. Recall
we have proved already that o(L) is simple and positive when y=0. Now let ¢ €(0, 00] be the largest
number such that o(L) is simple and positive for |y|<<c. (The existence of ¢ follows from the con-
tinuity in y of the eigenvalues of L and from the reality of L for yeR. In fact, we shall presently
prove that ¢ =c0.) For these values of y we can find a real and invertible T satisfying (2.5), which is
moreover continuous in y and reduces to the previous T when y=0. (Indeed, the uniqueness of the
matrix T constructed above is readily seen to imply its reality when z =-ix/2.) This leads again to
(2.66), so that e and ¢ must have non-zero coordinates. Now T is, so far, determined up to left multi-
plication by a matrix diag(d,(Y),...,dn(Y)), where d;(0)=1 and d;(y) continuous and positive. Hence
we can and shall fix T by requiring e=¢, cf. (2.8). By virtue of continuity in y and reality of 7' it
then follows that e has positive coordinates. Thus we can define c}eRN via (2.69), as before, so that
(2.68-70) are valid again.
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A priori, ¢ depends on the point (¢,6) we have fixed. However, we shall now prove that the
assumption ¢c<<oo leads to a contradiction. In view of the above definition of ¢ this amounts to the
assumption that for y=zc<oo the spectrum of L is not positive or not simple. First, assume o(L) is
not positive. Since o(L) is positive for |y|<<c, this implies that L must be singular when y=c. But
we have

[L|= explBZ0,140 —~

for any v, so that this possibility is ruled out. Hence, o(L) is not simple when y==c. But now con-
sider the y-independent function Tr4: By virtue of (2.66) and the fact that e=e it can be written

N a
Trd = S'é; expl— 0] Q.72)
i=1 p

The terms in this sum are positive, and the limits of the §; when |y|fc are bounded. Therefore, the
positive numbers e1,...,ey must remain bounded when |y|fc. To exploit this, we consider (2.66) with
e=e¢: On one hand, one must have |C|-0 and hence |4|—0 when |y|]c, since two eigenvalues of L
must collide for |y|fc. On the other hand,

M| = 4] = expluZq]

does not depend on y. This is the contradiction announced above.
Summarizing, we have constructed a map @ from £ into @ for both z-regimes (2.64) and (2.71).

THEOREM 2.6. The map ®(B,p,z;q,0) is a smooth bijection from Q onto SAZ, whose inverse is given by
&(B,1.2;3,0) = P2, B, ~z:6,9). 2.73)
where P is the permutation (2.25).

PrOOF. Bijectivity and (2.73) are immediate from the duality relations (2.68-70). Smoothness is a
consequence of Theorem B2. [

The relation between A; and 9,~ is the same as for the case I,,. Hence we define H, by (2.25) to
ensure that (2.13) follows. At the end of Section 2A we have explained the relevance of the following
result for the Hy,-flow.

THEOREM 2.7. Set

A(1)= expl[pQ] explzph’(B~ ' InL)] 2.74)
Then

A~ explnQ)] @.75)

Proor. In view of (2.68) and (2.70) we have

A®) = LB, ~2;0,3) expltp diag(W'B1),... . Gn)] 276)
Hence, (2.54) holds true, provided we replace L by B"lnf,, and (2.75) follows. [
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3. A SPECIAL FLOW AND ITS TEMPORAL ASYMPTOTICS

By virtue of the results established in the previous chapter, canonicity of & would imply that the tra-
jectories (¢(¢),0(t)) (cf. (2.15)) are the integral curves of the H,-vector field. In this chapter we shall
prove that this is true for a function # whose choice depends on the case at hand, without assuming
canonicity. The asymptotics of this special Hamiltonian flow is then determined by invoking the
spectral asymptotics results of Appendix A. As we shall show in Appendix C, this information can
then be exploited to obtain a proof that & is canonical. We now present the details for the four cases
involved.

3A. The case I,

THEOREM 3.1. Let

1 Y 1
== 0 —p? — peiR". 3.1
T2 jgl 1<,<2 <n (@~ )
Then the functions
@(),0)=6(0;31 +101,...,n +18y.8) G.2)
(cf. (2.24)) solve Hamilton’s equations and satisfy
g @) = g+ig+0@™"), t->*o (33)
Sj+1
b, 0= 8,+0(f| 2, t->*o (3.4)
—J
Proor. We begin by noting
H = 3TrL? = Hy, h(x)=px" (3.5)

cf. (2.17), (2.26). Next, we claim that

Qt+At~ Qt +AtL,. (3-6)

(The notation used here and below is explained at the end of Section 2A.) Indeed, if we transform Jhs
and rhs with T,,,, and T,, then we obtain A(r+At) and A(t)+AtL resp., and these matrices are
equal, cf. Theorem 2.2 and its proof.
It now follows from (3.6) and nondegenerate perturbation theory that

. . Ly Ly

g = Ly, ¢ =22 3.7
k=i 9 9k
We have suppressed the argument and subscript ¢, since ¢ is arbitrary. Using the definition (2.17) of
L this can be rewritten as

. . 1
g =10, §=-23 (3.8)

iz (gi—aq)’
But from the definition (3.1) of H one sees that the functions at the rhs are equal to {g;,H} and
{6,,H}, resp., so that (g(¢),6(2)) solves Hamilton’s equations, as claimed.

It remains to prove the temporal asymptotics (3.3-4). To this end we observe that the ras of (2.29),
with h’(6;) replaced by 8;, is of the form (All). Hence, (3.3-4), are immediate consequences of
(A12-15). To derive (3.3-4)_ from (A12-15), we need only transform A(¢) with the reversal matrix

0 1

f= : (3.9)
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and replace ¢ by —s. Indeed, (A12-15) then applies to the s—>oo limit, since we have
— QLR = diag(—By,...,—0;)D. (3.10)
Thus the proof is complete. [

3B. The case 11, —
THEOREM 3.2. Let
1 Y p -
H=75 g 07 —p* > T » ne(0,00), peiR 3.11)
j=1 I<j<k=N 4¢h z(qj"‘Ik)
Then the functions
@(©), BE)=6(tp;31 +1By....gn + 10y, B) (.12)
(cf- (2.49)) solve Hamilton’s equations and satisfy
g O = §F 00 +18+0(exp[FR]), 1->*o00 (3.13)
—j+1
6, (1) = 8;+0(exp[FR]), t—>*o (3.14)
N-=j+1
where
R=p min{d, —b,,....0y_1 —Ox), (3.15)
AO=3 80— 0)— 3 86,—6:) (3.16)
k<j k>j
and
2.2
8(0)=p"! In[1— fi[;‘zl-] (3.17)

ProOF. From (2.31) it follows that (3.5) holds here, too. The analog of (3.6) reads

explBQ; +acl~ exp[uQ;] explAtpL,] (3.18)

Indeed, this relation follows from Theorem 2.4 and its proof in the same way as (3.6) follows from
Theorem 2.2 and its proof.

From (3.18) and nondegenerate perturbation theory it now follows by a long, but straightforward,
calculation that

4 = Ly, § = #3 LaLy cahb(q—q0) (3.19)
k)
Using (2.31) this reads
g, = @, 5= 23 ndig. — /sh3 (g, — 3.20
g =0, g 4P 2 cho(g; g/ sh” 5 (g~ 4) (3.20)
=

which equals {g;,H} and {6;,H}, resp., by virtue of (3.11). Hence it remains to prove (3.13-14).
To this end we observe that Theorem A2 applies to the matrix (2.53) with A’(x)=x. Indeed, the
matrices

M=A(0), D= diag(d;,...,0y) (3.21)
belong to 9 and , resp. Therefore, we may conclude from (A31) that
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explug;(1)] = expled}(1+p;(1)) (3.22)
for ¢ large. In the case at hand the numbers d; and m; (cf. (A 29)) read

d = ,,gj (3.23)

m; = explpg;] expl—£.4,0)] (329

by virtue of (3.21) and Cauchy’s identity (1.1). Thus, (3.13-14), follow from (A31-34) and the rela-
tion §;=g;, cf. (3.20). Finally, (3.13-14)_ can be reduced to (A31-34) by using the reversal permuta-
tion &, just as in the proof of Theorem 3.1, cf. (3.9-10). O

3C. The case I,

THEOREM 3.3. Let

2 2
H=p"" 2 expl 8,111 - —5—9—7]’4, Be(0,0), peiR* (3.25)
k= (g0
Then the functions
(q(),0(0)/=6(B,p;31 +1 explBb].....gn +1 exp[Blx], 6) (3.26)
(cf- (2.50)) solve Hamilton’s equations and satisfy
g @) =g + texplBh1+0(s|™Y), t>*oo (3.27)
=7+
0, ) =8+0(d), t>*ow (3.28)
N=j+1

PrOOF. In this case we have
H =B 'TrL = H,, h(x)=B"" exp[Bx] (3.29)

cf. (2.32), (2.55). Moreover, (3.6) holds true by virtue of Theorem 2.5 and its proof. Hence, (3.7) fol-
lows, as before. In this case we should use (2.32) to rewrite it. This yields

4 = explBg;1V; (3.30)
4; = 24; D\ gr %In¥; (3.31)
kA
Here, we used the relation
?_-_chkckj = 0 InV}, kj (3.32)

which readily follows from (2.33-34). If we now equate the time derivative of the rhs of (3.30) to the
rhs of (3. 31) and solve for 0 , we obtain

= —B” ‘2 exp[B19; Vi (3.33)

Here, we also used the equality
0 InV; = —9; nVy, k) (3.34)

which follows from (3.32). Since the rhs of (3.30) and (3.33) are equal to {¢;,H} and {;,H}, resp.
(cf. (3.25)) , we have now proved that the function (¢(2),6(¢)) solves Hamilton’s equations._

To prove (3.27-28), we first note that the rhs of (2.58), with h'(0) replaced by exp[B0 1, is of the
form (All). Thus, (3.27).. follows from (A12) and (Al4). Moreover (3.30) implies

&
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6, = B~ Inlg;/ V) (3.35)

so that (3.28); follows from (A12-15) by using (2.33). Finally, (3.27-28)_ follow from (A12-15) by
using ® in the same way as before, with the relation

— QLR = diag(—exp[BBy],..., —exp[B0; ) €D 636
playing the role of (3.10). O k

3D. The case 11,
THEOREM 3.4. Let

1 sh’z 5%
H="" X explBgI[[[1————T"
j=1 k#j Sh“i"(qj*_%)

B,1e(0, o), izei(o,n)U(Lz”-+R) (3.37)
Then the functions
(q(O),0)=6(B,,2331 +1 exp[Bhi]....4w +1 exp[Bin1.6) (3.38)
(cf. (2.73)) solve Hamilton’s equations and satisfy
g () = 5F50,0)+1 explj]+O(explF1R], 100 (3.39)
N=j+1
8, (t)=0;+O0@xpFR]), t->*oo (3.40)
N=j+1
where
R=p min{exp[80;]—explB0;],...,expl BBy _11—exp[Bn1} (3.41)
and where Aj(0) is given by (3.16), with
1 sh?z
3O)=p""! In[1 ————E—]. (3.42)
sh? 2 [}

PrOOF. Due to (2.59) and (2.55) the relation (3.29) holds in this case, too. Furthermore, (3.18) is
satisfied by virtue of Theorem 2.7 and its proof. Thus, (3.19) follows. The definition (2.59) of L then
implies that (3.30-31) hold true, the relation

L eth £(4=q)CiCiy = 3% V), kA (3.43)
(which follows from (2.60-61)) playing the role of (3.32). Thus (3.33) follows again, so that (g(2),0(¢))
solves Hamilton’s equations.

To prove (3.39-40) we note that Theorem A2 applies to the matrix (2.76) with h’(x)=exp[Bx], since
one has

M=A(0)e, D=p diag(exp0)],...,exp[BoN])D. (3.44)
Thus, for ¢ large (3.22) holds true again, with
d; = pexplBh)] (345)

and m; given by (3.24), (3.16) and (3.42). Indeed, this follows from the definition (A29) of m; and
Cauchy’s identity (1.2). The proof is now reduced to (A31-34) by arguing in the same way as in the

)
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proof of Theorem 3.2, using the relations (3.35-36). O

4. THE INVARIANCE PRINCIPLE FOR THE WAVE AND SCATTERING MAPS
In Appendix C we have proved that the diffeomorphisms @ constructed in Chapter 2 are canonical by
using the results of Chapter 3, which pertain to a special Hamiltonian flow on €. We shall now deter-
mine the temporal asymptotics for a large class of flows on {2, which are defined as pullbacks under @
of linear flows on 2. Since @ is a canonical transformation and the Q-flows are complete and Hamil-
tonian, the Q-flows are complete and Hamiltonian, too.

We shall formulate the asymptotics in terms of notions from time-dependent classical scattering
theory (cf. [15, 16]). To this end we first introduce the incoming and outgoing phase spaces

N

PE=((g".05)eRMIN & - - - £ 07 ), o= dgi" Ndb; 4.1
i=1
Thus, % can and will be identified with @ (cf. (2.2)), whereas the reversal map
R(q1 50 sgn 07 5o, 08 Y=(GN 50 G0 50N 50,07) 4.2
yields a canonical transformation from £~ onto 2 ~Q. Tt is convenient to regard OF as subsets of
the auxiliary phase space
N
Q={(x.p)eR?}, w=Ddx; \dy,. 4.3)
i=1

We shall consider a class ¢ of Hamiltonians H, on §, which depend only on y. Hence, the
corresponding flows are linear and leave @ invariant. The class @ consists of all functions

Hy=F(y)eCg§ [R") 4.4
which are invariant under permutations of y,...,yy and satisfy

ONF)< - -+ <@ F)y) when yy<--- <p,. 4.5)
Due to the symmetry of F this is equivalent to

@OnF)p)> - - - >(01)y) when yy> -+ - >y,. 4.6)

We are now prepared to introduce the class € of Hamiltonians H on @ for which we shall deter-
mine the scattering. This class is defined as the pullback of the class & under the canonical transfor-
mation ®:2—Q~Q% CQ,. Thus we have

H (qaa)EHO“I’(q,a) = F (0)1 (4'7)

cf. (4.4). We note that for the Hamiltonians H,, defined by (2.26) and (2.55) in the nonrelativistic and
relativistic cases, resp., we get

A N .
F@) = X h0) 4.8
i=1
cf. (2.13). Thus we have
H,e€C < h'(y) is strictly increasing 4.9

cf. (4.5). In particular, the Hamiltonians 7rL" belong to € when n=2,4,6,... for I,, and II,,, and
when n=1,2,3,... for I,,; and II,,;. In the latter two cases the symmetric functions S7,...,Sy—; of L
also belong to C, as a moment of reflection shows.

We continue by defining the canonical transformations in terms of which the temporal asymptotics
of the flows generated by Hamiltonians in € can be described. First, we introduce

A A A A A 1 ~ A 1 A A
T:9-Q, (§,0)(q1—5810),....qv — 5 4n(0),0) (4.10)
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where
A(O)y=3,8(0,—0,)— > 8(6,—6k) 4.11)
k<j k>
and
—
0 Inra Irel
8(O)={p ! I[1—p?p?/6*] I, 4.12)

p! m[l—shzz/shug—o] 1L,

It is easily seen that T is a canonical transformation with inverse

T-1G@0) = G +5010)dn + 700 @).0) @.13)
Second we set

U_=6TR, U,=6T""! 4.14)
where R:Q~—Q" is defined by (4.2). Third, we define

S=U3'U_ = T*R, _ 4.15)
which amounts to

S(GT +eer G 07 505 Y=g + OO ),erngi” +A1(07),07 5,07 ) (4.16)

in view of (4.10-11).

THEOREM 4.1. The symplectic diffeomorphisms U_, U, and S from = onto Q,Q% onto @ and Q™
onto Q*, resp., are the wave maps and scattering map for any H €C with comparison dynamics Ho €.
That is, one has

lim [e"(g.0)—€™(q".67)] = 0 : @.17)

uniformly on compacts of §, where

(g=.0%) =Uz'(¢,9) (4.18)

PrOOF. We begin by setting

(g(0),00)=e"(4,) (4.19)
and noting that the above relation between H and H, amounts to
(q().6)) = &(g:3+H(VF)O),0). (4.20)
Then (4.17) can be rewritten as
N B ~
~J
8, (6)—6-0, t->*om. (4.22)
N-j+1
To prove (4.21) we set

(aj ,F)(é), Inr,Irel
”L(ajF)(b), IInnIIreI

" D= diag(dy,...,dy), d= 4.23)
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M=L(:0,3), (4.24)

where g denotes the dual coupling constants, cf. (2.23), (2.42), (2.48) and (2.70). Then (4.21) follows
in the same way as (3.3), (3.13), (3.27) and (3.39), since D €% due to (4.5).

To prove (4.22) we cannot proceed as in Chapter 3, since for a general F there exists no sufficiently
explicit expression for §;(¢) in terms of ¢(¢) and §(r). Instead, we exploit the relation (4.21) and vari-
ous other results already obtained. We shall only prove (4.22) for the case II,,;, the ]:r/oof for the
remaining cases being similar, but simpler.

We begin by showing that the quantities |0;(¢)| are uniformly bounded in ¢. To this end we con-
sider the Hamiltonian

Po=Tr(L+L7')/2 = Hy,,ho(x)=chPx, (4.25)

which is explicity given by
N
Po(q.0) = 3 chl;V;(uz9) (4.26)
j=1
(To verify this, use (2.59) and Cauchy’s identity (1.2) to obtain
(LY, = expl—Bo;1V;. 4.27)

From this (4.26) is obvious.) The desired a priori bound on the |6;(r)| then follows by recalling that
V;=1 and noting that the quantity Po(q(¢),0(t)) does not depend on ¢. (Indeed, it equals Zchpl; on
account of (4.20).)

Next, we set

L, =B + 85 (4.28)
where

B,= diag(exp[B6,(1)],...,exp[BIn(D)]) 4.29)
We claim that there exists a constant C>0 such that

IS I<C exp[—|[t]R/2], VieR, (4.30)

where R is the minimal distance between the quantities d,...,dy, cf. (4.23) and (A4-5). Indeed, the
error term in (4.21) is O(exp[—|¢|R]) due to (A33), so (4.30) follows from the definition (2.59) of L
and the boundedness of the |0,(¢)|. (Of course, no a priori bound is needed in the nonrelativistic
cases.)

We now assert that there exist permutations 7. €Sy and a number T>0 such that

lexplB8;1—explBb,. (,(ON|<IIS,I<R/4, Vje(l,.,N}, VtZ £T 431
where R is defined by
R=min(exp[B;]—explB) 1.1} (4.32)

To prove this, we first observe that points in C whose distance to o(B,) is larger than ||S,|| belong to
the resolvent set of B,+S;,=L,. Indeed, this is clear from the second resolvent formula and the self-
adjointness of B,. Since L, has spectrum

{exp[ﬁal beeos exp{B@N]},

this is equivalent to the distance of exp[B0;] to a(B,) being <IIS,|l for all je{1,..,N}. But in view of
the bound (4.30) we can ensure that |[S,||<<R/4 by picking |¢| large enough, from which the above
assertion readily follows.

It is now clear that (4.22) holds true, provided we can prove that v, equals the identity and 7_ the
reversal permutation 7,. We shall prove 7, =id, the proof that _ equals 7, being analogous. To this

&
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end we introduce the eigenprojection
Pi= —— f R(z,L,)dz (4.33)
where I} is a circle a:round exp[ﬁﬂ ;] with radius R/ 2, and where ¢t >7. Then the distance of o(B,) to

T} is =R/4 due to (4.31-32). Iterating the second resolvent formula for R(z,L,) and using-the bound
(4 30), one now concludes that L, has eigenvectors given by

w=P;b, ; = b., + x> |x;| = O(exp[—tR/2]) (4.34)
where {b),...,by} is the standard basis of CV. Hence, the matrix T; ! diagonalizing L, is of the form
1 = Col(uy,...,uy) diag(cy,...,cn), (4.35)
where ¢y,...,cy are non-zero normalizing functions, cf. Chapter 2. But then T, is given by
T, = diag(ci},....cy') Col(uy,...,un)= Col(vy,...,¥n) (4.36)
where
U = by + X, o=r3', |x;| = O(exp[—tR/2)) (4.37)

Let us now specialize to the regime ==iz€(0,00), the point being that then 7, is unitary. This
entails that the normalizing functions satisfy

[lcjl —1| = O(exp[—tR/2]) (4.38)
in view of (4.34-35). Thus, setting

W=V}, (4.39)
it follows from (4.36-37) that

w; = bo;) 1y, il = O(expl—tR/2)) (4.40)
We now recall from Chapter 2 that T, diagonalizes the matrix

exp[tD/2]M expl[tD/2],
where D and M are given by (4.23) and (4.24) with g=(p,B,—z). Hence we may conclude that

expltD/2]M exp[tD/2lw; = Ajw; 441
where

A= explpg;(H)} (4.42)

We are now prepared to derive a contradiction from the assumption that o5%id. Indeed, if this
holds true, then there exists je{1,...,N} such that

o) =i, i=1,..,j—1, o) = k>j. (4.43)
J j

Using (A31) and setting 8;=d; —d;, it then follows from (4.40) that the upper j —1 components of
(4.41) can be rewritten as

yj1 expltd1/2] yj1 exp[—18,/2]

M;_, - + O(exp[—tR/2]) = m(1+p)) : =00 (4.44)

Yij—1 exp[t8j_1/2] Yij—1 exp[—tﬁj_l/Z]
(Note that the second vector at the /s would be O(1) when o(j)=j.) Let us now multiply this by
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M;!; and take r—o0. Then it follows that
limyy exp[t8,/2] =0, I=1,..,j—1, (4.45)
1—0o0

cf. also (A33). Therefore, if we multiply (4.41) by the matrix
diag (exp[—16,/2},..., exp[—18;_,/2}, exp[—td}},..., exp[—d;]) _—  (4.46)

and take 7 to oo, then the /hs converges to 0, whereas the rhs converges to m;b 0. Thus, we have
arrived at the contradiction announced above, so that (4.22), follows when iz €(0,).

We shall now handle the second z-regime (2.71). Then T; is not unitary, so that we have no control
over the normalizing functions ¢, and the above argument cannot be used. Instead, we reduce this
case to the previous one, as follows. We fix (g,0)ef and then consider the point (¢(¢),0(t)), defined
by (4.20), in its dependence on y=z=*in/2€R. Inspection of the bound (A33) and the z-dependence
of M then shows that the error term in (4.21) (understood to refer to the fixed point in § instead of a
given point in ) can be chosen uniformly for yeK, where K=[—1/,/] with />0. Likewise, the a
priori bound on the |6,(z)| can be chosen uniform on K. From this it readily follows that we can
choose the constant C in (4.30) uniformly on K. But then we can find a 7>0 such that the estimate
(4.31) holds true for any yeK. A priori, the permutations 7. occurring there could depend on 7.
However, it follows from Theorem B2 that & is continuous in v, so that the quantities |0,(2)| are con-
tinuous in y in view of (4.20). Hence, the permutations 7. in (4.31) must be constant on K for a
fixed ¢ with [¢|>T. Since we know already that r, =id and 7_ =7, when y=0, it follows that this
holds true on K, too. Since /is arbitrary, we have now proved (4.22) for both z-regimes.

To complete the proof of the theorem, we claim that the error terms in (4.21) and (4.22) (viewed
again as corresponding to given points in ) are locally uniform on . Indeed, for (4.21) this is an
easy consequence of the estimates (A14) and (A33). But this implies that one can get a locally uni-
form bound on (IS, [l, so that our claim for (4.22) follows from the estimate (4.31) with r, =id,7_ =1,,
and its obvious analogs for the three remaining cases. Uniformity on compacts then follows from a
standard argument. [J

5. FURTHER DEVELOPMENTS

5A. Asymptotic constancy

The following result amounts of a reformulation and generalization of Theorem 4.1. It is included so
as to make clear that the asymptotics of the point exp[tH](q,8),H €C, may be viewed as a special case
of an ‘asymptotic constancy’ property of &.

THEOREM 5.1. Let

(q(),00)=6(g;3(2),6) G.1)
where
GO=G + 1., ay<---<aj, 1eSy (52
Then one has
4./~ > —34;®), 100 (53)
8.(1)—8,—0, 100 (5.4

uniformly on compacts of ﬁ, where A; is given by (4.11-12).

PrROOF. The proof of (5.3) proceeds in the same way as for the special case considered in Chapter 3:
One need only invoke Theorems A1 and A2 for the pair
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Inr,Irel
va;, 11,11,

a.

D= diag(dy,....d), d-E{ ” (5.5)

M=P;'L(:0,9)P. (5.6)

and recall the relation of the quantities gy(f)<< - - - <gq;(f) to the eigenvalues of the matrix E(?).
Here, P, is the permutation matrix —

(P )ik =0,k 6.7

and g denotes the dual coupling constants.

To prove (5.4), we observe that (5.3) leads to (4.31); via the same arguments as for the special case
r=id. Thus, we need only show that the permutation 7. in (4.31), is equal to 7. This can be proved
along the same lines as before; Here, the matrix

exp[-é—D]M exp[éD]

is diagonalized by P, !T,P,, so that one should replace w; by w.;) in (4.41). Then the assumption
that or=17 '75%id leads again to a contradiction, so that (5.4) results. Finally, the uniformity asser-
tion is easily seen to follow from (A14) and (A33). I

5B. Integrable systems associated with C; and BC;

The integrable systems considered so far may be viewed as being associated with the root system
Ay _1, cf. the review [1]. We shall now show that one can obtain new integrable systems on the phase
space

!
2.=((9,9)eR?0<q<..<q1}, w,=,dg;/\db; (5.8)
i=1
associated with the root systems C; and BC, by restricting the pair (4,L) with N=2/ and N=2/+1
to the submanifolds of & given by
W—E{(q,O)eﬂl(ql,...,q,,ﬂl,...,0,)&52,
Gi+1 =Gy =—q1.041 =—0p..00 = =0} (5.9)
and
QoE{qsa)EQl(ql ""’qlsol r--,ol)eﬂr,QIH - 0I+1 :O’
@42 = —Gienqu+1 =—q,b42 = =000 11 =01} (5.10)
resp. To this end we introduce the phase space

~ ~ a ~ ! ~
Q,={(3,0)eR¥|0<b< - - - <0, },0,= D, dg;/\db; (5.11)
i=1
and submanifolds &° and ©° of gz via (5,9) and (5.10) (with carets added, of course), and identify Q¢
and Q0 with ©,, and € and @ with Q,, in the obvious way. The following theorem has various

consequences that parallel results obtained above for the root system Ay, so we refrain from spel-
ling them out.

THEOREM 5.2. The map ® restricts to a symplectic diffeomorphism ®, from Q, onto Q,.

PrOOF. From the construction of ® in Chapter 2 it is far from obvious that @(ﬂ‘)cfls, s=e,0.
Therefore, we proceed in another way, exploiting results already obtained. We only consider the case
II,;, the other cases having a similar, but simpler, proof. First, we introduce the Hamiltonians
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!

Hi(g.0)= 2:l ch Bﬂjf(qu)ch}f(qj ~ g )f(g;+ qe) (-12)
J= 7
and
i
HAGO=3, chf0fg)/Co)TIflg~a0e;+ 90+ T 1110 JRRNNCAC)
i= -/ j=

on £,, where
flQ=I1—sh?z /shzlfz-q—]"f. (5.14)

These are obtained from the Hamiltonian -;—PO, given by (4.25-26) with N=2/ and N=2/+1, upon

restriction to £° and Q°, resp.
Next, we introduce the (a priori local) flows

(90),00)= expltH;)(4,0), (4,0)€Q;, s=¢,0 (3.15)

and define corresponding trajectories (¢°(¢),6°(?)) in € CQ. Then a long, but straightforward calcula-
tion shows that the trajectory (¢°(¢),8(2)) is an integral curve for the Hamiltonian P, on €.
Now we have Py eCin view of (4.25) and (4.9), so that

G(0)— g+ 50,B) — 1B B0, t—c0 (5.16)
85()—8;—0, t—o0 (5.17)

on account of (4.21) and (4.22). On the other hand, one has, e.g.,
@) + 0%(@) = 0, VieR, (5.18)

since the trajectory belongs to €. Hence, (5.17) implies 6, +68y =0, with a similar conclusion for the
other 6;. Using now (5.16) in the same way, the desired conclusion ®(Q)CQ’ readily follows.

By duality it is clear that C may be replaced by =, and real-analyticity of the restriction ®, and its
inverse &, is evident from the real-analyticity of ® and & established in Appendix B. Hence it
remains to prove canonicity of ®,, To this end we mimick the arguments in Appendix C for the
Hamiltonians H; on £,: The explicit description of the associated flows which we have just obtained
plays the role of Theorem 3.4 for H, so that we are reduced again to justifying an interchange of lim-
its. To prove that this is legitimate, it clearly suffices to show that the function (9(2,9,0),8(2,q, 9)) asso-
ciated with the Hamiltonian Py on £ has a holomorphic extension converging uniformly to the holo-
morphic extension of the function (g7 (q,6),0% (¢,6)). But this follows in the same way as for the
Hamiltonian H: One need only replace the function exp(-) by the function Bsh(-) in (C10— 12), and
reinterpret p; and p; accordingly. O

5C. Miscellanea
(1) (Functional equations for I,,) The following result concerns functions of the Lax matrix for the case
I,,. Note that its proof only involves the properties of the matrix T constructed in Section 2B.

PROPOSITION 5.3 Let f :R—C be an arbitrary function. Then one has
> fiLy; =0, (5.19)
i#j

where L is given by (2.17).

ProOOF. We have shown in Section 2B that a matrix T exists such that
TLT '=L, Te=T Ye=e, e=(l,..1), (5.20)
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where L is diagonal. Hence we infer

(Zf(L)ii)e ®e = (Trf(I:))e Re=e ®ef(i)e Re

= e®eT ' f(L)Te®e = e®ef(L)e®e (5.21)
= (Zf(L),j)e®e -
LY

From this (5.19) is evident. [l

(ii) (A generalized Lax matrix) Let us denote by L, the matrix obtained when one replaces the Cau-
chy matrix C in (2.59) by

(CH=C@z;9)y + aexpl—E(gi—g)h aeC (5.22)

PROPOSITION 5.4 The symmetric functions of L, commute.

Proor. From (2.62) it follows that

L, = L+ad 'e®e. (5.23)
Transforming this with T yields

Lo = diag®y,...00) + a4~ e®e. (5.24)
Recalling (2.69-70) we see that ia is of the form

Loy = expl—241Ma0); expl57] (5.25)

This clearly implies that the symmetric functions of L,, transformed to fl, depend only on 8. Since ®
is a canonical transformation, the proposition follows. [l

In fact, the symmetric functions of L, are proportional to those of L, the proportionality factor
depending only on o and z. This is a consequence of a generalized Cauchy identity established in [9]:
If one sets

a=e " "shz/sh(r—z), (5.26)
then the rhs of (5.22) can be written

—xy e ‘sht . sh(xtm) shz . _p. _
¢ Chi—2C shr shix ) =@ -27)
The assertion now follows by setting
2, VAT, v/ (5.28)

in Eqs. (3.19-20) of [9].

(iii) (Evenness in p and z) The following result implies that the minus signs in the duality relations
(2.24), (2.49), (2.50) and (2.73) may be omitted.

PROPOSITION 5.5. The map @ is even in p (cases I,,15,,1.) and z (case 11,¢).

PrOOF. The substitution p——p in the Lax matrices (2.17), (2.31) and (2.32), and z— -z in the Lax
matrix (2.59), is equivalent to transposing L(g;q,6). Hence, the corresponding vector f is invariant,
whereas
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T(—06) = T(0)" Y, ¢ = p,z (5.29)

in view of (2.5), (2.8), (2.10) and the evenness of e. Now for the cases II, and II,,; the vector g is
determined by e, cf. (2.41), (2.69). Hence, (5.29) implies ¢ is unchanged. For the cases I,, and I,.,; one
has g;=4;;, cf. (2.23), (2.48). Since 4 is real and does not depend on p, and since T is unitary in the
latter cases, (5.29) again implies g is even. [ -

(iv) (The relation between the four cases) We conclude this final chapter by specifying the parameter
limits needed to reach the cases I,,,,1I,, and I,, from the case II,,;. To this end we substitute

z=fpp/2 (5.30)

in (2.59-63). If we then take p to 0, the matrices L and p~!(4 —1) converge to the matrices the L,
and 4, of Section 2C. If, instead, we take B8 to 0, then the matrices 87 '(L —1) and 4 converge to
the matrices L,, and A4, of Section 2C. Finally, the matrices L and 4 of I,, result by taking either p
to 0 in the matrices L and p~'(4 —1) of II,, or by taking 8 to 0 in the matrices 8~'(L —1) and 4 of
L.

APPENDIX A. SPECTRAL ASYMPTOTICS
In this appendix we determine the — o0 asymptotics of the spectrum of N XN matrices of the form

E(t)=M + D (A1)
and of the form
E(t)=M exp(tD). (A2)

The first type of t-dependence arises for the rational systems I,, and I, the second one for the
hyperbolic systems I1,, and II,,. Throughout this appendix the matrices D are assumed to belong to
the set :

D=(diag(dy,...,dy)|deC" Redy< - - - <Red,}. (A3
We also use the notation

r= Re(d, —d;), ry= Re(dy - —dy)

r/= min{Re(d;; —d)), Re(dj—dj+1)}, j=2,...N—1 (Ad)
and we set

R= min{ry,...,ry} (A3)

The matrix M in (Al) is arbitrary, whereas in (A2) it has properties to be specified below.

We shall need information on o(E(t)) for pairs (M,D) with M self-adjoint and D real to determine
the pointwise asymptotics of the Hamiltonian flows occuring above. However, we also need informa-
tion that is uniform on complex neighborhoods of a given initial point (¢,6)e€, in order to obtain a
rigorous proof that the bijection @ of Chapter 2 is a canonical transformation. Therefore, we consider
pairs (M,D) of a more general type and obtain bounds on error terms that are expressed in terms of
appropriate norms. The uniform information we need involves a ball By in 9 around a fixed Dy,
which is given by

Bo={DeD|ID —Doll<Ry/4} (A6)
Here and below, |||l denotes the operator norm derived from the standard scalar product on cV.
Note that one has

ri=ro;—Rg/2=R¢/2 (A7)

for any DeB,.
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To obtain explicit formulas for eigenvalues we use some standard techniques from finite-
dimensional perturbation theory (cf. [17, Ch. II]). Specifically, setting

REA)=E—4)"" (A8)
where A is an N X N matrix and {&a(4), we shall employ the formula
A=TrAP,, ~ (A9)

valid when A is a simple eigenvalue of 4. The eigenprojection P, is given by
- L
Pr = Sr [REANE, (A10)

where T is a circle around A whose radius is smaller than the distance of A to the remaining spectrum
of A. Also, here and below contours are oriented counterclockwise.

We are now prepared to deal with matrices of the form (A1). From now on the symbol C denotes
positive numbers that do not depend on the relevant variables, and whose magnitude is of no impor-
tance.

THEOREM Al. Let
E@) = M+tD, MeMy(C), De9 (A11)

Then there exists Tg=>1 such that E(t) has simple spectrum for t=Tg. The (suitably ordered) eigen-
values Ay (2),...,An(t) satisfy

AN(t) = My; + td; + pi(t) (Al12)

M) = d; + ;@) (A13)
where the remainder functions obey

lo,)|<Ct UIMIP(IDIIF; 2 + rj7h) (A14)

lp)|<Ct2IMIPIDIF; 2 + rj7h) (A15)

for any t=Tg. Now fix Doe®D and let By be defined by (46). Then Tg can be chosen uniformly for
(M,D) in the closure of

U (K)=(M|IMII<K}XBo (A16)

PrOOF. Let us introduce the auxiliary matrix

A@)=D + t7'M = t'E(¥) (A17)
We denote the circle with radius ;/2 around d; by T';. Then

IRz, D)l = 2r;!, Vzely, (A18)
so picking T; with

Ti=4r; 'IMI+1 (A19)
ensures

"' MRz D)I<7, Vi=T;, Vzel, (A20)

Hence, the iteration of the second resolvent formula

R(z,A(t)) = R(z,D) fjo[z—‘MR(z,D)]" (A21)

n=
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converges uniformly on I'; for any 1=Tj, so

Pj(t)E-é-l"-r-l: j R(z,A(t))dz (A22)

is well defined. Moreover, P(7) is one-dimensional, since P;(c0) is. The eigenvalue inside T is then
given by (cf. (A9)) !

ai(t) = d; + 7'My + t7p;(0), (A23)
where
p=m— 2 Tr(tD + M) / R(z,D)[t "'MR(z,D)I"dz (A24)
But we have
TrD [R(z,D)MR(z,D)dz = 0, (A25)
I;

since D is diagonal. Hence, using (A18) and (A20) the bounds (A14-15) easily follow. Moreover,
putting

Ty= max{T,....,Tn} (A26)

it follows that for any =T} the matrix E(f) has one and only one simple eigenvalue A; (?) inside ¢I';,
which is such that (A12-15) hold true, cf. (A17).

It remains to prove the uniformity claim. To this end we note that the above T; is restricted only
by (A19). Recalling (A7), we conclude that it suffices to choose

Te=8K/Ry +1 (A27)
to handle all (M, D) in QUy(K) simultaneously. OJ

To control the spectral asymptotics for matrices of the form (A2) is a lot more arduous. The main
problem is to bypass two related difficulties: There is no formula for the norm of the resolvent R({,4)
in terms of the distance of { to o(4) when 4 is not normal, and, secondly, the presence of diverging
matrix elements (as t—o00) can a priori cause drastic spectral changes under small perturbations. (For
instance, the matrix
(0 &)
00
has spectrum {0} for any b, whereas

0 b)
s 0

\

has spectrum {=(bs)”}; if b is big, this may amount to a sizable change even when s is small.) How-
ever, it turns out to be possible to obtain explicit formulas for the relevant resolvents in terms of
matrices whose elements do not diverge as —o0, and this is how we shall be able to avoid these
snags in the case at hand.

We proceed to define the set 9 of matrices M for which we shall study (A2). To this end we
denote by M; the jXj matrix obtained from M by deleting the rows and columns j +1,...,N. Then
we set

M={M eMy(C)||M;|540, j=1,..,N}. (A28)

Note that 9T is an open set containing the positive matrices and the regular diagonal ones. For
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M 91 we also set

m =M ,m;=|M;|/|M; |, j=2,..,N. (A29)
THEOREM A2. Let o
E(@t) = M exp(tD), Me, DeD (A30)

Then there exists Tz such that E(¢) has simple spectrum for t=Tg. The (suitably ordered) eigen-
values A (2),...,An(t) satisfy

Ai(®) = my exp(ed))[1+p;(1)] (A31)
Ai(e) = m; exp(edld; +d;p(¢) + by (0)] (A%2)
where
(D)< exp(—1r))P(Im; |, 1m;| =1, 1M7L 1M (A33)
6O < exp(—tr)|d;—da|+ - - - +]dj—dn])
“Q(my, ||~ ML IM (A34)

for any t=Tg, with P and Q polynomials. Now fix Dy and let By be defined by (A6). Also, fix
My e and choose € so small that the closure of

By, (={M eMy(C)|IM — Myl <e} (A35)
belongs to M. Then Tg can be chosen uniformly for (M,D) in the closure of
Up(€)=Bu,(€) X By. (A36)

To prove this theorem we need the following lemma, which concerns a j X j matrix of the form

FO=A0)"'G (A37)
where G is j Xj matrix and

A(t)= diag(exp(8,),..., exp(¢8;-1),1) O<Red;_;<--- <Red, (A38)
Thus we can write

F@t) = H+V(1), : (A39)
where

0
H= (A40)
Gy .. Gj
V()= diag(exp(—tb),...,exp(—18;-1),0)G 7 (A41)

LEMMA A3. Suppose G0 and let T be the circle around Gj; with radius %|ij] Then one has
IR, )l <a(G), VzeT (Ad2)

where

o(G)=12|Gy| 2IIGll;, (A43)
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and |-\, denotes the Hilbert-Schmidt norm. Now fix T such that
exp(— TRed; _ )l Glla(G)<7
Then one has for any t=T and zT
IRz, F)II<2a(G)
IR, F@))ll<4 exp(—tRed; _)([61]+ - - - +]8; -1 DIIGll(G)
Moreover, the matrix F(t) has one and only one simple eigenvalue e(t) inside T, given by
e(t) = G;+R(1)
where
IR(1)|< exp(—tRed; _1)P1(|G;| 7", IGIl)
IR(®)|< exp(—tRed;_1)(|81]+...+[8; -1 DP2(IG;;| ™', Gl
Jor any t=T, with P,P, polynomials.

PrROOF. It is easily verified that the H-resolvent is explicitly given by

fZ_ij 0
__1 1
R(z,H)= > _ij . 0
z =G
Gjl ..... Gj,_]"‘l z
Hence,
1 1
IRz, DIl <——=—=(|z— Gj;| +|z]| +1IGlI;)
=Gyl T T

<12|Gy|2lIGll, Vzel

proving (A42).

Next, we note that
IV()R(z,H)ll< exp(—tRed; _IIGlle(G)
<3, V=T, Vzel

cf. (A44). Thus

RGF() = R@zH) S [VOREH)

n=0

(Ad4)

(A45)
(A46)

(A47)

(A48)
(A49)

(A50)

(AS1)

(AS52)

(AS3)

converges uniformly for zeI' and ¢ =7, and the bounds (A45-46) readily follow. Moreover, the pro-

jection

P(t)E—z—l-mv rj R(z, F())dz

is well defined for =T, and since the projection

(A54)
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-1 -
P(0) = -~ [R(z,H)dz (AS5)
r Gi/Gy; .. 1

(cf. (A50)) has rank one, P(¢) is one-dimensional, too.
We conclude that F(¢) has one and only one eigenvalue e(t) inside I' given by (A47), why

R(O=Tr{V(t)P(o0) + —2}; §1(H + V(@) f Rz, )[V(H)R(z,H)I"dz] (A56)
n= r
From this it is easy to verify (A48-49) by using (A41) and the bounds (A51-52). U

PrOOF of THEOREM A2. We are going to study the auxiliary matrix

A@)= exp(—d))E(), je{l,..,N}. (A5T)
To this end we introduce the complex numbers
=dy—d;, k=1,.,N (A58)

and the jXj matrix A(f) given by (A38). (Here and below we have suppressed dependence on j to
ease the notation.) Now we split up M in 2X2 form and write 4 (¢) as the sum of a ‘big’ and a ‘small’
matrix, as follows:

_(Mar Mo (A@) O M, A@) O '
BO=\m_, M__|lo o T [M_am 0 (A59)
S(=A()—B(t) = M diag(0,...,0, exp(t; +1),..., exp(t8y)) (A60)
Thus, B () has the same spectrum as the j X matrix
Z()=M . A (A61)

(up to an eigenvalue 0 when j<<N).
Next, we note that M . =M;, so that Z(¢) is regular due to our assumption M 9. Moreover, if
we set

FOy=Z®™', 6=M", (A62)
then the assumptions of Lemma A3 are satisfied, with G;; being given by
Gy = (Mj )y = |M;—|/|M}]
= mj! (A63)

(cf. (A29)). Hence, it follows that for =T (where T satisfies (A44)) B(¢) has one and only one eigen-
value b(¢) inside the contour

I'={teC|t~'el}, (A64)
which is given by
b(r) = m/[1+mR ()] (A65)

cf. (A47), (A63).
We now make the key observation that the B(r)-resolvent can be simply expressed in terms of the
F(t)-resolvent, as follows:
—¢{T'FORETFQ@) 0

R(K:B(t)) = _§~2M_+M++ —IR(K——I,F(t)) g-—l (A66)

Indeed, the validity of this formula can be readily verified by using the above relations between B and

&
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F. Consequently, we are able to estimate the norms of the B(¢)-resolvent and its time derivative on
the contour I' by using the bounds (A45-46). This yields

IRE,BENI<Q1(my], |m;| =", M 11, 1M1 (A67)
IRE,B)II< exp(—tRed;_;)(|8:]+ - 18 -1 DQamy, | T 1ML M (A68)
—

for any t=T and {e I‘, with 04,0, polynomlals.
We proceed by concluding from (A67) that one has

ISORE,BG)I<7, Vi=T;=>T, Vel (A69)
provided T; is chosen such that
exp(T;Red; + )IMIQ (Imy|,|my| =1, 1M1, IIMH)<— (A70)

(cf. the definition (A60) of S(¢)). Hence,
R(E,A(1)) = R, B()) ﬁols(t)R(f,B(t))]" (A1)

converges uniformly when t=>7; and {e T. Also, the projection
5L
P()=-~ rj R, A(e)ds (AT2)

is well defined for any ¢=Tj, and using (A66) and (A37-38) one infers that lim,_, ., P(¢) exists and is
one-dimensional, so that P(¢) is one-dimensional, too.

As a result we have now shown that both B(r) and 4 (¢) have one and only one eigenvalue b(¢) and
a(?), resp., inside I" for any 1=T;. Moreover, these eigenvalues are related by

a(t) = TrA (t)IS(t) = b(t)+_2—1.,;{Tr i[ SORE,B®))dS

+ 73,7 i} Tr [[- 1+ +SE)REBO)IS ()RE, BO)'dS (AT3)
"=tr

Indeed, this follows by using (A71-72); we have gotten rid of the ‘big’ matrix B(¢) by using
BR(§,B) = —1+{R(¢,B).
Defining now p;(¢) by setting
a(O=m[1+p;(1)] (A74)

and combining this with (A73) and (A65), it is not hard to obtain the bounds (A33-34) on p; and ¢ p
One need only use the estimates (A48-49) and (A67-69), recall the definitions (A4) and (A610) of r;
and S§(2), and observe that the modulus of the denominator in (A65) is bounded below by 5, smce

b(t) lies inside T for any =T;. It is then obvious from the definition (A57) of A (¢) that E(¢) has
one and only one eigenvalue }\ (#) inside exp(¢d; )T, which satisfies (A31-34). Finally, defining Ty by
(A26) and noting that all bounds are decreasmg in ¢, it follows that E(z) has simple spectrum for any
t=Tg, with eigenvalues satisfying (A31-34).

It remains to prove the umfonmty statement. To this end we recall that the above T is restricted
only by (A70) and the requirement T;<T, where T is solely restricted by (A44). These requirements
are expressed in terms of functions of M that are continuous on 9N and in terms of exponential func-
tions involving D. The latter functions can by uniformly majorized on B, by using the lower bound
(AT). Also, since BM (¢) is a compact set which belongs to 91, the former functions are uniformly

bounded on it. Hence we can choose T; uniformly on G210(5) and defining Tz by (A26) the proof of

&
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Theorem A2 is complete. [l

APPENDIX B. REAL-ANALYTICITY
In this appendix we show that the bijections ® and & constructed in Chapter 2 are real-analytic func-
tions of (¢,) and, therefore, diffeomorphisms from € onto £ and € onto €, resp. In fact, we shall
prove more, namely, that these maps are real-analytic in the coupling constants, too. Just-as in Sec-
tion 2A we denote these parameters collectively by g and their definition domain by GCC/; this
enables us to handle all cases simultaneously.

We have occasion to use the following lemma, which summarizes some results from nondegenerate
perturbation theory. In essence, these facts can be found in [17, Ch. II], but since this may not be
visible to the unaided eye, we sketch a proof.

LemMMA Bl. Suppose M=M(z) is an N X N matrix that is holomorphic in a polydisc around z eC* and
suppose that Mo=M(z) has simple spectrum. Then there exists a (possibly smaller) polydisc D around
zq with the following properties: The spectrum of M is simple in D, the eigenvalues \y,...,Ay of M are
holomorphic in D, and there exist corresponding eigenvectors u,,...,uy that are holomorphic in D.

ProOF. Let Ay be an eigenvalue of M, with corresponding eigenvector #o and consider the series

o0
RE,M) = R(,Mo) ZO[(M —M)R(E, M) (BI)
Py
(cf. (A8)) where ¢ belongs to a circle I' around Ay such that all other eigenvalues lie outside I'. Pick-
ing z close enough to z ensures that the series converges uniformly on T), so that we can define Py
via (A10). Then P, is a one-dimensional eigenprojection of M, since Pj(zg)=Lkm,_,, P(z) is one-
dimensional. Using Hartogs’ theorem one now infers that P, and the corresponding eigenvalue A
(given by (A9)) are holomorphic near zo. Hence, the function ¥=P,uo is holomorphic near zq.
Moreover, since u(zo)=P(z¢)uo =u70, one has u5=0 near zo. It is now clear how to complete the
proof. [

THEOREM B2. The bijections ® and &=®~! constructed in Chapter 2 are real-analytic functions in
G X and GXQ, resp.

ProOF. We shall only prove this for ®, since the assertion for & is then obvious from duality. Let us
fix a point P in G X. Inspection of the definitions of L(g;q,d) and e(g;q,0) shows that there exists a
polydisc in €' XC?¥ around P in which L and e are holomorphic. Moreover, we have proved in
Chapter 2 that L has simple spectrum on GX§. Hence, Lemma B1 applies, with M =L and zo=P.
Using the notation introduced there, we can now define a regular matrix

H= Col(uy,...,uy) (B2)

which is holomorphic in D. Furthermore, eventually performing a permutation and multiplying H
from the right by a constant, diagonal and invertible matrix, we can achieve that H(P) equals the
matrix T~ '(P) of Chapter 2.

Next, we introduce the vectors

a=H"le, a=H'e, (B3)
which are holomorphic in D, as well. Now consider the functions h;=a;/a;. Since we have
4(P) = a(P) = &(P)>0 (B4)

(cf. Chapter 2), there exists a polydisc UCD around P such that %,...,hy are non-zero and holo-
morphic in U. Hence, the functions ri=h, with r;(P)=1, are holomorphic and non-zero in U, too.
Multiplying the eigenvector u; by r;, we get a regular matrix, denoted again by H, for which the

&
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vectors a and a (cf. (B3)) are equal, and which is holomorphic in U. Moreover, the coordinates
ay,...,ay are holomorphic in U and positive in P.

We are now in the position to invoke the uniqueness of the matrix 7, established in Ch. 2, to con-
clude that we must have

H™' =T, a=¢, Y(g;q,0)s(UNGXK) - (B

As a consequence, T and é are real-analytic in GX{. Real-analyticity of the functions §; and f9j is
then clear from their definitions, and the proof is complete. [

APPENDIX C. CANONICITY
The purpose of this appendix is to state and prove the following theorem which justifies our interpre-
tation of the linearizing maps @ of Chapter 2 as action-angle transformations.

TueoreM Cl. The diffeomorphisms @ from Q onto Q constructed in Chapter 2 are symplectic.

ProOF. We shall prove this for the case I1,,;. The proof for the remaining three cases proceeds along
the same lines, with simplifications occurring at various points. First, let us introduce

4 @.0=5—540) (1)
8} (4,9)="b; (C2)
and observe (cf. (3.16) and (3.42)) that A; can be written
A@G) = 2p7! m(/pq}(i),-——?fk)/ ,gj(?ij-?fk» (C3)
o= -2 )
shz-gﬂ

From these relations it follows that it suffices to prove that the map ot :Q-0, (g.0(q™,0%) is
canonical. To this end we use (3.39-40) to infer

9" (@6 = limg(1,4,0) (C5)

6*(@6) = limb(s,q,0) (C6)
where

q;(t,9,0/=q;(1)—t exp[B8;(1)] (C7)

0,(t,9,0)=0,(2) (C8)

Now we have
(q(2),0(2)) = exp(tH)(g,0)

by virtue of Theorem 3.4. Since Hamiltonian flows are canonical, it follows that the functions éj,éj
have Poisson brackets

(@) = (8,6} =0
{q_pak} = 6_]k
for any teR.

In view of (C5-6) it remains to prove that one may interchange the t—co limit and the
differentiations w.r.t. ¢, and 6; implied in (C9). To this end, let us fix (g¢,6))e® with image

(©9)
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(&0,90)Ef2 under ®. From Theorem B2 and its proof we then conclude that there exists a polydisc
X CC? around (go,80) such that (g,6) depends holomorphically on (g,6)€X and such that the ‘pair
potentials’ f(6;—6,) do not vanish on X. Hence, (¢*,8") extends to a holomorphic function in X by
virtue of the monodromy theorem and Hartogs’ theorem, cf. (Cl1-4). _ R

Next, we invoke Theorem A2 to infer that there exists a polydisc Y around (90,6p), whose closure
belongs to X=®(X), and a number T€R such that the matrix -~

E()=L(u,B,—z, ;0,§) expltp diag(exp[Bh,],...,explBInD] (C10)

has simple spectrum for any (c},ﬂ)ef’ and t=T. Indeed, if we denote the matrices in (C10)
corresponding to (§o,8) by Mo and Do, then it is clear that choosing Y small enough ensures that
the corresponding pairs (M,D) belong to QUy(e), cf. (A35-36) and (A6). Moreover, it follows that on
Y N{2 we have

4 = §—50,0) + 1 explBd;]+p " In[1+p;(1)] (C11)
A 2
exp[Bl;(1)] = (explBO;1+p o, +p,(O1 1) -TII1— sh™z 7% (C12)

B sk g - a0)

cf. the proof of Theorem 3.4 and (3.30). Now p;(¢) and pj(t) are expressed in terms of series that con-
verge uniformly, and the terms of the series are clearly holomorphic in Y, cf. the proof of Theorem
A2. Hence, p;(t) and p;(¢) are holomorphic in Y for any t=7. Also, the function 1+p;(r) in (C1D)
in non-zero on Y, since E(?) is regular on Y. Thus, for any ¢=T the function g;(¢) has a holomorphic
extension to Y. Moreover, we may view ¢;(t) as a holomorphic function of (¢,6)e Y=6Y, since (g,8)
is holomorphic in ¥ CX.

At first sight the same assertion for §;(f) may seem to follow from (C12), but in fact it is not clear
from the above that choosing ¢ €[T,00) ensures that the terms [...]7% at the rhs do not diverge on Y
and that the first term does not vanish on Y. However, we shall now prove that these snags can be
avoided by eventually increasing 7. To this end we first note that (C11) and the estimates (A7),
(A33) imply

[Re(q;(t)— )| =Ct, V(GheY, Vi=T (C13)

Thus we can achieve that the radicands in (C12) are non-zero on Y by picking T large enough. Also,
eventually increasing T once more, we can ensure that the first term at the rhs of (C12) is non-zero on
Y for any t=T. (Indeed, this is clear from the estimates (A33-34).) Thus, 8;(t)has a holomorphic
extension to Y, and hence may be regarded as a holomorphic function in Y, for # large enough.

We are now in the position to conclude that (g,6) has a holomorphic extension to Y for ¢ large
enough, cf. (C7-8). Moreover, due to the bounds (A33-34) the convergence of this holomorphic func-
tion to the holomorphic function (q*.,0%) as r—o0 is uniform on Y. But then all derivatives of (¢,9)
converge to those of (¢ *,8"), so that (C9) holds for (4*,87), too. [
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