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Abstract: A self-timed systolic system computing the edit distance
between two strings is proved correct by means of an algebraical
concurrency theory ACP (Algebra of Communicating Processes, [BK1]).
A systolic system is a system consisting of a great number of
concurrently operating and cooperating elements. In the system
described here (also discussed in [LL]), the flow of control is regulated
by the elements themselves: the system is self-timed. A formal
approach can be helpful to construct complex systems such as
VLSI-circuits. Other verifications of systolic algorithms can be found in

[Kw] and [WE].
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1. INTRODUCTION

In the current research on (hardware) verification one of the main goals is to find strong proof
systems and tools to verify the designs of algorithms and architectures. For instance, in the
development of integrated circuits (‘chips’) the important stage of testing a prototype (to save the
high costs of producing defective processors) can be dealt with much more efficiently, when a
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strong verification tool is available. Therefore, developping a verification theory has very high
priority and is subject of study at many universities and scientific institutions.

However, working on detailed verification theories is not the only approach to this problem. Once
having a basic theory, the development of case studies is of utmost importance to provide us with
new ideas. Furthermore, one can focus on special design techniques, which turn out to fit
conveniently in the theory. For example, because the regular configuration of these circuits,
systolic arrays are very suitable for formal analysis and induction methods (see HENNESSY [HEN],
KOSSEN and WEIILAND [KW], MULDER and WEIJLAND [MW], REM [RE] and WEILAND [WE)).
Indeed, systolic arrays have grown very popular in the last few years.

In this paper we will present a theory called Algebra of Communicating Processes (short: ACP, see
BERGSTRA and KLOP [BK1]), which is an algebraical theory providing us with a formal description
of concurrent processes. Some of the main theoretical results are presented, to make it possible for
the reader to understand how to work in ACP. Next, a simple description of a systolic algorithm
for string comparison will be presented, which is a modified version of the one described by
LIPTON and LOPRESTI [LL]. We will present a correctness proof for the string analyzer within the
setting of ACP.

Reading other texts about systolic systems, it is possible to list a few characteristics of them. A
systolic system consists of a large number of (almost) identical elements, placed in a regular
configuration. So far, practically all systolic algorithms that have been developped, have a simple
linear configuration. A systolic system is characterized by a large data flow between the elements,
and a highly parallel cooperation of the elements.

As in [KW], [MW] and [WE], the considered system is a so-called self-timed system. In clocked
systems the flow of control is regulated by a clock, but in self-timed systems this is done by the
relative cooperation of the elements. Here, an element is initiated by receiving inputs from other
elements. It is possible, however, that new input is offered to an element during its internal
computation. The sending element has to wait until the receiver is ready to receive. More on this
subject can be found in MEAD and CONWAY [MC].

The notions mentioned above are relevant to the design of VLSI-circuits. Designing electrical
circuits one has to deal with functional and timing aspects. A circuit is functionally correct when it
computes the 'correct’ answer, given a certain input. A circuit is correctly'timed when the elements
are connected in such a way that the relative speed of elements and wires do not give rise to
malfunctioning. Building up a circuit from self-timed elements makes it possible to omit the timing
aspects. So, to prove a circuit correct one only has to prove functional correctness of the circuit. A
more comprehensive discussion can be found in [MC].

The systolic array presented in this report is an asynchronous version of the systolic array




described in [LL]. The string-to-string analyzer has really been implemented, and is used to
compare DNA strings. In this paper we will show that correctness of an asynchronous version with
synchronous communication of this machine can be verified within ACP.

At this place we especially want to thank Jos Baeten who took the trouble to check this paper
several times before it was printed and who gave so much of his support in developing its content.

2. THE ALGEBRA OF COMMUNICATING PROCESSES

The axiomatic framework in which we present this document is ACP,., the Algebra of
Communicating Processes with silent steps, as described in [BK2]. In this section, we give a brief
review of ACP_.

Process algebra starts from a collection A of given objects, called atomic actions, atoms or steps.
These actions are taken to be indivisible, usually have no duration and form the basic building
blocks of our systems. The first two compositional operators we consider are -, denoting scquéntial
composition, and + for alternative composition. If x and y are two processes, then x-y is the
process that starts the execution of y after the completion of x, and x+y is the process that chooses
either x or y and executes the chosen process. Each time a choice is made, we choose from a set of
alternatives. We do not specify whether the choice is made by the process itself, or by the
environment. Axioms A1-5 in table 1 below give the laws that + and - obey. We leave out - and
brackets as in regular algebra, so xy + z means (x-y) + z.

On intuitive grounds x(y + z) and xy + xz present different mechanisms (the moment of choice is
different), and therefore, an axiom x(y + z) = Xy + xz is not included.

We have a special constant & denoting deadlock, the acknowledgement of a process that it cannot
do anything anymore, the absence of an alternative. Axioms A6,7 give the laws for d.

In process algebra parallelity is modeled by the parallel composition operator ||, called merge. The
merge of processes x and y will interleave the actions of x and y, except for the communication
actions. In x|y, we can either do a step from x, or a step from y, or x and y both synchronously
perform an action, which together make up a new action, the communication action. This
trichotomy is expressed in axiom CM1. Here, we use two auxiliary operators || (left-merge) and |
(communication merge). Thus, x| y is x|y, but with the restriction that the first step comes from x,
and x |y is x||y with a communication step as the first step. Axioms CM2-9 give the laws for | and
|. On atomic actions, we assume a communication function given, obeying laws C1-3.

Finally, we have on the left-hand side of table 1 the laws for the encapsulation operator J,,. Here H
is a set of atoms, and 9, blocks actions from H, renames them into 8. The operator J can be used
to encapstlate a process, i.e. to block communications with the environment.
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X+y =y+x Al XT = X T1

x+(y+z) = x+y)+z A2 TX+X = X T2

X+X =X A3 a(tx+y) = a(tx +y) +ax T3

x+y)z = Xz+yz A4

(xy)z = x(y2z) A5

Xx+0 =x A6

ox = & ' A7

alb = bla C1

@alb)lc = al®lc) C2

Sla =8 3

xlly = xlLy +ylLx +xly CcM1

all x = ax CM2  1|lx = 1x TM1

ax|Ly = a(x|ly) CM3  wxlly = wxlly) ™2

x+ylz =xllz+yllz CM4 «<lx =3 TC1

ax|b = (a|b)x CM5 x|t =8 TC2

albx = (alb)x CM6 x|y = x|y TC3

ax|by = (a|b)(xlly) CM7 x|ty = x|y TC4

x+ylz = x|z+y|z CM8

x|(y+2) = x|y+x]|z CM9 (M) =17 DT
) =1 TI1

oy(@) = a ifagH D1 T(a) = a ifagl TI2

(@ =98 ifaeH D2 T(a) = © ifael TI3

X +y) = (X)) + o4(y) D3 GE+y) = &)+ y(y) TI4

H(XY) = 4(x)(y) D4 Txy) = &)Ly TIS

table 1. ACP,.

The right-hand side of table 1 is devoted to laws for Milner's silent step t (see MILNER [MI]).
Laws T1-3 are Milner's 1-laws, and TM1,2 and TC1-4 describe the interaction of T and merge.
Finally, T; is the abstraction operator, that renames atoms from I into <.

In table 1 we have a,bc e Ag (i.e. AU {d)), x,y,z are arbitrary processes, and H,I C A.




definition i) Let t be a term over ACP,, and x a variable in t. Suppose that the abstraction
operator T; does not occur in t. Then we say that an occurrence of x in tis guarded if t has a

subterm of the form a-s, with a € Ag (so a # t!) and this x occurs in s. (I.e. each variable is
'‘preceded’ by an atom.)

ii) A recursive specification over ACPy is a set of equations {x = t, : xe X}, with X a set
of variables, and ty a term over ACP, and variables X (for each xe X). No other variables may
occur in ty.

iii) A recursive specification {x = ty : xe X} is guarded if no ty contains an abstraction
operator Tj, and each occurrence of a variable in each ty is guarded.

notes: 1) The constant T cannot be a guard, since the presence of a t© does not lead to unique
solutions: to give an example, the equation x = tx has each process starting with a t as a
solution.
ii) A definition of guardedness involving T is very complicated, and therefore, we do not give
such a definition here. The definition above suffices for our purposes.

The Recursive Definition Principle (RDP) is the assumption that each guarded recursive
specification has at least one solution, and the Recursive Specification Principle (RSP) is the
assumption that each guarded recursive specification has at most one solution. In this paper, we
assume RDP and RSP to be valid. Abusing language, we also use the variables in a guarded
recursive specification for the process that is its unique solution.

In BAETEN, BERGSTRA and KLOP [BBK1], a model is presented for ACP,., consisting of rooted,
directed multigraphs, with edges labeled by elements of A U {3,1}, modulo a congruence relation
called rooted t3-bisimulation (comparable to Milner's observational congruence, see [MI]). In this
model all axioms presented in this paper hold, and also principles RDP and RSP hold.

&Iy)lz = x|l yllz)
x|ayllz = x|(aylL2)
xly = ylx

xlly = yllx

x|@ylz) = &lylz
xllyllz) = &ly)llz

table 2. Standard concurrency.




The axioms of Standard Concurrency (displayed in table 2) will also be used in the sequel. A proof
that they hold for all closed terms can be found in BERGSTRA and KLOP [BK2].

As one can easily see, encapsulation and abstraction cannot in general be distributed over || since in
a merge processes may do a communication step and thus it is of great importance which comes
first, the encapsulation (or abstraction) operator or the merge. Next, conditional axioms will be
presented to state conditions for distributing T and 3, over ||.

Definition: The alphabet of a process is the set of atomic actions that it can perform. So an
alphabet is a subset of A. In order to define the alphabet function o on processes, we have the
axioms in table 3 (for ac A, x,y are arbitrary processes; see [BBK2]).

o(d) =9 AB1
auty=09 AB2
oax) = {a} U ax) AB3
a(tx) = oux) AB4
ox +y) = ox) U oy) AB5
ox) = Upyp 0T, (X)) AB6
ou(T(x)) = ofx) -1 AB7

table 3. Alphabet.

Note that o(8) = a(t) = D is necessary by axioms A6 and T1. The axioms AB6 and AB7 can be
proved from AB1-5 for closed terms, but are needed here to define the alphabet on general
processes. Now we can formulate the conditional axioms as is done in table 4.

a)|(ey)nH) cH = 3,&lly) = 3, 3,(y)) CAl
ax) @y =8 = ty&ly) =y&luy) CA2
ox)NH=0 = Q(x)=x CA3
ax)NI=0Q = ) =x ' CA4
H=JuUK = Jy(X) = 9,°0k(x) CAS
I=JUK = Tp(x) = T Tr(x) CA6
HNi=0 = TP0(X) = 0°T1(x) CA7

g table 4. Conditional axioms.




In [BBK2] the axioms CA1-7 have been proved to hold for all closed ACP,-terms. We will assume
that they hold for all processes.

3. STRING COMPARISON

The systolic array considered in this report compares two strings, and computes the edit distance
between them. Before we turn to this machine it is necessary to say something about strings. A
more comprehensive discussion on this subject can be found in WAGNER and FISCHER [WF].

We assume strings to be built up of characters from a character set C. The set of finite strings is
denoted by C". This set also contains the empty string €.

A string can be transformed into another string by application of a few basic operations. The
operations we consider are:

1. changing a character into another character

2. deleting a character

3. inserting a character
A notation for a string operation is given by a—b (a,be CU{e}, and not both a=¢ and b=€). When
a,be C, a—b denotes a change operation, and if a=¢ or b=¢, we have the delete and insert
operation, repectively. A string vaw can be transformed into the string vbw, notation vaw — vbw,
using the operation a-b (a,be Cu{e}, v,we C* ). When a string v is transformed into a string w
using a sequence S of basic operations this is denoted by v->Sw. An example of a string
transformation is given below.

example A possible transformation sequence for ACDA ~ AACF is:
ACDA - ADA - AA - AAC - AACF

From this example we can conclude that the transformation sequence need not be unique.

To each basic operation a—+b a nonnegative cost value cost(a—+b) is assignéd. This cost function has
two constraints: cost(a—a) = 0 and cost(a—~b) + cost(b—c) 2 cost(a—c). This function can be
extended to all string transformations. When v—~Sw and S is a sequence sy,...,8, of basic

operations, the cost of this transformation is defined by cost(v-»sw) = €oSK(8y) + ... + cost(s,).
Now it is possible to define the edit distance of two strings. The edit distance is defined by ed(v,w)
= min{co.;i(v»sw): v»sw}. In [WF] a useful fact is proved:




fact. Given a cost function cost, and the values ed(v,w), ed(va,w) and ed(v,wa), the value
ed(va,wb) can be computed in the following way:

ed(va,wb) = min{ed(v,w)+cost(a—b), ed(va,w)+cost(e~b), ed(v,wb)+cost(a—€)}

Thus, the edit distance of two strings v,w can be computed using the edit distance of strings v' and
w' of smaller length. In this way the computation of the edit distance is reduced to the level of a
basic transformation. Given two strings v,w with lengths n and m respectively, this computation
can be modeled by an n+1 xm+1 matrix. The i-th character of the string v is indicated by v;- In
table 5 the algorithm to compute the elements of the matrix is presented.

0o =0

O = 2 1<p<j COSHVy—€) 1<ism
O = 2 < 25 coste~>wy) 1<j<n
o = min{oL

ij i-1j-1 + COSI(Vi_)Wj), (11_1] + cost(Vi-*e), alj_l + COSt(S_)Wj)}

table 5. Definition of the elements of the edit distance matrix

Using the fact above, we conclude that the edit distance of strings v,w equals o, . In this paper
we will give some examples using the cost function defined in table 6. We assume that the character
set C includes a special symbol '0° to indicate the empty string. In table 6 we will use O instead of
€. This symbol is included to handle the empty string as an object (a memory content).

cost(a—b) =2 if a,be C/{D0} and a#b
cost(a—>b) =1 if acC/{0} and b=0 or a=0 and be C/{0}
cost(a—b) =0 if a,be C and a=b

table 6. Example of a cost function.

An example of an edit matrix, using the cost function of table 6, is pictured in figure 1. There, we
compute that ed(ADCAB,ACBAE ) = 4. Observing the way this matrix is computed we can




conclude that some elements can be computed independently of each other. For example, after a4,

o, and o,y; have been computed, the elements 0;3 and 03; can be computed independently of
each other. So, a process that computes this matrix can be divided into several concurrent
processes. This is what has been done in the implementation discussed in this report.

A C B A E

o 1 2 3 4 5
Al1t 0 1 2 3 4
Dj2 1 2 3 4 5
c|3 2 1 2 3 4
Al4 3 2 3 2 3
B|{5 4 3 2 3 4

figure 1. Example of edit distance matrix.

4, THE STRING TO STRING ANALYZER: AN INFORMAL DESCRIPTION

Before we turn to a formal description, we discuss the string-to-string analyzer informally. In
[LL], a clocked systolic array is presented which computes the edit distance of two strings.
However, the systolic array we will discuss is not clocked but self-timed. Therefore, the number of
internal states of this machine is larger than the number of internal states of the clocked version
from [LL].

out
k-1 ko -k -2 A

sustunnnannava G
[T

r
N
¥

Ty

3

:
:
:
:

-k -k+1 -1 0 1 k-1 k

figure 2. The machine configuration.
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In this paper we will prove that a systolic array consisting of 2k+1 particular elements, given a
correct input, computes the edit distance of two strings of equal length up to a maximum length of
k+1. The configuration of 2k+1 cells is pictured in figure 2. The cells are numbered -k,...,0,....k
and each cell i has two communication channels i-1 and i. Channel i is on the right of cell i and
channel i-1 is on the left. Cell O has one extra channel called out. Cell O and a cell i for 120 are
pictured in figure 3. A machine with 2(k+1)+1 cells is obtained by adding two cells, named -k-1
and k+1, to the machine consisting of 2k+1 cells.

I out
i1 IR LI Ry
s' s'
cell i cell 0

figure 3. Individual cells.

An individual cell i can be in two major states:
(1) receive state
In this state the cell contains a number m. The cell can receive a pair consisting of 2 number n and a
symbol s, (s,n), from the left and a pair consisting of a number n' and a symbol s', (s',n"), from the
right. These receive actions can be performed in either order. After these symbols and numbers
have been received the cell computes

f(n,m,n’,s,s") = min(n+cost(0-s"), m+cost(s—s"), n'+cost(s—0))
and m is replaced by this new number. The cell enters the send state.
(ii) send state
The cell still contains the two received symbols and a number m (computed as indicated above).
The pair (s',;m) can be sent to the left and the pair (s,m) can be sent to the right. These sending
actions can be done in either order. After the cell has sent these two pairs to the
neighbours/environment the cell enters the receive state. Moreover, cell 0 can send the number m
to the outside, along channel out.

After the individual cells have been discussed we will consider the behaviour of 2k+1 cells,
connected together. The two strings of which we want to compute the edit distance, are input at
channels -k-1 and k, respectively. We will prove that this machine, starting in a certain initial state,
is able to compute the edit distance of two strings of equal length with length smaller than or equal

to k+1. A festriction is that each character input is accompanied by a certain number. When we
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want to compute edit(v,w), each v; is accompanied by edit(v, i,e) and each w; is accompanied by
edit(w ;,€). Here, the string consisting of the first j characters of v is indicated by v, J Because of
the restrictions to the cost function, this edit distance is easy to compute. When we want to compute
edit(v,e) we just have to compute the summation of all the individual delete actions. For example,
using the cost function of table 6 this means that the j-th character input at either side is paired with
the number j. We will explain the behaviour of the machine by means of the edit distance matrix
and an example. Because the clocked version is easier to understand we first give an example of a
clocked machine. In each state the cells have performed the same number of steps. The initial state
of the machine is the following one:

(i) cells -k-1 and k contain the number O and they are in the receive state

(ii) the other cells are alternately in the receive state (and will then contain the number 0) and the
send state (and will in that case contain the number 0 and two blanks).

B A AD
0 1 2 3 4
Al1 2 1 2 3
cl2 3 2 3 4
D|3 4 3 4 3
Bl4 3 4 5 4

figure 4. edit matrix of the example

The edit matrix of the example we worked out is in figure 4. The input/output session for this
example using the clocked machine is given in figure 5. After the fourth state every new 'tick’ the
next diagonal of the edit matrix is computed. Notice, that the pairs of numbers and symbols input
after the pairs of the strings do not influence the final result. However, to make this clocked
machine work, some data have to be supplied after the relevant data have been input.

As said before,we discuss a version of the machine which is unclocked and self-timed. The
outermost channels are controlled by the environment. The environment supplies the inputs and
accepts the outputs. The communications inside the machine are controled by the relative
cooperation of the cells. A machine state is called stable when no internal moves can be made. A
machine stdte is unstable if the machine can make internal moves without communicating with the

outside world. In figure 5 internal communications and communications with the environment are
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0 0 0 0 0 0 0
- —1 0 | —t 0 | 1 0 —
a] O o
I # output 0
input 1 0 0 0 0 0 1 input
1 — a — — 0 | — 0 | — 0 — 1
a a] 3] ] b b
output 1 1 0 0 0 1 1 output
1 — — a = B e O e 1
o o u] b o
[ # output 0
input 2 1 1 0 1 1 2 input
2 —lc M —_a — 0 — 0 — 2
c | 0 b a
output 2 2 1 2 1 2 2 output
2 — —1 C — a — — O }— — 2
o 0 b a 0
I » output 2
input -3 2 3 2 1 2 3 input
3 -t d — C — - a — 0 3
d a b a a a
output 3 4 3 2 1 2 3 output
3 — —1 d — ¢ — a | — 3
u b a a 0
I ® output 2
input 3 4 3 2 3 2 3 input
4 - b — d — ¢ — a 4
b b a a d d
output 3 4 3 4 3 4 3 output
3 — — b — d | — ¢ — 3
b a a d a
I # output 4
input 4 4 5 3 4 4 input
5 —1 0 | -1 b ™ — d |— — ¢ 5
0 a a d o o

figure 5. Worked out example for clocked machine (to be continued).
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output 4 5 5 4 3 4 4 output
4 — =1 0 —1 b I —1.d I — 4
o d o o
I ® oufput 4
input 5 5 5 4 4 4 5 input
6 — 0 — 0 —L b —1 d 6
0 d 1] o ul

figure 5. continued.

performed at the same time. The initial state is a stable one, which is described as follows
(i) cell -k up to cell -1 contain 0 and O in the lower symbol storage location (see figure 2).
The cells are ready to receive a pair from the left.
(i) cell O contains 0 and is ready to receive two pairs, one from either side.
(iii) cell 1 up to cell k contain 0 and O in the upper symbol storage location.
The cell is ready to receive a pair consisting of a number and a symbol from the right.
In figure 6 the initial state is pictured. The arrows pointing towards a cell indicate that the cell is
ready to perform a receive action on that side. The starting state pictured in figure 6 can be

considered as the starting state pictured in figure 5 after all the possible internal actions have been
performed.

-k ~k+1 -1 0 1 k-1 k

figure 6. The initial state of the machine.

We will assume that all the numbers output along channel out are accepted. So, we just block the
channels -k-1 and k. Now the same example pictured in figure 5 is worked out in figure 7, but
here we just consider stable states. Note, that the intermediate states the machine encounters need
not necessarily be the pictured ones. We have chosen for one particular order. In the formal part we
will make clear that to the outside there is no real difference between states that differ only in

internal steps. Again, observe the correspondence between the matrix of figure 4 and the stable
states of tlie machine.
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0 0 0 0 0 0 0
— - = - — 0 M o 0o
a O o
I ® output 2
input 1 1 1 2 1 1 1 input
1 = — — —_a [~ — o 0o 1
a o 0 0 b b
output 1 1 1 2 1 1 1 output
1 — — — — apr{o0oM—~0F— 1
o o 0 b o
[ ® output 2
input 2 2 3 2 1 2 2 input
2 — ] —l.c a — o s 2
c o o b a a
output 2 3 2 2 2 2 2 output
2 — ] - = —4 ¢ —.a .0 — 2
0 0 b a 0
I ® output 4
input 3 4 3 4 3 2 | |3 input
3 - ] ] —l.d m.c mla o — 3
d O b a a a
output 4 4 4 4 4 3 3 output
3 — ] . — 1. .d mMlc 1 a | — 3
o b a a a
I ® output 4
input 3 4 5 4 3 4 3 input
4 — — - — . b 1 d = c 1 a — 4
b b a a d . d

figure 7. example of the self-timed machine, considering only stable states

5. THE STRING TO STRING ANALYZER: FORMAL SPECIFICATION AND PROOF

In this section we will formalize what has been presented in section 4. We will present a
correctness proof for the self-timed machine within the setting of ACP,. First we will give a
specification for the individual cells, as is done in table 7. What has been explained in words in
section 4 is formalized here. Although written out in table 7, from now on we will abbreviate

se CneN r(s,n) by Xr,(s,n). Taking =045 1, M=04 15 and n'=0l,_ 1 (entities of the edit matrix of
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specification of an individual cell i=0:
CR,(m) = [Ec ¢ neN Fi- 1M Zge ¢ e N Ti(0)]-CS;(E(n,m,0',5,5).5.5")
CS,(m,s,s") = [s;.1(s’m)||s;(s,m)]-CR;(m)

specification of cell 0:
CR()(m) = [ZSE C,ne N r-l(ssn) st'e C,l’l'E N rO(S',n')] ‘CS+O(f(n,m,n',S,S'),S,S')

CS*,(m,s,s) = [s_3(s"m)||sg(s,m) |5, (m)]-CR(m)

f(n,m,n',s,s") = min(n+cost(€-s), m+cost(s—s"), n'+cost(s~€))

table 7. Specification of an individual cell.

strings v and w) and s'=w;, and $=V;, the function f is precisely ed(vy ;,w; J). The i-th character of
string v is indicated by v;. The string consisting of the first i characters of v is indicated by v, ;.

i#0: CRLy(m,s',0) = X o ¢ ne NTi-1(8:0)-CSi(f(n,m,n',5,5),5,5")
CRR(m,s,n) = T g 0 pen 5i(850)-CS;(f(n,m,n',s,5).5,5")
CSL(m,s") = s; 4(s',;m)-CR;(m) CSR.(m,s) = s;(s,m)-CR;(m)
i=0: CRLO(m,s',n’) =3¢ C.ne Nr_1(s,n)'CS+0(f(n,m,n',s,s'),s,s’)
CRR (m,s,n) = T o, C.we NTo(s51)-CS*o(f(n,m,n',5,5).5,5)
CS(m,s,s) = [s_;(s’;m)|{sp(s,m)]-CRy(m)
CSLO(m,s') = §_4(s',m)-CS*(m) CSRO(m,s) = so(s;m)-CS+0(m)
CS*¥y(m) = 5, (m)-CRy(m)
CSL*(m,s") = [5_1(s,m)||s,, (mM)]-CRy(m)  CSR*((m,s) = [s9(5,m)|[5,5(0)]-CR o(m).

tablé 8. shorthands for states of the cells used in this paper
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Next, we will formalize the initial state of the machine. In ACP,, a systolic array of 2k+1 connected
cells is modeled by a communication merge of 2k+1 cells. In case of an internal send or receive
action (i.e. not at the external channels -k-1, k or out), the machine has to communicate with a
complementary action from a neighbouring cell. This is modeled within ACP, by encapsulating the
individual send and receive actions. Abstraction from internal communications is achieved by
renaming these communications into the silent step T of Milner [MI]. This, together with the
description of the initial state given in section 4, results in the formalization given in table 9. I, and
Hj are the abstraction set and the encapsulation set, respectively.

INITy = Ty Q| e p o CRY5.€0,0,0) 1| Cp0) [l g g . CRR(0,3,0) }
communications: r p.(s.n) |s a(sm)=c Q(S,n) se C,neN, -k-1<f <k

Hy = {ry(s,n),s;(s,n): s€ C, neN,-k-1< <k}

I = {cy(s,n): se C,neN,-k-1< <k}

table 9. Initial state of the string-to-string analyzer of capacity k+1.

After specifying the initial state of the machine we will specify the environment. As already has
been indicated a correct computation of the edit distance of two string depends on the correctness of

the input. A formal specification of the environment for a machine of capacity k+1 is given in table
10.

ENVk.;.l(V’w) = (H1$9.<k+1 [(S_k.l(vﬂ’aRO)llSk(wl’aoﬂ))(z T, _1(5,11)”2 rk(s"n'))])

‘G c1Viee 1> O 101 KW 1-001c41))

table 10. Specification of the environment.

What we want to prove now is stated in the theorem below. The sets H'y and I'y are used to obtain
the synchronous communication between machine and environment. H'y contains the actions that
are encapsulated. Further, the communications we want to abstract from, are in Iy,

&
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The encapsulation set HY is defined by

Hy = {ry.1(s,n),13(s,n), S x-1(s.m), si(s,n) : se C,ne N},

and the communication set I is defined by:

I = {cy.1(s:m), ci(s,n) : seC,ne N}

having the following communications: sy(s,n) |rp(s,n) = cy(s,n) ,=-k-1 or 2=k

Theorem (correctness) Let oy g be the values on the diagonal of the edit matrix of v and w. Then:
T ' (ENVe i (G WIINITy } = 1Ty g ey Sour(@p )-8

proof The criterion of correctness used here is similar to the one in [BK3]. The rest of this paper is
devoted to the proof of this theorem. The theorem will be proved in two steps. We prove that the
two terms Ty Oy {ENVy 1 (v,W)[INITy } and TT1;<p <ppg Sour(0p p)-O satisfy the same
guarded specification, which is given in table 11. Then, by RSP, both processes are equal.

ER; ;= TERL, ; + vEIRR,  + Sopt(%) EIR 1<i,j<k, i<

J i+1,j
EIRR, ;= 0EIS; 1+ soud O EINRy, "
EIRL ;= 0EIS, ) + Sou(0) BN, -
ER; ;= TERY  + vEIRR; ; 1<i<k+1, Osjsk, i=j+1
ERR, . = ¢EIS, ERL; ;= 1EB,;, "
EIS; ;= TEIL;  + TEIR 4 50 () BB, 5 1ijsk, i
EIR, . = vEIR; ;+ 50, (o) EIR, . ’
BISL; i = TEIR;  + 55, (0) BN, . "
EIS;; = TEPL  + TEPR,, 1<i,j<k, i=j+1
EISR; ;= 1ER;; EPL ;= vER; "
EIS; 11 = Sout( 0 EL i g 1<i<k, j=k+1
41 g1 = Sout(Oks 11 1) i=k+1, j=k+1

table 11. Specification of the interaction between machine and environment.

&
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The indices should be interpreted in the following way: i corresponds to the values o; the machine
wants to send away through channel out. The j indicates how many symbols of the strings v and w
have been input. Abstracting from all the internal actions we can discern 6 different states the
environment/machine interaction can be in:

- the machine is able to receive two symbol/number pairs of v and w respectively from the
environment in either order. This is indicated by a superscript R. However it is possible that the
receive action is already completed on one side. When the receive action on the left has been
completed the only possible action is a receive action on the right. This is indicated by the
superscript RR. When the receive action on the right already has been performed, this is indicated
by the superscript RL.

- the machine wants to send two symbol/number pairs to the environment by way of the two
external channels -k-1 and k. This is indicated by the superscript S. Analogoulsly we have the
superscripts SR and SL to indicate the not fully completed send actions.

Furthermore, notice the analogy between the number of send and receive states in the specification
of table 11 and the number of receive and send actions of the environment. The environment sends
k+1 symbols with the corresponding edit distance to the machine and from table 11 we can see that
the machine passes k+1 receive states. The same can be verified for the k receive actions the
environment performs. EIRI,O corresponds to the starting state of the environment/machine
combination. The superscript R indicates that the machine is in a receive state and the environment
in the send state. The subscripts 1 and 0 indicate that 0 symbols have been input and that the first
number to be output is oy ;.

Now, we will prove the theorem by proving the following equations:
@ EI?; 0= TT11<p gepg Sour(0rg )-8
(i) EIR) g = Ty 3y (ENV e, 1 (v,w) || INIT, }

proof of (i): To prove that equation (i) holds we verify that Tl <p <1 Sour(Cg p)-8 is a solution
of the specification mentioned in table 11. That this expression is a solution of the specification can
easily be verified using the substitution mentioned in table 12. If the specification in table 11 is
guarded we can use RSP and the desired equation is obtained. Thus, we just need to verify that
this specification is indeed guarded. It is obvious that from state EIS: i x+1 it is not possible to
perform any < steps but just atomic actions. On the other hand from the other states EIS* EIR*
(x =R,L or blank) we can do no more than four © steps without entering a state with a hlgherj
This and the fact that in state EIS i k+1 only atomic actions can be performed, limits the number of t
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steps that can be performed. Thus, the specification is guarded and equation (i) has been proved.
What is left to prove, is the second equation. As already mentioned in the previous section we want
to formally describe the notion of a stable state. A stable state can be considered as a state from
which only visible steps (outside of the abstraction set I) can be done. In any stable state only two
or three visible atomic actions are possible. However, the environment may not be ready to accept a
certain atomic action: such an action cannot be answered by a complementary action.

EIS;; = BISL; ;= BISR, i = 0licp e Sou(@g p)8  1hjsk, isj
EISi,k+1 =Ilicp < Sout(®g )0 1<igk+], j=k+1

ER; ;= ERLy ;= EIRR; = Tlicp e Sou(@pp)d 15k, Osjsk, ij+1

(2

table 12. Correspondence between table 11 and T-IT;<p 1 Sou(@p 9)0 -

So, after performing such an atomic action the machine enters a state which is of no use to the
computation. What follows is not of any interest to us and can be left out. In this way a great
number of stable states are redundant. The term redundancy is originally introduced in
VAANDRAGER [VA]. Another paper discussing the notion of redundancy is KOYMANS and
MULDER [KM]. In table 13 we have listed the stable states that are relevant with respect to the
environment of table 10 (compare table 8).

The following notations and assumptions will be used in the table:

- k is a fixed number {

- N = <nj,..,Ng,...n > indicates the numbers the cells contain. The number stored in cell 2 is

called ny.

- t = tg..t OF ..t (dependign on Itl) indicates the sequence of symbols contained in the upper

storage locations of the cells. These symbols are input from the left. The same holds for u = ug..uy
or u;..1,, only these symbols are received at the right and stored in the lower storage locations.

- p indicates the number of output actions which can be performed along channel out. This number
may increase when pairs have been input at the channels -k-1 and k without performing the
corresponding send actions along channel out.

To make this mess of formulas more clear to the reader we have visualized a number of states in
figure 8. An arrow pointing towards a cell indicates the cell wants to receive a pair from that side
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but is not able to do so before an action at one of the external channels has been performed (the
state is stable). An arrow pointing away from a cell indicates that that cell wants to perform a send
action but is not able to do so. To indicate that the cell contains a symbol of t in the upper storage
loaction, the upper half of the cell has been shaded. When a symbol of string u is stored in the
lower storage location of a cell, the lower half of that cell is shaded.

() lul=ltl=k, p=0 STRINGR(n,t,u,0) =

= Tpe® el g CRY g (g g mp , DIICR ()|

locp < CRR p (g, tg.ng 1))

(i) lul=k, Iti=k+1, p=0 STRINGRR(n,t,u,0) =

= T el e 0CSTp .0 )Ml op o CRR y (g g iy 1))
(iii) hul=k+1, Itl=k, p=0 STRINGRL(n,t,u,0) : omitted, complementary to state (ii)
(iv) lul=lti=k, O<p<k STRINGR(n,t,u,p) = |

Tiie® nicl |l ecp < pCRYg (g0 g g, )l

ll.p< 2<0CSRy(m Lt DIICS o)l

lloc s pCS™p gy llllpeg o CRR (g ty,mp 1))
) lul=k, ltl=k+1, 0<psk  STRINGRR(n,t,up) =

Ty AUl e 2<-pCSL plng,u Q)||CS_p(n_p,t0,up)|I

| -p<2<0CSR (gt PICS oyl

locp<pC8 p gy Il pcg G CRR (mp g,y 1)}
(vi) lul=k+1, Itl=k, O<p<k STRINGRL(n,t,u,p) : omitted, complementary to state (v)
(vii) lul=ltl=k+1, p=0 STRINGS(n,t,u,0) =

= Ty el 1 0TS g (g1 p)IICS (0,0 g o CSR y (g 1))
(viii) lul=k, Iti=k+1,p=0  STRINGSR(n,t,u,0) =

= T Sl e 0CREg p,u_p.ng ) loep o CSR g (89

table 13. Stgble states relevant to the environment defined in table 10 (to be continued).
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(ix) hul=k+1, itl=k, p=0 STRINGSL(n,t,u,0) : omitted, complementary to state (viii)
(x) lul=ltl=k+1, p=1 STRINGS(n,t,u,1) =

= Ty | e 0CSH g (g lICS* o nguto g llge p a CSN p ()
(xi) hal=k, lil=k+1,p=1 STRINGSR(n,t,u,1) =

= Ty° Qe l e «0CRU (g 0PI CSR* (gt g p < CSR g (g 1))
(xii) lul=k+1, Iti=k, p=1  STRINGSIL(n,t,u,p) : omitted, complementary to state (xi)
(xiii) lul=lti=k+1, 1<p<k+1 STRINGS(n,t,u,p) =

Tige® Ouic | ep < pCSTp (g IICS g (1.t

“-p+1<£<OCSR£(nP.’tp-1+R)”CSHO(HO) I

locg<p-1CSTp (g p1.) 1CS, 1y 1.t 18N llpep s SR p (gstp))
(xiv) lul=k, ltl=k+1, 1<p<k STRINGSR(n,t,u,p) =

= Ty Al ke < pCRE g g0 Il 0CSR g (gt p)

llcs+ompllllgep<p-1CSEp g.uy o)

I1CS,.1(0p.1:tp 1.9 | p<p < CSR p (g tg) }
(xv) lul=k+1, ltl=k, 1<p<k STRINGSL(n,t,u,p) omitted, complementary to state (xiv)

table 13. continued.
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* -1 0 1 k
t o
................... .
state (i)
-k -1 0 1 k
t o
< u
state (ii)
X -p+1 -1 1 -1 k
t -9 .
< y
state (iv)

state (v)
-k -1 0 1 k
t -
<4 U
state (vii)
K -1 0 1 k
t -
< U
state {viii)
% -1 0 1 k
t
<4 U
state (x)

figure 8. Visualisation of the interesting stable states (to be continued).
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state (xi)
% -p P+l -p2 -1 0 1 -2 -1 p k
1 -p
<4-u
state (xiii)
K P pH -1 0 1 p-2 -1 k
i - '
’ <4 u
‘state (xiv)

figure 8. continued.

After having given these stable states which are of interest with respect to the environment of table
10 we will give a relation between these states. However, it is possible that the machine is able to
perform an action which cannot be accepted by the environment. This atomic action is redundant.
In table 14 we have given a specification of the stable states. When the machine wants to perform a
redundant action this action is succeeded by Q. This to indicate 'it does not matter what happens
after this action because this action is redundant’. In another context £2 is used in [KW]. Later on we
will make it clear that the actions said to be redundant are indeed redundant. The function ¢ defines
what happens to the numbers contained in the cells. The number of arguments of ¢ is larger than
those which are listed but for sake of readibility we have omitted a few of them. To indicate a string
t without its last symbol we use t-. When a symbol s is added to a string t, this is denoted by st. In
the function @y; we use indt and indu to indicate the index of the symbols of strings t and u
contained in the cells -1 and 1 respectively.

&
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p= STRINGR(n,t,u,0) = ¥ r,_;(s,n)-STRINGRR (¢ (n,1),5t,u,0) +
+ X 1, (s',")-STRINGRL (@ (n,1),,5'0,0)
p=0 STRINGRR(@,t,u,0) = s ;_; (1,0, Q + T 1,(s',n")-STRINGS (@ (n,0),t,5'1,1)
p=0 STRINGRL(n,t,u,0) = 3 1, ;(s,n)-STRINGS(y (n,0),5t,u,1) + 5, (t;,,0,)-Q
1spsk  STRINGR(,tu,p) = X1, ,(s,n)-STRINGRR(g; (n,p),st,u,p) +
+ X 1 (s',n)-STRINGRL (@ (0,p),1,5'0,p) + 54,,(n)-STRINGR(p 4(n,p-1,p-1,p-1,p-1),t,u,p-1)
1spsk  STRINGRR(n,tu,p) = s _;(,n)-Q + ¥ 1 (s'n)-STRINGS (@ (n,p), t,5'a,p+1)
+ Soui(ng)-STRINGRR(¢yy(n,p.p-1,p-1,p-1),t,u,p-1)
1spsk  STRINGRL(m,t,u,p) = X1y 4(s,n)-STRINGS(¢ (n,p),st,u,p+1) + 5, (t.,0y)-Q
+ Sou(ng) STRINGRL(@y(n,p-1,p,p-1,p-1),t,u,p-1)
p=0 STRINGS(n,t,u,0)=s y_; (;,n_)-STRINGSR(n,t,u-,0) + 5, (t,0,)-STRINGSL(n,-,u,0)
p=0 STRINGSR(n,t,u,0) = T 1, 1(5,0)-Q + 8 (t.1y)-STRINGR(m, t-,u,0)
p=0 STRINGSH(n,t,u,0)=s _;(1,n_)-STRINGR (n,t,u-,0) + T 1, (s',n)-Q
1<psk+1 STRINGS(,t,u,p) = s (W0 )-STRINGSR(n,t,u-,p) +
+ 8yt STRINGSL(n,t-,u,p) + 5,,(ng)- STRINGS (@p4(n,p-1,p-1,p-2,p-2),t,u,p-1)
1<p<k+1 STRINGSR(n,t,u,0) = 1 _;(5,0)-Q + 5, (t,,0,)-STRINGR(n,t-,u,p) +
+ Sou(ng)- STRINGSR (g (m,p-1,p-1,p-2,p-1),t,u,p-1)
1<p<k+1 STRINGSH(n,t,u,0) = s ; (1,0 )-STRINGR(,t,u-,p) + X 1y (s,0)-Q +
+ Sou(ng)- STRINGS( @pg(m,p-1,p-1,p-1,p-2),t,u,p-1)

¢ (m,q) = <n'y,...n’ Mgl > 0<g<k
n’.k = f(n,n_k,n_k +1,S,uk)

n'y =f(n'y_,ng,np, 1,50 9) -k<<q

table 14. Relation between the stable states (to be continued).
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or(n,g) = <n_k,..,nq_1,n'q,..,n'k> , 0<g<k

n'_k = f(nk_l,nk,n',tk,s')

n'y = f(ng_,ny, 0’y 1:tg.S) qsf<k
(pM(n,q,r,indt,indu) = <n_k,..,r1_q,n'_q FRTOTNR VTS, U (HIO . T 0<gsk, Osr<k, Ig-ri<1
q=0 orr=0 n'y =ny
OtherWise n'o = f(n_l,no,nl,tindt,uindu)

'y =f(np 10, 0'pytinder f2Vindw) -4<2<0

'y =f(n'y 1np.ng . tingpUinde-n)  0<A<r

table 14, continued.

We will not present the proofs for all these equations but just for one of them. The other cases can
be verified in the same way. In the proof we will use the following fact which can be proved by
induction on the structures of X, Y, P and Q:

fact *: Let P, Q be closed terms and c, c; (i B, B finite) atomic actions such that:
@ ¢ ch=c°, for exactly one je B
(i) c, c; (ie B) do not communicate with actions of P,Q
(iii) c®e I
(iv) ceH, Ho{c; : i€ B}
then for all X,Y,P and Q: T;° 3,((Pllc)-XII(QIIZ jcgepY) = T o 34 (P-X[|Q-Y).

We have for all -k<i<k:
H; ;41 = {rj(s;n),s(s,n):se C,neN} and
L; 41 = {ci(s,;n):se C,neN}.

proof of table 14: 'We will only consider the following equation from table 14:
1spsk  STRINGR(n,tu,p) = Z 1y 1(s,n)-STRINGRR (¢ (n,p),st,u,p) +

+% 1,(s’,0) STRINGRL (@ (n,),t,50,p) + 50,(n)-STRINGR (@4, p-1,p-1,p-1,p-1),t,u,p-1)
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In table 11 we have
STRINGR(n,t,u,p) =
Ty e e <. pCRY g (g g g )l
| _pen<oCSRp(mp.ty, PICS (o)l
llo<g <pCS gy pllllp<p g CRR p (g ty ,mp 1))
There are three possible atomic actions: r__;(s,n) (for some s,n), r(s',n’) (for some s',n’) and
Sout(np)- We shall work out the first and the third one. The second one is a complementary version
of the first case and therefore omitted.
(i) After performing r_,(s,n) (for some s,n) we obtain:
T QL1 CS 40 oS NI CRE e (g 0 g - )
..." is used to indicate the part of the expression which is not affected or changed. Using n'y, we
mean that n' ;. as used in the definition of the ¢ functions (the same for n' 2)
Using the conditional axioms CAS5, CA6 and CA7 we can derive this equals
Tr1c® Ouic® Ui e ® Ohote et {CS (s ulICRY (g oy g )l )
Using standard concurrency and the conditional axioms CA1, CA7 and CA2 we obtain:

Uke® Ohie® U et ® Ko ke 1 Vg ke © O .ic,-k+1[cs-k(n'-kas’uk) ICRY ey 1 gy 105 10 DI )
Using the fact mentioned above, the equation T-x|ly = 7-(x||y) (proven to hold in [BBK2]) and the
conditional axioms in the other direction, we have:

T Te® Qg CST (@ 4 ) CS ey (0 5.0y DI )
This calculation holds for the cells -k+1 and -k+2, cells -k+2 and -k+3 etc. until cells -p-1 and -p.
Finally we have:
T el e c.p1CSTp (0w IICS @ 5wl
ll.p< 2<0CS¥y(n Lt ICS oyl

”0<p_<pCSL2(nQ,U )l Ilpsgg(CRRQ(nQatQ;nﬂ_l)}
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and this is exactly what we wanted because this equals t-STRIl\IGRR((pL(n,p),ts,u,p) . Then, with
agiom T1 we have the desired result.
(ii) the case r(s',n’) (for certain ', n’), proceeds in the same way as case @d).
(iii) After performing s, (n,) the expression becomes: Tjy© dy {.. NCRy@pl...}
Cell 0 can receive the pairs (n_l,tp_l) and (nl,up_l). Using the conditional axioms and standard
concurrency in the same way as in case (i) we obtain: |
Tige® Ohge® T 1 ® Photeert L Ui i © O i1 [CR () HCSLl(nl’up-l)]“ o
Using fact*, wx|ly =7 (x]ly), and the conditional axioms in a backward direction we have:
T T3 el oo IICRO(nO,up_l,nl)llCRl(nl)H ...}
In this way we can compute all the internal actions in any order we want. Having executed all the
internal actions we obtain the desired stable machine state. After cell O has sent n, through channel
out cell O receives the pairs (n_l,tp_l) and (nl,up_l) from the cells -1 and 1 respectively. After these
actions cell 1 can receive the pairs (n'O,tp_l) and (n2,up_2) from cells 0 and 2 respectively. This can
be done also for the cells -2 and 2 until cells -p+2 and p-2. After all these calculations we have as a
final result:
050 el ycp < g CRUg (g0 g DICRE oy )

lpr1<2<0CSRp (@' gty 1. DI CS (o)

lo<p <p-1CS™p g1y 1 DICRR 1y 10,1 2)

llp<p < CRR g (np.ty.mp 1)}
and this precisely T-STRINGR( @p1(n,p-1,p-1,p-1,p-1),t,u,p-1). So, by (i), (ii), and (iii) we have

verified the equation we started with. All the other cases proceed in the same way using the

technique of first working out the internal actions. ' end of proof table 14.
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Using the specification of table 14 we will give an interpretation of the variables of table 11 in terms
of machine states. We have listed this interpretation in table 15. We use some shorthands for the
states of the environment. Although these shorthands seem rather self-evident, some explanation is
given. The first superscript indicates what kind of actions the environment wants to perform: send
(S) or receive (R) actions. The additional superscript (L, R or blank) indicates to what extent these
action have been performed. R or L indicates that a send or receive action has to be performed at
the right or left respectively. A blank indicates that both actions have to be performed. The
subscript j indicates that the j-th pair of send or receive actions is performed. The notation Vi pis
used to indicate string v ;in reversed order. Notice that k+1 pairs have to be sent to the machine,
while k pairs have to be received from the machine. When 0 is mentioned twice in the number
sequence n the same number is meant. This is not true for the numbers o and 0 these may
occur more than once but the total length is always 2k+1. When 0 (i#0 and j#0) is mentioned

twice the numbers suggested by the notation to be between these numbers can be omitted.

1<i,j<k, i<
EIS; . =Ty0 3y {ENVR, |
IS TRINGS (<0100 O 1 0010410406100 Oy 1O 508 1O Ly Ot
Vi 10, w, ok, 1))
EISR, . =Tp 0 3y, {ENVRR, |
ISTRINGSR (<08j0-01j00t1- 0.1 0504130001005 O 1O 1 440515041000 >
,vj’luk+1-j, wj’lgk‘j, j+1-i)}
EISSL; ;=T e 9y, {ENVRL, |
IS TRINGS (<0000 1 0504130 110450 1O 0010061 O O

;105 w0k, 1))

table 15. Correspondence between Tj . 9y {ENV (v,w)||INIT, } and table 11 (to be continued).
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1<i<k+1, 1<i<k, i=j+1
EIS;; =Tpy0 9y {ENVR; |
ISTRINGS (<0150t 08 - O 1 005150010y Oy V3,1 0FF 1, w; 0K+, 0))
EISR,  =Tprp0 3y {ENVRR, |
ISTRINGSR (<0060 . 01 051085000 0ty 0>, Vi 1 1T, Wiy okd, 0)}
EISSL; ; =Ty o 3y (ENVRL |
ISTRINGSL (<0500t - O 1 0550130+ O+ Oy Vi1 05T, wy 1 0K+, 0))
1<igk+1, j=k+1
EIS;; =Tp'yc0 3y, { STRINGS (<00 1Oty 1.1 Ok 10O 11 %1%+ 1 ik 1% 1k 1O 1k 1
Vier1,1> Wi, 1> k+2-0)}
1<4.i<k, 15
EIRLJ- =Tp'. Oy ENVSJ. ol ||STRINGR(<ajO..aj0aj1..ocji_locjiocj_l (O 11050 1
..ocij_1(xijai_1j..ocljocoj..ocoj>,vj,1Dk’j, w; 10K, j+1-1 )}
EIRR, =10 3y i [ENVSRy ) ISTRINGRR(<04, 10--054 10%4 11+ % 1i-1 %1%+ O 1% i 1+
O 1 0300 144001000 Q™55 Y +1,1mk-i, Wj,lﬂk'js j+14 )}
BISRL, i =Ty 0 3y {ENVSLy ) ISTRINGRL (<0t 0000 . O 1 05508, 13004 105051
00004105 15410054 1OV T W g 1 OFD,j+1-0))
1<i<k+1, 0<j<k, i=j+1
EIRi,jztI © ENVSj 1 HSTRINGR(<ajO..ocj1..ocjj_locjjocj_1 0005V 1 Dk'j,w-,1 0x1,0))
EIRR, ;=T 0 3y (ENVSR ||
ISTRINGRR(<0t, 10105410054 11--%541j%4i%- 101 0%0j--O0> V1,105, W; 1 053,00}
BISRL =1y 0 3y (ENVSE 4 |l

RL k-j k-j ; :
”STRING (<aj0..aj0aj1..ajj_1ajjajj+1..a1j+1a0j+1..a0j+l>,Vj,1D J’Wj+1,1D J,J+1-l }

table 15. continued.
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We will prove that this interpretation of the variables is a correct one. We will not write out all cases
but just two of them:
@) 1=i.jsk. i
EI;; =Tpye0 i (ENVR; ||
I STRINGS (<0080 0851 05504 10+ Qi 1004 1O 1 044 1o 00+ >
vy 108, wy ok, 1))
In table 10 we have:
EIS, ;= ©EISY ; + TEIR, o+ 5 (o) EIS;, o 1ij<k, i
The environment can perform two actions: r . _;(s',n") and 1, (s,n) for certain (s',n’) and (s,n).
The machine state STRINGS(...) corresponds to state (xiii) of table 13, where p=j+1-i and 7
t=vj, ok+ljand u = wj’lﬂk"'l'j. In table 14 we have specified the states which can be reached
after performing the possible actions:
STRINGS(n,t,u,p) = s 4_; (U0 )-STRINGSR(n,t,u-,p) +
+ sk(tk,nk)-STRINGSL(n,t.-,u,p) + som(no)-STRINGS((pM(n,p-1,p—1,p-2,p-2),t,u,p-1)
The two communications, ¢ j_;(0 ,ajo) and ck([],ocoj) at the channels -k-1 and k give the following
results after encapsulation:
Ty dyi (ENVRR|
STRINGSR(<ajO..ochaj1..aji_1ajiaj_1i..ai 10 %11 0401+ 10005
v 1051, wy 0k, j+1-0))
and
T Qi (ENVRL|
STRINGSL(< 00005006105 0505, 15O 10105 1~ 00811041100 Oy,
vy 1059, wy 0k, 1))
Using the interpretation of table 15, these terms correspond to 'c-EISRi i and 'c-EISLi i respectively.

What is left, is the third term as a result of the send action along channel out. After performing the

action s (0t.) we can verify, using the function @y, that the term becomes:
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= Ty aH-k{ENVR- I
k+1-j k+1-
or
i<j:  TTrye 9y (ENVR |
. ¥ 'k j
S
STRING® (<0400 01 +-0%3 %50 1% 1141+ CFi4 2141 Fict 14 1% 11427 X 151 %5 155041 %05 0>
s Vj,1k+1-‘]3 w_],l Dk+1-']a j'i)}
and these two terms correspond exactly to T~EISi +1f

That this last term is really obtained using the function @, can be seen as follows:

N = <0000 -+ O 1 03306 150+ %ip 13041 P i 1O 104§%4-1j- %1% 05+ %05~

t= Vj,lﬂk'*'l'j ) u= WJ,IDk+1-J ’ P= J+1"l
The function @y becomes:
=0: "= k+1-j k+1-j
2=0: 0’ = (013 %5: %541V, 1 0 Dp 2 (W5 1 05 ) o)

: k+1-j — k+1-j = P et e

Using (Vj,ID J)p_2 =Vj;q and (w; ;10 J)p_2 =w;, 1 and the definition of f we get: n'y=0t; ;14
—_1 - k+1-j k+1-j

L=-1: 0 g = £09 % 1% 112V, 0° Dp3o(Wj 1 05 )

Using (v; 1Dk+1 J)p 3 = Viyp and (w; 10 ke+1- J)p 5 =W, and the definition of f we obtain:

g = Oig2isl-

This can be done in the same way for all -p+1<f<p-1.

(i) 1=1.j<k, i j<k
EIRRi,j =Tye aH'k{ENVSRj+1 I

STRINGRR(<0, 1001 10%4 11054 1i-1 % 11 %O 1305l 1O 1% % 150110005 O™

Vi1 05w 0K j+14))
We have to prove that this term satisfies the following equation under the interpretation of table 15:

RR  _
EI T 'C-EISi gt Sout(aﬁ)'EIRRiH,j

The machine can perform three actions: s _; (0,0 +10), r(s,n") (for some (s',n)) and s, (ax;;) (see
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also table 13). The corresponding equation is:
STRINGRR(n,t,u,p) = 5 4 _1 (04,0 1)-Q + 2 1,(s',0)-STRINGS (@ (,p),t,5'u,p+1)
+ Soy(1g)-STRINGRR (@) (m,p,p-1,p-1,p-1),t,u,9-1)
It is not difficult to verify that the environment can not answer the first action: this action is
redundant as already suggested. Performing the communication ck(wj +1:%;54 1) We obtain:
TT0 Oy (ENVR |
STRINGS(< 04 10054 10%+11+0%41i-1% 1% O 1%t % 10554 1% 141
01541005 1-00je1> Vi1, 1 0% Wipq 1089 2D}
The right side can be verified using the function @g, for example:
L=k ' = £, 000;,0005.1,0:8) = Olgjg
L =k+14:  np = f(alj,aoj,ocoj +1VpS) = 0541

The other cases are: j+1-i<2<k and can be worked out in a similar way.

Performing the action s, (o) gives:
Ty dui (ENVSR 4l
STRINGRR(<0l 10054 10%4 11054 1% 1141 %ia 154 2041 % 11 % 142+ O 101 %1%
Oty 07>s Vi 41,1059, wj,lljk‘j, ji))
Using the function @y this is verified as follows:

n= <aj0..aj0aj1..aji_lajiaj_li..ai+liaiiaii+l..aij_laijai_lj..aljaoj..a0j>

t= vj+1’1|:lk'1 , u= wj,lﬂk‘l , p=j+l-i.
The function @) becomes:
=0 ' = k+1-j k-j
L=0: 'y = £(04, 15045054 15(V5, 1 057 D 16(W5,1 05 y)-

Notice that the indices for string t start from 0 and for string u they start from 1.

Using (v; ;0%+19) 5 = v;,.; and (w; ;0%19) ;) = w;, 1 and the definition of f we get: ng = 0, 15,

=-1: "= k+1-j k+1-j
L=-1: 0’y = £(04, 2550415415412V 1 0 Dp22(W5,1 0 1)

Using (vj,fnk"‘l'l)p_z =V;,, and (Wj,l Dk+1‘3)p_1 =

w;,1 and the definition of f: n" ; =

%241
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This can be done in the same way for -p+1<£2<p-1. The other cases proceed in the same way.

This ends the proof of the theorem. By proving that Tj° dy', {ENV +1(v,wW)|[INIT, } and
TI<p ke +150u{p 9_)6 are both a solution of the specification of table 13, together with the fact
that this specification is guarded and RSP we find that the specification of the string analyzer is

correct. end of prodf.
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