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ABSTRACT

We present an algebraic-axiomatic method for computing existential and universal characteristic
sets of linear-time temporal logic formulas on directed graphs. The set of all nodes v of a given
graph (model) such that all (respectively, some) infinite walks starting from v satisfy a formula § is
called the universal (respectively, existential) characteristic set of ¢. We reduce the computation of
the characteristic set to finding the least or greatest fixpoint of a system of set equations. Our
method is sufficient to handle the following subsets of the logic L ({), <>, O,A,Vv,~):
formulas in which the temporal connective < applies only to boolean sub-formulas, formulas in
which [} does not occur, and formulas that express general fairness properties of concurrent
systems, such as impartiality, justice, and fairness. The representations of the characteristic sets
obtained are model-independent, in the sense that the same representation holds for all graphs, and
regardless of whether or not they are finite or infinite.
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1. INTRODUCTION

As is nicely explained in [La], temporal logic has proven to be useful in the formal specification and
analysis of programs. A basic question in formal program verification is: given a program P —which may
be deterministic or non-deterministic, sequential or parallel— do all, or some, of its execution sequences
satisty a temporal formula ¢? Assume that the set of execution sequences of P can be represented as the
set of walks in a directed graph G, whose vertices correspond to the states of P '. To answer the question
posed above, one then needs to check if every, or some, walks in G are models of (satisfy) the formula ¢;
thus the problem is sometimes called model-checking. If P is finite-state, G is finite, and the model-
checking problem has been shown in [CES] to be solvable in polynomial time for formulas of branching-
time temporal logic, but, as shown in [SC], it is PSPACE-complete for formulas of propositional linear-
time temporal logic (PTL). An algorithm to determine whether all walks in G = (V, E) satisfy a PTL
formula ¢ has been given in [LP), and runs in worst-case time polynomial in |E | and exponential in the
length of ¢. This z;lgorithm, as well as similar ones for more general temporal logics (see [ES] and [VW]),
is based on the connection between linear-time temporal logic and the theory of finite automata accepting
infinite strings. The basic idea is that the tableau for the formula ~¢ can be turned into a non-deterministic
finite automaton & (~¢) which accepts only the infinite strings that are models of ~¢. Then one tries to
check if there is an 'mﬁxﬂté walk in G accepted by & (~¢); if there is no such walk, then ¢ is satisfied on all

walks of G, otherwise it isn’t.

Here we propose an approach to the model-checking problem with an axiomatic and algebraic, rather
than a model-theoretic, flavor. More precisely, we are interested in determining the characteristic sets of ¢
on G. The universal characteristic set C, (¢;G ) of ¢ on G contains the vertices of G which are such that
all walks beginning at them satisfy ¢. The existential characteristic set C,(¢;G ) consists of the vertices
from which there is a walk satisfying ¢. Our approach to finding these sets can be summarized as follows.

First we derive from ¢ a temporal functional equation (ife) such that ¢ is either its least or greatest solution

1. For concurrent programs, some model of parallel execution (e.g. interleaving) must be used in forming G .




(an extremal solution); the tfe for § can be thought of as an inductive definition of §. Then we translate the

tfe into a set equation for the characteristic set of ¢. The required set is guaranteed to be an extremal
solution of the equation, which has the form C = f (C) , where f is a monotonic set transformer defined
on V. Our set can then be computed inductively, as the least or greatest fixpoint of this transformer 2. It is
not difficult to see that characteristic sets can be defined inductively >, but the problem lies in finding such a

definition from which the sets are easily computable. This is exactly the issue addressed here.

Given a formula ¢ in the logic L(O, <, ], v, A, ~) (with some restrictions mentioned below),
whose atomic subformulas are O.i,..., 0., we show how to construct a set transformer f (X 15..., X5) by

composing certain elementary set transformers (section 2.3), such that for all graphs G,

Cu(®; G)=fo(Cy(as; G),..., Cu (055 G)).
A similar dual result holds for existential characteristic sets. Obtaining the tfe for ¢ is the difficult step in
this procedure, because only tfe’s of a restricted form are translatable into set equations on an arbitrary G ;
in particular, it is difficult to ‘‘universally’’ translate disjunctions of formulas, and to *‘existentially’’

translate conjunctions. At its present state, our method is sufficient to handle formulas of the following
types:
1. Formulas in which the temporal connective <> applies only to boolean sub-formulas, but there is no

restriction on the occurrences of O and [ (theorem 6.1).

2. Formulas in which the temporal connective [] does not occur at all, but there is no restriction on the

occurrences of O and <> (theorem 6.2).

3. General *“‘fairness formulas’’, i.e. formulas that can express properties of parallel programs such as

impartiality (every process is executed infinitely often during the coxhputation), justice (every

2. The idea of interpreting temporal operators as fixpoints of predicate transformers originally appeared in [EC], and in a much
clearer form in {Sif] and [QS].

3. A very condensed argument runs as follows. Taking the definition of C, (¢:G ) given in section 2.2 as an example, the predicate
w € W, 5w =} can be shown to be arithmetical over the natural numbers N, Hence, by adding a universal 2nd order quantifier
(VYw), we obtain a set in [Tf. We know from [Mo}, sec. IB-ID, that every I1{ set over N, and in fact only such sets, can be
defined inductively by a recursive operator.
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process enabled almost everywhere is executed infinitely often), faimess (every process enabled

infinitely often is executed infinitely often), etc. (theorems 7.1 and 7.2).

The graph G may be specified either by an explicit list of vertices and edges, or it may be defined by a
set of predicates from which its edges can be generated. Sometimes the ‘‘symbolic’” description by
predicates can be much smaller than an explicit one, and if G is infinite, it is the only possible finite
description. Our approach is suited to computing characteristic sets symbolically %, so, laying convergence
questions aside, we can compute characteristic sets on infinite, as well as on finite graphs. It is not clear
whether it is possible to do this with the automata-based approach. Moreover, the representations we obtain
are model independent, i.e. the same representation holds for all graphs, and irrespectively of whether they
are finite or infinite. In contrast, the representations of [LP] and [EL] hold only for finite graphs, and also
depend on the particular G under consideration. To illustrate the difference note that the concept of a
strong component of a graph is indispensable in the automata-based approach, since it is used to define
what it means’for a; finite automaton to accept an infinite string. However, we show in section 7 how to

compute the set C,, (<>a ;G ) for an arbitrary G without any reference to its strong components.

Much of the interest of our results lies in the temporal theorems listed in section 5. We use these
theorems to transform a tfe into a simpler, more easily translatable form. The theorems also provide
algebraic insight into the meaning of PTL formulas, which the automata-theoretic method does not. In
dealing with the logic L (O, <>, A, v ), we also show that it is often advantageous for the purposes of
translation, to transform a future PTL formula into an equivalent past PTL formula; we believe that this

exposes a novel aspect of the past in linear-time temporal logic.

_ The results presented in this paper are not sufficient to bandle all formulas in the logic
L(O,<,0,A, v, ~), or formulas involving the “‘until’’ and ‘‘precedes’’ operators U and P, so our
method is not as general as the tableaux-and-automata one. However, our results cover a useful subset of

linear-time PTL, and they appear to be extensible.

4. Simildr work has been done in [Cou} and [Sif].




2. DEFINITIONS

2.1 Well-Founded Formulas and Semantics

Let OL be a possibly infinite set of atomic propositions. The (well-founded) formulas of linear time
temporal logic are built up from the set Ol of atomic formulas using the usual propositional connectives
A,V ,~, as well as the temporal connectives O, <>, [, U, P. Those well-founded formulas which are

built up from the atomic formulas in O using only the propositional connectives A,V ,~ are called

boolean formulas.

Let G =(V ,E') be a finite or infinite directed graph, with vertices V and edges E, and such that every
vertex has at least one outgoing edge (possibly a loop)®. An interpretation mapping [ : V — 20
associates with each node ve V aset I (v )cOL of atomic propositions which are true at node v. A walk w
in G is an infinite sequence wo,...,Wy ... of nodes of G such that E (w,, ,w,4), for all n > 0. For any walk

w let w(") be the “‘suffix’’ walk obtained from w by omitting the first # nodes w,...,Wp_|.

Given a graph G and interpretation /, (G ,I ,w )=¢ will mean that the walk w in G satisfies formula ¢
under interpretation /. We will normally use the briefer notation w k=9, in which G and I are implicit. The

satisfaction relation k= is defined inductively as follows:

wka & oel(wg), e O (S1)
WEOAY & wEbAwEy (S2)
wEbVY & wkEdvwkEy (83)
wk~6 & not wko (54)
wEOS o willeg (S5)
wkeld < Vaw®Ee) (S6)
wEd & In(wikd) (87)
wkEdUy & In(wEy A Vm<n (w™kd)) (S8)
wEOPY o Vrnw®kEy 5 Im<n(wi™)=p)) (S9)

It follows that the operators <> and [ are duals, and so are U and P. We will denote the fact that for all

3. Itis no essential restriction that we assume that every node of the graph has outdegree at least 1. It would amount to the same thing
if we wege to add a loop to every node of the original graph with outdegree 0.




walks w in G, (G; w)k0 by GEd; also, we will denote the fact that for all graphs G, Gk by E¢.

When the graph G is easily understood, we will write w [=¢ instead of (G ; w )=¢.

2.2 Characteristic Sets

Let G =(V ,E ) be a directed graph as above and let  : V — 2% be an interpretation. For any veV,
let W, be the set of all walks of G beginning at node v. To any formula ¢ correspond universal and
existential characteristic sets of vertices:

C)={veVIVwwe W, owkd),
Cc@)={veVIIwmweW, Awkd)}.
A vertex belongs to C, (¢) iff all walks beginning at it satisfy ¢; it belongs to C, (¢) iff there is a walk
from it that satisfies ¢ (note the relationship with branching-time semantics). Although the underlying
graph G does not appear in these definitions, the characteristic sets are really defined with respect to a
particular G; a mo‘re complete notation, which we will use occasionally, is C, (¢;:G) and C, (¢;G ). We
will denote the fact that all walks in G satisfy ¢ by G = ¢. Clearly, this is equivalent to C, d:G)=V,

The characteristic sets of atomic formulas are particularly simple: if o is atomic, then

Cul)y=C.()={v eV :aecl(v)}
Example 2.1: More generally, let & be a boolean (i.e., free from temporal connectives) formula. Write o
in conjunctive normal form o = (o, v - v Ore) A AV V O, ), where the o j

are either atomic or negated atomic. Then it is clear that
Cu (o= Ce ()= (Cu (al,l)u e UCu (al,k,))n e r\(Cu (ar,l)u e UCu (ar.k,))-
2.3 Basic Set Transformers

Given any graph G =(V, E') we define the basic set transformers postG, Vpost©, pre®, 3preS as

follows. For any set A of vertices of G,




postC(A)={veV :Ju (E(u,y) Auch)i,
VpostC(A)={veV :Vu (E(uy)>ued)l},
preCA)={veV :Yu (E(v.u)Ducl)l,
IpreC(A)={veV :Ju (E(v,u) AucA)}.

Thus, given a graph G, the set post(A) contains all vertices that have a predecessor in A ; Vposr(4)
contains the vertices all of whose predecessors are in A. The set pre (A) consists of the vertices all of
whose successors are in A , while Jpre (A ) consists of the vertices one of whose successors is in A 5. For

simplicity, we will from now on omit the superscript G from the above notations.

3. THE PAST

In this paper we only consider the ‘‘future fragment’’ of linear-time temporal logic. However, by
introducing the basic past operators © and © (strong and weak “‘previous’ ’) into our derivations only,
some of them are greatly facilitated. It is important to note that **past’’ formulas, i.e. involving © or © in
our case, are interprgted only on suffixes of walks, and not on walks themselves. The semantics of © and

© are:

w09 & n >0 A win-Dieg,

3.0
w0 & n >0 >wr-Dig,
¢ being any temporal formula. © and © are duals and are related by
F ~0b = ©-¢
3.2)

F ¢=006¢= 004

© and © distribute over A and v, just like O does ®.

To define the characteristic sets of past formulas we need to generalize the definitions given in §2 as
follows. If ¢ is any formula in the logic L(O, ©, ©, <, [0, A, v, ~), its existential and universal

characteristic sets on a graph G are defined by

6. pre and post have been introduced in [Sif]. Note however that our pre corresponds to his pré A pre .
7. Our © and © comespondto the © and & of [LPZ].
8. These properties may be violated if one tries to interpret © or © on .a walk.

&




C.d) = {vIIw@mwm™eW, Aw™i=0))}

(3.3)
(v IVw (Ymw™e W, D wimEp)}.

C. ()
For example, the first definition says that v belongs to the existential characteristic set of ¢ iff there is a
walk w in G with a suffix which begins at v and which (suffix) satisfies ¢. If ¢ is a future formula, we can
take the suffix to be w(©® .
4. TEMPORAL FUNCTIONAL EQUATIONS, TRANSLATION RULES, AND SET EQUATIONS

4.1 Temporal Functional Equations

A temporal functional equation (tfe) for the (unknown) formula ¢ is a temporal formula f in which ¢
occurs as a subformula. We will say that a formula G is a solution of the tfe f (¢) iff = f(0) . i.e. iff the
substitution of G for ¢ in f results in a valid formula. If G is a solution of £ ($), then any formula
equivalent to © is also a solution. For example, ¢ D <V, with  assumed known, is a temporal
functional equatidn for ¢. The formulas Wy, O, <y, Oy, and <[y are all solutions of this tfe.

Temporal functional equations have extremal solutions:
o @ is the greatest solution of the tfe F (¢) iff for any other solution ) of F(@)wehave EY D ®
« O is the least solution of the tfe F (¢) iff for any other solution ) of F'(¢) we have F @ D )
The least solution of our example tfe is |, the identically false formula.
The following four theorems show that the basic temporal formulas (hy, <>y, YUy, and X PV are the
extremal solutions of certain basic ife’s.

Theorem A: The greatest solutionof thetfe ¢ = Yy A O¢ is [y,

Theorem E: The least solution of the tfe ¢

y v O is <.

9. The reader should be aware of the fact that according to our definitions, C, (@ 0:G ) = @ for any model G . To avoid this, we
only consider C, s of past formulas that contain only © (see rules T's, Ts, and the proof of theorem 6.2). By the duality (3.2a),
thesame remark applies to the existential characteristic set C.(eu:G)(=V forany G ).
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Theorem U: The least solutionofthetfe ¢ = Yy v (x A O¢) is xUy.

Theorem P: The greatest solutionof thetfe ¢ = Y A (x v O¢) is xP-y.

Note that Theorems U and P subsume Theorems E and A respectively. The theorems are best proved

by the semantics of sec. 2.1 (see, e.g. [Oik]).

4.2 Translation Rules

The following translation rules allow us to transform a relation between temporal formulas to a relation

between their characteristic sets.
To: GE@=y) = C,4:6)=C,(y;G) and C.(¢:G)=C.(y;G)

Tl : Cu(q)/\ \V) = Cu(¢)ﬁ Cu(‘l’)
C.tany) =C,(a)nC,.(y), if a is boolean

T?. : Cu (~¢) = h‘Ce (¢)

Ts: C.(ovy) =C.(p)uC.(y)
C.lavy) =C,a)uC,(y), ifa isboolean

Ts:  Cu(O9)
Ce(O9)

pre(C,(9))
Jpre (C.(¢))

Call &t a strong (respectively, weak) past formula if the only temporal connective occurring in it is ©
(respectively @). Call ¢ a future formula if none of the past temporal connectives ©, @ occur in it. The

following rules hold only when 7t is past formula and ¢ a future formula:

Ts: C,(On) = Vpost(C,(x)), risa weak past formula
C.(8n) = post(C.(n)), = is a strong past formula

T¢: C,(mvo) =C,(m)vuC,(d), misa weak past formula
C.nand) = C.(m) nC,(¢), ris astrong past formula

Using these rules, we can sometimes translate a temporal functional equation for a formula ¢ into a set

&

equation for its (universal or existential) characteristic set.
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Example 4.1: If o is boolean, then the tfe ¢ =0 v O¢, can be translated by rule T3 into
® = A Upre(®), where the capital letter A represents the universal characteristic set of the boolean

formula 0.

However, if o were a general temporal formula, this translation cannot be performed. The importance of
introducing the past into our derivations is that given a *‘future’’ tfe involving O, untranslatable by rules
Ty to Ts, it is sometimes possible to find a related tfe, involving © or @, which is translatable by virtue

of rule T

Example 4.2: Although ¢ = (OOa Ab)v O¢ is untranslatable, the closely related tfe

¢ = (©@b Aa)v Ob is translatable into @ = (A N Vpost(B)) L pre (D).

4.3 Set Transformers and Set Equations

Given a finite or infinite set V', a unary set transformer on V is a function mapping subsets of V into
other subsets of V', ie. 2V — 2Y. We will also consider n-ary set transformers on V, i.e. mappings

@Yy = 2V (see for example the statements of theorems 6.1, 6.2, etc.).
4.3.1 Operations on Set Transformers

Besides using U and M for the union and intersection of sets, we will also use them to denote

analogous operations on set transformers. If f and g are set transformers,

(fuUg)A) =fA)ug@) and (f Nng)A) = fA)Ng(A)

Composition - and dualization T are defined by

(Fe)A) =f(gA) and fTA)=—f(-A)
f* denotes f composed with itself k times. Note that pre and Jpre are duals, and so are post and

Vpost.

If ] is the identity set transformer, we define

&
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fwn=aufuﬁu~»mw1;ﬂM)
f%ﬂ=dﬂfﬁﬁﬂ~ﬁ@%w§ﬂM)

A set transformer f is called monotonic if it preserves the ordering < on V, that is, if for any
A,B,AcB=fA)YcfB). [ is \U-distributive if fAUB)=fA)VUf(B) and
n—distributive if f(A NBY=f(A)N f(B). f will be called U~continuous if it is “‘infinitely \U-
distributive’’, i.e. if for any infinite increasing sequence of sets A CA | € -
TIAD) = fAD,
f (ga) = f @A)
and N—continuous if for any infinite decreasing sequence Ag 2D A 1D * -
A = A f A
f (4 = fA)
Note that any monotonic set transformer defined on a finite lattice is also continuous.
4.3.2 Properties of the Operations
The operations L, M, -, F, *, X have the following properties:
c(fg) =flugh (Fugt=rngh (g =rflgl
o f is monotonic <> f is monotonic
s f isU-(N-) continuous & f fis M- (U-) continuous
e U, M, and - preserve both U- and M-continuity
s Y = (Y ad (PO = (N
o * preserves monotonicity and \U-distributivity and continuity
¢ X preserves monotonicity and M-distributivity and continuity

¢ A constant set transformer C is both U- and M- distributive '©

10. Constant set transformers, denoted here by a bold letter, map any subset of V to the set corresponding to their name. E.g.
C(X)=5C,foranyX cV.




o If f is U-distributive, C N f is also \U-distributive

o If f is N-distributive, C U f is also N-distributive

o If f is U-continuous and f () =, then (CUf)* (D)= f*(C)

o If f is M-continuous and f (V) =V, then (CNf V)= f*C)
4.3.3 Continuity and Fixpoints

The set @ is a fixpoint of the set transformer f if f (®)=®. A fundamental theorem of Tarski ([Tar])
says that every monotonic set transformer defined on a complete lattice (2 with <, U and . in our case)
has a set of fixpoints, which themselves form a complete lattice. @ is the /east fixpoint of f if it is
contained in every other fixpoint of f , and it is the greatest fixpoint of f if it contains every other fixpoint.

Let A be a subset of V. Least and greatest fixpoints of dual set transformers are related by ([Sif], Prop. 7):

Theorem FD: N

D is the least fixpoint of f containing A & — is the greatest fixpoint of f ¥ contained in —A .

If a set transformer is also continuous in addition to being monotonic, then its extremal fixpoints can be

conveniently computed as follows: !

Theorem F1: If f is U-continuous and A isst. A Cf(A), then f*(A) is the least fixpoint of f

containing A .

Theorem F2: If f is M-continuous and A iss.t. A D f(A),then fX(A) is the greatest fixpoint of f

containedin A .

In the first case, the fixpoint is found when the increasing sequence A Cc f(A)c f*A)g -+
stabilizes. In the second case, the fixpoint is found when the decreasing sequence
ADf(A)DfHA)D -+ stabilizes. In both cases, stabilization will occur within a finite time if the

set V is finite, but this may or may not happen if V is infinite. Also recall that if V is finite, theorems F1

11. The pext two theorems appear in [Sif], Proposition 6.
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and F2 apply regardless of continuity.

It is easy to show (see [Sif]) that pre is monotonic, N-distributive, and M-continuous. Also post is
monotonic, U-distributive, and U-continuous. If the graph G is finitely-branching, then pre is also \U-

continuous and post is M-continuous ([Sif]).
4.3.4 Extremal Solutions of Set Equations

Suppose that we are trying to find C, (¢;G ), and we know that ¢ is the least or greatest solution of a
certain tfe ¢ = f (¢). Also suppose that by using the rules of §4.2 this tfe is translated into a set equation
for C, (4:G) or C, (¢;G) of the form @ = F (®), where F is a set transformer on V. It is easy to show

that the translation from tfe’s to set equations is ‘‘monotonic’’, in the sense that

Lemma M:If =y D y, then for any model G,

C.(x:G)cCu(y;G) and C.(:G)=C.(y;G)"
However, we would like to have the translation guarantee even more, that is preserve the extremality of
solutions. Given Lemma M, one way to do this is to show that in addition, there is a 1-1 correspondence
between the set of solutions of the tfe ¢ = f (§) and the set of solutions of its translation @ = F (®). This
correspondence exists if for every ve V there is an atomic proposition at (v ) which is true exactly at node
v. This condition is quite reasonable, and eliminates the necessity for proofs such as that of Lemma 4.1
below, the proof following Lemma 7.1 in sec. 7, etc. Nevertheless, we will not require this condition in

order to obtain the most general results possible.
To find extremal solutions of set equations, we note that
e If F is U-continuous, the least solution of the equation X =F (X)) is F *(D)

o If F is N-continuous, the greatest solution of the equation X = F(X) is F*X(V)

Three simple results that will be used repeatedly in the sequel are included in the lemma below.

12. Neither of these two inclusions implies GE) D WY.

rS
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Lemma 4.1: For any formula ¢ and any boolean formula o,

Cu (D(b) = pre X(Cu (1)) “.n
C,‘ (<o) = AU pre )* (%)) 4.2)
C.(aP9) = (A U prey(C,(~9)) 4.3)

Here A is the constant set transformer (sec. 4.3.2) corresponding to A = C,, (o).

Proof: (4.1) follows immediately from the semantics of (] and the definition of *. To see (4.2), notice that
<>0 is the least fixpoint of the tfe ¢ = & v O¢ (theorem E of sec. 4.1). Hence, C = C, (<0) satisfies the
set equation X = AUpre(X). Thus, it is clear that if F' is the least fixpoint of this set equation then
F cC. It remains to show that C CF . Indeed, let v = voeF . Then there exists a v such that £ (vg, v ()
and voeA and v €F . Continue in this fashion to construct an infinite sequence vq, V1, ..., Vi, ... such that
for all k, E(vg, vi+1) and v A and vi€F. Now, if w = (v, vy,..., Vk,...), then it is clear that
— (w <), which implies that v €C , as desired. This proves (4.2). The proof of (4.3) can be carried out
along the same lines, using (S9) in sec. 2.1. Actually, (4.2) and (4.1) follow from (4.3).

5. TEMPORAL EQUIVALENCES

The following temporal equivalences are fundamental to the whole paper: they express the formula on
the left hand side in a form which is easier to translate into a set equation. However, the equivalences are

also interesting in themselves, as temporal theorems.

E vy = evIy) A OO0y vé)

3.n
EOASY = SOADY) v S(SYAY)
EFO(SHIATY) =AY

5.2)
= OO v Oy) =06 v Oy
E @Ay = <o A OPY) (5.3)
Foranyn 2m 20, (5.4)

E Omdv O™ lpy -+ v Ol v (0" AY) = O"d A O"OP(-Y)
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E <oV = oP[~(y v <9)] (5.5)
Eolbaolly =00 AY)
(5.6)
E Ot v oy =00 vY)
E oAy =(0bAy)
5.7
E OO A<y =00 A<Y)
E oo =000
(5.8)
E Ol =<0
E <O vy =<0 volly
(5.9
E O A<y =00 AUy
E ol voy) =<l vioy
(5.10)
E O Ay =00co A SOy
Eolvie = l:l(<>D¢ v YY)
(5.11)

E Oot A <Oy = <00 ALNY)
One way to establish (5.1) to (5.11) is by semantics, i.e. by using (S1)-(S9) of sec. 2.1. For an axiomatic

proof style, see [MP].

6. RESTRICTED VERSIONS OF THE LOGIC L (O, <>, 0, A,V ,~)

In this and the next section we are interested in finding fixpoint representations of the characteristic sets
C.(9; G), C.(; G), of some formula ¢. The first result, Theorem 6.1, concems formulas in the logic
L(O,<,0,v,A,~) such that ~ and <> (respectively [J) apply only to boolean formulas. The second
result, Theorem 6.2, deals with formulas in the logic L (O, <, vV, A, ~) such that ~ and <> (respectively
(D) apply only to boolean formulas. Theorems 6.1 and 6.2 provide fixpoint representations for both

universal and existential characteristic sets.

Theorem 6.1:

Let ¢ be a formula in the logic L(O, <>, [0, v, A, ~) such that ~ and <> (respectively ) apply only to
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boolean subformulas of ¢ and suppose that the atomic propositions occurring in ¢ are C.f,..., O,;. Then
there exists a set transformer f o(X ..., X ) (respectively, 84X 1,..., X)) constructed from the operators

~, U, N, pre,*,* (respectively, ~, U, N, pre , %, ) via composition such that for all graphs G,

Cu (¢, G) =fq>(Cu (al; G ),..., Cu (as; G))

(respectively, C, ($;G) = g4(C, (0f; G),..., Cc (0 G)).

Proof:

Only the result for universal characteristic sets will be proved: the result for the existential characteristic
sets will then follow by duality. The proof is by induction on the number # (¢) of connectives occurring in
the formula ¢. If ¢ is boolean, the result is trivial (see example 2.1). If ¢ is the conjunction of the formulas
X then by translation rule Ty in §4.2, C,(¢) =C, () N C,(Y). If ¢ is of the form OV then by

translation rule T4, C,, (¢) = pre (C,, (W)). If ¢ is of the form [y then by (4.1) in §4.3.3,

Cu(®) = pre*(C.(y)) = ,Qopre"(Cu w).

If ¢ is of the form <>, with ¢ boolean, then by (4.2) in §4.3.3,

C.(® = (A Lpre)" (D) = \J(A Upre)" (D).

If ¢ is of none of the above forms, then it must be a disjunction ¢; v - - v ¢,,, where n > 1 and none of
the ¢; is itself a disjunction. If one of the ¢;, say @, is boolean, then the result follows trivially from the
induction hypothesis, since by rule T3, C, (¢) =C, (1) U Cu (@2 - -+ Vv ¢y). If one of the ¢;, say ¢y,
is a conjunction W A Y, then the result is clear from the induction hypothesis, since ¢ itself would have to

be equivalent to a conjunction of two formulas each of which has fewer connectives than ¢.

Hence, we reduce to the case where none of the ¢; is boolean, or a conjunction, or a disjunction. Let

®1,-.., P be the only ¢; that are of the form OVy;. Then ¢ is equivalent to the formula

O(le V“’m)v¢m+lv Vb,

It is easy to see that if m > 1 then the number of connectives of this last formula is reduced by at least 1,

&

so the result follows from the induction hypothesis. Consequently, for the rest of the proof we can assume

that the formula ¢ has the form ¢; v - - - v ¢,, where each of the ¢; begins with a temporal connective,
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at most one of which is O. The following lemma will be found useful; it is proved by induction on n

using the dual of (5.1b).

Lemma 6.1: For any 04,..., 9.,

e, v --- v 09,

]
>

AN jvae’ )

Now we can distinguish the following cases.

Case 1: none of the ¢; begins with <>.

If every ¢; is of the form {1y; then Lemma 6.1 reduces ¢ to a conjunction of n formulas, on each of
which (4.1) can be used. The result in each case is a formula to which the induction hypothesis applies.
Otherwise, there is exactly one ¢; of the form OV;. Say, ¢; is of the form Oy and ¢; is of the form

Chy; , for all i > 1. Then the result follows from Lemma 6.1 and the equivalence

xv Oy =(vOoOyaAOlvy,
where ¥ =0 v -+ v O,

Case 2: at least one of the ¢; begins with <>,

Since <0 v <0, =<>(0; v 05), it can further be assumed that exactly one of the ¢;, say ¢, is of
the form <>Vs;. If none of the ¢; begins with O then ¢ is of the form <Y v Oyav -+ v LY,
Using Lemma 6.1 and the induction hypothesis it can be assumed, without loss of generality, that n = 2.

Now, by (5.3) and (4.2), since the formula Y| must be boolean,

C.(¢) = (C(y1) Upre Y (Cu(y2 v <W1)).
The rest of the proof in this case follows from the induction hypothesis. If exactly one of the ¢; begins

with O, say §3 is of the form O W>, and none of the ¢; begins with [1then ¢ is of the form <y v Oy,

with \; boolean, so
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Cu (¢) =Cu (Wl v OOWI v O\VZ)
= Cu (Wl) UCu (O(O\Vl v WZ))
=C, (1) U pre (C (Y1 Vv y2).

Otherwise, if all remaining ¢; begin with [ then ¢ is of the form <y v Oya v Oysv - -+ v Dy,
Using Lemma 6.1 it can be assumed without loss of generality that n = 3. Then
Cu (¢) = Cu (O‘Vl v OWZ v D\V:;)
=C, (Y v Oy v y3) N Cu (Y v Oz v Ollys)

=C, (Y v Oya v ¥3) N [C, (W) UC, (O v Oz v OLY3)]
=C, (oW v Oya v y3) N [C, (1) Upre (Cu (<Y1 Vv W2 v TIY3))).

Using the induction hypothesis, this completes the proof of the theorem.

Theorem 6.2:

Let ¢ be a formula_in the logic L(<, O, A, V,~), where the negation symbol ~ applies only to
boolean subformulas of ¢ and let the atomic propositions occurring in é be aiy,..., 0. Then there exists a
set transformer f (X ..., X ) constructed from the operators ~, U, M, pre, Vpost,*,* via composition,

such that for all graphs G,

Cu(h; G)=f o(Cu(@s; G).o.., Culess; G))-

Proof:

As before the proof is by induction on the number of connectives (temporal or not) occurring in the
formula ¢. If ¢ is either boolean or of the form ;A -+ A, oF of the form QW then the inductive
hypothesis applies. It remains to consider the cases where ¢ is either of the form <>\ or of the form
$1V *** V by For the rest of the proof the following two lemmas will be useful. The first one is simply
the dual of Lemma 6.1, while the second is proved easily using the fact that O commutes with < and is

associative with A and v.

Lemma 6.2: Forany 0y, ..., 0.,
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SO A AT, = 1;'/9:0(9‘ A j/\#<>9j)

Lemma 6.3: Any ¢ € L(O,<>, A, V) canbe put into a form in which O appears only in subformulas

of the form O™ o, for some boolean .

Now, as indicated above, we can consider two cases.

Case 1: ¢ : <V, and W is not a disjunction.

If  is boolean then use Lemma 4.1 in §4.3.4. If y is <Y, then use SY =< to reduce the
number of connectives of ¢. If W is Oy, use the fact that C.(®)=pre(C,(<>y)). In this way, we
reduce to the case where W must be a conjunction Y A * - - A Y. No ; can be a conjunction, and no
y; can be a disjunction either (then Y would be a disjunction). Hence, some of the y; must be boolean,

some must begin with O, and some must begin with <>, i.e. ¢ is of the form

b= <OAO"MA - AOT A LA T A s
where O, O.y,..., O are boolean and k,p 2 0. If k =0 then the result follows by applying Lemma 6.2.

Indeed,

O = (A IA - A<>xp)

and by Lemma 6.2, we know that there is a formula ) such that YA -7 A Y, =Y. So by-(5.3)

b = (@AY = <0 A aP(=Y).

It follows from Lemma 4.1 that

C. (P~ = (A upre XCu(<x) N NCu(%p N

Ifk 21andp =0 then

o = (@AO"Mo A - A O™y,

and the C,, of the right hand side can be computed directly by Lemma A2 in the Appendix. Thus, we have

reduced to the case where both k, p 2 1, i.e. ¢ must have the form
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-
[

= (0 AO™MU A - AO™o AYIA *1° AY,) = by Lemma6.2
<A QMo A - A QMo A<B),

where SOB=<OY A -0 A <>Yp» and from which 0y may be missing. Applying (5.3) to this formula,

b = (A OMoA - AO™0g) A (GgA OM oy A -+ A O™y )P(~<>0).
The eventuality formula can be immediately handled by Lemma A2. The precedence formula is more
troublesome. First assume that ny>n,>--->n; . Then, by (3.2), the precedence formula is

equivalent to

(O"™(@"op A A @ oA~ - A BV oy))P(-<0),
where Vo=nyand for i 22, v; =n-n;. Setting®t = QY0g A0y A OV A -+ A OV, and
applying Lemma A3 to the result, we reduce to formulas of the form

O"'"lnv cee oy OSHTCV osn’

n,-1

for some s . Notice that tP~(<>08 v O™ 'nv -+ v O v i) is the greatest solution of the tfe

b = @vOrv - vO'"Inv<ob) A (tv OY).
Now, since 7t is a past formula, T v O ¢ is translatable by rule T'. The set C, (%) can be computed by the
methods of Theorem 6.1, using @ in place of O and translation rule T's in place of rule T4. Hence, we

reduce to formulas of the form

(Ormv Oty -+ vO'In v oy, (6.1)
where % is any of the formulas %; above, After substituting for m, the (# |—s )-term disjunction in ( ) can
be written as a (k+1)""" -term conjunction of the form AJ; , where each §; is a (1 ;—s )-term disjunction.

In this way (6.1) can be expressed as

(SAVOIDA - Ay YV S(kﬂ)'-.) , 6.2)
so we reduce to the consideration of a formula of the form
<y v 0. (6.3)

Example 6.1: Let the original formula d be <(0p A O A O30y A O20i3 A <>%). Then the part of

®6.1)in()is
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(O350 A0y A O A ©3a3) v (Ot A QoA Qa2 A %) v
(@3(1()/\ 02(11 AO2ABO3) V (@zao/\ 03(‘1.1 AQoAN3) V
(Qag A Oy A Q%02 A O0)

and (6.2) has 45 terms (a large number!). A typical & that may appear in (6.3) is
O%agv Oy v Qazv Qo v O30,

We see from the example that the formula 8 appearing in (6.3) generally consists of a past part 37’ and
of a futre part ). Applying translation rule T¢ to (6.3), we reduce to finding C, (8%’) and
C,(87) v <y). The first of these sets can be computed just like C, (1) above, so we have finally
reduced to computing the C,, of a formula of the form <) v 8¢, From (6.1) and the definition of T it can
be seen that the ‘‘worst” such formula, ie. the one involving the 3U) with the greatest number of

connectives, is

<Y VOV Ooyv - Vv O"“lal (6.4)
(consider also Exampie 6.1). If the number of connectives of this formula is less than # (¢), the proof for

this case is finished '*. Otherwise, formulas of the type (6.4) fall under Case 2 below.

Case2: 9isd, Vv -+ Vv ¢, and no ¢; is a disjunction.
If one of the ¢;, say &1, is boolean then C, ($1v -+ V) = C.(0pUC,(h2v - V) and

the induction hypothesis applies. If no ¢; is boolean, but, say &1, is a conjunction ¢p: ¢y1 A ¢z then

Cului A1) Vo2V~ V) = Cu@nuvozv - - Vo) NCu(@r2V v - 0 Vn),
and the induction hypothesis applies again. If no ¢; is either boolean or a conjunction (or a disjunction)

then all ¢; must begin either with O or with <>. Hence we reduce to

o= OMayyv - vOToE VY,

where  is not a disjunction. If ¥ is boolean then

13.#(0) = (k+p X A+ (p+IN)+ (it + (O) . while #(6.4) =n (v ) + U<) + (1/12)n4(n ~1(0).
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Cu(®) = pre(C, (O™ !y v -+ v O™ oy voy)) UCL),
and so again we reduce the number of connectives. Hence, without loss of generality it can be assumed
that % is not boolean, but it is a conjunction X; A *** AXp. If all }; begin with <, say ¥; =<, then

by (5.2), SY=A(STOLA " AE,) = SO A 0 AH, S0

C.(d) = lg\SPC,,(O”"oclv v O™ oy v ow;),

If all y; begin with O then <% = O<>(01 A " - A @, ) and hence
C. (¢) = pre (Cu(omr—lal VotV Omr—lak V(OA A (’)p)))

Thus we reduce to the case where some ); are boolean, some begin with O, and some begin with <>,

ie.

o = O™y - vOTry vV SPBoa O"Bia  ADB ACHIA - ASW,),
from which o may be absent. The proof here will be by induction on the number of <>'s in the formula.
Also, we will consider only the special case / =1, p =1 (the general case p 2 1 follows similarly by
generalizing identity (5.4) as well as Lemma A3 to formulas O"BP(~y A -+ A ~VY, ). Let

mi<my< < my ,andset

Yoy O™ Moy s v O™ Moy

Then our formula can be abbreviated as

o = O"yv (OB A<m) (6.5)

Using the identity <>y = Y v O<V, we can write (6.5) as the conjunction of the following two
formulas

O™y v <o v OH(O"far<cw) = OMyv %>m (6.6)

o(0™lyv 0™1p v (OB A <w)). X))

(The simplification in formula (6.6) follows from the fact that the last two disjuncts are equivalent to

simply <>@). The induction hypothesis applies to formula (6.6), since it has fewer <>’s than the original

formula (6.5). Formula (6.7) is of the same form as (6.5). It is easily seen that by iterating »1 times on it

the above decomposition into a conjunction of two formulas, we arrive at a formula of the form




YV Ovﬁ V. OV'HBV RV O""IBV O(O"B A O)

for some v = 0. Now, setting 7 : & v O™ ™, where Y is appropriately chosen, we can continue
decomposing as above. Eventually, after k such ‘‘decomposition phases’’, we succeed in eliminating all

the o;, and we reduce to a formula of the form

OVBV Ov+lB VoV On—lB v o(onﬁ A O)
for some v = 0. Applying (5.4) to this, we obtain Ov<>p A O"PP(~<w). By Lemma A3, this last

precedence formula reduces to

BP~(cwv O™ BV o"PBv - vOBvVH),

which is the greatest solution of the tfe

6 = BvOPpv - vOipvom A (Bv OY).
The first conjunct on the right-hand side of this tfe is a formula with fewer <>’s than (6.5), so the result of
the theorem follows from (4.3) and the induction hypothesis.

7. CHARACTERISTIC SETS OF FAIRNESS FORMULAS

The general fairness formula

Y, ;QJ (O<pij o O<>gij)
considered in [LP] and [EL], where the p;;, ¢;; are boolean, expresses an arbitrary boolean combination of
facts of the form ‘‘if p;; holds infinitely often, then g;; holds infinitely often’’ (to be precise, the g;; must

really be “‘edge’’ propositions). To compute the universal characteristic set of such a formula it suffices to

“be able to find the C,, of a formula of the form

SOy v - voly vy v - - o, (7.1
where it is possible that either k =0 or [ =0. Since the construction of this characteristic set is

complicated, we introduce the important ideas by first establishing a restricted theorem:

&

Theorem 7.1:




=
.
%
|
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Let ¢ = <0 v - v <« be a formula such that the only temporal connective in ®1,..., Pr is O,
and let O(y,..., 05 be the boolean formulas occurring in ¢. Then there exists a monotonic set transformer
f X 15.--, X) constructed from the operators ~, U, M, pre , %, * via composition such that for all graphs

G7
Cu (¢’ G) =f¢(Cu (o G)v"" Cu ((15; G))

The following result is basic for the proof:

Lemma 7.1: For any , the formula <>y is the least fixpoint of the tfe

¢ = Oyv Ofe),

where k21 is arbitrary, but fixed.

This lemma is proved in the Appendix. To see its validity intuitively, take k=1 and note that its dual says

that Cl<>a satisfies the tfe ¢ = <>(a@ v O®). This is plausible, since (l<>a has the *‘infinite expansion™

<la A QO<(a AnO<sa@an O
Note 1:
The importance of Lemma 7.1 is that it gives us a way to compute the fundamental set C. (<la) without
introducing the notion of the strong components of a graph, i.e. in a truly model-independent manner.

Contrast this with the approach of [LP] in which the concept of a strong component is essential.

Note 2:

Observe that when the lemma is used to compute e.g. G, (<>[la ), we want to find the least fixpoint of the
-continuous set transformer pre*, and the results of sec. 4.3.3 do not apply, unless the graph G is finite.
Cousot ([Cou]) has done extensive work on the problem of computing extremal fixpoints of monotonic

(non-continuous) set transformers.

Note 3:

Lemma 7.4 points out that a given formula ¢ may be the extremal solution of more than one tfe.

Proof of Theorem 7.1:




First we show how to compute C,, (<>[y), when \ uses only the connectives ~, v , A ,O. Using identity

(5.6) we can assume without loss of generality that \ is of the form

BoV On'Bl \'% Onzﬁz WV On'ﬁr , (1.2)

where Po,....B, are boolean and 0 < ny < -+ < n,. By Lemma 7.1, <[y is the least fixpoint of

¢ =00y v O™0).

Example: Let f be the formula Bo v O?B; v O3B,. Writing this as Bo v O%(B; v OB2), we see that

<> is the least fixpoint of the translatable tfe

o=0Bov OB v OB2v &)

1t follows that the set ‘¥ = C,, (<) satisfies the set equation

X =preX(BoJpre*(B (Upre (B2UX)))
Let F be the least fixpoint of this equation. It remains to show that FF =¥, Since @ satisfies the equation
it must be that F < ‘P Conversely, let v & F = pre*(Bo\Jpre 2(B \\Upre (B »UF))). Then there exists a
sequence V [,...,Vn, such that v, _3 €Bg, Vp-1€ B, vy, € B, F'. Next, repeat the same procedure with
v=v, to find a sequence Vpgis...Vn, such that v, _3 €Bog, Va,1€8By, vo,é€By, F. Let
w=(V,Vy, ..., Vn,...) be the infinite walk thus obtained. It is obvious from the construction of w that

w E~<>[y. Hence, v € C, (<) ="'P. This implies that ¥ € F, as desired.

To complete the proof of the theorem, we now extend Lemma 7.1 to

Lemma 7.2:
Let ki,...,k,_1 be arbitrary integers 20, and let k,21. For any ¢y,...,0,, the formula

<Oy v - - v <Y, is the greatest solution of the tfe

¢ = O(¢; v O“O(¢2 v OFO(- -+ v OFT9, v O9)...)
Again, the dual of this lemma is more easily understood. For simplicity, set k1, ..., kn—1 to 0, and let k,=1.

Then the dual lemma says that the formula Ck>¢q v - -+ v [I<>¢, satisfies the tfe

&

b = S APrAa( A, AO0) )




To see the truth of this, let ¢y, ..., &, occur infinitely often on an infinite sequence 6. Then G contains a

subsequence ¢’ on which ¢y, ..., ¢, occur infinitely often in this order. Clearly, the converse is also true.

Now assume that each ¢; has the form (7.2). To use Lemma 7.2, seléct n; to be the largest exponent
occurring in §;, and then proceed by ‘*factoring’’ the ¢; as in the example given above. This completes
the proof of Theorem 7.1.

R
The next theoremn will make it possible to handle any formula of type (7.1):

Theorem 7.2:

et o=<pv - volhvOcpiv ---0O<P;, be a formula in the logic
L(O,<,0,v,A,~) such that the only temporal connective in ¢y,..., §x is O, and the formulas
B1s..., B; are boolean. If the atomic propositions occurring in ¢ are Q.y,..., O, there exists a monotonic set
transformer f §(X1...., X) constructed from the operators ~, U, M, pre, post, *, * via composition such

that for all graphs G,
Cu (¢§ G) =f¢(Cu (al; G ) Cu (as G ))

Proof of Theorem 7.2:
The proof consists in extending the ideas introduced in establishing Theorem 7.1. Using identity (5.6b) in
sec. 5, we can assume without loss of generality that /=1. Hence, we only have to consider formulas of the

form

<Opy v - vl v

Next, it follows from (5.11a) that

E<cdyv - v<>D¢ka<>ﬁE O>(Odgv - vOde v B,

so we reduce to finding the universal characteristic sets of formulas of the form

<Ooy v - voloy v <P, (7.3)

&

where [ is boolean. Now we will extend Lemma 7.2 to handle a formula of this type. The important feature
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of the extension is the introduction of the *‘until’” operator U.
Things are much clearer if we work with the dual of (7.3). We will also use the abbreviation
O%p : bAObA - AOD

Lemma 7.3:

The formula k> A - -+ A <>, A Tb is the least solution of the tfe

o = bU@G A O™ ' A OF(B U2 A oOfp A OB U093
bU@s A O™ b A OF¢) ),

where k1, ..., k, are arbitrary but fixed integers 20, and £,21.

The justification of this lemma is entirely analogous to that of Lemma 7.2. As in the case of Lemma
7.2, k; should be set to the “‘degree’’ of ¢;, i.e. n, in the form (7.2). After the ¢; are *‘factored’” just as

for Lemma 7.2, the tfe of the lemma becomes e-translatable. This completes the proof of theorem 7.2.
|
8. CONCLUSION

We conclude with the following remarks:

1. We have presented an inductive, model-independent representation for the characteristic sets of
some linear-time temporal formulas ¢. The automaton & () is a model-independent representation

of ¢, but nor of its characteristic set.

184

Many of the manipulations that we perform on formulas in order to put them into a translatable form

are similar to the rules for generating the tableaux (or closure) for a formula: see e.g. [ES].

3. Itis interesting to compare the time required to compute characteristic sets by our method and by the
automaton-based method. As a an example, it is apparent from Lemma 6.2 that the complexity of
finding C.(<aiA ~ A <>a,) is factorial by our method, while it is known ([SC]) to be just

exponential by the automaton method. On the other hand, the complexity of d (~¢) for the formulas

of Lemmas 7.1 and 7.2 may be exponential in 7, while the systems of fixpoint equations given in the




Lemmas are parallelizable, hence performable in sub-exponential time.

It is possible to compute characteristic sets in a symbolic manner by our methods. This may lead to
substantial time savings when the model (graph) is finite, and it is the only way to go when the model
is infinite but has a finite description. Examples of such computations can be found in [Sif], so we
have not given any here. However, as [Sif] points out, the stumbling, though not insurmountable,

block in this attractive scheme is the difficulty of manipulating predicates symbolically.

Although our results are not sufficient to handle all formulas in the logic L (O, <, [, A, v, ~), or

formulas involving the *‘until’’ and *‘precedes’’ operators U and P, they appear to be extensible

([Oik]).
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APPENDIX

Lemma Al: The formula <>(a A O"Y) is the first component of the least solution of the following

system of 2"~ 1=m tfe’s

o1 = (@vOd)AOP
d = (@ v Oh3) A Oy
¢ = (@ v Ods) A Ods

dmz = (@Y Obm_1) A Ot Al
Omzer =@V OUVOENAOYYV )
Omsz = @V OQUV O AOKY 9)

bom = @V OGN du)) A OV bm)-

That is, if the least solution of the system is (G, ..., O ), then Gy : <>(a@ A O"Y).

Example: The formula <>(g A O3b) can be reduced to the (translatable) system

o1 =(@vO)A O
$2=(avOh)A Oy
B3=@vOobvoNAOl v
04 = (@av OB VENAOER V.

[3¥]

It can be seen that ¢3 is actually not necessary. Generally, in the system of Lemma Al, only @1, ..., Pms2s

and §,, are essential. However, keeping all of the equations results in simpler forms.,

Proof of Lemma Al:

The equations are derived as follows: writing formula <>(a A O")) as <(a A OO %)), we know
from Theorem E in §3.1 that this - formula is the least solution of the tfe ¢ =
(a v Od) A O(O™ !y v ;). Now set ¢p2=O""ly v é;; then the first equation of system (Al)

follows:

¢ = (@ v Od)AOh

Using the right-hand side of this in the definition of ¢, we find that
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O™y v((@av O9) A Of2)
(avO@vOr))AO@,v 0" %)

¢2

]

Defining ¢3=¢; v O" % and ¢s=¢>v O" 2y, the second equation of system (Al) follows. The
rest of the equations are derived similarly, noting that in general ¢, ..., ¢, are defined by

Oy = & v O™y,

forj=0,1,..,n-2,andi =1,2,..,2/.

To show that <>(a A O"y) is the first component of the least solution of system (Al), it is not
necessary to use the expanded form (Al) of the system, which is suitable for translation. The proof is

much simpler using the unexpanded form

0 = @vOoo)AOP
92 = ov Oy
¢m12 = ¢m/4v 027(
Omrns1 = $1v OY
Om = OmnVv OX

Substituting the second equation of this system into the first, we obtain ¢; = (@ A Q") v Of;.
When system (A1) is small, a more illustrative proof can be given. For n = 2 we have the system

01
)

]

(@av Od)AOb
@vOoyveéD)AO@y ).

The least solution (fixpoint) of this system is obtained by the iterative scheme

o0 =L, =1
o = £1(0fD, o)
o = fa0f, 8.

If £:a A O2,itcanbeseenthat oY) = ev Oev -+ v OF 2%, ¢80 = 60 v Oy.

Lemma A2: The formula<>(a@ A O"'ay A O™asA -+ AO™ay)wheteny > -+ >ng > 0,is the

first component of the least solution of a translatable system of 2" ! tfe’s. The system is identical to that
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of Lemma A1, with the substitution

OV ) = O@Ive) A (O aza -+ AQ™ g v ¢))

where v; =n;—n;.

Proof:

The given formula can be put into the form <(a AO"Y),  where
A =aA @v’"lazx\ A @v“_lak and v; =n;—n;. It is then easily found that for any ¢;,
j=1..2" =l O(x Vv ¢;) can be written as in the statement of the lemma. Note that va—1 20, while

vi—1 > 0,..., vie—1 > 0. The formula

@A lasn - A0 g v o;
is translatable by rule T
[ ]
Lemma A3: Foralln,
E O"yP-0 = yP~(@v O"lyv O " yv -~ vOyvy),

where  may be a past formula.

Proof:

Use repeatedly the fact that

E OxiPx2 = 01P(~x1 AX2)
|

Proof of Lemma 7.1:
It is more convenient to work with the dual version of the theorem, which states that (J<>\ is the greatest

solution of the tfe

o = (YA OFY) (A2)

&

First it must be shown that (<> satisfies this tfe. This is left as an exercise to the reader. We will show

that (<> is the greatest solution. Let ¥ be another solution of (A2). We will show that =Y D [l




To do this, we use the following principle: for any formulas p ,®, and for any fixed k21,

E pAlpo>oaOfp) o Do )]
Note that (1) is just a temporal formulation of a proof by induction on p that @ is true infinitely often. For
k=1, () takes the more familiar form E=p A [(p D> @ A Op) > Uwm. Thus, with ¥ in place of p and

<>V in place of ®, it suffices to establish that

E Ox o <ya Oy, (*)

To prove (*), note that since % is a solution of (A2), we have
Ex D <A Ofy) o oy Ofay (+%)
However, any solution G of (A2) has the property k= G = <>0; to see this, use the <><>-insertion rule on

(A2). Substituting ¥ for <> in (**), and using the [}-insertion rule, we obtain (*).
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