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We define for a number of concurrent imperative languages both operational and denotational semantic
models as fixed points of contractions on complete metric spaces. Next, we develop a general method for
comparing different semantic models by relating their defining contractions and exploiting the fact that con-
tractions have a unique fixed point.
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0. INTRODUCTION _

We present a study of three concurrent imperative languages, called Ly, L, and L,. For each of
them we shall define an operational semantics ©; and a denotational semantics %;, for i =0,1,2, and give
a comparison of the two models. (We shall use the terms semantics and semantic model as synonyms.)
This comparison is the main subject of our paper, rather than the specific nature of the languages
themselves, or the particular properties of their semantics.

The languages L; have been defined and studied already in much detail in [BMOZ1,2] and [BKMOZ].
We rely heavily on these papers, using many definitions taken from them literally, and others in an
adapted version. (The languages Lo, L;, and L, we use here are called Ly, L, and L3 in the
papers mentioned.)

Let us try to characterize in a few words the languages under consideration. They all belong to the
wide class of concurrent (parallel) imperative programming languages. We shall discuss parallel execu-
tion through interleaving (shuffle) of elementary actions (in L), together with synchronization and
communication (in L) and extended with (an elementary form of) message passing (in L,). Imperative
concurrency is further characterized by an explicit operator for parallel composition on top of the
usual imperative constructs, such as elementary action and sequential composition. Herein it differs
from another widely used style, so-called applicative concurrency, where the parallelism is implicit.
Further, Ly and L are uniform and L, is nonuniform. In Ly and L, the elementary actions are left
atomic, whereas in L, an interpretation of these actions is supplied. They consist of assignments, test
and send and receive actions. Another important feature is the presence of local nondeterminacy (in
L) and global nondeterminacy (in L, and L,). (Sometimes this is called internal and external non-
determinacy.) The difference between the two has major implications for the different semantic
models. (For an extensive discussion of this matter see, e.g., the introduction of [BKMOZ].)

For our semantic definitions we shall use metric structures, rather than order-theoretic domains. The
metric approach is particularly felicitous for problems where histories, computational traces and tree-
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like structures of some kind are essential. Moreover, it allows for the definition of the notion of con-
traction, which we discuss in more detail in a moment. Our operational models 0; are based on the
transition system technique of Hennessy and Plotkin [HP] and Plotkin [PI2, PI3]. They are closely
related to the ones defined in [BKMOZ], but there are some differences. We use labeled transitions
and (in 6, and O;) communication is treated somewhat differently. Our denotational models D; are
almost exactly the same as in [BKMOZ]. They are defined compositionally, giving the meaning of a
compound statement in terms of the meaning of its components, and tackling recursion with the help
of fixed points. For D, and D, we use a reflexive domain, being a solution of some domain equation
in the style of Plotkin [P11] and Scott [Sc]. We shall not give the details of solving in a metric setting
this type of equations, but refer the reader to [BZ], where a solution was presented first, and to [AR],
where this metric approach is reformulated and extended in a category-theoretic setting.

Although the semantic models presented here are (roughly) the same as in [BKMOZ], there is one
major difference, being the way in which they are defined. In this paper we define both the opera-
tional and denotational models as fixed points of contractions.

A contraction f:M—M on a complete metric space M has the useful property that there exists one
and only one fixed point x e M (satisfying f (x)=x). This elementary fact is known as Banach’s fixed
point theorem (see A.4.(b)). Such a fixed point x is entirely determined by the definition of f. any
other element y e M satisfying the same properties as x, that is, satisfying f (y)=y, is equal to x. The
contractions @ we use in this paper are always of type

(I)I(Ml -—)Mz)——)(Ml——)Mz),

that is, they are defined on a complete metric function space M —M,. Then the fixed point of ® is a
function from M, to M,.

The fact that our denotational models can be obtained as fixed points of suitable contractions is not
very surprising, fixed points playing traditionally an important role in denotational semantics. It is
interesting, however, to observe that the same method applies to the definition of operational models.
One might wonder whether the models thus obtained still deserve to be called operational. That this is
the case follows from the fact that they equal the models defined in the usual manner, without the use
of fixed points (see lemma 1.12).

The main advantage of this style of defining semantic models as fixed points is that it enables us to
compare them more easily. This brings us to the discussion of what has been announced above to be
the main subject of this paper: the comparison of operational and denotational semantic models,
which we shall also call the study of their semantic equivalence. About the question why this would be
an interesting problem we want to be brief. Different semantic models of a given language can be
regarded as different views of the same object. So they are in some way related. Their precise relation-
ship we want to capture in some formal statement.

Let us now sketch the way we use contractions in our study of semantic equivalences. Let L be a
language. Suppose an operational model O for L is given as the fixed point of a contraction

®:(L->M)—(L->M),

where M is a complete metric space. Suppose furthermore that we have a denotational model 9 for L
of the same type as 0, that is, with 9:L—M, for which we can prove ®(D)=%. Then it follows from
the uniqueness of the fixed point of @ that 0=9).

In the context of complete partial ordering structures similar approaches exist (see, e.g., [HP] and [AP]).
There, the operational semantics O can be characterized as the (with respect to the pointwise ordering)
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smallest function ¥ satisfying ®(9)=9, for some continuous function ®. Then it follows from
O(D)=9 that O is smaller than 9. In order to establish 6=9 it is proved that O satisfies the defining
equations for 9, from which it follows that ¢ is smaller than 0. Please note that within the metric set-
ting we can omit the second part of the proof.

In general © and 9 have different types, that is, they are mappings from L to different mathematical
domains. In the languages we consider, this difference is caused by the fact that recursion is treated
in the denotational and operational semantics with and without the use of so-called environments,
respectively. Therefore, 0 and 9 cannot be fixed points of the same contraction. Now suppose 0 and
%) are defined as fixed points of

O:(L->M)>(L->M,), and V:(L>M,)>(L->M,)

respectively, where M, and M, are different complete metric spaces. Then we can relate O and 9 by
defining an intermediate semantic model for L as the fixed point of a contraction

' (L->M")—(L-M'),
and by relating @ , ® and ¥ as follows. If we define
Si:(L>M)»(L->M"), and fr:(L->Mj)—(L->M"),

and we next succeed in proving the commutativity (indicated by *) of the next diagram:

(]
LM, —» LM,
Al " A
QI
LM — LM
LT % L
v

L—>M2 b d L—-)Mz

then we are able to deduce the following relation between 0 and 9:

L2(D=£1(9).

It is straightforward from *; and *,, and the fact that @, @', and ¥ are contractions.

This will be the procedure we follow for the models Oy and %), of L in section 1. There f; and f, are
such, that for closed statements (i.e., containing no free statement variables) seLg, we have:
O(s)=¢s). Once this result has been achieved for Ly, it is straightforward to adapt the definitions,
lemmas and theorems involved so as to deduce a similar result for L; and L,. (For the latter
languages there is one slight complication. It appears to be convenient to relate L—M; and LM,
via two intermediate types, L-M’ and L—»M".) In [BMOZ1,2] and [BKMOZ] there have already
been given proofs for the semantic equivalence of operational and denotational models for Ly and
L,. These proofs, however, are quite complicated and not so easy to understand. Furthermore, the
proof for L; is much more complex than that for L, involving an intermediate ready-set domain.

The method of proving semantic equivalence as described above is general in the sense that it is appli-
cable to very different languages, such as Ly, L, and L.

This paper has seven sections. You are now reading section 0, the introduction. It is followed by the
treatment of Ly, L; and L, in sections 1, 2, and 3 respectively. Then, in section 4, some conclusions
and remarks about future research are formulated. Section 5 gives the references and section 6, the
appendix, gives the basic definitions of metric topology.
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1. A SIMPLE LANGUAGE (Lg)

1.1 Syntax

For t{le definition of the first language studied in this paper, we need two sets of basic elements. Let
A, with typical elements a,b, . . . , be the set of elementary actions. For A we take an arbitrary, possi-
bly infinite, set. Further, let Stmv, with typical elements x,y, . . ., be the set of statement variables.
For Stmv we take some infinite set of symbols.

DEFINITION 1.1 (Syntax for L)
We define the set of statements Ly, with typical elements s,¢, . . . , by the following syntax:

su=alsy;sylsiUsylsqlisy x| pxir]

where 1 € L§, the set of statements which are guarded for x, to be defined below.

A statement s is of one of the following six forms:

- an elementary action a.

- the sequential composition s; s, of statements s; and s,.

- the nondeterministic choice 5, s, also known as local nondeterminism [FHLR]: s, Us, is exe-
cuted by executing either s, or 5, chosen nondeterministically.

- the concurrent execution sy |ls,, modeled by the arbitrary interleaving (shuffle) of the elementary
actions of s, and s,.

- astatement variable x, which is (normally) used in

- the recursive construct px[z]: its execution amounts to execution of ¢ where occurrences of x in ¢
are executed by (recursively) executing px[z]. For example, with the definition to be proposed
presently, the intended meaning of pux{(a;x)Ub] is the set a*-bU {a®}.

An important restriction of our language is that we consider only recursive constructs px(¢], for which

t is guarded for x: reL§. Intuitively, a statement ¢ is guarded for x when all occurrences of x in ¢ are

preceded by some statement. More formally:

DerFINITION 1.2 (Syntax for Lg)
The set L§ of statements which are guarded for x is given by
= a
| t;s, forselg

| iUty | 1l

| y , foryzx
I pxle]




I wlt’], for y£x, t'eL§ N L.

ﬁlﬂg;\;; to avoid possible confusion about the definitions of Ly and L§, let us give a more extensive
definition, for which the ones given above are shorthand. We define L, and, for every xeStmv, Lj
simultaneously and in stages: '
Stage 0:
Lo(0) = AUStmyv, L§0) = AU(Stmy \ {x})
Stage (n+1):
Lo(n+1) = Lo(n)U {sy;52151,52€Lo(n)}

U {s1Usyls1,50€Lo(n)}

U {sillsy1s1,52€Lo(n)}

U {px[t]lteLlf(n)}.
L§(n+1) = L§(m)U {t;slteLlf(n), seLy(n)}

U {ty Uty 1), t,eLi(n)}

U {tllealty,t,€L§(n)}

U {uxlr]lreL§(n))

U (wlrlly#x AreL§(m)NLi(n)).
We define

Ly = U Lo(n), L§ = U Lg(n).

REMARK (Empty statement)

It appears to be useful to have the languages under consideration contain a special element, denoted
by E, which can be regarded as the empty statement. From now on E is considered to be an element
of Ly, and L§. We shall still write Ly for LoU{E} and L§ for L§ U{E}. Please note that syntactic
constructs like s;F or Eljs are not in L.

Now that we have formulated the notion of guardedness for x, we can easily generalize this:

DEFINITION 1.3 (Guarded statements)
The set L§ of guarded statements (guarded for all x) is defined as
L5 = mxeSlmv Li)‘

As Ly and L, also L§ has a simple inductive structure.
LEMMA 1.4 The set L§ can be given by the following syntax:

t=alt;slty Uty il px]e]

where s€ L.

We need yet another notion of syntactic nature, that is, the notion of closedness.
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DEerFiNITION 1.5 (Free variables, closed statements)
For every statement seL, we define the set FV(s) of all statement variables that occur freely in s as
usual:

FV(a) = @, FV(x) = {x}, F¥(uxls]) = FV(s)\ {x),
FV(sy0psy) = FV(s\)UFV(sy), forop = ;,U,ll.

We call a statement s closed (notation: closed (s)), whenever FV(s)= @. Finally, we define for
L=L,, L§, and L§:

L9 = {s|seL]| closed (s)}
We have: (Lo) = (L§)" = (L§)".
We expect that the reader may benefit from a few
EXAMPLES
First we observe that L§ CL§ CLy. Further we have that
x€Lg, xeLj
yix €L, yixel}
pxly;x]eLo, pyly;x]eLo
a;pxly;x]el§ NLY
wla;pxly;xlleLo

1.2 Operational semantics
We first introduce a semantic universe for both the operational and the denotational semantics for L.

DEFINITION 1.6 (Semantic universe Pg)
Let 4>, the set of finite and infinite words over 4, be given by
A® = A" UA4°.

For the empty word we use the special symbol . Let d4~ denote the usual metric on 4 (see example
A.1.1). We define

PO = @nc(Aw)a

with typical elements p,g, . . ., the set of all non-empty, compact subsets of A*. As a metric on P
we take dp, =(d4~)g, the Hausdorff distance induced by d4~=. According to proposition A.7 we have
that P, together with the metric dp, is a complete metric space.

The operational semantics for L is based on the notion of a transition relation.

DEerRINTTION 1.7 (Transition relation for L§)
We define a transition relation

— C LEXAXL,

a
(writing s—s’ for (s,a,5")e—) as the smallest relation satisfying
a

(i) a—E (forallacA)
(i) for all aed, s,t€L§, s’;seLy: if s'5E, then:




a a
so8 = (3->s55

a a
AsUt—s" ANtUs—s'
a a
A sllt =8|t A tlls —¢]ls’

A pxfs] > s Tuxls 1/ xD,

where the latter statement is obtained by replacing all free occurrences of x in s by px[s]; and if
s'=E, then:

a _a_
s—E = (55
a a
AsUt->ENtUs—>E
a a
Asllt—t Atls—t
a
A px[s]— E).

a
Intuitively, s—s” tells us that s can do the elementary action a as a first step, resulting in the state-
ment s’. We now give the definition of Gy, the operational semantics for L§. (It is defined on closed
statements only, because we do not want to give an operational meaning to, e.g., a;x: what should it
be?) It will be the fixed point of the following contraction.

DEFINITION 1.8 (@)
Let @) :(L§ —Py)—(L§ —Py) be given by

(€} ifs = E

Dy(F)s) = a
U {a'F(s")Is'eLf nacANs—s"} if s £ E

for FeL§{—-Py and seL§.

REMARKS 1.9
(1) Tt is straightforward to prove that ®, is contracting.
a

(2) Please note that closed (s) and s—s’ imply closed (s’).

a
(3) We have that ®y(F)(s) is a non-empty, compact subset of 4®, because {a|3s’eL{[s—s"]} is
finite and non-empty (this follows from lemma 1.14 below) and F(s’) is compact for every
s’eLg. This implies that ®y(F)eL§ —P,.

DEerFINITION 1.10 (8): 6y =Fixed Point{(®g)
REMARK: We use open brackets to denote application of Oy to an argument s: Gy[[s].

In [BKMOZ] another, seemingly more operational, definition of &, is given. We shall repeat a slightly
different version of it here and show that it is equivalent to this fixed-point definition.

DEFINITION 1.11 (0g)
Let seLf, s#E. We define 0p:L§ —P by putting we 4> in Og[s] if and only if one of the following
two conditions is satisfied:

a a a a,
(i) sos1>5> o5, As, = EAw=a;-a,




S

a a as a4, G,
(if) $o85|1=83> O8> 1 AW = Ay Gplpyy

a, a, a, a,

(where s—s'—s" abbreviates s—s’ A s'—s"”). If s=E, then Oo[s]={¢}.
LEmMMA 1.12: 6;=0q
PROOF
Let wed®, seLf, with s~E. We have
we0p[s] < [definition Og]
JacA3s’eL§IW' €A™ [s—s' Aw=aw'Aw'€0p[s]]
<> [definition @]
we®y(05)(s).
Since Oy e L§ — Py, it follows that 65 =®(0;). Thus 65 =0p.

We give yet another characterization of . It is based on the following definition and will be the one
we use in proving semantic equivalence.

DEerFINITION 1.13 (Initial steps)
We define a function
I:L§—%5,(A X Lo)

(where %4,(X) ={Y 1Y CXA finite (Y)}) by induction on L§:

(i) I(E)=2,and I(a)={(a, E)}

(ii) Suppose I(s)={(a;, s1)}, I(t)={(b}, t;)} for s,teLf,a;b;€A, s;,t;€Lo. (The variables i and j
range over some finite sets of indices, which we have omitted.) Then

I(s;5) = {(a;, 5:55)) (for 5€Ly)
IsU = I(s)UI@)

Islle) = {(a;, sill)y U{(b;, sliz))}
I(px[s]) = {(a;, silpx[s]/x])}-
REMARK: Please note that for all ss~E the set I(s) is finite and non-empty.

This definition is motivated by the following lemma, which can be easily proved.

a
LEMMA 1.14: VacAVsel§Vs'eLy [s—s' < (a, s))el(s)]

COROLLARY 1.15: ®y(F)(s)= | {a-F(s")| (a,s")€l(s)}, for F:L§—P,, seL§ \ {E}.

1.3 Denotational semantics

The second semantic function we define for Ly will be denotational: We call a semantic function
F:Ly—M (where M is some mathematical domain) denotational if it is compositionally defined and
tackles recursion with the help of fixed points. The first condition is satisfied if for every syntactic
operator op in Ly we can define a corresponding semantic operator op:M X M— M (assuming op to be
binary) such that




F(s\0ps3) = F(s1)opF(s2).

As semantic domain for the denotational semantics of Ly we take again P,. The semantic operators
corresponding with ; , U, and ||, the syntactic operators in L, will be of type Po X Pg—Py.

DEFINITION 1.16 (Semantic operators)
The operators 5, U, |l: PoX Po—Py are defined as follows. Let p, g€ Py, then

; L ifp = {¢}
(I) P$q - . Id .
U {a(pa; q)| pa7=92} otherwise
(if) pL~Jq = pUgq (set—theoretic union)
. P if ¢ = {¢}
i) pllg = iq ifp = {¢}
U{a @l 9l pa#2} U U{apll g)| .72} otherwise,
where for every pe P, and a€A we define:
Pa={w|wed®rawep}.

(We often write op rather than gp if no confusion is possible.)

REMARKS 1.17
(1) This definition is self-referential and needs some justification. We shall give it for ; and leave the
case of || to the reader. We define a mapping: ®:(Py X Py—P)—>(Po X Py—Py) by
ifp = {e}
&F)pg) = U {a-F(ps,q)| pa#=9} otherwise.

It is not difficult to show that @ is contracting. Then we define: ;=Fixed Point(®), which
satisfies the equation of definition 1.16 above.
(2) If we define the left-merge operator || by

Nk ifp = {¢
PLE= 1 U @l 91 pa#2) otherwise,

then we have that

pllg=plLqU qllp

(using the fact that p’llg’=¢q’llp’, for all p’ and ¢’). This abbreviation will be helpful in some
future proofs.

We need the following properties, which are easily verified:

LEmMA 1.18 . .
(a) Forop =7, U, and || we have

Vp.p',q.q'€Pq [dp (pop q, p' op q') < max{dp (p.p), dp,(q,q" )}]
(b) Forp,p’eP, with e¢p, e¢p’, and ¢,9 EPO we have
dp,(p3q, p"q") = max{dp,(p,p"), i'dr.,(q,q )}

(c) The operators ;, U, and || preserve compactness.
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We shall treat recursion with the help of environments, which are used to store and retrieve meanings
of statement variables. They are defined in

DEerFINITION 1.19 (Semantic environments) :
The set T' of semantic environments, with typical elements v, is given by
I'= Stmv—>ﬁ "p 0-
We write y{p/x} for a variant of y which is like y but with y{p/x }(x)=p.
Now we have defined everything we need to introduce the denotational semantics for L.
DEFINITION 1.20 (g, Dg)
We shall define Dy as the fixed point of
Vo:(Lo—T—='Py) = (Ly—T—>'Py)

which is given by induction on Ly. (Here I'—!P, denotes the set of non-distance-increasing func-
tions (see A.3.(c)).) Let FeLy—T'—!Py, then:

O YoFXa))={a}, ¥o(F)x)¥)=v(x), Fo(FYEXNY)={¢}
@) ¥o(F)sop 1)(v) = Yo(F)s)(y) op Yo(F)))
@) Yo(F)pxls DY) = Yo(F)s)v{Flux[s(y)/x}) for seLs,

for gp=;, U, ||, and op as in definition 1.16. (We define ¥((F) only for those s and v, such that
FV(s) Cdom(y).) Now we set .

Dy = Fixed Point(¥y).

ReMARK: We have: Dollpx[s]l(y)= Dolsl(y{Dolpx[s1l(y)/x}). (As for 8, we also use open brack-
ets for ¢.)

It is not obvious that ¥, is contracting. The fact that we consider only guarded recursion is essential
for proving it.

LemMA 1.21

(2) If FeLo—T—!'Pq, then ¥o(F)eLo—T—'Py,

(b) IfFEL(r-)I‘—)lPo, thenfor all y1,v,€T,s€Ly:
() Wy €Stmols & I = 1) =7,0)

=

(**) dp, (Fo(F)(s)(11) Yo(F)s)(v2)) < %’d r(¥1,72).

¢) Y, is contracting on Ly—T'—!Py,.
g

PROOF

(a) The proof of (a) goes along the lines of (b), which is more interesting.

(b) Let FeLy—!Py, let v, 2. We use induction on L.

(i) For s=a we have: dp (¥o(F)a)(v1), Yo(F)a)y2))=0. Let s =x, with xeStmv. Suppose (*)
holds for x. Then

dp,(¥o(F)x)(11), Yo(F)xX(¥2)) = dp,(11(x), Y2(x))
= 0 [because of (*)].

(ii) We only treat sequential composition and recursion. Let s =5y;s,, with 51,5,€Lo. Suppose (b)

£




"

holds for s; and s5,. Suppose (*) holds for s,;s,. This implies that (*) holds for s,. Thus we have
(**) for s,. Now:

dp,(¥o(F)(s1552)(v1) ¥o(F)(s1;52)(12))

= dp,(¥o(F)(s1)1); Yo(F)s2)(1)> To(F)(s1)(12); ¥o(F)(s2)(12))

< [for all se Ly \ {E}, F and y we have: e¢ ¥y(F)(s)(y); thus lemma 1.18(b) applies]
max{dp, (Yo(F)(s1)(v1), Yo(F)s1)(y2)), ‘;"dp., (Wo(F)(s2)(v1)s Yo F)(s2)(v2))}

< [(**) for 51; (a) for 5,]

1 1
max{5-dr(vi,Y2), 3dr(v1,72)}

1
= 5dr(Y1,72)-

(The proof for s; Us, and s, lls, is similar.) Next we treat recursion. Let s, €L, and suppose that
px[s,] satisfies (*). Then s, satisfies it. Thus we have (**) for 5,. Now

dp, (Yo(F)(px[s 1 D(y1), Yo(F)(px[s11)(y2))
= dp,(¥o(F)s)y1 {(Fux[s1)(v1)/ x}), Yo(FX(s)(v2{Flux[si1)(v2)/ x}))
< [(*) holds for s;, also w.r.t. v;,{F(ux[s;])(v;)/x}, for i = 1,2, thus so does(**)]
Fdrln (FQuxls Don)/x ), v2 {Fuels 1 D0ra)/x )
< max{dr(n,v2), dp, (FGuxls Do), Floxlsi D))}
< [(a) for px[s,]]
_;—'dI‘(Yl,'YZ)-
(¢) Let Fi,FyeLo—»I'-!'Py. We only treat recursion. Suppose dp,(¥o(Fi)s)(¥), ¥o(F2)(s)¥))
<%~d(F1,F2), for some seLj, all yeI'. Then
dp,(Wo(F1)(x[s D(y), Wo(F2)(px[s )(v))
=i = v{FixIsDy)/x}, i = 1,2]
dp, (Yo (F1)(s)(v1), Wo(F2)(s)(12))
< max{dp,(¥o(F1)(s)1), ¥o(F2)(s)11)), dp, (Fo(F2)(s)1), ¥o(F2)(s)(v2))}
< [induction, (b)]
max{5-d(F),F2), 7-dr(n, 1))
max{5-d(F1,Fy), 5-dp,(F(uxlsD(v), Faluxls Dy}
TdELF)

1.4 Semantic equivalence of O, and %
An important difference between %y and O, is that recursion is treated with and without semantic
environments, respectively. We have

Dlpxis W) = DlsIv{Dolpx[s1(¥)/x})
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and

Oollux[s1] = Gpls[pxls]/ ]l

In the latter case the statement px[s] is syntactically substituted for all free statement variables x in s,
whereas in the first case the environment y is changed by setting x to the semantic value of px[s].
We shall compare 6, and %, by relating both to an intermediate semantic function y’, which takes
syntactic instead of semantic environments as arguments. It will be defined such that for syntactic
environments §:

60 Tux[s108) = Go'sh(pxls1/x)).

Here 8 is changed, the new value of x is the statement px[s]. By first comparing €y and 8y’ and next
O’ and ) we are able to prove the main result of this section: &[s]= Dolsl(y), for all seL§ and
arbitrary yel'. For the definition of 0y’, we need

DEerINITION 1.22 (Syntactic environments)

The set A of syntactic environments, with typical elements 8, is defined by
A = {8|8e(Smy—" Ly)A(8 is normal)},

where the notion of normal environments is given in:

DEeFINITION 1.23 (Normal environments)

A syntactic environment § is called normal, whenever
(i) Vxedom(d) [8(x)eL§]
(i) VseLg [FV(s)Cdom(8)= 3k =0 [s[8] e L§1],

where s[8] =s, s[8]' =s[8(x1)/x1, . . . ,8(x,)/x,] (with FV(s)={x,... ,%,}) and s[8" *1 =(s[S]O]".
For & normal and seLg, with FV(s) Cdom(8), we define
s<8> = s[8f,

where k = min{m |s[8]"eL§ ).

REMARKS

(1) From now on we shall assume whenever we consider seL, and §€A together (as two arguments
for a function, or as a pair) that FV(s) Cdom(8).

(2) Let 8eStmv—/"L, be such that for x,y eStmy: 8(x)=y and d(y)=x. Such an environment is not
normal. It does not give us any useful information about the values of x and y.

(3) It would be too restrictive to require for all §eStmv—L, that Vxedom(d) [x[8]eLf]. An
example may illustrate this. Let § be defined such that dom(8)={x,y}, and

8p)=wlbsxiyl, dx)=pxlaspylbsx;p]l.
Such an environment we shall encounter when computing O'[ux[a;uy[b;x;y]ll. Now y[8]=
8(y)eLy, but y[SFeLf.

Now that we have introduced syntactic environments, we can formulate a principle of induction for
the set Ly XA, which we shall heavily use in the sequel.

‘THEOREM 1.24 (Induction principle for Ly XA)
Let ZC Lo XA If

(1) AXACE

@) {st}XACE = {s;5,5Ut,sllt} XACE for 5,1,5€Ly
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3) {s}XACE = {px[s]} XACE forseL}

4  (O(x),0)eZ = (x,8)eX for xeStmv and S€A,
then:

= = LgXA.

PROOF
Let ZC Ly XA, suppose Z satisfies (1) through (4). We first prove fact (a) and fact (b) given below,
and next show that (a) and (b) imply: Z=LyXA. So we have

fact (a): L§ XACE
fact (b): VSCLyXA[SCE=S8'CE], where
S = {(5,8)1(s,8)e Lo XA N VxeFV(s) [s¢L§ = (8(x), §)eS]}.

To show that (a) holds, we use (1), (2), and (3), and induction on the structure of L§. We proceed
with (b). Let S CLy XA and suppose S CE. Let S’ be as above. We use (1) through (4) and induction
on Lg to show that S’C=. Let (5,8)eS’, for seLg, 6eA.

(1) s=a: (a,8)e=, because (1).

(i) s=s,0ps,: Suppose that if (s5;,6)eS’, then (5;,0)eZ, for i=1,2. If (5,8)eS’, then also (s;,6) and
(52,8)S’. Thus (s;,0),(s2,6)€Z. By (2) we have: (s; op 57,8)€Z.

(iit) s=px[s,], for syeL§: Suppose that (s,,6)eS’ implies (s;,6)e=. Because s;€L§ we have:
(51,0)eS’ & (px[s,],6)S’. Because (ux[s],0)eS’ we have (s,8)e=. Thus, using (3), we have
(px[s,],8)E.

(iv) s=x: If (x,0)eS’, then (6(x),6)eS, thus (because S CZE) (§(x),8)e=. Because of (4), we then
have that (x,8)€=.

Thus facts (a) and (b) hold. Next we show that E=L, XA. For this purpose we define, for all neN:

Vo = L XA,

Va1 = {(5,0)1(5,0)eLo XA A VxeFV(s) [s¢L§ = (8(x), d)eV,]}.
Then we have:

(*) VseL,VécAneN [s[8]' cL§ = (s,8)eV,],

which we prove with induction on neN. Let seL, and 8€A. If s[8]°L§, then seLf CL§. Thus
(s,8)eV,. Now suppose (*) holds for neN, and suppose s[8]" *'eL§. Then (s[8])[8]" €L§, thus by
induction (s[8],6)e V,,. This implies (s,8)€ V, ;;, which proves (*) for n +1.

Because all €A are normal we have

V(s,8)eLoXAneN [s[6]"eL§].
Together with (*) this implies:

V(s,8)e Lo XAdneN [(s,8)eV,].
Since V, CLy XA, for all neN, it follows that Lo XA=U,.nV,. Now V,CE because of (a), and
V,CE=V, .+ C= because of (b), so we conclude: ==Ly XA.

O

REMARK

We cannot reason about a free statement variable x unless we know what statement it is bound to.
Therefore, we consider non-closed statements together with syntactic environments, which give infor-
mation about the free variables they contain. This explains why we have formulated an induction
principle for Ly XA instead of Ly only.

&
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Now let =CLoXA. The first three conditions of the principle suffice to prove that L§ X ACE, since
they express exactly the syntactic structure of L§ (see lemma 1.4). (We have chosen L§ here instead
of L§, because the latter set has no simple inductive structure.) Thus also L{ XA (CL§ XA) CE.
Adding condition (4) enables us to prove Lo XACE. This may be motivated by the followinﬁ. For
every statement s€L, and normal environment §€A there exists an /eN such that s[8] eL§ CL§.
Let us call keN with k=min{/ |s[8] €L } the degree of closedness of s with respect to 8. Please note
that every s € L§ has degree 0, and arbitrary s €L, has, for arbitrary 8, a finite degree. Therefore, this
degree can be used as a measure for the complexity of statements. Our induction principle is indeed a
principle of induction on the degree of closedness. Conditions (1), (2), and (3) are sufficient to prove
E for all (5,8) with degree 0. They form, so to speak, the basis of the principle. Condition (4)
expresses the “step part”: if = holds for (8(x),8), which has degree k, say, then = holds for (x,8),
which then has degree £ +1.

We now proceed with the definition of y’. It will be of type
G/ :Lo—A-Py,

which could be called intermediate between
Qo:L§ =Py, and Dy:Lo—T—Py.

Instead of basing the definition of Oy’ on some transition relation (as in definition 1.8) we use a vari-
ant of the initial step function (definition 1.13).

DEerFINITION 1.25 (Initial steps with syntactic environments)
We define a function

I’ZLO—)A—ﬁ@ﬁ,, (A X LO X A),
using the induction principle for Ly X A. The predicate ZC L XA we use is defined as:
=(s,0) = I'(s)(8) is defined.
We shall define I’ such that X satisfies the induction conditions. Thus we ensure that I’ is defined for
every seL, and 8€A (with FV(s) Cdom(d)).
() I'(EX0)=4, and I'(a)(8)={(a,E,d)}, for all ac4, 6€A.
(2 Suppose I'(s)=Ab6-{(a;,5:,8))}, I'(t))=A&-{(b),1,8;)} for s,,5,t;€Ly, a;,b;€A, and §;,8;€A.
(The variables i and j range over some finite sets of indices, which are omitted.) Then:
I'(s35)0) = {(a, si55, 8)}  (for 5€Ly)
I'(sU)8) = I'(s)O)UI'(t)d)
I (sl = (@, sllt, 8)YU{(B;, slt;, 8))

(3)  For the definition of I'(ux[s]) we have to consider possible clashes of variables. Therefore, we
distinguish between two cases (supposing that I’(s) has already been defined):
I'(s)(@{px[s]/x}) if xedom(d)
I'(px[sh@) = 1., =T
I')6{px[5)/x}) if xedom($),

where X is some fresh variable with X ¢dom(d) and s=s[x/x].
(4)  Suppose I'(6(x))(8) has already been defined. We set:

I'(x)(8)=1"(8(x))().

REMARKS
(1) We have: if I'(s)}(8)= {(a;,5;,0;)}, then normal (5;), and thus §; €A, for all i.

&
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(2) The definition of I'(ux[s)(8), with x edom(8), is correct, because s and 5 have the same complex-
ity.
(3) If I'(s)(8)= {(a;,s:,0;)}, then for all i1 Vx eStmv[x edom(8) Ndom(8;) = 8(x) = 8;(x)].
DEFINITION 1.26 (94")
We define ®y':(Ly—A—Pg)— (Le—A—Py) by
, e} if s=E
Lo’ (FXIO) = 1 (a-F(s")X0)(a,5",)el(s)(B)} otherwise
for FeLy—A—-Pg, scLy, and d€A with FV(s)Cdom(d).
DernttioN 1.27; 8y’ =Fixed Point(®,’)

Next, we compare O; and Oy’. We can do this by relating I and /', since we have:
Ols] = U {a-6ls'lI(a,s")el(s)}, for seLf, s#£E
O'Is1®) = U {aQ'Is'1(®)(a,s",6)Yel'(sXd)}, for se Ly, s7E, 8€A.

THeoreM 1.28 (Relating I and I')
For all seLy and §eA, with FV(s)Cdom(d), we have:

VaeAVs'e LyV& €A [(a,s',8)el'(s)0) & (a,5' <8 >)el(s<6>)].
(For the definition of s <6> see 1.23.)
PROOF
We define
Z(s,0) = VaeAVs' e LoV €A [(a,s",8)el'(s)d) & (a,5' <& >)el(s<>)]

and use the induction principle for Ly XA to show that ==L, XA. We only treat the case of recur-
sion. Suppose seL§ such that {s}XACE. We have to show that{ux[s]} XACE. Let §eA and
assume (without loss of generality) that x dom(8). Then

IlsDE) = I'6)®)
where & =6{px[s]/x} (by the definition of I’). On the other hand, we have
I(px[s]1<6>) = [x ¢dom(8)]
I(px[s<6>))
= I(s<8>[ux[s <6>1/x])
(the latter equality following from:
VteL§ [I(px[t]) = I(:pxft]/x]D]).
We take a quick (but deep) breath and proceed as follows:
§<6>[px[s <8>]/x] = [definition s<<§>]
s[8]<é>[pxfs <6>]/x]
= [xedom(8), Yy edom(8) [x ¢ FV(6(y))]]
s[O)[ux[s <6 >)/x]< 8>
= s[0[px[s )/ x]<6>
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= [0 = 8{xls]/x)]
s[8)<é>

[x e FV(s[&'])]
s[8)<8' >

= §<<d'>.

Thus we have I(px[s]<6>)=1I(s<d'>). Combining this with I'(ux[s])}(8)=1I'(s)}("), which we saw
above, yields:

Z(ux[s1,8) & =(s,8).
Because {s} X ACXE we may conclude: Z(ux[s],6).

O

We formulate the relation of 0y and €y’ in terms of their defining contractions ®, and ®,’. This can
be elegantly done using the following

DEFINITION 1.29
We define <>:(L{ —Pg) — (Lo—A—Py), for every FeL§ —Py, by
<>(F) = F=~ (notation)
= AseLy-AOel F(s <8>).

REMARK

This mapping links two kinds of semantic functions, one using syntactic environments, and the other
one not using environments. If FeL§—P, then F<> is a in a sense extended version of F: it can
take as an argument also statements s L, that are not closed, provided it is supplied with a syntactic
environment, which is to give the (syntactic) values for the free variables in s.

THEOREM 1.30 (Relating ®y and ®y’): VFeL§ —Py [®y'(F<>) =(®o(F))<~]
PRrROOF
The theorem is an immediate consequence of theorem 1.28. Let FeL§ Py, let s€ Ly s<E.
Qo (F=7)s)0) = U {aF=>(s")8)(a,s",8")el'(s))}
= U{aF('<d>)(a,s",0")el'(s)0)}
[theorem 1.28]
U {aF(s'<§>)(a,s'<8'>)el(s<8>))}
= Oy(F)(s<8>)
= (Do(F))=7 (s)O).

Because @) and @y’ are contractions with € and G’ as their respective fixed points, we have:

CoRrROLLARY 1.31 (6)'=05"): VseLy VoA [9/Is1(8)= Qls<d=>]].

Finally we relate
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®OI2L0-—>A—->P0 and GDO ZL()—)I‘——)P().

For this purpose we define the following mapping.

DEeFINITION 1.32
We define ~:(Ly—T—Pg)—(Ly— A—Py) by:

~(F) = F (notation)
= AseLgNseh F(s)3')

{(}r FeLy—I'-Pg, where & is given by & = edom(B)-F(S(x))(éF). (We often write 8 rather than
¢ if from the context it is clear which F should be taken.)

REMARKS

)

@

We have to justify the self-referential definition of 8°. For this purpose we define
E(s,8) = Vx FV(s) [s¢L§ —(8 (x) is well defined)],

for seLy and §€4, and use the induction principle to prove: =Ly XA. Then it follows for all
x eStmy with x edom(8) that 8 (x) is well defined. Conditions (1) through (3) of thg induction
principle are trivially fulfilled. We prove cong}non (4). Suppose (6(x),0)eE. Thus & (y) is well
defined for all y e FV(8(x)). This implies that 8" (x) is well defined, since

8" (x)=F3(x)().

In the same way as <>, also ~ links two different kinds of semantic functions, one using syn-
tactic, and the other using semantic environments. Again F is an extended version of F in the
sense that it takes syntactic environments as an argument instead of semantic ones. In the
definition above a syntactic environment 8 A is changed into a semantic version (according to the
semantic function F) § of it, which then is supplied as an argument to F.

Next, we come to the main theorem of this chapter. It relates the denotational semantics %, and the
operational semantics 0g, which is a fixed point of @', by stating that also ¢ is a fixed point of ®'g.
From this it follows that O’ =0l),.

THEOREM 1.33: @0'(@0)———5%

PrOOF

Let

EC Ly XA be defined by

E(5,8) = B'(M)(s)) = Do(s)()

for (s,8)e Lo X A. We use the induction principle for Ly XA to show that Z=LyXA. Let §A.

ey
@

For aeA we have ®y'()(a)(0)={a}= Dy(a)(d), so A XACE.
Let 5s,s€ Ly and suppose Z(s,6). We show: Z(s;3,8).

®,'(Dy)(s:3)(8)= [definition By’ and I'(s;5)]
U (a9 (s"5)) 1 (a",s", &) e (s)(8))
U (@ Do(s")®); D@ (@',s',8) el (s)B))}

Il

[see remark (3) after definition 1.25]

U {2"(@(s")®): D@ (@',5",8)eI'()0))
= [definition ;]
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(U {@" D)) (@’,5",8) eI (5)O)}); DENO)
= [definition ;']
2y/(T)5)O); WG)O)
= [because Z(s, §)]
D(s)O); WE)E)
= Dy(s:5)0).
This proves Z(s;5,8). Now let 5,teL, and suppose Z(s,8) and =(,8). We show: Z(sllt, 6).
®y/(Dp)(sll)(8) = [definition o’ and I'(sll1)]
U {a’-gDo(s’IIt)(b")I (@',s',8)el'(s)d)}u
U {b’-EDQ(sItt’)(S')I b',t,8Nel'(t)(0)}
= U {@" @) B@O@EN! (@58l (5)E)}U
U (& @)D )N| B, 1, 8) el ()0))
= [see remark (3) after definition 1.25]
U {@" @) IR (@',5,8) el (sXOIU
U (6@ )@ D)W (',1',8) el (1))}
= [definition || (see remark 1.17(2))]
(U {a" D)) @,5",8)el(s)ONIL u(r)®) U
(U ("D ¢',8, )l DGDIL D))
= [definition ®;]
(@' (D)) D)) U
(@' @)OO)IL D(s)))
= [we have E(s,8) and =(z, 6)]
(D(s)E)IL Do(r)@)) U
@ @OOIL D))
= Po(s)@)ID(t)(0)
= By(sllr)d).

This proves Z(sll¢,8). The case Z(s U1, ) is simple.
(3) Let seL§ and suppose {s}XACE. We show: Z(ux[s],8). Assume (without loss of generality)
that x ¢dom(d). Then

®y'(Dp)(ux [s])(8) = [definition By’ and I'(ux[s }); let & =8{ux[s)/x)]
U {@"D(s" )1 (a',5",8) el (s)@))
= B'(@)(s)(8)

= [we have Z(s, 6]

N(s)@)
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= 51

= [definition 5’]
Dls1G(Doluxls WE)/x))

= [definition ]
Ylpxls116)

= @y (uxls )

This proves Z(px[s],0).
(4 Let xeStmy, suppose Z(6(x),0). Now

®y'(Dp)(x)(8) = [definition By’ and I'(x)()]

@0'(D)(B(x))(O)

= [because Z(6(x),8)]
Do(dCx))O)

= [3(x)16)

= [definition 4]
8(x)

= [x1()

= p(x)().

Thus Z(x, 8).
The induction principle now implies: = = Lo XA,

As an immediate consequence of this theorem, we have

COROLLARY 1.34 (8’ =%): VseL, VoA [6%Ts1(®)= 61Ms]](5)].

Now combining corollaries 1.31 and 1.34 yields the main theorem of this section.
THEOREM 1.35 (05> =y): VseLq V8eA [Gls<6>1= DLs1d)).

COROLLARY 1.36: For all s€L§, and arbitrary yeT': Qls] = Dlsl(y).

1.5 Swummary of section 1

It may be useful to give a short overview of this section because we shall follow the same approach of
proving semantic equivalence in the next sections. We have defined an operational semantics O, for
Ly as the fixed point of ¥y, and a denotational semantics % as the fixed point of ¥,. We have
related O and 9, via an intermediate semantic function §’, defined as the fixed point of ®,". To be
more precise, we have related @y, ¥,, and )’ using mappings <> and ~, for which we have proved
some properties, schematically represented by the following diagram:
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L{—»P, — L§-P,
<>| * <>

Ly—»A—-Py — Ly—>A-P

~1 * fix T~
¥,
Lo—-)F——)P() - LQ—)F—)PQ

The * in the upper rectangle indicates that it commutes, the symbol *4, in the lower rectangle indi-
cates that it commutes only for the fixed point of ¥, (that is, &;). Please note that * has been for-
mulated as theorem 1.30, and *g, as theorem 1.33. The main result of section 1 (theorem 1.35) fol-
lows from this diagram, because * implies: 05~ = O and *g, implies: O’ = 0.

REMARK

The lower rectangle does nof commute for arbitrary FeLo—I'-P;. As an example take
F=MAs-Ay {€}. Then, for given a,b€4 and §€A:

Yo(F)a;b)®) = ¥o(F)a;b)0 ")
= \I'O(F)(a)(g‘l’o(F)) ';" \I,O(F)(b)(s‘l'n(l-'))

= {a}i{b}

= {ab},

whereas

By (F)(a;b)0) = {a-F(b)d))
(a-F(B)E"))

{a}.

Il

2. A LANGUAGE WITH COMMUNICATION AND GLOBAL NONDETERMINISM (L)

2.1 Syntax

For L, we introduce some structure to the (possibly infinite) alphabet A of elementary actions. Let
C CA be a subset of so-called communications. From now on let ¢ range over C and a,b over 4. Simi-
larly to CCS [Mi] or CSP [Ho] we stipulate a bijection ~:C—C with ~o~ =idc. It yields for every
ceC a matching communication ~ (c), which will be denoted by ¢. In 4 \ C we have a special ele-
ment 7 denoting a successful communication. Let Stmv, with typical elements x,y, . . . , be again the
set of statement variables.

DEFINITION 2.1 (Syntax for L)

The set Ly, with typical elements s,¢, . . ., is given by
su=alsy;sylsy Fsalsgllsy Ix lpxfr]

where ¢ € L{, which is defined below. Please note that ac4 D C.

DEFINITION 2.2 (Syntax for L})
The set L} of statements which are guarded for x is given by

&
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ti=a
| t;s, for seL,
| ty+1; 12 llt
| y, for y=£x
| px[r]
| wlt'], for y£x, t'e LT N L4

DeFINITION 2.3 (Syntax for L§)
The set L§ of statements which are guarded for all x eStmv is defined by

o= altsleg el ity hpx(e],

where sel;.

REMARK
We extend L;, L{, and L§ with the empty statement E (see the remark following definition 1.2).

The definitions of FV (s) (free variables of s) and of (syntactically) closed statements are as in section
1. The language L, differs from L, in two respects. First, the presence of communication actions
entails a more sophisticated interpretation of 5,lls,. Secondly, the operators of global nondeterminism
sy +s, and of local nondeterminism s, Us, of Ly are differently interpreted. For an extensive discus-
sion of L, we refer the reader to [BKMOZ] (where, for obvious reasons, it is called L,). After we
have defined an operational semantics for L, we shall briefly discuss the intuitive meaning of L.

2.2 Operational semantics

DEFINITION 2.4 (Semantic universe P)
Let, as in definition 1.7, the set 4® be defined as 4® = A" UA“. We extend this set by allowing as
the last element of a finite sequence a special element 9, which will be used to denote deadlock:

AP = ATu4’-{dyu4e.
Now we define a complete metric space Py, with typical elements p,q, . . ., as
P 1= QP,M.(ASQ )’

the set of all non-empty, compact subsets of 4. As a metric on P, we take (ds= )y (see A.6(d)). We

shall use P, as the semantic universe for the operational semantics of L, which will again (as for Lg)
be based on a transition relation:

DEFINITION 2.5 (Transition relation for L§)
We define a transition relation
as the smallest relation satisfying
a
0] a—E, for acA. (Please note that it is also possible that ae (")
(ii) forallaed,s, telf and s',5€L,: if s’5E, then:

a a
s> = (s;5>5";5

a a
Astt—os' At+s—s'
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a a
A sllt—=sllt A tlls —tlls’

a
N pxls]— s'[px[s }/ x]);
and if s'=E, then:
a _ a _
s—FE=(s;s>5s
a a
As+Ht—oEANt+s—>E
a a
Asllt—=t Atlls—t
a
A px[s]— E).
(iii) forall ceC, s,telf, s',t’eL,: if s's~E=~t’, then:
¢ c T
=5 At = st

and if s'=E, then:

c < T
—=EAnt-t)=slit>t.

DEFINITION 2.6 (©,)
Let @, :(L{ —P)—(L{ —P)) be given by
{€} if s=E
o,(F)s) = 1(9) if {0135 5>s'|AagC)= 2

U{a"F(s") Is—a->s’/\a ¢C} otherwise,
for FeL{ —»P; and seL{.
DEFINITION 2.7: O, = Fixed Point(®,)
EXAMPLES
The following examples illustrate the intended meaning of L :
O[x] = {9}
Oillclle] = {r}
O l(a;)Nb;0)] = {abr, bat}
6 l(a;b) + (a;c)] = {ab,ad}
Ola;(d +c)] = {ab},
for ceC, abed\ C

Thus with global nondeterminacy + the statements s; =(a;b)+(a;c) and s, =a;(b +c) get different
meanings under 0,. This difference can be understood as follows: If s; performs the elementary action
a, the remaining statement is either the elementary action b or the communication ¢. In case of ¢, a
deadlock occurs since no matching communication is available. However, if s, performs a, the
remaining statement is b +c, which cannot deadlock because the action b is possible. Thus

&
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communications c¢ create deadlock only if neither a matching communication ¢ nor an alternative ele-
mentary action b is available.

We again characterize the operational semantics by defining for each statement s a set of pairs of
which the first element denotes a possible first step of s.

DEeFINITION 2.8 (Initial steps)

We define a function I:1§ -%,(4 X L) by induction on L.

@) I(E)=2 and I(@)={(a, E))

(i) Suppose I(s)={(a;, 5))}, I()={(b}, )} for s,t€Lf, a;,b;€A, and s;,;;€L,. (The variables / and
j range over some finite sets of indices, which we have omitted.) Then

I(s55) = {(a;, si55)} (fors€Ly)
I(s+1) = I(s)UI(t)

IGsll)) = {(ai, s} U{(By, slie)}UL(r, silif)la;=by)
Ipx[s]) = {(ai, s;lpx[s}/xD)}.

a
LEMMA 2.9: Vacd Vself VYs'eL, [s—s' o(a,5)el(s)]

COROLLARY 2.10: For FeL{ P, and seLf, such that {a lEls'[s-:s’]/\aeC }5~ 9, we have:
O,(F)s) = U {aF@)H(a,s)el(s)NagC}).

2.3 Denotational semantics
We follow [BKMOZ] in introducing a branching time semantics for L,. First we have to define a suit-
able semantic universe. It is obtained as a solution of the following domain equation:

P={po}UP,(4 XP). *)

Such a solution we call a domain, and its elements are called processes. We can read the equation as
follows: a process p €P is either pg, the so-called nil process indicating termination, or it is a (com-
pact) set X of pairs <a,q >, where a is the first action taken and g is the resumption, describing the
rest of p’s actions. If X is the empty set, it indicates deadlock (as does 9 in the operational semantics).
For reasons of cardinality (*) has no solution when we take all subsets, rather than all compact sub-
sets of A XP. Moreover, we should be more precise about the metrics involved. We should have
written (*) like this:

DEFINITION 2.11 (Semantic universe P1)
Let (P;,d) be a complete metric space satisfying the following reflexive domain equation:

P={p}U%.(A Xidy(P)),

where, for any positive real number c, id, maps a metric space (M,d) onto (M,d’) with
d'(x,p)=c-d(x,p), and U denotes the disjoint union (see definition A.6). (For a formal definition of
the metric on P we refer the reader to the appendix.) Typical elements of P; are p and g, and are
called processes.

We shall not go into the details of solving this equation. In [BZ] it was first described how to solve
this type of equations in a metric setting. In [AR] this approach is reformulated and extended in a
category-theoretic setting.
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As in definition 1.16 we define a number of operators on P,.

DEFINITION 2.12 (Semantic operators) _
The operators 5, +, |l: Py XP;—P, are defined as follows. Let p,g€P,, then:

ifp = po

@ pg= {<a, p’’ q>|<ap’>ep} otherwise

3 p ifg=po
@ ptg=13q ifp=po
pUgq otherwise

P if g = po
q | ifp = po
(iii) pﬂq = {<a,p'ﬁq|<a,p’>ep}u
{<a,pﬁq’|<a, q'>eq}U
(<7, p’ﬁq’>l <cp'>epA<c,q'>eq} otherwise.

(We often write op rather than gp if no confusion is possible.) For a justification of these definitions
see remark 1.17.

DEFINITION 2.13 (Semantic environments)
We use I' to denote the set of semantic environments (as in definition 1.19), with typical elements v,
given by

T = Stmv—™P,.

DErFINITION 2.14 (¥,9))
We define the denotational semantics ; of L, as

9, = Fixed Point(¥;),

where ¥,:L,—T—P, is defined exactly as ¥ in definition 1.20 but for the following two clauses:
Yi(F)a)y) = {<apo>}
Y(F)EYY) = po.

We realize that it must be difficult for the reader who sees this type of denotational semantics for the
first time to understand and appreciate it. Nevertheless, we consider it for our purposes preferable to
refer the reader to [BKMOZ], where he can find an extensive explanation. In this paper, we want to
stress the technique of proving semantic equivalences, with which we now proceed.

2.4 Semantic equivalence of O, and 9,
It is quite obvious that the result of the previous section, as formulated in corollary 1.36, namely that

VseLf Vyel [QLs]1=D[s1(y)],

does not hold for the semantic functions 0, and ;. The semantic universe P, of 0, is a set of sets of
streams, whereas P, the semantic universe for %), is a set of tree-like, branching processes. Thus,
when comparing the types of 0,:L;—P; and 9;:L,—I'-P,, we observe that besides the fact that &,
takes a statement as an argument as well as an environment, which 0; does not (as is the case with &,
and @), there is a second difference between O; and ,. That is, they have different co-domains:

&
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P,5£P; (which is not the case in the previous section). The strategy we shall follow to relate 0; and
9, is to define functions

@] 'ZLl—-—)A—)P 1
(where A will again be a set of syntactic environments) and
6D1'IL1——)A-—>1—)|,

and then relate 0, and 9, (similarly as with @ and y’), next ;" and 9, (similarly as with &’ and
%), and finally compare 0," and ), by using a suitable abstraction operator a:P,—P;. Like we did
in the previous section we define 0,” (and 9,") as fixed point of a contraction.

We start with the comparison of 0; and 0;".

DEFINITION 2.15 (Syntactic environments)

The set A of syntactic environments, with typical elements 8, is given by
A = {8|8e(Stmv—" L )A(8 is normal)}.

(For the notion of normal see definition 1.23.)

We formulate an induction principle for L, XA, as in 1.24.

THEOREM 2.16 (Induction principle for L X A)

Let ZC Ly XA If
() AXACE
(2) {st}XACE = {535, s+t sllt}XACE, for s,t,5€L,
B) {s}XACE = {x[s]} XACE, for seL§
@ (b(x),0)e= = (x,8)eZE, for xeStmy, and §el

then:
E =L XA

PROOF: See theorem 1.24.

DEFINITION 2.17 (Initial steps with syntactic environments)

As in definition 1.25 we use the induction principle to define a function
I''L{—-A-%, (AXL;XA)

(1) IEX®) = @, and I'(a)8) = {(a,E,8)} for all acd, SeA.
(2) Suppose I'(s)=A8-{(a;,5;,8;)} and I'(t)=A8-{(b;,1;,8;)} for s,teL,, a;,b;eA, and 8;,0;€A. Then:

Is35)0) = {(@ 57, 8)) (for al TeLy)
I'(s +1)(©0) = I'(s)®)UI'(t)d)
I/(S”t)(s) - {(a,-, S,'”t, 8,)}U{(bj, S“tj, 81)}U{(T, S,'”tj, 8,U61)‘E, = bj}
(3), (4): as in definition 1.25.
REMARK

In the clause for s||z in the above definition we take the union of two environments, §; and 8]. This we
can always do, if we impose the restriction upon all §;’s and §,’s that:

if a; = b;, then (dom(§;) \ dom(8))N(dom(d;)\ dom(d)) = 2.
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If this condition is not satisfied (and in general it is not) a suitable renaming of variables should be
applied. An example of a statement for which this should happen is: px[c;x Jllpx[c;x .

DEerFNITION 2.18 (94')
We define @,":(L;—>A—P,)—>(L;—>A—-P;) by

{e} ifs =E
Q) /(F)(s)9) = {{0} if {(a,s",0))el'(s)(0)lagC} = @
U {@F(sY®)| (a,s',8)el'(s)(8)\agC} otherwise

for FeL,—A—P,s€L;, and §eA.
DEFINITION 2.19: 0,’= Fixed Point(®;’)

THEOREM 2.20 (Relating I and I')
VseL; V8eA [I'(s)8) = {(a;5:,0))} © I(s<6>) = {(a;,5;<6;>)}]
PrOOF: See theorem 1.28.

DEFINITION 2.21: We define <>:(L{ —P,)—(L;—»A—P;) by

<>F = F~~

= AseL;-AeA-F(s<8>)

for FeL{—P;.
THEOREM 2.22 (Relating ®; and ®,"): VFeL{ —P, [®,(F<~) =(®(F))<~]
PrROOF: See theorem 1.30.
COROLLARY 2.23 (9,'=077): VseL, V8eA [0,'[s(6) =6, [s<6>1]
Next we define 9,":L,—>A—P, as the fixed point of the contraction below and compare 9, and %,".

DEFINITION 2.24 (¥,") _ _ _
We define ¥;":(L,—>A—P)>(L,—»A—P;) by

, |} ifs =E
VVENO) = (<o, F')¥)> (a,s",8)el'(s)B)} otherwise,

for FeL,—A—P,, seL,, and d€A.
DEFINITION 2.25: 9),’= Fixed Point(¥,")

REMARK

As 0y’ also 9’ takes syntactic environments as arguments. Their co-domains, however, are different:
P #P,. One could call 9" a branching variant of 0,”. Another difference is that 0,'(c}(8)={9},
whereas 9;’(c)(8)={<c,po>}, for ceC and §€A.

In order to relate GDI':Ll—aA—J’. ; and 9,:L,—T—P, we use the following
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DEFINITION 2.26
Let ~:(Ly—I'-P,)—>(L;—>A—P,) be given by

= AseL,-MeAFE)E)

for FeL—I'>p,, where 8 is defined as & = A.xEdom(S)-F(B(x))(éF). (For a justification of the
definition of & see remark (1) following definition 1.31.)

THEOREM 2.27: ®,"(D;) = D,

ProOF: This theorem can be proved in essentially the same way as theorem 1.33.

COROLLARY 2.28: 9, '=5D1

Finally we provide the only missing link in the chain that is to connect O, with 9, : the comparison of

@}'ILI—%A——)Pl and GDlliLl—éA—-)pl.

We relate their different semantic universes P, and P, in the following

DEFINITION 2.29 (Abstraction operator «)
We define an abstraction operator a:P,—P; by:

o = Streamscrestr,

where restr (for restriction) and streams are recursively defined:

) restr :P1—P,
Po ifp = po
PP {<a,restr(p’y>|<ap’>epNagC} otherwise

(ii)  streams P\ —P,

{e} ifp =po

p1{9} ifp =2
U {a-streams(p")| <a,p’>ep} otherwise.

REMARKS

(D

@

Since the definition of restr and streams is recursive, we have to verify that it is well formed. It
suffices to note that these functions can be defined as fixed points of contracting functions (cf.
remark 1.17). _

The abstraction operator & transforms a (branching) process pe P into an element a(p)eP; in
two steps. First it cuts off all branches (all subprocesses) of p; that are labeled with an element
of C: these ¢’s can be regarded as failed (individual) attempts at communication. This is what
restr does. Then streams takes all paths (streams) of the result of restr (p), putting a 3 symbol
(denoting deadlock) at the end of all paths ending in the empty process. This can be understood
as follows: When a path in restr (p) ends in the empty process this means that the operation restr
has cut off everything at the end of the corresponding path in p. By definition of restr only ¢’s
could have been present. Thus this path in p should be interpreted as indicating a situation in
which only individual communication steps can be taken. Operationally, we consider this to be a
case of deadlock. Therefore, we replace this empty process by d. This is what streams does.
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Now that we have defined a mapping a:P;—P, we extend it in the following way.

DEFINITION 2.30
Let a:(L;—>A—P)—(L,—A—P;) be defined by
a(F) = F* (notation)
= AseL|-AbcA-a(F(s)8))

for FeL,—A—P,. (Please note that we use again the symbol a. We trust that no confusion will arise
from this slight abuse of language.)

THEOREM 2.31 (Relating ¥, and @,"): VF eL,—»A—P, [®/'(F)=(¥"(F)*]
PROOF _
Let FeL—>A—P, let seL; and §€A be such that {(a,s’,8")el'(s)(0)laeC}7# 3. Then:
O, /(F)(s)8) = U {aF* (s () (a,s",8)el'(s)d)NagC}
= U {a@F X)) (as . 8)el'(s) ) aeC}
streams({ <a,restr(F(s')8"))>(a,s’,8") eI'(s)(0)ra e C})
streamserestr({ <a,F(s")(0")>(a,s5,8)eI'(s)()})
a(¥y ' (F)(s)))
(F ' (F)*(s)(O).
If seL; and €A are such that {(a,s",8")€l'(s)8) lagC}= 42, then
®,"(F)(s)8) = {9}
streams(2)
streamsorestr({ <a,F(s')(8")>|(a,s’,8")eI'(s)(6)})
(¥ (F))*(sX8).

i

i

i

COROLLARY 2.32 ((D,")*=0,"): VseL, V8€A [a(D[s1(8)= 6,'[s1(5)]
Combining corollaries 2.23, 2.28 and 2.32, which state:

(223) o7 =0/

232) & =@y

(2.28) 9 =@,
now yields the main theorem of this section:

THEOREM 2.33 (05> =(@,)%): VseL, V8eA [0, [s<>]= @ [s1(5))]

COROLLARY 2.34: For all seL§ and arbitrary yeI: 0,[s] = «(D;[s1(v)).

2.5 Summary of section 2
We can again give a quick overview of the main theorems of this section by drawing a diagram as fol-
lows:
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@,

Lc]‘l -—)P] g Lﬁl -—>P1

<>| * <> (theorem 2.22)
@

Li—»A-P, - L;-A-P,

al * ta (theorem 2.31)

—_ ‘P'I —_—

Li—-A->P, —» Li—>A-P,

¥,

L|—>I‘—>P’1 — L;—»T>P,

where (as in subsection 1.5) * indicates commutativity and *z, indicates commutativity with respect
to the fixed point of ¥, (that is, % ). Please note that if we could identify P; and P‘, we could iden-
tify the second and the third horizontal lines of this diagram, leaving out the mapping a. This would
yield a diagram of exactly the same shape as that of subsection 1.5. This is just a way of rephrasing
what has already been said above: The only new thing about proving semantic equivalence for L,
compared with Lo, is the presence of a difference between the semantic universes P; and P, of §
and );, which made the introduction of a necessary. Theorems 2.22 and 2.27 are just (slightly)
modified versions of theorems already present in section 1 (namely, theorems 1.30 and 1.33).

3. A NONUNIFORM LANGUAGE WITH VALUE PASSING (L;)

We devote the third section of our paper to the discussion of semantic equivalence for a nonuniform
language. Elementary actions are no longer uninterpreted but taken as either assignment or tests.
Communication actions ¢ and ¢ are refined to actions c?v and cle (with v variable and e an expres-
sion), and successful communication now involves two effects: both synchronization (as in the
language L) and value passing: the (current) value of e is assigned to v. Thus, we have here the syn-
chronous handshaking variety of message passing in the sense of CCS or CSP.

We shall introduce a language L, which embodies these features and present its operational and
denotational semantics O, and ¢),. Nonuniformity of L, calls for the notion of state in both semantic
models: They now deliver sets of streams, or processes, over state transformations, not over uninter-
preted actions as in the previous sections. The main goal of this section is to provide the reader with
yet another example of a language to which the method for proving semantic equivalence, as
developed in section 1 and 2, applies. Although L, will be in some sense more complex than L, and
accordingly O, and ¢, more intricate than 0; and 9, the proof of the equivalence of operational and
denotational semantics will essentially be the same. Because of this emphasis on proving semantic
equivalence, we shall not give very much explanation when defining the semantics. For this we refer
the reader again to [BKMOZ], which we (roughly) follow in our definition of O, and ¢),. Nor shall we
give any proofs, because all of them can be obtained by straightforwardly modifying a corresponding
one from section 2.

3.1 Syntax

We now present the syntax of L,. We use three new syntactic categories, viz.

- the set Var, with elements v,w, of individual variables

- the set Exp, with elements e, of expressions

- the set Bexp, with elements b, of boolean expressions.

We shall not specify a syntax for Exp and Bexp. We assume that (boolean) expressions are of an

&
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elementary kind; in particular, they have no side effects and their evaluation always terminates. State-
ment variables x,y, . . . are as before, as are the communications c€C. The latter now appear syntac-
tically as part of value passing communication actions ¢?v or ce.
DErINITION 3.1 (Syntax for L,)
si=vi=elblcvlclelsy;salsy +splslisy lx]px]t]
where 1 €L3, defined in
DEFINITION 3.2 (Syntax for L3
The set L3 of statements which are guarded for x is given by
tu=v:=elblch]cle
| t;5, forsel,
Lty a0t lle,
| y, for y£x
| px(e]
| pylt'], for ys#x, t'e i N1

DEFINITION 3.3 (Syntax for 18)
The set L§ of statements which are guarded for all x eStmv is defined by

t=v:==elblcW|clelt;s|t;+ty 12,25 | px[t],
where sel,.

REMARK: The sets L,,L5, and L8 are extended with the empty statement E (cf. the remark preceding
definition 1.3).

It will be useful to unite assignments v:=e, tests b and communications c?v and c'e into one set of
basic steps.

DEFINITION 3.4 (Basic steps)
We define the set Bsteps of basic steps, with typical element a, by
BStep = Comm U Bexp U Asg,
where the set Comm of communications is defined by
Comm = {cWlceC,veVar} U {clelceC,ecExp},
and the set Asg, of assignments, is defined by
Asg = {v:=elveVar,ecExp}.

The sets BSteps and Comm can be regarded as the nonuniform equivalents of the sets 4 of atomic
actions and C of communications of the previous section.

3.2 Operational semantics

DEFINITION 3.5 (Transition relation for 13)
We define — C 18 X BStep X L, as the smallest relation satisfying

&
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a
) a — E, for all aeBStep. (Please note that it is also possible that a € Comm!)
(i) forall aeBStep, s, tels and s';5€L,: if s'7E, then:
a a
s = (555
a a
ANstt—os' Nt+s—s

a a
A sllt—s'llt A tlls - tls’

N pxls]—s'px[s )/ x]);
and if s"=E, then:

a _a_
s—E = (5;5—>%
a a
ANs+t—oEANt+s—>E
a a
Asllt=t A tlls—>t

a
A px[s]— E).
(i) for all s,xel8, s',t'eL,, and ¢v,cle € Comm: if s’AE=~t’, then:

cle ch vi=e vi=e
o' ANt-=t)=(6llt - sl Atlls — 2lls),

and if s’=E, then:

cle Y v.=e

v.=e
E=Ent>t)=(sllt - ' Atlls — ).

For both operational and denotational models the notion of state is fundamental. Elements v,w in Var
will have values in a set Val. A state is a function that maps variables to their (current) values.
Accordingly, we define

DEFINITION 3.6 (States)
The set 2 of states, with typical element o, is defined as
2 = Var—Val
We shall also employ a special failure state d, with d¢2, and define
Sp =3"U3{auze.
Elements of 2% will be denoted by finite or infinite tuples <oy,0;, ...>. The empty tuple will be
denoted by e. We shall write ¢ for <o>. Concatenation is defined as usual.
For expressions ecExp and beBExp we postulate a simple semantic evaluation function, details of

which we do not bother to provide. The values of e and b in state ¢ will be denoted simply by
lelo (eVal) and [blo ({1, fF}).

DEerFINITION 3.7 (Semantic universe P;)
We define the semantic universe P, by

Py= 2“>@m:(2'3° )

where 9,.(25°) is the set of all non-empty and compact subsets of 2§°.

&
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DEerINITION 3.8 (®;)
Let ®,: (L§ —P,)—(L§ —P,) be defined by

O (F)E) = {e};

if {alas'[s—is’]/\(a eAsgVv(aeBExp Alalo=t1))} = &, then
Dy (F)(s) = {9}

otherwise

O, (F)(s) = | {o°F(s'Xo)l s—b>s’/\l[b]]a=tt} U

v.=e
U {ov::e'F(S,)(ov:=e)| 5= S'},
for FeL{—P, and s€L,, and with
0,.= = oflelo/v}.

(The notation o,.-, will also be used in the sequel.)
DEFINITION 3.9: 8, = Fixed Point(®,)

EXAMPLES

Olv:=0] = Ao-{<a{0/v}>}.

Olv:=0ll v:=1; v:=v+ 1] = Ao {<6{0/v}, 6{1/v},0{2/v}>,
<o{l1/v},0{0/v},0{l/v}>,
<o{1/v},0{2/v},0{0/v}>}

O lv:=0; px[v:=v +1; x]] = Ao-{<o{0/v},a{1/v},0{2/v}, ... >}

v :=0;v<0]=Ao-{<0{0/v}, 0>}

Glc] = Ao {<0>}

O leWliet3] = Ao {<a{3/v}>}

We can again characterize the operational model using an initial step function.

DerFINITION 3.10 (Initial steps)

Let I': L§ —%9,(BStep X L,) be defined by

(i) I(E)= @, I(a)={(a,E)}, for acBStep

(ii)  Suppose I(s)={(a;,s))}, I(t)={(b;,t;)} for s,telL8, a;,b;eBStep, and s;,¢;€L,. Then

I(s;3) = {(a;,5;;5)}, for5eL,

I +1) = I(s)UI()

I(sll) = {(ai, sill)} U {(bj, sllg)} U {(v:=e, sillt) (@ =ctAbj=cle)V(a; =clenb;=clv)}
I(px[s]D = {(a;, siluxls)/xD}-

LemMa 3.11: VaeBStepVseL§ VseL, [s—s'e(a,s")el(s)]
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COROLLARY 3.12
For FeLY -P,, seL$ and o€ with {(a,s")el(s)| acAsgVv(aeBExp Nlalo=11)}#2:
B(FYs)0) = U {o-FX0)| (b,s)el()AIblo= 1)} U
U {Gv:=e'F(s,)(0v:=e)l (V =6 S,)EI(S)}~

3.3 Denotational semantics
As in section 2.3 we start with the definition of a suitable semantic universe. It will be a process
domain that is obtained as a solution of the following domain equation:

P=(po}UP,,(SSteps X P),
where the set SSteps of semantic steps, with typical elements «, is given by
SSteps = (2-2)
U E-{t,ff})
U (CXVar)
U (C X (E—-Val)).

We can read this equation as follows: a process p € P is either pg, the nil process, or it is a (compact)
set X of semantic steps k€SSteps. Such a semantic step can have one out of four forms. First it can
be a state transformation. These will be used to give a semantics to assignments. Then it can be a
mapping from states to the set of truth values, corresponding with boolean expressions. Next, it can
be a pair <c,v>, corresponding with an input statement ¢?v. And finally it can be a pair <c,f >,
corresponding with an output statement cle. Here, f is used to denote the value of e (that is,
[eleZ—Val).

As in section 2.3 we should be more precise about the metrics involved. We give a formal definition
below and refer the reader to section 2.3 for further explanation and references.

DEFINITION 3.13 (Semantic universe P)
Let (P,,d) be a complete metric space such that it satisfies the following domain equation:

P={po}U9,,(SSteps Xid ,(P)),
with SSteps as above. Typical elements of P, will be p and 4.

DEFINITION 3.14 (Semantic operators) _
The operators ;, +, and [|: Py X P,—P, are defined as follows. Let p,geP,, keSSteps, ceC, veVar,
and feZ—Val. Then:
(1)
. |9 ifp = po
P9 (<K, pig>1<wp'>ep} if pFpgy

(i)
3 p ifg=po
pra= 149 ifp=po
pUgq otherwise

(ii)) If p =po, thenpﬁq:qﬂp =gq. If p5py and q=£p,, then:
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pﬁq = {<xk, p'llg>|<xkp'>ep}U
{<xk, pllg'>|<k,qg'>eq}U
(<Aao{f (@) /v},pllg>]| (K<cy>p'>epA<<cf>.9'>eq)V
(<< f>p'>eph<<cy>,q">e€q)}

For a justification of these self-referential definitions see remark 1.17.
DEFINITION 3.15 (Semantic environments): T'=Stmv—"P, (typical elements are y).

DEFINITION 3.16 (¥,,%,)
We define the denotational semantics %, of L, as
&), = Fixed Point(¥,),
where ¥, :{(L,—T —-)I_’z)—a(Lz—J‘—)Fz) is given, for F e€L,—I'—-P,, by:

() aF)a)V)={<kzpo>}, and ¥a(F)EXYV)=po,

with
A0°6,.=, fa=v:=e
_ |Aalalo if ae BExp
ke = Y<ev> fa=ch

<c, o'felo> if a=cle

@) W (F)s op O)(v) = VaoF)s)y) op Vo (FYO)Y) for op = 5, +, |l
i) W (F)pxls D) = Va(F)){Flpx[s](v)/x}).

Similarly to lemma 1.21 we have that ¥, is contracting.

ExAMPLES
Dlv:=00(y) = {<Ao-6{0/v},po>}
Dlv:=1v:=v +11(y) = {<ho-a{1/v}, {<A"0'{d'(V)+1/v},po>}>}
Dl 1eBl(y) = {<<e,v>,{<<cA0:3>,p>}>,
<< Ao 3> <<,y >,pe>1>,
<Aco6{3/v},pe>}
Dolv:=0; px[v:=v +1; x]l = {<Ao'6{0/v},p>}, where peP, satisfies
p = {<Aae{o(v)+1/v},p>}.

3.4 Semantic equivalence of 0, and %,

The proof of the semantic equivalence of &, and @ is essentially the same as in the previous section.
Therefore, we only give a brief outline of how to proceed, leaving out the details of some definitions,
omitting all proofs, and stressing the (small) differences. We define

9, = Fixed Point(®,’) and @’ = Fixed Point(¥,’)

with ®,” and ¥’ defined as follows. Let ®,":(L;—>A—P,)—(L,—A—P;) be given by
B, (FYEXS) = {e};
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if {(a,5",8")el'(s)8)| acAsgV(acBExpAlalo=1t)} = &, then
®,'(F)(s)(®) = {9};
otherwise
O,/ (F)s)®) = U {o'F(s") o)) (b,s".8)el' (s)®)A[blo=1t} U
U {0y:= F(")&)0y.=2)| (v:=e,5",8)el'(s)D)}
for FeL,—A—Py,s€L; and 8€A (A and I’ can be defined similarly to definitions 2.5 and 2.17).
Let ¥,":(L,—A—P,)—(L,—»A—P;) be defined by
Po ifs=FE
¥ (F)s)@) = {{<na,F(s’)(8')>I(a,s',8’)el’(s)(8)} otherwise,

(with k, as in definition 3.16) for FeL,—>A—P,s€L,, and 8€A.

The definitions of ®,” and ¥,’ are somewhat more involved than their counterparts from section 2.
What is different here is that a syntactic basic step does not literally coincide with the semantic step
that represents its meaning. In the previous section we had elementary actions a and ¢ both as syntac-
tic and semantic entities. Here we have syntactic basic steps v:=e, b, cle, and ¢, all of which are
semantically represented in a different way.

Similarly to the definitions 2.21 and 2.26 we can define mappings

<>(L§—P,y)—>(L,—A—>P;) and
~i(Ly=T—Po)>(La—>A—P),
and prove
0, = ©2<> and 9’ = 5D2
Iginally, we can compare 8" and 9,’ by recursively defining a suitable abstraction operator a.Py—P;
y
a(poXo)={e},
and, for p=£pg, by
ap)o) = U {f (0yap'Xf ()| <f.p'>ep Afe2-2}U
U (eap)0)| <f-p'>ep A(feS->{f 1)) A f(@)=11},
if {(<fp'>| <fp'>epNMfeZ->ZV(feZ—{ff,it} A f(o)=1t))}7# D, and by
a(p)(o) = {0}, otherwise.

(For a justification of this self-referential definition see remark 1.17.) In a(p)(o) all pairs <k,p’>ep
with keZ—{1t,ff} and k(o)=ff, or ke C X Var, or ke C X(2—Val), are neglected. This corresponds
with the restriction operator of definition 2.29. A second effect of applying « is that it transforms a
(branching) process p € P, into a function a(p)eP;=2—-%,.(4§ ), which yields, when supplied with
an argument o, a set of streams (in a sense the paths of p). In this respect a is similar to the operator
streams of definition 2.29. Applying a has yet another effect. If feZ—Z and <f,p'>ep, then
£ (0)a(p’)f (6))€a(p)(o): the state transformation f is applied to the current state o, and the resulting
state f (o) is concatenated with a(p’)(f(0)), in which f (o), being the new state, is passed through to a
applied to p’, the resumption of f. In this way, the effect of different state transformations occurring
subsequently in p is accumulated. A simple example may illustrate this. Consider

p = DQlvi=Lv:=v+i]
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= {<A0'0,.=1,{<AO"0', . =gw)+ 1, L0 >} > }-
Then
a(p)(o) = {<o,.=1, a({<A"0',.=g)+1, P0> }N0v:=1)>}
= {<0,.=1, 6,:=2, a(po)(0,:=2)>}
= {<0y.=1, 6,:=2>}.

Next, we extend « to a mapping a:(L,—>A—P,)—(L,—>A—P,) by putting for F eL,—>A—Py:

o(F) = F¢
= AsAS-a(F(s)(®)).
We shall prove that
VFeLy—A—-P; [9)(F) = (%' (F)f].
Let FeLg-—aA—J’z, sel,, 8eA, and o2 be such that
{(a,5",8)el"(s)3)lacAsgV(acBExpAlalo = 1)}#2.
Then
®,'(F*)(s)(8)(0)
= | {oFA ")) o)l (b,s".8)el'(s)®) A blo=1}U
U (0,2 F(s")8)(0,:=)} (v:=e,5",8)€I'(s)(8)}
= | {o(@F )O))N0)| (b,s'.&)el'(s))IN[blo=1} U
U {0v:=e'(@(F'(s)@))0,:=0)) | (v:=e,5,8)el'(s)¥)}
= a({ <Ky, F'(s')6")>| (a,5",8)€l'(s)&)})0)
[with k, as above]
= (¥, (F)s)0))o)
= (B (F))*(s)(8)(o).
The case that ®,’(F)(s)(8)(c)={d} goes similarly. This proves
VFeLy—0—P; [9/(F) = (2 (F)’]:
Now it follows that

(D) = 6"
Collecting the results from above, we see:

05> = ()", or

VseL, VoeA [Gls<6>] = a@Is1(3))],
with the obvious corollary, that

vseLs Vyel [60s] = a(D,IsIv)}




37

4, CONCLUSIONS

We have developed a uniform method of comparing different semantic models for imperative con-
current programming languages. We have defined operational and denotational semantic models for
such languages as fixed points of contractions on complete metric spaces, and have related them by
relating their corresponding contractions. Here, we benefit from the metric structure of the underlying
mathematical domains, which ensures the uniqueness of the fixed point of such contractions (Banach’s
theorem). It turns out that once this method has been applied to a certain (simple) language (Lo), it
can be easily generalized for more complex languages (L, and L,). This we consider to be the
strength of this approach. Currently, we are investigating possible extensions of this method to deal
with yet other languages, containing, e.g., program constructs for process creation.

Our investigations are related to the question of full abstraction, which at the same time is a topic for
further research. If L is a language with semantics O and 9, then we call 9 fully abstract with respect
to O if

vseLVteL [s]=9] = YC () PICE)I=0lC @],

where C(-) ranges over the set of contexts for L, that is, the set of statements in L containing one or
more holes. An example would be s;(-), where (-) denotes the hole. Given such a context C() and a
statement s the statement C(s) is obtained by substituting s for all the holes in C(-). The issue of full
abstraction is mostly raised with respect to a model O that is operational, expressing a notion of obser-
vability, and a model 9 that is compositional. Then it follows from a relation between 0 and 9 of the
form 0=ac%) that for all s and treL:

Ms=D:] = VCO) [ICEHI=C O}

(This property is sometimes called: correctness of ® with respect to 0.) Thus, our result of proving
O=ac% partly solves the problem of full abstraction. The reversed arrow is still an issue for further
research.
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6. APPENDIX: MATHEMATICAL DEFINITIONS

DEFINITION A.1 (Metric space)

A metric space is a pair (M,d) with M a non-empty set and d a mapping d:M X M—[0,1] (a metric or
distance) that satisfies the following properties:

(@ VxyeMld(x,y)=0e x=y]

(b) Yx,yeMld(x,y)=d(y,x)]

© VxpzeMd(ay)<d(xz)+d(zy))

We call (M,d) an ultra-metric space if the following stronger version of property (c) is satisfied:

) Vx,y,zeM[d(x,y)<max{d(x,z),d(z,y)}].

Please note that we consider only metric spaces with bounded diameter: the distance between two
points never exceeds 1.

ExamprEs A.1.1
(a) Let A be an arbitrary set. The discrete metric d4 on A is defined as follows. Let x,y €4, then

0 if x=y
dg(x,y) = 1 if x#y.

(b) Let A be an alphabet, and let A® =4~ UA* denote the set of all finite and infinite words over A.
Let, for xeA4®, x(n) denote the prefix of x of length n, in case length(x)=n, and x otherwise.
We put

d(x,p)=2"sw{n|xm=ym)

with the convention that 27 * =0. Then (4 *,d) is a metric space.
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DEFINITION A.2
Let (M,d) be a metric space, let (x;); be a sequence in M.
(a) We say that (x;); is a Cauchy sequence whenever we have:
Ve>0 AINeN Va,m>N [d(x,,x,)<€].
(b) Let xeM. We say that (x;); converges to x and call x the /imit of (x;); whenever we have:
Ye>0 ANeN Vn>N [d(x,x,)<el
Such a sequence we call convergent. Notation: lim;_,,x; =x.
(c) The metric space (M,d) is called complete whenever each Cauchy sequence converges to an ele-
ment of M,

DEFINITION A.3

Let (M,,d,),(M,,d,) be metric spaces.

(a) We say that (M,,d,) and (M,,d,) are isometric if there exists a bijection f:M—M; such that:
Vx,yeM, [dy(f(x),f(y))=d\(x,y)l. We then write M;==M,. When fis not a bijection (but only
an injection), we call it an isometric embedding.

(b) Let f:M;—M, be a function. We call f continuous whenever for each sequence (x;); with limit x
in M, we have that lim;_, f (x;)=f (x).

(¢) Let A=0. With M,—* M, we denote the set of functions f from M, to M, that satisfy the fol-
lowing property:

Wy M, [da(f ()] ()<Adi ()l
Functions f in M,—'M, we call non-distance-increasing (NDI), functions f in M;—*M; with
0<e<1 we call contracting.

PROPOSITION A.4
(a) Let (M,dy),(M,,d;) be metric spaces. For every A=0 and feM, —4 M, we have: f is continuous.
(b) (Banach’s fixed-point theorem)
Let (M,d) be a complete metric space and f:M—>M a contracting function. Then there exists an
x €M such that the following holds:
(1) f(x)=x (x is a fixed point of f),
(2) YyeM [f(y)=y = y =x] (x is unique),
(3) Vxo€M [lm, o f®(xo)=x] where f*+D(xg)=f(f™(x0)) and fO(x0)=xo.

DEFINITION A.5 (Compact subsets)
A subset X of a complete metric space (M,d) is called compact whenever each sequence in X has a
subsequence that converges to an element of X.

DEFINITION A.6

Let (M,d),(M,d,), . . . ,(M,,d,) be metric spaces.

(a) With M;—M, we denote the set of all continuous functions from M, to M;. We define a
metric dp on M{->M, as follows. For every f,f,eM—M,

dr(f1, f2)=supxem, {d2(f1(x),f2(x))}.

For A=0 the set M,—4M, is a subset of M;—M>, and a metric on M,—* M, can be obtained
by taking the restriction of the corresponding dp.

(b) With MU --- UM, we denote the disjoint union of M,,...,M,, which can be defined as
{1}XM U --- U{n}XM,. We define a metric dy on MU --- UM, as follows. For every
x,yeM U --- UM,

di(x,y) i x,ye{j}XM;, 1<j<n
dy(x,y) = {1 otherwise.

(c) We define a metric dp on M; X - - - XM, by the following clause.

&
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For every (x1, ..., %), (1, .. ., yw)EM X -+ - XM,

dP((xl’ . sxn)’(}’l’ R ayn)):maxi{di(xi’_yi)}-

(d) Let P, (M)=%{X|XCMAX is compact and non-empty}. We define a metric dy on 9,.(M),
called the Hausdorff distance, as follows. For every X,Y e%,(M)

dy(X, V) =max(sup; . x (d(x, 1)},5up,.c v {d(, )} },

where d(x,Z)=%/inf,. ;{d(x,z)} for every ZCM, xeM.
In @.,(M)="%{X|X CMAX is compact} we also have the empty set as an element. We define dy
on 9,(M) as above but extended with the following case. If X5~ then

dH(@ ,X):dH(X, Q): 1.
(e) Let ce€f0,00). We define: id.(M,d)=(M,c-d).

PROPOSITION A.7

Let (M, d), (M,,d,), . ..,(My,,d,), dr, dy, dp and dy be as in definition A.6 and suppose that (M,d),
My,dy), ... ,(M,,d,) are complete. We have that

(@) (M >My,dp), (M—~*M,,dp),

(d) (MU -+ UM,,dy),

() (M X --- XM,dp),

(d) (Fn(M),dy), and (F,(M),dy)

are complete metric spaces. If (M,d) and (M;,d;) are all ultra-metric spaces these composed spaces are
again ultra-metric. (Strictly spoken, for the completeness of M1—M, and M,—* M, we do not need the
completeness of M. The same holds for the ultra-metric property.)

The proofs of proposition A.7 (a), (b) and (c) are straightforward. Part (d) is more involved. It can
be proved with the help of the following characterization of the completeness of the Hausdorff metric.

PROPOSITION A.8
Let (3.,(M),dy) be as in definition A.6. Let (X;); be a Cauchy sequence in 9,,(M). We have:

lim;_, o X; = {lim;_, o x;|x; € X;, (x;); a Cauchy sequence in M}.

The proof of proposition A.8 can be found in [Mic] as a generalization of a similar result (for closed
subsets) in [Du] and [En].




