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1. INTRODUCTION
In [S] we proved:

THEOREM 1. Let G = (V,E) be a planar bipartite graph embedded in the plane.
Let I1 and 12 be two of its faces. Then there exist pairwise edge-disjoint
cuts S(Xl), cen ,8(Xt) so that for each two vertices v,w With*vnvebd(ll)
or v,wesbd(Iz), the distance in G from v to w is equal to the number of

cuts &(Xj) separating v and w.

Here B(X) denotes the set of edges e with lenxl = 1. Cut S(X) is said to
separate v and w if v#w and l{v,w}nxl=1. By bd(..) we denote the boundary
of .. . Faces are considered as open regions.

In this paper we derive from Theorem 1 some new results on graphs embedded
on the Klein bottle and on plane multicommodity flows, and some known results

due to Okamura, Okamura and Seymour, and Lins.

2. GRAPHS ON THE KLEIN BOTTLE

Let G = (V,E) be a graph embedded on the Klein bottle. We can represent
the Klein bottle as obtained from the 2-sphere by adding two cross—-caps. A
circuit C in G is called orientation-preserving if after one turn of C the
meaning of 'left' and 'right' is unchanged. It is called orientation-reversing
if after one turn of C the meaning of 'left' and 'right' is exchanged.

Thus a circuit is orientation-preserving if and only if it passes the
cross-caps an even number of times. It is orientation-reversing if and only
if it passes the cross-caps an odd number of times. Hence the orientation-
reversing circuits form a "binary clutter™ in the sense of Seymour [6]: if
C1,C

2,C3 are (the edge-sets of) orientation-reversing circuits, then the

symmetric difference C ACZAC3 contains an orientation-reversing circuit.

1
This implies that the inclusion-wise minimal edge-sets intersecting all
orientation-reversing circuits are exactly the inclusion-wise minimal sets

in
(1) {DQE { IDA C' is odd for each orientation-reversing circuit C}-.

In fact, it follows from our results that the hypergraph of orientation-

reversing circuits, as well as its blocker (1), have the weak MFMC-property

(Seymour [6)).



3. THE MINIMUM LENGTH OF AN ORIENTATION-REVERSING CIRCUIT
We first derive from Theorem 1:

THEOREM 2. Let G = (V,E) be a bipartite graph embedded on the Klein bottle.
Then the minimum length of any orientation-reversing circuit in G is equal
to the maximum number of pairwise disjoint edge sets each intersecting all

orientation-reversing circuits.

PROOF. Clearly, the maximum is not larger than the minimum. To show equality,
we may assume that each face of G is orientable, i.e., contains no cross-cap.
Indeed, if a face contains a cross-cap, we can add a path to G over this
cross-cap, in such a way that the graph remains bipartite and such that the
minimum-length of an orientation-reversing circuit remains unchanged (by
taking the path long enough).

Let C1 be a minimum-length orientation-reversing circuit in G, say with
E We 'cut open' the Klein bottle S along Cl'

a bordered surface S', with a l-sphere Ci as border, so that S arises from S'

length t In this way we obtain

by identifying opposite points on Ci. So S' is a M&bius strip. Let 1i:S'-——3»S

be the identification map. The graph G' := i_ltG] is a graph on S', where

1
Ci = i [bll'

As each face of G is orientable, also each face of G' (in S') is orientable.
Therefore, G' contains an orientation-reversing circuit (in S'). Let C2 be a

minimum-length orientation-reversing circuit in G', say with length t2. We may
assume that c, is edge-disjoint from C, (by adding parallel edges). Next we

'cut open' the Mdbius strip S' along C

1

2

boundary two l-spheres B1 and B2' The Klein bottle S arises from S" by identi-

fying opposite points on B

. We now obtain a cylinder S", with

1 and by identifying opposite points on B2. Let

i':8"—>S be the identification map, and let G" := (i')_1 [G]. So G" is a

planar graph, embeddable in the planeiR% so that two of its faces I, (=

1
unbounded face) and I, have the following properties:

2
(2) (i) the boundary of I1 is a circuit D1 of length 2t1, and the
boundary of 12 is a circuit D2 of length 2t2;
Cey . 2 A . e
(ii) S arises from R \(11012) by identifying pairs of opposite
points on D1 and by identifying pairs of opposite points on D2.
2
We may assume that S" = R \(11UIZ).

Since t1 is the minimum length of an orientation-reversing circuit in G,

Since t,. is the

each pair of opposite vertices on D1 has distance exactly tl' 5



minimum length of an orientation-reversing circuit in G', each pair of

opposite vertices on D, has distance exactly t

2 2°
By Theorem 1, there exist pairwise disjoint cuts é(xl), ooy

8(Xt) so that for each two vertices v and w of G" with V,wesbd(Il) or v,w
Ebd(IZ), the distance in G" from v to w is equal to the number of cuts
5(Xj) separating v and w. We may assume that each 5(Xj) separates at least
one such pair v,w (all other cuts can be deleted).

Each cut 5(xj) intersects any subpath P of D, of length t, at most

1 1
once (as P is intersected by t1 of the 6(ij as P is a shortest paths

between its two end points). So if S(X.) intersects Dl’ it intersects D1

exactly twice, in two opposite edges. Similarly, if é(xj) intersects D2, it

intersects D2 exactly twice, in two opposite edges.
We can classify the B(Xj) into three classes:

(3) (i) those intersecting both D, and D2, say 8(X1), cee g S(XS);

1

(ii) those intersecting D1 but not D2, say é(xs+1),... , 6(Xt1);
(iii) those intersecting D, but not D,, say é(x Yr oeee SO(X).
2 1 t1+1 t
Note that At2 = s+(t—t1), and hence s = t1+t2—t.

First consider S(Xl),...,é(xs). Each such S(Xj) is the set of edges of G"
intersected by two curves Y} and rb, where Pl connects points p' on D, and

1
p" on D,, while r connects points gq' on D, and g" on D in such a way that

1 27
and p" and g" are opposite on D

2 2

p' and q' are opposite on Dl' 5

o

(4)
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The space i‘[é"\(f}ufzi] is orientable, since it arises from (4) by identifying
the two curves of (in the orientation given), and similarly the two curxves g,
which yields a cylinder. Hence i'[rlufaj intersects all orientation-
reversing closed curves on S, and hence i'[é(xjil is a set of edges in G
intersecting all orientation-reversing circuits.

Similarly, each set

(5) i'[S(XS+j) U S‘thﬂ'ﬂ’

for j=1,...,t1—s, intersects all orientation-reversing circuits in G (note

-s) < -s= < . 8 i int ted
t1+(t1 s),_t2+t1 s=t as tl‘ t2) Now (Xs+j) is the set of edges intersecte

by a curve rl connecting two opposite points p' and g' on D1

is the set of edges intersected by a curve Fz connecting two opposite points

P

, while S(X +)
t1+j

and g" on D2:

(6)

Again the space i'[é" \((Huﬂ}f] is orientable, since it arises from (6) by
identifying the two curves & and the two curves @, yielding again a cylinder.
So i’ F}ufgl intersects all orientation-reversing closed curves in S, and
hence (5) intersects all orientation-reversing circuits in G.

Combining,

7) i [dx )] ,...,iv[é(xs)] , i'[8<xs+1>u 8(xt1+1)] ,...,i'[g(th)Vs(thl_s)]

are t1 pairwise edge-disjoint sets of edges of G, each intersecting all

orientation-reversing circuits. []



4. THE MAX~-FLOW MIN-CUT PROPERTY

Theorem 2 implies the following. Let G = (V,E) be a graph embedded on
the Klein bottle. Let

(8)

¥
[

collection of orientation-reversing circuits in G;

o
a
i

collection of edge-sets intersecting each orientation-

reversing circuit in G.

Then the hypergraph (E,b(C)) has the weak MFMC-property, in the sense of
Seymour [6] That is, the vertices of the polytope in JRE determined by:

(9) (i) O0<x(e)< 1 (e€E),
(11) 25 x(e)>1 (Deb®)),
eeD

are {O,l}—vectors. These vectors are exactly the characteristic vectors of
subsets of E containing an orientation-reversing circuit.

This follows from the fact that, for any L:E-—)Z+, the minimum value of

(10) % Lierx(e)

eeE

over (9) is achieved by an integer vector x. To see this, we may assume that
e(e) is even for each e €E. Now replace each edge e of G by a path of length
{(e) (contracting e if £(e)=0). We obtain a bipartite graph G'. Let C' be a
minimum-length orientation-reversing circuit in G'. By Theorem 2 there exist

pairwise disjoint sets of edges Di,...,D' in G' each intersecting all orient-

t
ation-reversing circuits in G', so that t is equal to the number of edges in

Cc'. Let C,D .,D! to G. Then

..,Dt be the ‘projections' of C',D! t

17" 10

(11) DY L(e)xc(e),
ecE

where XC denotes the characteristic vector ofCC. Since Dl’ . .,Dt give a dual
solution to (9) of value t, it follows that X is an optimum solution.

By Lehman's theorem fl] the weak MFMC-property is maintained under taking
blocking hypergraphs. So also C has the weak MFMC-property. That is, the
vertices of the polytope in ]RE determined by:

(12) (i) O0<g<x(e)gl (e €E),

(ii) 2 x(e) =1 (cel),
eeC
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are {O,l}-vectors. These vectors are exactly the characteristic vectors of
sets in b(C). In the following section we show that a stronger property

holds.
5. PACKING ORIENTATION-REVERSING CIRCUITS

We derive from the previous results:
THEOREM 3. Let G = (V,E) be an eulerian graph embedded on the Klein bottle.
Then the maximum number of pairwise edge-disjoint orientation-reversing
circuits is equal to the minimum number or edges intersecting all orientation-

reversing circuits.

PROOF. Clearly, the maximum is not more than the minimum. Suppose equality

does not hold, and let G form a counterexample with
(13) D, pdea(

as small as possible (where deg(v) denotes the degree of v). Let D be a set

of edges intersecting all orientation-reversing circuits in G, of minimum

size t = lDl. Since t is equal to the minimui value of
(14) 2: x(e)
e €k

over (12) (as (12) is the convex hull of the characteristic vectors of edge-sets
intersecting all orientation-reversing circuits), there exist, by linear
programming duality, orientation-reversing circuits Cl""’c (pairwise different)

and reals Al,...,kk:>0, so that:

k
(15) D) A =

k

i=1
k C

(i1) 2, A, 7{ (e) ¢ (e€E).
i=1

in fact, what we must show is that each Ai can be taken to be 1.

Consider a vertex v of G, and the edges e incident to v, in

177 "%2q
cyclic order:

(1e)




Thus e and e are 'opposite', and similarly e, and e e, and e

d+1 2 a+2’ 73 a+3’
PP and eq" We show that for each circuit Ci and each j=1,...,d:
(17) Ci passes ej <::§ Ci passes ed+j'

Having shown this for each vertex v, each j and each Ci, it follows that the

Cl""’Ck are pairwise edge-disjoint. Since k2t (as Ais’l for all i), this

proves the theorem.
Suppose (17) does not hold for some v,i,j. Without loss of generality,

i=1, j=1, and C, passes e and e for some m with 2<m <d. Now replace (16)

1
by:

(17)

where there are d-2 parallel edges connecting the new vertices v' and v". Let
G' be the new graph obtained. So G arises from G' by contracting the parallel
edges connecting v' and v'". (If d=2, we identify v' and v".) Graph G' is
eulerian again, with sum (13) smaller than for G. So by the minimality hypo-
thesis, the theorem to be proved holds for G'.

Let D' be a minimum-sized set of edges in G' intersecting all orientation-
reversing circuits in G'. Let t' := ID'l. If t'2>t, G' would contain t pairwise
edge-disjoint orientation-reversing circuits. After identifying v' and v", this
gives t pairwise edge-disjoint orientation-reversing circuits in G, contra-
dicting our assumption. So t'<« t.

We show t'g t-2. Let D be the set of edges in G' corresponding to D. By
the minimality of D, D intersects each orientation-reversing circuit in G an
odd number of times, and each orientation-preserving circuit in G an even
number of times. Hence also D intersects each orientation-reversing circuit in
G' an odd number of times, and each orientation-preserving circuit in G' an
even number of times. By the minimality of D', also D' has odd intersection
with each orientation-reversing circuit, and even intersection with each orient-
ation-preserving circuit in G'. This implies that the symmetric difference
DaD' has even intersection with each circuit in G'. So DaD' is a cut in G',
and hence, as G' is eulerian, \BAD" is even. That is, IBJ = ‘D', (mod 2).

Therefore, as t'< t, we know t'< t-2.



Let 1 denote the set of parallel edges in G' connecting v' and v'. We
show that TeD'. if not, T # ¢, and hence d2 3. Let e e [IvDf . Then DNT
interscots all orientation-reversing civeuits in G, and hence (after con-
tracting the edages in ) alco all orientatios-roversing cireuits in G. How-
evarT, ‘D'¥ﬂw €-QD"< 'Dl, contradicting the winimality of D

Lot

(18) b = T ufe e f

Since \T” = d-2, we know ID")S’t'+2$Tt. Let D" te the set of edges in G

corrvesponding to D". Then D" intersccts all oricentation-reversing circuits
in ¢ (since ecach orientation-reversing circuit in G intersects {81'“"'ed}
or comes from an orientation-reversing circuit in G' not intersecting 1) .
L
So D" =t. Hencef{D attains the minimum of (14) over (12). So by complement-

ary slackness, \b"f\cl‘:l. This contralicts the fact that o —:léiyﬁh Cl. LJ
f

S
L
Theorem 3 generaltives a theorem of Lins L;}, which in fact is Theorem

3 with reupect to the projective plane instead of the Klein botrtle. If G
is a graph embedded on the projective plane, we can insert a cross-cap in

one of the faces

of G. This transforms the projective plane to a Klein
bottle. As the meaning of 'orientation-reversing' is not changed by this
insertion (fur the circults in G), it reduces Lins' theorem to Thecrem 3.
Theorem 3 cannot be extended to compact surfaces with more than two
cross-caps, as we can embed KS on such a surface in such a way that the
orientation-reversing circuits are exactly the odd-sized circuits. Then the
maximum number of pairwisce edge-disjoint orientation-reversing circuits is
equal to 2, while not less than 4 edges are necessary to intersect all

oricntation-reversing circuits.
4. PLANE MULTICOMMODITY FLOWS

From Theorem 3 we derive a new result on the existence of pairwise

edge-disjoint paths in a planar graph. Let G = (V,E) be a graph, and let

*rl""'rk'gl""'sk be vertices of G. We consider the following two con-—

ditions:

(19) (parity condition): for each vertex v of G:
deg(v) + l{iéﬁlr--~vk‘| Ii:VE! + l{ie{l,.,.,k}‘si:v}' is even;
{(cut condition): for each ¥ V:©

\b(x)ib nunber of pairs r..s; separated by S(X).



THEOREM 4. Let G = (V,E) be a planar graph embedded in the plane Ié% Let
rl""’rk’sl""'sk be vertices of G satisfying the parity condition. Let

rl,...,rk be incident to the unbounded face 1, in clockwise order. Let

1

sl""'sk be incident to some other face 12 in anti-clockwise order. Then

there exist pairwise edge-disjoint paths Pl""'P where Pi connects ri and

k
s, (i=l,...,k), if and only if the cut condition is satisfied.

i
PROOF. Since the cut condition trivially is a necessary condition, we only

show sufficiency. Let the cut condition be satisfied. We can extend R?\(Ilu12)

to the Klein bottle, by adding a cylinder between the boundaries of 11 and 12.
We can extend G to a graph G' on the Klein bottle by adding edges el,...,ek
over this cylinder, so that e, connects ri and Si (i=1,...,k). Then a circuit
in G' is orientation-reversing if and only if it contains an odd number of

edges from SRR So it suffices to show that G' contains k pairwise

X
edge-disjoint orientation-reversing circuits.

By the parity condition, G' is eulerian. So we can aPply Theorem 3.
Hence it suffices to show that each set D of edges of G' intersecting all
orientation-reversing circuit has size at least k. We may assume that D is
a minimal set of edges in G' intersecting all orientation-reversing circuits

in G'. Hence |DnC| is even for each circuit in G. Therefore, DaE is a cut

S(X) in G. Now we have for each i=1,...,k:
. . ,ED.

(20) B(X) does not separate r, and sl:§> ele
Indeed, if 5(X) does not separate r, and S, then there exists a path P in
G connecting r, and Si and containing an even number of edges in D. Now
as P\J(eil is an orientation-reversing circuit, it intersects D an odd number
of times, and hence eie D.

Assertion (20) implies that !Dl\{el,...,ek}‘ is not less than the number

of pairs r.es, not separated by S(X). Hence

(21) ‘D] = |DaE| + IDn{el,...,ek}l';'\8(X)(+ number of pairs r;,s; not
separated by § (%) 2 k,

by the cut condition. i]
5. A THEOREM OF OKAMURA

One can also derive a theorem of Okamura [3]:
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THEOREM 5. Let G = (V,E) be a planar graph embedded in the plane:R? Let

I1 and 12 be two of its faces, and let rl,...,rk,sl,.?.,sk be vertices
satisfying the parity condition, so that for each i=1,.,.,k: ri,sie:bd(Il)

or ri’sié‘bd(I?)' Then there exist pairwise edge-disjoint paths Pl""'Pk
where Pi connects ri and ;l(i=1,...,k), if and only if the cut condition

is satisfied.

PROOF. Again, it suffices to show suffieciency. Without loss of generality,
11 is the unbounded face, and rl""’rt’sl”"”ﬂ;ebd(ll) and rt+1,...,rk,

St+1""'ské bd(I2). By an argument due to $S. Lins, we

may assume that rl,...,rt,sl,...,st occur in cyclic order around Il' To

see this, first note that we may assume that the vertices rl,...,rk,sl,...,
s, are distinct and have degree 1 (as we can add a new vertex of degree 1
to any r, or s, and replace this r, or S by the new vertex). Call two
pairs ri,si and rj'sj on bd(Il) crossing if 1 # j and ri,rj,s_,s_ occuxr

in this cyclic order around the boundary of Il’ clockwise or anti-clock-
wise. Suppose not all pairs of pairs ri,si are crossing. Then there exist

i ,j so that ri ,si and rj,sj are non-crossing and so that there is no

pair r, 1S, on that part of the boundary of I, that connects r, and r, and

1

that does not pass si and sj. Now we can add in I1 three new vertices

,w,ri and r% and four new edges as follows:

b

rl
3 i

(22) w

r, r,
1 J

Replacing r, and rj by ri and r% does not violate the cut condition. More-
over, any pair of edge-disjoint paths Pi,Pé in the extended graph, where
Pi connects ri and s, and Pé connects ré and s,, contains edge-disjoint

paths Pi and Pj, where Pi connects r. and si and P, connects r, and sj.
Repeating this construction, we end up with rl,...,rt,sl,...,st occurring

cyclically around I1 (possibly after reordering indices and exchanging r,

and Si)‘ Similarly, we can assume that r occur cyclically

t+1,..,,rk,st+1,...,sk
around 12.

2
Now we can extend R \(Ilulz) to the Klein bottle, by adding cross-caps

along the boundaries of Ilgand 12. We can extend G to a graph G' on the

Klein bottle by adding edges € rev. 8 OVer the cross—~caps, so that e, con-

k
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nects r, and sy (i=1,...,k). Then a circuit in G' is orientation-reversing

if and only if it contains an odd number of edges from e +es7€ . The re-

1 k
mainder of the proof is exactly the same to that of Theorem 4. []

Okamura's theorem has as special case the theorem of Okamura and

Seymour [4], where rl,...,r 'S .,s,_ are all on the boundary of one

k71’ k

face.
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