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1. INTRODUCTION

The semantics of a uniform programming language £ is studied, containing the following con-
~ structs: atomic actions, which are left uninterpreted and which can be either internal or communica-
tions; sequential composition, global nondeterminism and parallel composition; and recursion,
modeled via the simultaneous declaration of statement variables. In the context of complete metric
spaces, which is the mathematical framework we adopt, this language (and others similar to it) is
treated in [BKMOZ86] and [BMOZ88]. There, an operational semantics 0 and a denotational seman-
tics @ for £ are presented together with a proof of the correctness of % with respect to 0. In [KR88],
this proof is simplified: For the denotational semantics an alternative formulation is given, based on
the same transition relation which was used for the definition of 6. Then the correctness is proved by
showing that both this alternative denotational semantics and O are a fixed point of the same contrac-
tion, which by Banach’s theorem has a unique fixed point.

In this paper, we shall introduce, again in a metric setting, two other semantics for £, which essen-
tially are the well known readiness semantics (JOH86]) and failure semantics (JBHR84]). For both
models, two alternative definitions will be given: an operational one, which is based on a transition
relation for £, and a compositional one, using explicit semantic operators. These differently defined
models are shown to be equivalent along the lines of [KR88]. Then the readiness and failure seman-
tics are related to © and 9: they are less distinctive than 9) is but are (still) correct with respect to 0.
The importance of the failure model lies in the fact that it is filly abstract with respect to 0, that is, it
makes just enough distinctions in order to be correct (and thus compositional) with respect to ©. This
fact is proved along the lines of the proof of a similar statement in [BKO87].

2. A SIMPLE LANGUAGE

For the definition of £ we introduce a (possibly infinite) set of elementary actions (a,be)A.
(Throughout this paper, the notation (x,y €)X is used for the introduction of a set X ranged over by
typical elements x and y.) We assume that 4 is partioned into A =IUC, where (c€)C is the set of
communication actions and I (disjoint from C) is the set of internal actions. Similarly to CCS
([Mil80]) and CSP ([Ho85]), we assume given a bijection : C—C, which satisfies o =idc. It yields,
for every ceC, a matching communication ¢. In I, we have a special element + denoting successful
communication. Further, let (x €)Stmv be the set of statement variables.

DEerINITION 2.1 (Syntax for £): The set of statements (5,2 €)E is defined by

s::= a|sy382) 51 +82] 51lls2) X

A statement is of one of five forms: an elementary action @ €4, which is either internal (a€l) or a
communication action (a€C); the sequential composition of statements s, and s,; the nondeter-
ministic choice s, +53, also called global nondeterminism; the parallel composition s, lls3, which will
be modeled by the arbitrary interleaving (or shuffle) of the elementary actions of s, and s,; and
finally a statement variable x, which will be bound to a statement with the use of so-called:

DermNiTION 2.2 (Declarations): The set of declarations (8€)A is given by
0 = <x1€g1, .- XnEsg >,

with n=0, x; €Stmy, and g; 8, the set of guarded statements which is defined below. We require all
variables x; to be different. We shall sometimes write x<=s €4 if there exists an ie{l, ... ,n} with
x;=x and §;=s.

DEFINITION 2.3 (Guarded statements): The set (g€)28 of guarded statements is given by




g:: =a|g; s|g1+g21gllg2s
where sf.

It will be useful to have the languages £ and £2 contain a special element E, called the empty state-
ment. We shall still write £ and £8 for U{E} and £2U{E}. Note that syntactic constructs like s;E
or Ells are not in £ or £5.

A statement g is guarded if all occurrences of statement variables x in g are preceded by some
guarded statement g’, which by definition has to start with an elementary action. This requirement
corresponds to the usual Greibach condition in formal language theory.

In F, recursion is modeled via the simultaneous declaration of statemcnt variables rather than using

the p-formalism, which allows nested constructs like: px[a;py[x;b+ c;y]]. This limitation is not
essential for what follows and entails a considerably more concise semantic treatment of the language
e‘ .

In the next section, we shall define a number of operational semantic models for £ which all are
based on the same transition relation for £, which we introduce next.

DErFINITION 2.4 (Transition relation for £)
For every declaration §€A we define a transition relation:
—8— C EXAXE
For (s, a, s"ye —8— we shall write
s—§s,
Now let —6— be given as the smallest relation satisfying
(1) a—§->E
@) ifs—§—> 5| E,
then: s;5—§—> 5';5|5
st+5—§—>s'| E
Sts—§—>s'|E
siis—§— s'ls| 5
sls—§—5lls’|5
x—§-> 5| E, if xe=s€d
@) ifs—§— s'| E and t—§— 7/,
then sllt—§— s'll¢’| ¢'.

(Here one should read “if s—s;|s, then t—t;|t;” as: “if s—s; then t—¢;” and “if s—s, then
t—t,”.) We shall drop the 8 labels on the arrows whenever they do not play a role or it is clear from
the context which declaration is meant.

This transition relation gives a first operational interpretation of £ Intuitively, s —§—>s’ tells us
that s can do the elementary action a as a first step, resulting in the statement s’. In general, we are
interested in (possibly infinite) sequences of transitions. We give a few examples:

x —§—=x —§—> ---, with x<a;x €8

cic —§>¢—§>E




cllc —}— E.
We introduce an abbreviation which will be of use in many definitions.

DEFINITION 2.5 (Initial steps): For sef and €A we define:
Init(s)8) = {a: Is’eL[s —§— 5']}.

3. FOUR OPERATIONAL MODELS

In this section, we introduce four different semantic models for £ They are called operational
because their definitions are based on the transition relation given in definition 2.4. The models vary
from a semantics © which yields sets of streams (or tfraces) as meanings, containing no branching
structure at all, via the familiar ready and failure semantics, to a semantics Op, which yields tree-like,
completely branching structures. (In subsection 3.5, we have collected some examples illustrating the
different semantic models.)

3.1 Linear Semantics
We start with the definition of a semantic function © which is called linear, because it yields sets of
non-branching streams as the meaning of a statement:

DEerFINITION 3.1. (0)
Let (p,qg€)P=H(IF), the set of subsets of I3°; here, the set (we)I{°® is defined as
I =I®°Url*9

(with I® =]°UI"), containing all finite and infinite words (or streams) over the alphabet I as well as
the set of finite words over I ending in 9, which is a special symbol not in A that denotes deadlock.
We define a semantic function

0:>A- P
as follows. Let sef and §eA. We put
we Ois1(®)
if and only if one of the following conditions is satisfied:
(1) thereexistay,...,q,infandsy,...,s, in £ such that
wW=ay - "aNAs—5-o85 - —§>5,=E
(2) thereexistay,...,a,infands,,...,s, in £, with s,54E, such that
W=a; - aOAs —§>8 - —§-> 5, A Init(s,¥8)CC

(3) there exist an infinite sequence a;, g3, . . . in I and an infinite sequence sy, 53, . . . in £ such that

wW=aa; - ASs—§5->5 —§5—> -

A word we0[s}(8) can be an element of I*, indicating a finite, normally terminating computation
starting in s; secondly, if wel*-{9} it indicates that the computation first preforms the actions in w
and next reaches a point (indicated by the statement s,,) from which only single-sided communication
actions are possible: this is a situation of deadlock and thus w is followed by 9; finally, w can be in
I, reflecting an infinite computation of s.

We can make P into a complete metric space by defining a suitable distance function on it. This
will enable us to give a fixed point characterization of 0, which will be of use when relating © to other




semantic models.

DEFINITION 3.2 (Semantic domain Py)
We supply the set I§® with the usual metric dz, which is given by:

0 if w1 =wz
dr(wy,wa) = 27" otherwise ,
where n=max{k:w;[k]=w,[k]} (with wk] denoting the prefix of w of length k). Next we put

(p.q€) Pr = FuaI¥’),

the set of all non-empty and closed subsets of I, which we supply with the Hausdorfl metric
dp, =(dp)a, induced by d, (see definition A.6(d)). Since (If,dy) is a complete metric space, so is
(Pr,dp,). Sometimes we will use 4, to denote the set I3

(In this semantic domain we use the power set of closed subsets. For some technical reason, we
shall sometimes use compact subsets (which are also closed).)

DEFINITION 3.3 (Alternative definition of 0)
Let ®: (P>A—Pr)— (E>A—P;) be defined as follows. Let FEf—->A—Pp,sef, and deA. We set:

@, (FXEXS)={e}; if s~E we put
(@) i Iir)®CC
OLEYS)O) = 1\ (a-FE)8): s—8— &' A acl} otherwise.

We define:
OL = Fixed Pomt(<I>L)

It is straightforward to prove that @, (F)(s)(8) is a closed set and that @, is contracting.
Next, we show that O equals O:

TuroreM 34 0, = 0

Proo¥: Since ®; is a contraction and since contractions have unique fixed points, the result is
immediate from the observation that also O is a fixed point of ®;, which is proved by the following
argument. Let sef and eA. From the fact that there are only a finite number of transitions possi-
ble from an arbitrary statement it follows that O[s}(8) is compact and hence closed: It is straightfor-
ward to show that in Ofs}(8) every sequence has a converging subsequence. Thus O is an element of
the domain of @, that is: O £>A—P;. Now let welf. For w=e and w=0 we have: we OLs1(5)
ewe O, (OXs)d). Otherwise:
wells}(6) < [definition O]
daeclds’'elIaw’ eld
[s—§— s’ A w=aw A wells'10)]
<« [definition @, ]

we®,(O)(s)X0).

Thus 0=®.(0).

The definition of Oy, as a fixed point of @, required the addition of some (metric) structure to the
set 9(I%). For this we are rewarded with a concise definition on the one hand and an easy tool for

&




comparing 0y to other models, Banach’s theorem, that is, on the other.

3.2. Branching semantics
We follow [BKMOZ86] in introducing a branching time semantics for £ First we have to define a
suitable semantic universe. It is obtained as a solution of the following domain equation:

P={po} U%.,(4 XP). *)

Such a solution we call a domain, and its elements are called processes. We can read the equation as
follows: a process p€P is either py, the so-called nil process indicating termination, or it is a (com-
pact) set X of pairs <a,q >, where a is the first action taken and q is the resumption, describing the
rest of p’s actions. If X is the empty set, it indicates deadlock (as does 9 in the operational semantics).
For reasons of cardinality, (*) has no solution when we take all subsets, rather than all compact sub-
sets of A XP. Moreover, we should be more precise about the metrics involved. We should have
written (*) like this:

DEeFINITION 3.5 (Semantic universe Pp)
Let (Pg,dp) be a complete metric space satisfying the following reflexive domain equation:

P={po}U%.,(4 Xidy(P)),

where, for any positive real number ¢, id, maps a metric space (M,d) onto (M,d’) with
d'(x,y)=c'd(x,y), and U denotes the disjoint union. (For a formal definition of the metric on P we
refer the reader to the appendix (definition A.6).) Typical elements of Py are p and 4.

We shall not go into the details of solving this equation. In [BZ82] it was first described how to
solve this type of equations in a metric setting. In [AR88] this approach is reformulated and extended
in a category-theoretic setting.

Examples of processes are

P1 = {<a, {<by,po>>, <b,po>}>}
P2 = {<a, {<b1,po>}>, <a, {<by,pe>}>).

Using this process domain Py, we introduce a second semantic model for L.

DerFINITION 3.6 (63)
Let @5: (B>A—Pp)—>(L—>A—>Pp) be defined as follows. Let FeL—-A—Pp, scf, and 8eA. If s=E
we put @p(F)(sX8)=po. Otherwise:

O (FY(s)0) = {<a, F(s'Y8)>:s—§— s'}.
Now we put:
0p = Fixed Point (®p).

In defining Op, we follow [KR88], where (a variant of) O3 was used as an intermediate model
between an operational and a denotational semantics.

Note that Op does not signal deadlock explicitly, whereas O, does by using 3. However, the infor-
mation about possible deadlocks is present in O5[5s](8), because it gives the complete branching struc-
ture of all possible transition sequences starting in s. In subsection 3.5, it shown how to abstract from
this branching structure and to translate it into an explicit representation of deadlock by the applica-
tion of some abstraction operator.

Further, we observe that Op is much more distinctive than O is, precisely because of the preserva-
tion of branching information. This is easily illustrated: We have, for a, by, b, I




OLla;(b1+b2)1 = 6.M(a;b1)+(a;62)] = {ab, ab,},

as opposed to
Opla;(d) +b2)1 = p1 5~ p2 = Opl(a;b1)+(a;b2)h,
with p; and p; as defined above.

We finish this subsection with a reference to [BK87], where a comparison is made between Py and
models based on process graphs.

3.3. Readiness semantics ‘ ‘

Next, we introduce a semantics Og which is based on the notion of ready sets, introduced in
[OHS86]. It is intermediate between Oy and Op in the sense that it makes more distinctions than
and less distinctions than Op makes. Moreover, unlike O it does not yield only streams but contains
already some branching information (but less than is present in Op): Instead of using a single symbol
to denote all possible deadlock situations, in O this information is refined by yielding in case of
deadlock the set of all single-sided communication actions that could have been taken next (if only a
matching communication partner for one of these were to be offered in parallel).

The formal definition of Ox can be given similarly to definition 3.1, using sequences of transitions.
We leave such a formulation to the enthusiastic reader and continue with a fixed point definition in
the style of definitions 3.3 and 3.6. First, we introduce a complete metric space of ready sets:

DEeFINITION 3.7 (Ready domain Pg): Let (w€)4g be given by
Ap = AR UA™-9(C)
= A*UA®UA*-9(C).

Elements of A% are indicated by w. Elements of 4*- 9(C) will be denoted by (w,X) (rather than
w-X) and are called ready pairs. The set Ay is supplied with the usual metric dgr (see definition 3.2),
in the definition of which 9(C), the set of all subsets of C, is regarded as an alphabet. Next we define

(P’qe) PR = @nco(AR)a
the set of non-empty compact subsets of Ar, which we supply with dp_ =(dg)g, the Hausdorfl metric
induced by dg. We have that (Pg,dp,) is a complete metric space. The elements of Py are called

ready sets.

DerFiniTION 3.8 (Oz)
We define a mapping ®g:(E>A—Pgr)->(E—-A—>Pg). Let FeRL—-A—Pg, sk, and 6eA. We put
Br(FYEXS)={e}. Otherwise:

OR(FY(sXO) = U {aFE')0): s—§— s} U {(e, Init(s)d)): Init(s)0)CC}.
(Here a-V is defined by a-V = {a-w: weV} U {(a-w,X):(w,X)eV}.) Now we set
Or = Fixed Point (®z).

We observe that Ox[s}(8) contains streams which are words over A rather than over I only. In
other words, single-sided communication actions are visible. Further, as is indicated above, deadlock
information in Oxfs](8) is represented by ready pairs (w,X), which are interpreted as follows: After
performing the actions in w, the computation has reached a point from which it can only perform
communication actions; these are listed in X,
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3.4. Failure semantics

The fourth model we introduce for £ is a semantics Or which is based on failure sets, as introduced
in [BHR84]. It is, like Op, more distinctive than O, but less than O is. Instead of ready pairs the
function O yields failure pairs (w,X), which are again elements of 4”- $(C), but now have a different
interpretation: The set X is called a refusal set and contains those communication actions (but not
necessarily all) that are to be refused, even if a matching communication would be offered in parallel.
The complete metric space of failure sets is given in:

DermITION 3.9 (Failure domain Pr)
Let (r€)Ar=Ag, which was given in definition 3.7. As a metric on 4y we take drp=dg. We set:
(p-q€) Pr = {V: VCApA V is closed in (4p,dp)A V is downward closed },
where
V is downward closed
VweAd* VX, X' eHC) [w,X)eV A X'CX = w,X)eV]
The pair (Pr,dp,) (With dp, =(dr)g) is a complete metric space. Elements of P are called failure sets.
DeFINTTION 3.10 (OF)
Let ®f: (E—>A—Pr)—>(E->A—PF) be given as follows. Let GeL—>A—Pp, s€f, and deA. We put
D (GXEXS)={e). If s5~E, then:
B(GYs)B) = U {a-FE'X8): s—§— s’}
U {(6X): XCC—Init(s}d) A Init(s}8)CC}.
(Here — indicates the set-theoretic difference.) We define:
Or = Fixed Point(®F).

The fact that Op is Jess distinctive than O is caused by the taking of the downward closure of
C —Init(s)8) in the definition of O above. In a moment (in subsection 3.5) we shall see some exam-
ples illustrating the difference between O and Og.

A model isomorphic to O could be obtained in term of ready sets only by taking the upward clo-
sure, which could be defined similarly to the downward closure, of the ready sets in Or[s§(9).
Nevertheless, the separate notion of refusal sets has been introduced, because taking the downward
closure of a refusal set can be nicely explained in intuitive terms: If, at a certain moment in a compu-
tation, a set of communications may be refused, then every subset of that set may be refused as well.

3.5. Some examples
Consider the following statements in £ (with a,bel, ¢y,¢, €C):

s1 = asbi(cr+e2)

s3 = (asb;cq) + (a;b3(c1+¢2)) + (a3hic)
s3 = (a3b;cr) + (ash;cr)

54 = a;((b;c1) + (bicz))

We list the meaning of these statements according to the different semantic functions. (We omit the &
arguments because these do not matter here, a convention we shall use whenever we see the opportun-
ity for doing so without causing confusion.)




¢y
O.ls11 = {abd}
Ofls1] = {abcy, abecy} U {(ab, X): XCC—{cic;3}}
Orlls1] = {abc,, abcy, (ab, {c1,c2 )}
Opls11 = {<a, {<b, {<cy,po>, <c2,p0>}>}>}
¢)]
OLls,1 = 6,611
Ofls,] = {abc1,abcy} U {ab, X): XCC—{c1}} U {(ab, X): XCC—{c;}}
621 = {abes, abey, (@b, {¢1}), (@b, {e2}), (@b, {c1, 1))
Osls2] = {<a, {<b, {<c1,po>}>)>,
<a, {<b, {<c1,po>, <c2,p0>}>}>,
<a, {<b, {<c3,pe>}>}>}
3
O.ls3] = OLls2] = 6.ls4]
Orlss] = Opls,}
Orlls3] = {abc,, abcy, (ab, {c1}), (ab,{c2})}
O3lls3] = {<a, {<b, {<e1,po>}>}>, <a, {<b, {<cz,pe>}>}>})
@

Olsad = Orlssd = O.ls,] = O.lsi]

Orlsal = Olssl = Ofls,]

Orls4] = Oglssl

Osls4] = {<a, {<b, {<c1,po>}>, <b, {<c2,p0>}>}>})
We see that from Oy, to Op the semantics get more distinctive.
3.6. Relating the different operational models

We can compare our four operational semantics via some abstraction operators which connect their
respective domains:

DerINITION 3.11 (Abstraction operators): We define three mappings
ap ag ar
P, B — P R —> P f i d P L

as follows:
(1) ag: Pp—Pg: We put ar(po)= {€}, and ar(9) = {(¢, @)}. Otherwise:

ar(p) = U {a(ar(p")): <a,p’>ep} U {(¢,{c: Ip’ePp [<c,p’>ep]}): pCCXPp}

(2) ap: Pr—Pr:

ar(p) = (w: wep) U {(n,¥): IXe9(C) [YCSC—X A (w,X)ep])
(3) arp: Pr—Py:




10

ar(p) = {w: wepNI®} U {w-d: wel' A 3XeH(C) [(w,X)ep]}-

The definition of the first operator, ag, is self-referential since ar(p”) occurs in the definition of
ag(p). It can, however, be correctly defined as the fixed point of the following contraction:

8: (PB“‘)I PR)—>(PB-—>1PR)

(where Pg—! Py is the set of non-expansive (see definition A.3(c)) functions from P to Pg), which is
given by:

) = Ula(fp"): <ap’>ep} U {(& {c: Ip’ePp[<c,p’>€p]}): p CCXPg},

for fePg—'Pg and pePy. We observe (without proof) that 6(f)(p) is a compact set and that § is
indeed contracting. Now we can take ag =Fixed Point(f).

The mapping ag yields, for a given process p€Pp, all its paths (or streams), and translates the
deadlock information which p contains into ready pairs: if p C C X Pp, that is, if p contains only pairs
with a communication action as the first component, then we have a deadlock situation since, accord-
ing to our operational intuition, no single-sided communications are allowed. Therefore, ag delivers
in that case the ready pair (¢,{c: Ip’ePp [<c,p'>e€p]}).

The operator ay translates ready pairs (w,X) into the downward closure of a corresponding failure
pair (w,C —X):

ap({(w, X)) = {w, Y): YCC—X)}.

Finally, the mapping «;, distracts from a failure set p € Py those streams that contain only internal
actions, and maps failure pairs (w,X) (with wel*) onto words w-0: The deadlock information
represented by the set X is replaced by the symbol 3.

With these mappings we can easily formulate the precise relationship between our operational
models:

THEOREM 3.12
The following rectangle commutes, which is indicated by the symbol * :
®
L->A—Pp — B-A—-Pp
agl *1 Jar
®:
L-A—>Pgr — £->A->Pp
arl *2 Jar
L
AP F — £>A-P, F
aL *3 leg

[
E—»A—-P;, — £-A-P;

(where the operators a are extended to sets of functions in the obvious way; for instance,
ag: (B->A—Pp)—>(E—>A—>Pp)

is defined by
ar(F) = AseRAS el ar(F(s)98))).

ProoF: We only show *;, the other cases being similar. We prove, for all Fef—>A—Pg, sef, and
deh:




11

ar(Pp(F)s)B)) = Pr(ar(F))s)E).
For s£E we have:
Br(ar(P))s)O0) = U {a(ar(F)sXB): s—§— s’} U {(e, Init(s)): Init(s)CC}
= ag({<a, F(s'X0)>: s —§—s'})
= ag(Pp(F)(s)(©)).

4. THREE COMPOSITIONAL MODELS
We proceed with the introduction of three semantic models in a compositional way:

DEerFINITION 4.1 (Compositionality)
Let 9M:£—>S be an arbitrary model for £ with S an arbitrary set. We call 9 compositional (with
respect to ) if there exist operators ;*, +%, and |™: § X S-S such that

Vs,t €L [Ms op 1) = M(s) ap™ ML)},

forop=;, +, |l

In section 6, a relation between compositionality and the notion of a congruence relation is given
(theorem 6.3). The models to be defined in this section, which will be called Cp, Cr and Cp, turn out
to be equal to Op, O, and Op, respectively, as will be proved in the next section. Therefore, their

definitions can be seen as alternative characterizations of the operational models. We do not give a
compositional version of O, since this is impossible (see the remark following theorem 6.4).

* DerinNtTION 4.2 (Cp, CR, CF)
Let A be a label ranging over the set {B, R, F}. We define three compositional models for £ as fol-
lows. Let dcA. Then:

(1) GLEN®) = po
CRIEN®) = GAEIO®) = (¢}

@ Clal®) = {<a,po>}
{a} ifael
Clad® = (4 (¢, (a})} if acC
{a} ifaecl
Crlal®) = {a} U {(X): XCC—(a}} ifaeC

3) Glsop110) = Gls1G) p*GlrAO)
with op ranging over the set {;, +, [I} and the operator op as given in definition 4.4 below.
@) GIx1®) = Glgl@®), for xegebd.

The above definitions need some justification, since ¢, cannot be defined by a simple induction on
the syatactic complexity of statements, as is apparent from clause (4) above. We give a formally
correct definition of Cp; the definitions of Cr and Cr can be treated similarly. (The occupied or
impatient reader may wish to skip this part and continue with definition 4.4; it is not crucial for the
understanding of the rest of the paper.) :
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We give Cp as the unique fixed point of a contraction
¥5; @>0-Ps)>(E>0-Pp),

which is defined as follows. Let Fef—>A—Pp. We define ¥3(F) in two stages: first for all gefLf and
next for arbitrary s in £ (O £8). We follow the inductive structure of ££; let €A, then:

YR(FXEX®) = po

Yp(FXa)®) = {<a, po>}

Yp(F)g;s)@) = ¥a(F)g)0);® F(s)®)
Y3(F)g1+82)0) = ¥a(F)g1)@)+? ¥p(F)g2)0)
¥p(F)g1llg2)) = ¥p(FYg1 )OI ¥a(F)g2)0).

Next, we extend this definition to £ following the inductive structure of £ We formulate the only
new case: We have to add a clause for statement variables. Suppose x<=ge$. Then:

Yp(FYx)0) = ¥p(F)XgXd).

This is well defined, since gef8 and ¥5(F) is already defined on £8. Now we can take G as the
fixed point of ¥ as soon as we shall have verified that ¥ is a contraction:

THEOREM 4.3: Y3 is a contraction on £—>A— Py

ProoF: We prove that ¥ is contracting by showing, for all Fy, F, ef->A—Pp, seA, that:
1
dp, (¥p(F1)(s)8), ¥p(F2)(sX9)) < 3de,a-p,(F1, Fa2). *)

Let F; and F; be in £->A—Pp. The proof falls apart into two parts: first ge£# is treated, next s €f.
For £8 we only consider the most interesting case: suppose g8 —{E}, sef and 8€A, such that (*)
holds for g. The following argument shows that we also have (*) for g;s:

dp, (¥p(F1)(g:5X8), ¥p(F2)(g;5)8))
= dp, (¥a(F1Xg)0);° F1(s)9), ¥n(F2)g)8);® F2(s)8))
< [ by lemma 4.5 (2), below ]
max{dp, (¥3(F1}eX®), Ls(F2Xg)O), 7-dr, (F1(5)®), Fals)®)
< [ induction hypothesis for g ]
'%"dﬂ-)A—-)P,(F 1, F2).

The other operators, + and || can be treated similarly. Once the proof has been given for £%, it can
be easily extended to £ by adding the following proof for xeStmv. Suppose x<=ge8, with gefs.
Then:

dp, (¥ p(F1)x)8), ¥a(F2)(x)8)) = dp,(¥s(F1)(g)8), ¥a(F2)(g)®))
< [ induction, since gef? ]
Tdesan,(FL,F)),
which concludes the proof. O

Next, we introduce the semantic operators.




13

DEFINITION 4.4 (Semantic operators)
Let A range over {B,R,F} and op over {;,+,ll}. We define semantic operators op*: Py X P\—>P).
(1) OPB: PBXPB—)PB :

poi’q = ¢

pi8q = (<a,p’;Bq>: <a,p’>ep}, for p#py

PotPq =q+%po =g

p+Pq = pUgq (set theoretic union) for p,geps—{po}

pliPq =plLPq U qlL.%p U pl°q,

where poll 2q = ¢
plLBq = (<a,p'lBq>: <a,p'>ep}, for p#p,
PlBg= {<7,p'lIBqg'>: <c,p’>ep A <C,q'>€q)

(IL is called the lefi-merge operator and | is called the communication merge),
(2) OPR: Pr XPR—->PR

Pitq = {apui"9): pa#2} U {(6X): (6 X)ep}
U (if eep then q else @ fi)
where p, = {m: w€dgr A awep}, for aed,
with aw, for wed®, as usual and a-(w,X)=(a-w,X);
p+Rq = {apa: pa#2} U {a°qs: @ 7#9} U {(6XUY): (6X)ep A (6 Y)eq);
(note that this definition is equivalent to
pHRg = @UYNU= U{w,X): w#e))) U {(6XUT): (6X)ep A (6Y)eq));
plifg = plLRq U qlL®p U p*q U p# %4,
where p L Rq = | {a-(alRq): ps7#£2} U (if ecp then g else @ fi)
PiRq = U {r@I"g): pF#0+4)
p#Rg = {(6XUY): (6X)ep A (6Y)Eq A XNY =0}
(here Y={C:ceY));
(3) opT: PrXPp—PF
pifq = pi*q
p+rq = {(aps: pFB)} U {a°qs: ;%92 } U {(6X): (X)epNq}
pIfg =plLFq U qlLfp U plq U p#Tq
where pll Fq = pll Rq
rifq = pi%q
p#Tq = {(6X): A Z1)epI(eZ2)eq
(C—Z)N(C—2Zy) = B AXCZNZ,]}

By now, it will not come as a complete surprise that those operators above that are introduced by a
self-referential definition (like ;® and ||I®) can be formally defined as the fixed point of a suitably

&
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defined contraction (cf. the remark following definition 3.11).
The intuitive intergretation of the operators op® is straightforward. Let us explain briefly the
~ operators op® and gp*. A
The definition of ;® implies that for all w, w’eA4*, Xe%(C), and gePg:

{wX)}Rg = (X} and {w}R{W,. X))} = {(ww', X))},

just as one would expect. The process p +24 can deadlock in its first step only if both p and ¢ can
deadlock immediately, that is, if both contain a ready pair of the form (¢,X). In all subsequent steps,
p+Rq behaves like pUq. In the definition of pliRg, the interleaving of actions of p and q is
represented by pll Rq and gl Rp. The communication between 4 and g are presented in p|Rq.
Finally, p#®q describes the immediate deadlock behavior of pli®q: if (¢X)ep and (¢, Y)eq we
include the ready pair (¢ XUY) in plRq only if XNY=@. If XNY+#2, then a communication
between p and ¢ is possible and hence the process p||Rq cannot deadlock immediately.

The definition of p +Fq is like p +®q but for the difference that a failure pair (¢, X) is included only
when (¢, X)€p and (¢, X)eq: The communications that the process p +¥ g can refuse are those that can
be refused by both p and ¢g. Note that the downward closedness of p +” g follows from the downward
closedness of p and q. The definition of p# Fq is very similar to p# Rq. We observe that p#7%q is
downward closed by definition. The following alternative definition of p# Fq, which is simpler, would
not do:

p(#FYq = {((XNY): (6X)ep A (Y)Eg A XNY =2},

since it is not downward closed.
The next lemma, which can be easily verified, states some useful (with respect to, e.g., theorem 4.3)
properties of the semantic operators:

Lemma 4.5
(1) For \e{B,R,F} and ope{;,+,||}: ap* is non-expansive (see definition A.3(c)).
(2) Forp,p'ePg—{po} and q,q' €Pp:

! 1 r
dp,(p;2q,p';2q") < max{dp,(p.p"), 5dp,(4.9)}.
For Ae{R, F},p,p’€P) with eep and e¢p’, and q, ¢'P):
’ 1
dp,(p;*q,p’}q) < max{dp, (p.p"), 5°dr,(9.9)}-

We conclude this section by stating some properties of Gz and €, which can be easily verified with
induction on the complexity of statements. They are of use when comparing Gz and & with Ox and
Or (section 5).

LemMa 4.6
(1) VXeHC) VseL Vel [(e, X)eCrlsI(6) © X=1Init(s)@®)]
(2) VXeNC) VseL VoeA [, X)eCrls1(8) « X CC—Init(s)®) A Init(s)8)CC]
(3) VX, Ye H(C) VseL VéeA [(e, X)eCrisI(6) A (¢, Y)eCrls}(6)
= (XU Y)eCrlsi@)]
(Init(s8) was introduced in definition 2.5.)

Note that property (3) does not hold for arbitrary pairs (w,X) and (w,Y) with wed™ and we.
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5. SEMANTIC EQUIVALENCE
In this section, we compare the operational models &, and the compositional models €. We shall
prove that 0 =G, for Ae{B, R, F}. Itis a corollary of the following

THEOREM 5.1 For Ae{B, R, F}: (&) = G

PrOOF. Recall that ®, is the defining contraction for O, as given in definitions 3.6, 3.8 and 3.10 for
A=B, R, and F, respectively. The theorem is proved by induction on the complexity of statements,
first in £8 and then in £ In part (1) and (2) below, the & arguments have been omitted.
Part (1): It is obvious that ®\(GNE)=G(E). For acA4 we have:
@5(G)a) = (<apo>) = Glal
Or(Cr)a) = {a} = Clal, ifacl
®2(Cr)a) = {a,(c,{a))} = Clal, ifacC.
Similarly for A=F.
Part (2): Suppose we have ®\(G)s)=Gls] and ®,(G)Xr)=C ], for Ac{B, R, F}. We shall treat
some typical cases:
®p(Cp)(s;t) = {<a,Clls";1]>: s —a—s'}
= {<a, Gls'1;BGl11>: s —a—s'}
= {<a, CGls'1>: s—a->5"});2Cl1]
= Op(Ga)s);%Csl11
= [ induction }
Galls1;PClr}
= Gls;]
OrCr)s +0)= U {aCrls'): s +t—a—s'} U {(¢, Init(s +1)): Init(s +1)CC}
= [ by properties of — ]
U{aGls'): s—a—s'} U Y {aClt'): t—a-t'} U
{(&, Init(s)V Init()): Init(s)CC A Init(t)CC}
= [ definition +* ]
U {a-Gls'Y: s —a—s'} U {(, Init(s)): Init(s) CC}
+R
U {a-Glr'Y; t —a—t'} U {(e, Init(t)): Init(t)CC}
= [ definition @y ]
Dr(Cr)(5) +ROR(CR()
= [ induction ]
Cals] +RCRir}
= Cplls +1}
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p(Cr)slt) = U {a-Crls'ie): s—a—s"} U
U {aClslieD): t—a—t'} U
U {m(Cels’lit'D): s—c—s’ A t—c>t'} U
{(e.X): XC(C—Init(sit)) A Init(sli)CC}
= U {aCAsNFCel): s—a—s} U
U {aGrlshFSleD): t—a—r'} U
U {r@elsNFCHtD): s—c—s’ A t—C>t'} U
{(,X): XC(C—Init(sllt)) A Init(slle)CC}
= [ definition ®F; Init(sllt)CC = Init(slit)=Init(s)U Init(t) ]
Pr(Cr))L TG U
P(COILFCAsT U
D(CrXs)|" ®F(Cr)e) U
{(,X): XC(C—Init(sHN(C—Init(t)) A Init(s)CC A Init(t)CC}
= [ induction ]
GFIsULFCA) U (@GFALFCHsT) U ClsliFCelel) U
{(&X): X C(C —Init(s)) N(C —Init(t)) A Init(s)CC A Init(t) CC}
= [ lemma 4.6 (2) ]
(GFIsTILFeRleD) U GrlAAlLFCRlsT) U (GrlsiFCelel) U
{(6X): 3(eZ1)eCFls] 3(e,Z,)eCrlr]
(C—Z)N(C-Z)=2 A XCZiNZ,]}
= [ definition # T ]
CAsILFCE D) U @AIAILFCAsT) U @FIshFeAeD) u
(CAs1# e
= CelshIFCelrl
= Clslie]

Part (3): Part (1) and (2) suffice to show: 0, (G Xg)=GClg] for all gefs. To deal with the entire
language £, we have to treat one other case: Let 8€A, x €Stmw; suppose x<ged. Then

B\ (G )X(xX0) = [ definition —§— ]
LGV Q)
= [ induction ]
Glgl®)
= Glx1©). O

Since the functions @) are contractions, the following corollary is immediate:

#
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CoROLLARY 5.2: For Ae{B, R, F}: &, = G.

6. CORRECTNESS AND FULL ABSTRACTION

In this section we show that Op, O and Op are correct with respect to =, the equivalence relation
on £ induced by O, and that O is moreover fully abstract with respect to =;. We start by giving
another characterization of the notion of compositionality (see definition 4.1). To this end, we first
introduce two definitions.

DEFINITION 6.1
Let 9M: £—>S be a model for £ with S an arbitrary set. Then 9 induces an equivalence relation
=, CLXEL on £ as follows. For all 5,zef:

s=qt © Ms] = s

DEFINITION 6.2 (Congruence relation)
Let =CEXE be an equivalence relation on £ We say that = respects the operator gp (where op
ranges again over {;, +,l|} if :

Vs, s, t, VeR[(s='ANt=t) = (sopt)=(s'op ')}

(We also say that = is substitutive with respect to op.) If = respects all of ;, +, and ||, it is called a
congruence relation on £. (Another term for this: = is substitutive for £)

The following theorem is immediate:
THEOREM 6.3: I is compositional for £ < =g is a congruence on £.
From 6, =G, for Ae{B, R, F}, it follows that O, Og and O are compositional. In other words:

THEOREM 6.4: Let =y denote =g, for \e{B, R, F}. We have:

=), iIs a congruence relation on £.

This does not hold for =y, (= =g, ): Consider the statements s, =c, s, =¢ and #=c; then
§1=15,, but not: s, llt = s.llt,

which is straightforward from the definition of ©,. Intuitively, this can be explained by the observa-
tion that O, makes too many identifications (like O.[c]=0.lc]={9}) in order to yield a congruence
relation. In contrast, O3, 6z and Of all make more distinctions, and, according to theorem 6.4, enough
to obtain a congruence relation.

The question of full abstraction, for which we shall give a formal definition in a moment, is essen-
tially the problem of finding, for a given equivalence relation = on £, a model 9% of £ that makes pre-
cisely enough distinctions in order to yield a congruence relation =g, which is contained in =. In
other words, =q, should be the largest congruence relation that is contained in =. Such a model will
be called fully abstract with respect to =.

With the above in mind, we next give for an arbitrary equivalence relation on £ a characterization
of the greatest congruence it contains. For this purpose, we use the notion of contexts:

DerFmNITION 6.5 (Contexts)
The set of contexts (C €)Cont is given by

&
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Ci= ()I a| Cl;Czl C1+C2| C]"C2| X.

Here (-) denotes a so-called hole. Typical elements of Cont will also be indicated by C(). Contexts
can be interpreted as functions from £ to £: Given a context C(*) and a statement s€f, a new state-
ment C(s) is obtained by syntactically substituting s in all the holes occurring in &(:).

DEFINITION 6.6
Let =CE£X£ be an equivalence relation. We define a relation =° on £ by putting for s, z€£:
s=‘t e YC()e Cont [C(s)=C(®)]
The following theorem is straightforward:
THEOREM 6.7: ;
(1) =F is a congruence relation on £

2 =c=
(3) For every congruence relation =' on &: = C==>=C=

Proor: We only prove (3). Let =’ C = be a congruence relation on £ One shows, by induction on
the complexity of statements that for all s and ¢ in £ with s='t:
VC(-)eCont [C(s)="C@)];
since =’ C = this implies:
VC(-)eCont [C(s)=C(1)],
thus s=*t1.

We see that =° is the largest congruence contained in =.
Now we come to the formal definition of full abstraction:

DErFINITION 6.8 (Correctness and full abstraction)
Let 9:£-S be a model for £, with S an arbitrary set. Then:
(1) 9is called correct (or fully adequate) with respect to = if

=g C=°
(2) M is called complete with respect to = if
= C=q
(3) 9N is called fully abstract with respect to = if it is both correct and complete:
—_ = =
=y - —_—
We have that Op, Oz and O all are correct with respect to =;. It is an immediate consequence of
theorem 6.4 and the following theorem:

THEOREM 6.9: =p & =p & =r 2 =¢

ProoOE. We have the following implications, of which the premisses were stated in theorem 3.12:
Or = apobp = =p C =z

N

GF = aF°0R = g

=F

OL = aL°®,.- = =r C

L .
The 5~ signs are valid by the examples given in subsection 3.5.

&




19

CoROLLARY 6.10
The models O, O and O are correct with respect to =

=p 2 = S =r 2= (=)

It turns out that =r==(%; in other words: O is fully abstract with respect to =;. We shall show
this along the lines of the proof of a similar statement that was given in [BKO87]. The following
definition facilitates the formulation of the proof.

DEFINITION 6.11 (w, w): We define two mappings:
~:A*>I* and " A*>EL.
Let wed®, say w=a, - . a,. We set:
~(w) = w (notation)
=ays iy,
"(w) = w (notation)

@5 5h,

where {g;,...,a,}=CN{ay,...,a,} (with i1 < - - - <) and for all 1<j<n:
ajel = ai' = ag;
ageC=a' =1

df Cn{ay,...,a,} =2 we define w=E.)

We give a few examples:
if w=c, then: w=r, w=c;
if w=abc; abc,, then: w= abr abt, w=¢1; Cs.

The definition is motivated by the following:

LemMa 6.12: Let w=ay - - a, and s=a,; - - - ;a,. Then

OL[S "1’1\’] - ﬁ’

THEOREM 6.13: OF is fully abstract with respect to =y, that is: =r = =j.

Proor. We already know that =r C =f. We prove that =§ C =y by showing, for all s, te£:
VC()eCont [OLIC()] = OLIC(HI] *)
= Opls] = OFls]

Suppose that (*) holds for s, tef. We prove:

(1) YweAd® [webpls] = webgl])]
2) YweAd*VXeHC) [(w,X)ebpls] = w,X)e0]]

From these properties and the symmetry of their proofs with respect to s and ¢, the theorem follows.
We prove (1): Suppose we0pls], with weAd®, say w=a;a; - - - . (The case that we4" is similar.)
We show for all NeN:
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dw,06Le1) < 27V

(where d(w, Opl¢])=inf, e 3 {da~(W, w')}). Because Off] is closed it then follows that w O[]
Let NeN and let w;=a; - - ay. We show:

Iw,e4d; [ﬁ’] ‘Wj E@L[S"ﬁ’]]]:

there exist statements sy, . . . ,sy such that
§ —a;—> s —az—> - —ay—> s,; thus:
siiw, —ay'— + -+ —ay’- sn,
where a;’ - - - ay’=w,. By choosing w, in O [sy] we have: w;-w, €6.[slw;].
Because of (*) we also have wy-w, €€ [tlw,]. This implies the existence of statements ¢4, ... ,%y
such that
t—a);—> 1l —ay—> - —ay—> Iy

and such that w,-w, €0.[7]. Hence: d(w, O5[t]) < 277V.
Next, we prove (2): Let wed* and Xe®(C), and suppose (w,X)eOrfs]. We show that
w,X)e0rt]. A first observation is that Off¢] must at least contain some failure pair (w, ¥), since

w, X)eOls]l =
W, X)eblslwl =
w-9€0,.Isllwl = (because (*))
w-0e0.[tlwl] = (because O =a;°0r)
3YeH(C) (W, V)ebeltIw]] =
Y eH(C) [(w, Y)ebH11]

The latter implies (because O =ar°0)
3Ye(C) [(w, Y)eOrltl].

Now we distinguish between two cases. First, suppose
VYeHC)[w,Y)ebrltl = XNY=2].

Consider a ready pair (w,Y)eOlr]. Since XNY=@ we have: XCC—Y. Because (w,Y)el1]
this implies (w,C —Y)e0l¢}. Thus: (w,X)€0p]. So in this case we are done. We finish the proof
by considering the second case; suppose:

AYeHC) [(w,Y)elell A XNY#T]
This property ensures that the following set is non-empty:
V = {c: ceC A yeHC) [w,Y)elt] A ceXnY]}

It is finite (since ¥ C U{Y:(w,Y)e0gl¢1}, which is finite); say V={cy, . . .,c}. Now define the fol-
lowing statement:

u="c',+---+2"k.

We have the following implications, of which the ones marked (A) and (B) are proved below:
w,X)ebls] =
W, X)eCplsiW] = (4)
w-0e0.[sll(w;u)] = (because (*))
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w-0e0. [tll(w;u)l = (B)
W, X)e0tiv] =
(w,X)e061].

So we are done if we can convince the reader of the validity of the implications marked by (A) and
(B). We try to do so, first for (A).

Suppose (w,X)e0glsllw] and let w=a, - - - a, and w=a,’ - - - a,’. Then there exist statements
$1, - - - »8; such that

siw —ay— -+ —a/—s,

and
Init(s,)CC A XC C—Init(sy).

Because V' CX we have Init(s,)NV=@. Thus Init(s,llu) C C, which implies
w-3e0.Isll(w;u)l.

Finally, we prove (B). Suppose w-3e0,ltll(w;u)] and, again, let w=a; - - - a, and w=a;’ - - - a,’.
Then there exist statements ¢4, . . . ,#, such that

thw;u) —ay’— -+ —a,’— t,llu
and Init(t,lu) CC. The latter implies Init(t,) C C and Init(t,) N\ V=& (since V=Init(u)). Because
thw —ay'—» -+ —a/>t,

we have (w, Init(t,))OgltIw], and thus (w, C — Init(t,))€0s0t lw]. Because Init(t,)NV =& we have,
by the definition of ¥, that Init(t,)N X = @, which yields the desired result: (w,X)e0l¢|IW]. O

7. RELATED WORK

Operational and denotational semantics of simple programming languages like £ are, in a metric
setting, extensively studied in [BMOZ88] and [BKMOZ86]. The problem of solving reflexive domain
equations, like the one used for Py (definition 3.5), over a category of complete metric spaces was first
tackled in [BZ82] and is further explored for a wider class of equations in [ARS88]. The technique of
defining semantic models and operators as fixed points of contractions and the full exploration of this
method with respect to the comparison of different models was introduced in [KR88]. Many applica-
tion can be found in [BM88]. For readiness semantics we refer to [OH86]. Failure semantics was
introduced in [BHR84]. In [De85], operational and denotational semantics of CCS and CSP like
languages are studied, in which the notion of testing equivalences plays a key role. In the context of
ACP (Algebra of Communicating Processes), a complete axiomatization for finite processes with com-
munication (and without silent move) is given in [BKO87), for readiness and failure semantics; more-
over, the fact that failure semantics induces the largest trace respecting congruence is proved there.
For a treatment of full abstraction in the setting of partial orderings see [HP79]. In [Mu85], the ques-
tion of semantic equivalence and full abstraction is tackled with the help of so-called inclusive predi-
cates, again in an order-theoretic framework. In [St86], the general question concerning the existence
of fully abstract models is treated in an algebraic context. In [AP86], an example is given of a
language for which no fully abstract model exists.
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9. APPENDIX: MATHEMATICAL DEFINITIONS

DErFINITION A.1 (Metric space)

A metric space is a pair (M,d) with M a non-empty set and d a mapping d:M XM —[0,1] (a metric or
distance) that satisfies the following properties:

(@) VxyeMld(xy)=0e x=y]

®) Vx,yeMd(xy)=d(y,x)]

© VxpzeMd(xy)<d(xz)+dEy)l

We call (M,d) an ultra-metric space if the following stronger version of property (c) is satisfied:

(©) Vxy,zeM[d(xy)<max{d(x.2),dzy)}}

Please note that we consider only metric spaces with bounded diameter: the distance between two
points never exceeds 1.

ExampLES A.1.1

(2) Let A be an arbitrary set. The discrete metric dy on 4 is defined as follows. Let x,y €4, then
0 if x=y

dxy) =11 if xy.

(b) Let A be an alphabet, and let A* =4 *UA® denote the set of all finite and infinite words over 4.
Let, for x€A®, x(n) denote the prefix of x of length n, in case length(x)=n, and x otherwise.
We put

d(x,y)=2""2{ |xO)=y @)}
with the convention that 2~® =0. Then (4 ®,d) is a metric space.

DEFINITION A.2
Let (M,d) be a metric space, let (x;); be a sequence in M.
(a) We say that (x;); is a Cauchy sequence whenever we have:
Ve>0 AN eN Vn,m >N [d(x,,%n)<e].
(b) Let xeM. We say that (x;); converges to x and call x the limit of (x;); whenever we have:
Ve=>0 INeN V>N [d(x,x,)<e]
Such a sequence we call convergent. Notation: Km;_,x; =x.
(¢) The metric space (M,d) is called complete whenever each Cauchy sequence converges to an ele-
ment of M.

DEFINITION A.3

Let (M,,d,),(M3,d,) be metric spaces.

(@) We say that (M,,d,) and (M,d,) are isometric if there exists a bijection f:M,—>M such that:
Vx,y €M) [da(f(x), f(y))=d1(x,p)]. We then write M==M,. When fisnota bijection (but only
an injection), we call it an isometric embedding.

() Let f:M,—>M, be a function. We call f continuous whenever for each sequence (x;); with limit x
in M, we have that lim;_, . f (x;))=f (x).

() Let A=0. With M ~>4 M, we denote the set of functions f from M; to M that satisfy the fol-
lowing property:

£
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Vx,yeM [do(f (x).f 9’))<A ‘dy(x,y))
Functions fin M;—"M, we call nan-expansive, functions fin M;—*M, with 0<<e<l we call
contracting.

PROPOSITION A4
(@) Let (M,,d,),(M3,d;) be metric spaces. For every A=0 and feM 1= M, we have: f is continuous.
(b) (Banach’s fixed-point theorem)
Let (M,d) be a complete metric space and f:M—M a contracting function. Then there exists an
x €M such that the following holds:
(1) fx)=x (x is a fixed point ofj)
2 WeM[fp)=y :{—x] (x is unique),
(3) VxgeM [lim,_,,f®(xo)=x] where f("“)(xo)— f(f®(x0)) and fO(x0)=xo.

DEFINITION A.5 (Compact subsets)
A subset X of a complete metric space (M,d) is cailed compact whenever each sequence in X has a
subsequence that converges to an element of X.

DEFINITION A.6

Let (M,d),(M,,d,), . . . ,(M,,d,) be metric spaces.

(a) With M,—M, we denote the set of all continuous functions from M; to M;. We define a
metric dr on M—M, as follows. For every f1,f2eM—M,

dr(f1, f2)=supsen, {d2(f1(x),f2(x))}.

For A=0 the set M;—%M, is a subset of M;—M,, and a metric on M,—4 M, can be obtained
by taking the restriction of the corresponding dr.

(b) With M, U --- UM, we denote the disjoint union of M,,...,M,, which can be defined as
{I}XM U -+ - U{n}XM,. We define a metric dy on M;U - - - UM, as follows. For every
x,yeMU --- UM,

di(xy) if x,ye{j}XM;, 1<j<n
dy(x.y) = { otherwise.

(c) We define a metric dp on M; X - - - XM, by the following clause.
For every (X1, - « . s Xa), (15 - - < s Ja)EM 1 X - -« XM,

dl’((xb e ,xn),(yl! L ayll))zmaxi{di(xhyi)}'
(d) Let 9, (M=% {X|XCMAX is compact and non-empty}. We define a metric dy on 9,.(M),
called the Hausdorff distance, as follows. For every X,Y e€%,.(M)
dH(X Y)=max{supxex{d(x, Y)} suPer{d(YsX)}}

where d(x,Z)= "?fmfzez{d(x,z)} for every ZCM, xeM.
In 9,,(M)=%{X|X CMAX is compact} we also have the empty set as an element. We define dy
on %9,,(M) as above but extended with the following case. If X &, then

dy(2,X)=dy(X, 2)=1.
(e) Let c€[0,00). We define: id.(M,d)=(M,c-d).

PRrOPOSITION A.7

Let (M,d), (M,,d,), ... ,(M,d,), dr, dy, dp and dy be as in definition A.6 and suppose that (M,d),
M,,dy), . . . ,(M,,d,) are complete. We have that

(@) (M1—>M2,4£) (M~ My, dp),

(b) (Ml u- UMn,dU)’

&
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(© My X - XM,,dp),

(@) (Fnc(M),dp), and (35(M),dn) ,

are complete metric spaces. If (M,d) and (M;,d;) are all ultra-metric spaces these composed spaces are
again ultra-metric. (Strictly spoken, for the completeness of M1—M; and M 1~ M we do not need the
completeness of M. The same holds for the ultra-metric property.)

The proofs of proposition A.7 (a), (b) and (c) are straightforward. Part (d) is more involved. It can
be proved with the help of the following characterization of the completeness of the Hausdorff metric.

PROPOSITION A.8
Let (9.,(M),dy) be as in definition A.6. Let (X;); be a Cauchy sequence in 9.,(M). We have:

im0 X; = {lim; o X;|X; €X;, (x;); @ Cauchy sequence in M}.

The proof of proposition A.8 can be found in [Mic57] as a generalization of a similar result (for closed
subsets) in [Du66] and [En77].
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