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Joost N. Kok *
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Abstract

In this paper we study the semantics of data flow. A data flow net is made up of
several basic nodes which are connected by lines. The behaviour of a node is specified by
a relation and is in general nondeterministic. First we assign a history based operational
semantics to data flow nets, which models a net as a function from inputs to sets of
possible outputs. Moreover, we present an alternative definition in which we associate
with each node an automaton. Brock and Ackerman showed that a history based seman-
tics i8 not compositional: it is not fine enough. We introduce an intermediate semantics
which is shown to be compositional by proving the intermediate semantics equivalent to
a denotational semantics, which is compositional by definition. It is also proved that
the denotational semantics is fully abstract with respect to the operational semantics:
it generates the greatest congruence which is contained in the equivalence relation gen-
erated by the operational semantics. It is shown that an alternative definition of the
denotational semantics involves an (implicit) fixed point: a fixed point of a multivalued
function (contain point) is taken. Some properties of contain points are given in a metric
topological setting. These properties are used to show that for a restricted class of data
flow nets there exists a metric compositional semantics in which the contain points can
be obtained by iteration. It is called a metric semantics because the domains are metric
spaces. We show that it is correct with respect to the operational semantics. For this
semantics we can abstract from delay along the lines in the net. However, this metric
semantics is not fully abstract {with respect to the operational semantics).
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1 Introduction

We shall introduce several semantics for data flow nets. In [Kok 1986], Kok 1987] and
[de Bakker & Kok 1985] we already considered several models. This paper can be seen as
an integration and extension of ideas present in these papers.

First we explain what is meant by a data flow net. A data flow net (in this paper) consists
of some nodes that communicate by passing tokens over lines. Each node has a fixed number
of input lines and a fixed number of output lines. A line either connects two different nodes
or is a feedback line. A feedback line passes tokens back to the node itself. A line is a directed
FIFO channel. Tokens that are passed over a line by a node arrive in an unspecified but finite
time at the destination node in the same order as they are sent. If the nodes in a net behave
(non)deterministically we say that a net is (non)deterministically.

We look at semantic models that describe the behaviour of such nets. Data flow semantics
is often based on a history model. A history is a finite or infinite word over the alphabet
of tokens. A history of a line can be seen as the tokens that have passed this line during
the execution. A history tuple is a tuple of histories. A history function is a function from
history tuples to sets of history tuples. A history model of a net is a history function: for a
deterministic net it is a function from history tuples to history tuples and for nondeterministic
nets is a function from history tuples to sets of history tuples. With a history model the
external behaviour of a net is described: a net is seen as a black box in which internal
behaviour is hidden from the outside world.

Already in 1974 a history model was presented by Kahn: in [Kahn 1974] a semantic
model is described for deterministic nets. A history function is associated with a net. The
Kahn model is a nice example of the application of (complete) partial order theory. A net is
described by a set of equations. When interpreted over the domain of histories, this set has
a (least) solution. This solution can be obtained by iteration of the operator associated with
the set of equations from the empty history tuple (a tuple with as elements only the empty
word). This solution is taken as the meaning of the net. The Kahn-model is a very general
model which can be applied in a lot of situations. However, only a certain class of data flow
nets is modeled. Nodes that appear in nets have to behave deterministically.

Subsequently researchers have tried to extend this model to more general classes of nets,
for example to nondeterministic nets. A straightforward extension does not work in this case.
One of the problems was first shown by Brock and Ackerman in [Brock & Ackerman 1981].
When we take the Kahn approach, the semantics of a deterministic net is a history function
from history tuples to history tuples. For a nondeterministic net we can take a function from
history tuples to sets of history tuples. Brock and Ackerman showed that such a semantics is
not compositional. A semantics is called compositional if the following condition holds:

For any context (a data flow net with a hole in it) and for any two nets which
have the same semantics, whenever we place these two nets in the context the two
resulting nets should have the same semantics.

In order to show that a history model for nondeterministic nets is non-compositional, Brock
and Ackerman present two data flow nets that have the same history function. Then they
construct a context which shows the non-compositionality of the semantics: when we place the
two nets in this context the resulting nets have different history functions. This construction
is shown in full detail in section 3.

If we want to design a compositional semantics, we have to add information to the history
model. In the literature this is done in several ways, including:

“ 1. the addition of special tokens {[Park 1983] ‘hiatons’),




2. the use of graph like structures ({Brock & Ackerman 1981] ‘scenarios’, [Pratt 1984] ‘par-
tially ordered multisets’),

3. the use of traces ([Keller & Panangaden 1984] ‘archives’, [Jonsson 1987a| ‘quiescent
traces’),

4. providing oracles ([Park 1983] , [Broy 1988}).

We try to give some flavor of the different approaches. For details consult the cited articles
and reports.

Hiatons are silent actions. We can use hiatons to make certain functions contracting and
hence continuous in their history arguments. This enables us to use complete partial order
theory as in the approach of Kahn. Such a procedure is called the extended Kahn principle
by Park.

Graph like structures describe an ordering on events. Production and consumption of a
token are seen as events. Events are partially ordered in a graph or in a multiset. In this
way we get information on the relative timing of events. It is this kind of information that
is needed to obtain a compositional semantics: Brock and Ackerman present a scenario set
algebra which is compositional.

Traces provide a total ordering on events in the sense of the previous paragraph. Quiescent
traces are maximal traces: in order to get a longer trace, we have to provide more input.

Oracles can be seen.as a method to eliminate the nondeterminism. They provide the in-
formation about choices. Given an oracle, a nondeterministic node behaves deterministically.
Fair merge nodes can be described with fair oracles.

Our approach can be seen as a combination and an extension of the first two approaches.
As basic domain we use the set of finite-word vectors: vectors with as elements finite words of
tokens. (In the model of Kahn the basic domain is the set of histories). A finite-word vector
can contain empty words. The role of empty words in our approach can be compared with
the Tole of hiatons in the approach of Park. Nets are modeled as finite-word vector functions:
functions from tuples of finite-word vectors to sets of tuples of finite-word vectors. (Compare
with the model of Kahn: he uses functions from history tuples to sets of history tuples).
Whereas Kahn considers on one single line a possibly infinite word of tokens, in our model
we cut this sequence in finite (possibly empty) pieces. We find it convenient to group a tuple
of finite-word vectors in a finite-word matrix: a matrix with elements taken from the set of
finite words over the alphabet of tokens. This is possible because we use finite-word vectors
of infinite height. Hence, a net is modeled by a function from finite-word matrices to sets of
finite-word matrices. From now on, we will call these functions finite-word vector functions.
From such a function we can derive a certain ordering of events: Restricting ourselves to 1-1
finite-word vector functions (functions from finite-word matrices of width 1 to sets of finite-
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word matrices of width 1) and given a finite-word matrix Z2 | we will get a set of possible
Z
finite-word matrices. If | %2 | is one of the possible outcomes, then we have that the word

z, contains enough tokens for the net to produce Z;, the word z;z2 contains enough tokens
for the node to produce Z; Z2, etc. This provides us with information about relations between
input and output as is done in the scenarios of Brock and Ackerman, the traces of Jonsson or
the archives of Keller and Panangaden.




It is interesting to investigate the minimal amount of information we have to add to a Kahn
like semantics in order to get a compositional model: This is the question of full abstraction.
A model is called fully abstract with respect to the history model if it generates the greatest
congruence which is contained in the equivalence relation generated by the history model.

In the literature we find three results and/or claims:

1. Staples and Nguyen claim in [Staples & Nguyen 1985] without proof that the frame-

works in [Back & Mannila 1982], [Brock & Ackerman 1981}, [Keller 1978}, [Kosinski 1978],
[Park 1983] are not fully abstract frameworks.

2. Jonsson proves in [Jonsson 1987b| that his framework is a minimal extension of the

Kahn model that is compositional.

3. In [Kearney & Staples 1987] an extensional model is given for an oracle based semantics.

We prove that our denotational semantics is fully abstract with respect to the history model.
In order to prove that our denotational semantics is fully abstract, we give, for any two nets
that have a different operational semantics (i.e. different history functions), a context in
which they have different history functions. Jonsson makes in his proof explicit use of fairness
constraints. A specification of the behaviour of a node in his framework includes fairness
requirements. His proof does not apply to the (sub)set of nets with nodes which do not have
fairness requirements. The proof in [Kearney & Staples 1987] is based on so-called ‘wait-
visualizer’ nodes. A ‘wait-visualizer’ node makes a hiaton visible. In [Kearney & Staples 1987
it is remarked that “there may be some cause for concern over the extensionality of the model,
since the ‘wait-visualizing’ process (viz) defies reasonable specification at the non-deterministic
level”. In our formalism it is not possible to specify such kind of nodes.

Another way to classify approaches is to look at the underlying mathematical model. We
can distinguish at least:

1. order-theoretic frameworks {[Abramsky 1984], [de Bakker et al 1985}, [Broy 1983}, [Broy 1988],

4.
5.

[Broy 1985|, [Kahn & MacQueen 1977], [Staples & Nguyen 1985], [Kearney & Staples 1987])

algebraic frameworks ( [Brock & Ackerman 1981}, [Back & Mannila 1982},
[Bergstra & Klop 1983]),

. automata theoretic and/or transition systems ([Arnold 1981}, [Jonsson 1987al, [Jonsson 1987b]),

metric topological models ([de Bakker & Kok 1985], [Kok 1986}, [Kok 1987}),

category theoretic frameworks ([Abramsky 1983|,|Keller & Panangaden 1984]).

In this paper we use a combination of the models mentioned in 3. and 4.

We now give an overview of the rest of the paper. Section 2 gives a history model for a
nondeterministic version of data flow nets along the lines of Kahn. It is a non-compositional
model. The behaviour of a node is described by its specification. A specification is a set of
firing rules: A firing rule is a four tuple that has as elements an initial state, input, final
state and output. If the node is in the initial state and has the specified input on its input
lines it can fire: enter the final state and produce the output. Given a net t we can derive its
operational meaning by considering firing sequences for the nodes in net t. The operational
model serves as basic model in the sense that it describes the observational behaviour of a net.
We also provide an alternative definition for the operational semantics based on automata.
For each node d an automaton M is constructed from the specification § of d. A system of
several automata which can share tapes yields the semantics of a net.




Section 3 provides the details concerning the fact that the operational model is not compo-
sitional. An alternative semantic model is proposed. This model differs from the operational
model: we use different domains. The semantic model is called intermediate because it is
a step on the way to a denotational model: It is used because it has a close link with the
operational intuition. The contents of a line is described with a finite-word vector and the
semantics of a net is modeled by finite-word vector function. We give some properties of
this intermediate semantics. Again, we provide an alternative definition for the intermediate
semantics based on automata. We also show the correctness of the intermediate semantics
with respect to the operational semantics: there exists an abstraction operator abstr which
relates the two semantic models.

In section 4 we introduce a third model (the denotational semantics) and we prove the
compositionality of the intermediate semantics: if the intermediate semantics of two nets
¢, and ¢, are equal then for any context C' we have that the semantics of C[t;] and Clto]
are equal. The compositionality is proved with the help of the denotational semantics. The
denotational semantics is compositional by definition, and it is shown that it equals the
intermediate semantics. For an overview, see figure 1. Also an associativity result is proved:
the order in which lines are connected in a net does not influence the semantics. This is
approached as follows. We introduce the notion of a normal form of a net. It is shown that
the semantics of a net and its normal form are the same. The notion of normal form is defined
in such a way that if two nets are equal, but for the order in which the lines are connected,
then they have the same normal form.

Section 5 is devoted to full abstraction. We prove that the denotational model is the
minimal extension of the operational model that is compositional. For any two nets ¢, and
t» that have a different denotational semantics, we provide a context C such that the oper-
ational semantics of C[t;| and C|t,] differ. From this result we derive the full abstraction:
the equivalence relation generated by the denotational semantics is the greatest congruence
contained in the equivalence relation generated by the operational semantics. In addition, we
have the rather surprising fact that we can use in all cases a context which does not depend
on the nets. On the other hand, depending on the fact whether the input is finite or infinite,
an amerge (angelic merge) or émerge (infinity merge) node is used in the context. Suppose we
have two nets that have a different denotational semantics and the same operational seman-
tics. (If they have a different operational semantics we can take an empty context). From this
we can conclude there is a timing difference between the two nets: the output is produced in
a different way. We can make this difference visible in the operational semantics by tagging
the output and feeding it back as soon as possible to a merge node which merges this tagged
output with the original input. The resulting history on the output line of the merge node is
a mixture of tagged tokens (from the output that is fed back) and tokens that are not tagged
{from the original input). With a split node we make copies of all tokens that are sent along
the output line of the merge node. One of these copies is delivered as output and the other
copy is sent to a node that removes the tagged tokens. This node generates the original input
which is sent to either ¢; or 5. Due to the timing difference we observe (in our operational
semantics) a different mixture of tagged tokens and tokens that are not tagged.

In the Kahn model for deterministic data flow there is no explicit modeling of delay along
lines. In all three models that are introduced in sections 2, 3 and 4 we have an explicit
modeling of delay in the sense that besides all outputs also all delays are delivered. In section
6 we investigate a class of nets (the so-called finite-choice nets) in which we can abstract from
delay. This enables us to set up a metric topological framework: we can work with closed sets.
A finite-choice net is a net in which all the nodes are finite-choice nodes. A finite-choice node

hab certain restrictions on its specification. One of these restrictions is that after a bounded
amount of input a node does not have to wait any more for more input for the next firing: the




operational intermediate denotational
semantics semantics semantics
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Figure 1: the three models

arrival of new input does not influence the set of applicable firing rules any more. We define
a metric semantics for finite-choice nets: the domains of this semantics are metric spaces. In
fact, we assign metrics to the domains used by the denotational semantics. We use contain
points in the definition of the metric semantics. These contain points can be obtained by
iteration. We show the correctness of the semantics by relating it with the operational model.
The abstraction operator we use is the same as the one that relates the operational semantics
and the denotational semantics. Though correct, the metric semantics is not fully abstract.
This is due to the fact that in the definition of the metric semantics the simultaneous integer
speed up and the delay are not applied. This simultaneous integer speed up together with
delay enabled us to prove the full abstraction of the denotational semantics. In the proof
these two operators (simultaneous integer speed up and delay) play an important role. We
can not apply them because in general they disturb the closedness. This can not be simply
remedied by including them in the metric semantics since they do not preserve closedness.
Hence the metric semantics distinguishes too many nets.
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2 Operational semantics O

In this section we introduce an operational semantics for nondeterministic dataflow nets. The
operational semantics is a history model along the lines of Kahn: it models a net as a function
from history tuples to sets of history tuples (such a function is called a history function). A
history is a finite or infinite word over the alphabet of tokens. A history tuple is a tuple of
histories. We use sets of history tuples because we want to model nondeterministic nets: nets
with nodes that can behave nondeterministically. The definition of the operational semantics
exploits the notion of firing sequences of nodes. We also provide an alternative definition of
the operational semantics which uses automata to describe the behaviour of nodes and nets.

This section is divided in five subsections: first we introduce some basic domains and op-
erations, the second subsection gives the syntax of data flow nets, in the third subsection
we investigate how to specify the behaviour of nodes, in the fourth subsection we define an
operational semantics O, and the fifth subsection gives the alternative definition.

2.1 Basic domains and operators

Let N be the set of integers. Throughout our paper integer will always mean positive integer
unless ezplicitly stated otherwise. Let A be an, in general infinite alphabet, the elements of
which will be called tokens. Let a be a typical element of A. Let A* be the set of finite words
over the alphabet A, with typical element z. Let A be the set of finite and infinite words
over the alphabet A, with typical element y. The empty word is denoted by e.

Definition 2.1 For any integer n. > 0, FTrace” is the set of finite-word tuples with n elements
which are taken from A'. Let x be a typical element of FTrace = U,, FTrace™.

Definition 2.2 For any integer n > 0, Trace™ is the set of word tuples with n elements
which taken from A®. Let T be a typical element of Trace = U, 5, Trace™. Let Trace™™ =
Trace® — P(Trace™), where P(-) denotes subsets of -. Elements of Trace are called history
tuples and elements of |J,, ,,>, Trace™™ are called history functions.

Definition 2.8 Take any integers k,n such that 0 < k < n. Define
Tupy , = {<t1,...,% >:
Vie{l,.. k}f1<i; <nAvie{l,...,k}Hl #5 =1 #ul]}
1. (projection from Trace™)

L: Trace™ x Tupg., — Trace®

(y.l)'--)yn) l< il;---yik >= (yiu"')yik);
2. (projection from FTrace™)

1: FTrace™ x Tupy , — Trace®

(zl,...,zn) l<’l:1,...,ik >= (zil,...,zik),

8. (slicing from Trace™)

&

k

1: Trace™ x Tupy., — Trace™™
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T'1{y,. ik}
is the word tuple obtained by leaving out the ©,-th ,...,1x-th components of T,
4. (shicing from FTrace™)
t: FTrace™ x Tupg.n — FTrace™ ™ *

X T {ili"'lik}

is the finite-word tuple obtained by leaving out the i\-th ,...,1x-th components of x.

"On A* and A® we have the normal concatenation of words which we extend to F Trace™ and
Trace™ in

Definition 2.4

1. (concatenation of FTrace™)
(z1,- s 20)(F1y - Zn) = (2121, ..., ZnEn),s

2. (concatenation of Trace™)
(Wi Un) (F1r - ) = (92905, YnTn)-
We define the prefix order on words in A* and A and extend it to F’ Trace™ and Trace” in
Definition 2.5

1. (prefiz order on A* and A™)
We put z;, < zo if 1 s a prefiz of 22 and y, < yz if Yy is a prefiz of ya.

2. (ordering on FTrace™)
(Z1yererZn) S(Z1yer s Zn) © 2 ST A Az S B,y
8. (ordering on Trace™)

(yh'--ayn)s (gh---vgn) <Y Sgll\"'/\yn Syn'

2.2 Syntax of data flow nets

Let Node be a set of abstract elements called nodes and let d be a typical element of this set.
The set Node can be partitioned into subsets Node™™ (n,m > 0). If d belongs to Node™™
we say that d has n input and m output lines.

We define the syntax of a data flow net. Adhering to the terminology of input and output
lines one may understand definition 2.6 as follows: A net consists of a number of basic nodes
plus a specification of the connections between these nodes. We put the nodes in a tuple
and number the input and output lines from left to right. A connection is specified by two
integers: ¢ : 7 means that we connect the ¢ th input line to the j th output line. Once we
have connected two lines they are not visible anymore: we can not make more connections to
these lines. (This is no real restriction because we can use so called split and merge nodes. A
split node splits its input line: when it receives a token it sends copies of it to all its output
lines. We can split a line to which we want to make more than one connection. A merge node
merges its two input lines into one output line. Later we shall be more specific about merge
nodes where necessary.)

R
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Definition 2.6 (Syntax of data flow nets) Let the set Net of data flow nets have ele-
ments that can be constructed as follows: Let k,I > 0 be any integers. Let ay,..., ok,

Bi,..., P be integers. Let iy,...,% be integers smaller than z;c:lai and let them all be

different. Let 7,..., 7 be integers smaller than Eleﬂi and let them all be different. Let

dy,...,d, be nodes such that d, € Node® 't ... di € Node™** . Then
<dpyeeosdig > {80 gyt a}

is an element of the set Net. As with the set Node of nodes, we can partition the set of
nets Net in sets Net™™: the element constructed above is an element of Net™ ™" where

no = (X5, o) — 1 and my = (L2, B) — L.
Example

Assume the following nodes: + € Node*!, merge € Node**, plusl € Node'™!, split € Node*2.
Consider

< merge, split, plus1 > {2:4,3 :1,4: 3}.

This is a data flow net according to definition 2.6. We can construct it in the following way.
We follow the informal description above this definition: We form the tuple

< merge, split, plusl >

and with each input and output line of a node in the tuple we associate a number. We number
the lines from left to right:

12 3 4 +— input lines
< merge , split , plusl >
1 23 4 «— output lines

Then we specify the connections:

< merge, split, plus1 > {2:4,3:1,4: 3}.

Each data flow net has a graph-like representation. Figure 2 shows such a graph for the net
< merge, split, plus1 > {2:4,3:1,4:3} € Net+!,

The graph resembles a directed graph with labeled edges and vertices, except for the fact
that there are special kinds of edges. For this reason, formally these representations are not
proper graphs. When we look at figure 2 we see that the graph has three vertices, labeled
with merge, split, plusl respectively. Labels of vertices are taken from the set Node. There
are three kinds of edges:

1. input edges,
2. output edges,
3. feedback edges.

Feedback edges are normal directed edges which connect two vertices which may coincide.
Input edges are edges that are directed, but do not have a starting vertex. They only point
to a vertex. Output edges are also directed edges, but they do not point to a vertex. Input
and output edges are labeled with an integer. Feedback edges have labels of the form 1 : j.
The graph-like structure of figure 2 is in this paper often pictured as in figure 3.

10




plusi

Figure 2: < merge, split, plusl > {2:4,3:1,4: 3}

merge

) plusl

sphit

_

Figure 3: < merge, split, plust > {2:4,3:1,4:3}
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2.3  Specification of the behaviour of nodes

The operational semantics will be defined with the help of firing sequences. For this we
need a specification of the behaviour of a node which is a set of four tuples. Elements of
firing sequences for a node are elements of the specification of the node. We give the formal
definition of such a specification. Assume given a set of states X, with typical element o. We
assume a special state oyyrr in X called the initial state.

Definition 2.7 (Specification) The set Spec of specifications, with typical element §, s the
union of all sets Spec™™ (n,m > 0), where the set Spec™™ of all specifications for nodes with
n inputs and m outputs is the set of all subsets of FTrace™ x ¥ x FTrace™ X %, t.e.

P(FTrace® x £ x FTrace™ x ).’

Elements of a specification will be called firings.

Note that a specification may be an infinite set. We try to explain the intuitive meaning of
such a specification. First we state what it means that a finite-word tuple x is on the input
lines of a node. If x = (z,,22,...,Zn) then it means that we have on the first input line of
the node the word z;, on the second input line the word z2, ..., and on the n th input line
the word z,,. In a similar way we can say that ¥ is written on the output lines. This notation
should not be confused with the notation in the introduction: a finite-word vector used in the
introduction is intended to describe the contents of a single line, wheras a finite-word tuple
in a specification tells something about several lines.

Assume given a node d € Node™™ and a specification §; € Spec™™ for this node. Suppose
(x 1,01, X2,02) € 64. The intuitive meaning is:

After the node d in state o; has read x, on the input lines of d, the node d can
fire: write x» on its output lines and enter the state oo.

This intuition already anticipates on an automata theoretic intuition which will be given later.

Examples

We take in these examples the set of tokens the set of integers N. We give the specifications
of a plus-, a split-, a merge- and a 2buffer-node:

L. bpue = {((a1,81) ;0017 (01 +81),00n1T) 2 01,81 € N},

2. bupie = {((a) ,orniT) (ay0) ,orniT) : @ €N,

3. 5m,erye {((CL, 6),UIN[T,(G);0'INIT) :aEN}U
{({e,a) ,orniT) (), 01n1T) : @ €N},

4. 52bu,jfer = {((a) yOINIT (6) :U:L) ra € N}U
{((a),04,(ad),orniT) : @, € N}

The merge node specified here is a so called angelic merge node: if the input on one of the
input lines is finite, all the input on the other input line will eventually be put on the output
line. In section 5 we will see another merge node.
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2.4 ' Operational semantics O

We introduce the notion of a firing sequence for a node with respect to some input I'. Such a
firing sequence is a sequence of elements in the specification 44 of the node d. The sequence
can be seen as all the successive firings of a node for a given input I', obeying the restriction
that the firings first elements x; are together smaller than or equal to T' (the input available).
See figure 4. Moreover if the sequence of firings is finite, it should not be possible to fire again.

( Ty see-3 ZTik )= X1

( T2l yeery L2k )= X2
< <

( Y1 PRI Y )—_“ r

Figure 4: input restriction

Definition 2.8 (Firing sequence for a node) A sequence (x:,0, %i»0i)i tn FTrace™ XX x
FTrace™ x 3 is called a firing sequence for a node d € Node™™ with respect to I' € Trace™ if

1. 0y = ornrT (the initial state),

2. V'l:[(Xi,O',', Xi:a'i) S 5‘11,

3. Yi|oiy1 = i),

4 Yilxyooxa €T,

5. (xi,04, Xi,0:)i 15 @ mazimal sequence: of it ts of length n then there 15 no (x,0,%,8) € bq
such that Xy - XnX ST and 0 = 7,.

A firing sequence for a tuple of nodes is a combination of firing sequences of each node in
the tuple. The projection for a specific node is almost a firing sequence for that node, except
for some “dummy” firings. In such a dummy firing, nothing is removed from the input lines,
nor is anything put on the output lines. Also there are no state changes for that particular
node. A typical situation for the input lines is given in figure 5: Take two nodes with first
elements of firing sequences (x;1): and (xi2): respectively. In this defintion we need the notion

X11 (e&.-,€) = x1
(€..-,€) D(_LEJ = X2
(6---r¢) (&...,€) = xs

X21 ]X'zzl = X4

X31 (6.--r¢) = Xs

< <

Figure 5: input for two nodes

of prgjection on tuples of states:
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Definition 2.9 (projection from I")
1: B X Tupg.n, — Z*

(0-17--'10'11) l< il:---aik >= (Uily"'vaik)y

Definition 2.10 (Firing sequence for a tuple of nodes) Take any tuple of nodes < dy,...,dn >
and suppose for all i € {1,...,n} that < d,,...,d; >€ Net™"* and take ky = ly = 0. A se-

quence (Xi, Wi, Xi) Wi)i In FTrace® x & x FTrace'™ x " is called a firing sequence for the

tuple of nodes < dj,...,d, > with respectto I’ € Trace® if

1. wy = (0rNITs .- - OInIT) (0 times the initial state),

n
2. V’L{ﬂ), = wi+1],

8. the sequence (x; 1< kj—1 + 1,. .k > wi 1< 7 >, % 1< -+ 1,00 > <
7 >)i has a subsequence that is a firing sequence for d; with respect to I' |< kj; +

1,...,k; > and all elements of the sequence that are not in the subsequence are of the
form ((¢---¢),0,(¢---€),0).
ki—ki—1 Li—lioy

Now we can introduce

Definition 2.11 (Operational semantics 0) Let O : Net™™ — Trace™™ be given by
Tel(<dy,..yde >y 01s-0 0 s (D)
<

ar, € Trace® ™ Iy € Tracem"'l[
Lot (g s} =T AT T &y} =T A
A(x;, wi» Xj» B;)5 , @ firing sequence for <dy,...,dx > w.rt Ty |

Ve > 1(x1 x:) 1< tnyee it S (R Ximt) 1< J1s et > A
Fe=xi%2

Remark

In the definition n,m are free. What we mean is that we have a function

0: U Net™™ — U Trace™™

n.m n.m

such that if £ € Net™™ then O(t) € Trace™™. The same remark applies to definitions of
other semantics which will be given later.

We give some informal explanation of the definition of the operational semantics. In order
to determine whether a pair (T, T') is an input/output pair for the net < dy,...,dx > {7, :
Jiy-- 5% ¢ 51} we consider firing sequences for < dy,...,dr >. A firing sequence should respect
the input I': there should be a T; € Trace™ ™ such the the firing sequence is with respect to

14




T'; and where T'; is such that T'; 1 {z;,... ,4} = I'. Moreover, the feedback behaviour should
be achievable: the sth-firing has on the feedback lines not more that the first ¢ — 1 firings at
its disposal: V& > 1[(x1- - x:) 1< in,.. 0t >< (R Kie1) 1< T 00 >]. Moreover we
require that all tokens produced in the firing sequence are visible in the output: we can find

m+l

aT's € Trace such that To = %, %2--- and T2 1 {71,..., 2t}

Examples

Take t =< merge, split, plus1 > {2:4,3:1,4: 3}.

1. 0(t)((1)) = {(12345...)},
2. 0(6)((11)) = {(y) :y € {12345...n1n+12n+2...:n 2 1}} U{12345.. }.

2.5 Alternative definition of the operational semantics O

In this subsection we provide an alternative definition of the operational semantics couched in
an automata-theoretic framework. We believe that a completly formal framework will enable
us to prove the equivalence of the two definitions but we prefer not to do so in order not to
detract from the main development. We start with the construction of an automaton for a
node d given a specification § for this node.

Definition 2.12 (Automaton M;) For any specification § € Spec™™ we define an automa-
ton My as follows. The set of states of Ms consists of those states that appear in bq4. The
automaton Ms has n read heads that read from n different tapes and has m write heads that
write on m different tapes. All tapes may be finite or infinite. The automaton starts in the
initial state orn T and reads from its input tapes into a buffer B. The buffer is a finite-word
tuple with n elements. Each element of the buffer is assoctated with an input tape. The last
token of such an element of the tuple is the one most recently read. The operation of the
automaton consists normally in an alternation of a finite number (possibly zero) of read steps
and fire steps. When the automaton fires, it picks nondeterministically an element (x,0,%,5)
from § such that

1. the automaton 1s in state &
2. x < B (ordering as in definition 2.5)

1. removes x from its buffer
2. writes ¥ on the output tapes
8. enters state G.
There is also a fairness condition on the automaton: If an automaton is enabled, 1t wil fire

after a finite number of reading steps. The automaton is enabled if there exzists a (x,0,%,5)
in § such that

1. the automaton 1s in state o
2. x <B.

The fairness condition prevents the automaton form the situation that, although it can write,
it never writes. Note that the tuple that causes the enabledness is not necesarily the same
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as the tuple that is used in the firing. For instance, we may have the situation that both
((a), orn1T, (a),0rn17) and ((aa),orniT, (b),0rnrT) are members of the specification of a
node. If we have on the input tape a word that starts with two a’s, the automaton can be
enabléd by the first element of the specification, but can use the second element for the firing.

Example
Take 5plusl to be
6plu51 = {((a) ,OINIT, (@ + 1) JOINIT): G € N}.

The automaton M, can behave as follows:
plusl

input tape outpul tape

11... 22...
1234... 2345...
1 2

Let Serge be as in the previous example. The automaton M, .. can behave as follows:

first input tape second input tape output tape

11 22 1212
1234... 2 123245...
1234... 2 12345...
1 € 1

Now that we have defined automata for nodes, we want to let them work together to get the
(operational) behaviour of a net. We shall describe a run of the system of automata associated
with the nodes in a net, according to the connections specified by the net. Let t € Net™™ be
a net and suppose that

=< Cl]_,...,dk > {Zl Z]'l,...,i[ 2]'1}.

Assume given specifications 6; and automata M, for each node d; (¢ € {1,...,k}). Each
automaton has input and output tapes. We are going to let the automata (pairwise) share
certain tapes according to the connections specified by {i; : ji,...,% : fi}. If there is a
connection 7 : j specified between nodes d and d’ (an input line of d is connected to an output
line of d') we identify the input tape related to ¢ of the d-automaton with the output tape
related to 7 of the d’ automation in the following way: We take one tape on which the d'-
automaton writes and from which the d-automaton reads. Hence we need n+ [+ m tapes for
the net ¢, from which [ tapes are shared by two automata. (As a special case the two automata
may coincide). Now we have related each tape to a different edge of the data flow graph of ¢.
We call the tapes that are related to input edges input tapes. In the same way we can speak
about feedback tapes and output tapes. With all input and output tapes one head is related,
and with a feedback tape a read and a write head is related. Next we describe a run of the
auntomata. To start a run of the automata, place n words of tokens on the input tapes. All the
heads are put at the beginning of their tapes. At the beginning of input tapes we have read
heads, at the beginning of output tapes we have write heads and at the beginning of feedback
tapes we have both read and write heads. Now we start all the automata in the initial state
and let them run simultaneously each according to its own specification. Note that during
such a run on a feedback tape a write head is never overtaken by a read head. After the run
of the automata (which can be infinite) we can collect the contents of the output lines in a
hiﬁstory tuple with m elements. We say that this history tuple is delivered as output. Now we
give
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Definition 2.13 (Operational Semantics) Let O : Net™™ — Trace™™ be given by
Iy € O(t)(Ty)

if and only if there ezists a run of the system of automata associcated with the nodes in net
t according to the connections specified by the net t on input I'y such that Iy 1s delwered as
outpul.

&
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3 Intermediate semantics [

The operational semantics of the previous section yields a function in Trace™™. Brock and
Ackerman showed in [Brock & Ackerman 1981] that any semantics based on such functions
is not compositional. They gave an example of two nets that have the same operational
semantics but that behave differently when placed in a context. We give this example in
subsection 3.1. In order to obtain a compositional semantics, we have to add information to
our semantic domains. The operational semantics is not fine enough: it does not make all the
distinctions that are necessary.

We propose richer domains in subsection 3.2. As basic domain we use finite-word vectors:
vectors with as elements finite words of tokens. A finite-word vector can contain empty
words. Nets are modeled as finite-word vector functions: functions from tuples of finite-word
vectors to sets of tuples of finite-word vectors. Whereas the operational semantics considers
on one single line a possibly infinite word of tokens, in the intermediate semantics we cut
this sequence in finite (possibly empty) pieces. We find it convenient to group a tuple of
finite-word vectors in a finite-word matrix: a matrix with elements taken from the set of finite
words over the alphabet of tokens. This is possible because we use finite-word vectors that
are of equal height, that is of infinite height. Hence, a net is modeled by a function from
finite-word matrices to sets of finite-word matrices. We will call these functions finite-word
vector functions. From such functions we can derive a certain ordering of events: Restricting
ourselves to 1-1 finite-word vector functions (functions from finite-word matrices of width 1

Zy
to sets of finite-word matrices of width 1) and given a finite-word matrix | %2 we will get
z)
a set of possible finite-word matrices. If Z2 is one of the possible outputs, then we have

that the word z, contains enough tokens for the net to produce (at least) z;, the word =,z
contains enough tokens for the node to produce (at least) %, Z2, etc.

In subsection 3.3 we present the intermediate semantics which is based on the domains given
in subsection 3.2. The intermediate semantics J is defined with firing sequences. It is called
intermediate because it is a step on the way to a denotational semantics, which will be
defined in section 4. The intermediate semantics can (as in the operational case) also be
based on an automata theoretic intuition: We assoclate in subsection 3.4 with each node an
automaton that works on tapes with a special structure: the contents are finite-word vectors.
Then we show how to connect several of them in order to get an alternative definition for
the intermediate semantics. In subsection 3.5 we give some properties of J. Subsection 3.6
describes the relation between the operational semantics 0 and the intermediate semantics
I: we introduce an abstraction operator abstr and we prove that O = abstr o I. This abstr-
operator “forgets” about the partioning into finite words on the lines by concatenating the
finite words on the lines yielding the possible infinite histories. In sections 4 and 5 we turn
to the compositionality and the full abstraction of I.

3.1 Brock-Ackerman anomaly

A semantics based on histories which are words of tokens (like our operational semantics)
is not compositional. This was first shown in ([Brock & Ackerman 1981]). They give the
following example. Take two nets ¢, ¢5:

18




dup dup dup dup

merge merge

{ 2buffer

Figure 6: t; and ¢2

t; =< dup, merge, dup > {2:1,3:3},
to =< dup, merge, dup, 2buffer > {2:1,3:3,5: 2}.
The graphs of ¢,,t; are shown in figure 6. In t;,¢; we have three kinds of nodes:
1. dup € Node*'!,
2. merge € Node*!,
3. 2buffer € Node''!.

Brock and Ackerman take as set of tokens the set of integers. The specifications of most of
these nodes were already given in section 2. We give these specifications again, together with
some informal explanation. The node dup is a node which duplicates each token it receives
and sends both to the output line. Its specification is

Sdyp = {((a)sorniT, (aa),ornrT) ¢ @ 15 a token}.

The node 2buffer is a special kind of buffer. It waits for a second token if it has received one
and then it outputs them both. The specification of 2buffer is

5zbuﬁer = {(a),01n1T) (€),04) : @ i5 @ token}U
(a'), 04, (ad'),o1n1T) ¢ @, &' are tokens}.

The node merge merges its two inputs. Recall its specification:

bmerge = {{(a,€),01nrT,(a),0rnrT) t @ is a token}U
{((e,;a),0rn1T, (a),01N1T) : @ 13 @ token}.
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It is not difficult to see that O(t;) = O(t2). The difference between the two nets is masked
by the dup nodes. :

We shall now show that the two nets can be embedded in a context such that the resulting
nets have a different operational semantics. First we state informally what a context C is.
(A precise definition will be given in the next section.) A context is a net with a hole in it.
In this hole we can place a net by connecting some lines such that the result is again a net.
The Brock-Ackerman anomaly uses the context as is shown in figure 7. When we place ¢;,¢,

plusl

Figure 7: context C

in this context we get

Clt,] =< dup, merge, dup, split ,plus 1 > {2:1,3:3,5:2,6:5,4: 6}
and

Cltz] =< dup, merge, dup, 2buffer, split ,plus 1> {2:1,3:3,4:7,5:2,6:4,7:6}.
The specifications of the split and the plusl node are

Sspiit = {((a),0rn1T) (@y0),01n1T) ¢ ais a token}

bptusr = {((a),orniT, (@ + 1),01n1T) ¢ ais a token}
The operational semantics of C[t;| and C[ts| are different:

0(Cltr]) # 0(Clta]).
Take for example as input 1. We have

o(Cit)((1) =

© {yed
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122333...n—1...n—1n...nln...nn+l...n+122n+1...n+1...:

N S o’ (SRR Nt o ~—
2t 22 gn-2 k on-1i_f 2k 2n—2k

and

O(ClN((1) = {(122.3...3¢4. .4...0...n. ).

2l 22 n3 - on—1

& Z &

When we input a token, it becomes duplicated delivering a first and a second copy of it. In
net t; we have that the second copy can spend some time between the dup node and the
merge node, while the first copy can go around the feed back loop and pass the merge node
before the token that is waiting between the dup and the merge node. In ¢, this is impossible:
one may view this as the 2buffer pulling the second token down.

It should be clear that such an example can be given in any reasonable semantics that is based
on history functions. Therefore, we have to search for a semantics that gives more details (1s
finer, makes more distinctions) than our operational semantics 0.

3.2 Basic domains and operators

We propose a new domain. We wish to add timing information to our history tuples. More-
over, it should be the minimal amount of information. (This condition will be discussed in
section 5).

Instead of using histories we use finite-word vectors. A finite-word vector is a vector of infinite
height with elements taken from A*. The counterpart of history tuples are finite-word vector
tuples. Because finite-word vectors have infinite height, we can group a finite-word vector
tuple in a so called finite-word matrix in the following way: Let

Tyt Tin
(| =20 |,...,| 22 |)

be a finite-word vector tuple (with n elements) then we group it in the following finite-word
matrix:

iy Zin
To1 - Zan

Definition 3.1 Define Dom™ to be the set of finite-word matrices of width n and infinite
height. Let 8 be a typical element of UnZO Dom™.

zy

Z2 | is then written

{3

We shall sometimes use the transpose operator -T: a finite-word vector

as (zy 2 ... )T.
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Definition 3.2 Define the domain Dom™™ by

Dom™™ = Dom™ — P(Dom™)

Elements of Dom™™ are denoted by ¢ and are called finite-word vector functions.

We define an abstraction operator flatten which concatenates the (finite) words in the columns
of the matrix and yields a history tuple in Trace™:

Definition 3.3 fatten : Dom™ — Trace™
iy " Zin
T2 0 Zon
fatten(| 25, - zs, ) = (%11221%31 "y -y T1nZ2nT3n - ) -

Next we generalize flatten : Dom™ — Trace™ in

Definition 3.4 abstr : Dom™™ — Trace™™
abstr(¢) = AT.{flatten(d) : 30 flatten(d) = T A G € $(0)]}

The operator abstr will relate the operational semantics 0 and the intermediate semantics
I which will be introduced in the next subsection. We shall prove that O = abstro I in
subsection 3.6. We need the notions of projection and slicing from Dom™. (Recall that
Tupg, = {<t1,...,% >:VJ E {1, . EY1 <4 <navie {1,.. kYl # 7 =1 #ull})

Definition 3.5 Define for any pair of integers k,n with0 < k < n:
1. (projection from Dom™)

|: Dom™ X Tupg., — Dom*

Ty o Tin Tiip 0 Tl
Tgy - Z2n I1<t1,..0,0 >= ZTai, 0 Tag

2. (slicing from Dom™)

1: Dom™ X Tupg.n, — Dom™ ¥

6 T {ilr‘--’ik}
15 the matriz obtained by removing the 11,...,1; columns of §.

We define a function which combines several finite-word vector functions into one finite-word
vector function:

Definition 3.6 Take any ¢; € Dom™ ™, ¢ = {1,...,k}. Letn = Zle n; and m =
E:;l m;. Putag =00 =0, a; = Z;-=1 n; and fB; = Z}:; m;. We define ¢y :t--- i dg to be
a function tn Dom™™ such that

Ty ot Zie Zu o Iim

(frs-ag)(| 220 T )= B Eem |




Zipiy+1 0 Zap, Tlojmg+l 7 Tlag
Vie{l,...,k}| Zzp-atr 0 T2a | e (| Traatr 0 T2 )L

The next definition gives the possibility to concatenate the first k elements of an element of
Dom™ (and to throw away the remaining elements):

Definition 3.7 (concatenate first k elements) Let k> 0.
[k] : Dom™ — FTrace™

iy o ZTin

Toy - T2 [kl:(xlleL.._'zkl,“,,x]_nxgnu.zkn).

We also need an operator ~+ (a;); to be read as an integer speed up (according to {o;):):
Definition 8.8 Let (a;); be an nfinite sequence of integers.

~ {a;); : Dom™ — Dom™

Zyr . 0t Tin
Z2y " Tap ~> (ai)i =
i1 Tagd Zin " Zayn
Toi+1.1 " Tag+as.l v Zyy+in " Taj+az.n
Toy+as+1l " Tagtastaz.l - Tajtoas+in " Tag+astazn
Example
45 22
9 €
e 1961 459 221961
71 44 7180 44
80 ¢ | n(3,2,1,2..)=] 1 8
1 3 6595 45529
65 455
95 29

J

If there exists (oy); such that §; = 8, ~ (@;); then we say that 6, is an integer speed up of
#,. Now we introduce the important notion of delay:

Definition 3.9 (delay) Let\;: Dom™ — P(Dom"™) be given by
8 \= {0 : Vk3n,[0]k] < 0]k] < O[ni]]}
An equivalent definition would be

§ = {0 : VK[f|k] < 6[k]] A flatten(8) = flatten(d)}.
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If 6, € 65 \, then we say that 0, is a delay of f2 and that # is a speed up of 4;. (See below
for a discussion about the relation between integer speed up and speed up.) We have the
following lemma which states some properties of delay:

Lemma 3.10

1. Y6y, 050, € 02 \=>0; \.C 02\

2. V(ai),’VHl,@g{oz =6 (ai),- =0, € 0 \]

3. V(ai)iV(}l,Bg,@é[(Gl % (CZ,‘),’ =05 A 9«’3 € b4 \,) = 391 €f; \, [9'1 %4 (ai)i = 04'2”

4. V(ai)iwl,ﬁg,@’z[(&l ~r (a,-)i =0y N0 € 9'2 \) = 39'1 10, € 0; N {9'1 ~r (a,’),’ = 9'2]]

Part 2. of the lemma shows that integer speed up implies speed up. In order to see that the
reverse implication does not hold, we give the following example.

Example
Take
594 265 59 2
14 1 41 65
€ 2 e 12
=1 4 ANbz=1 4 ¢
€ 4 4 4

We have that , € 8; \, but there does not exist a sequence (c)s of integers such that
92 A (a,-),- = 91,

3.3 Intermediate semantics I

In this subsection we give the intermediate semantics J which will assign to a net t € Net™™
an element of Dom™™. Before we give the definition, we try to give some intuition. Suppose
t =<dy,...,dx > {81 : Ji,...,% : 51} and that t € Net™™. Take any § € Dom™. We are
going to determine the set of all possible outputs g in I(t)(0): ’¢ is on the input lines of ¢’.
We are looking for pairs (6;,02) € Dom™** x Dom™™! (which can be seen as pairs of input

and output for the tuple of nodes < d,,...,d; > without connections) such that
1. it is an input/output pair according to a firing sequence for < dg,...,dg >,
2.if ¢ : 7 is an element of {¢, : Ji,...,% ¢ 5i} then the contents of the i-th input line

(8, 1< ¢ >) should be consistent (in a sense to be made more precise) with the contents
of the j-th output line (62 |< 7 >),

3. the matrix 8, without the lines that are to be connected according to TR TP T 7}
(ie. 8: T {z1,...,u}) equals 6.

If we have found such a pair (6, 02) we take as output 6 without the connected lines (821

{7i,.- o a})-

We work out the first point: Suppose the firing sequence for the tuple of nodes is (5¢i> wi, % Wi )i
In order to perform the i-th firing (xi» wi, Xi» w;) we should have on the input lines of
< dy,...,dr > at least x; ---xi or, equivalently, if we can not perform the :-th firing yet
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(because there is not enough input) the output is at most the output of the first ¢ — 1 firings.
In the definition of I we use yet another formulation (indicated with a (#) in the definition of
I below): for every firing we can find a point j such that at this point there is enough input
to fire the -th firing and at one point before (7 — 1) we do not notice any output of the ¢-th
firing. This formulation is equivalent to the first two above as is remarked after the definition
of J. We also have to make a fairness assumption: all tokens that are produced by the firing
sequence will eventually come out of the net: flatten(f2) = %1%z - -

The second point (about the consistency on the feedback lines) can be worked out as follows: in
order to perform the ¢-th firing there should be enough tokens on the input lines. If we consider
the lines that are to be connected we know that tokens on these lines are coming from certain
output lines. Hence the first ¢ — 1 firings should deliver enough tokens on these lines to be able
to perform the i-th firing: Vi > 1[(xy - x:) 1<%1,.- 0 > (X1 Ki=1) 1< Tn-c 0 >)-

Definition 3.11 (Intermediate semantics J) Let
I : Net™™ — Dom™™
be given by
fel(<dy,...,dic > {21710 2 })(6)
-~
36, eDom™**, 8, € Dom™ |
0y P {i, ..t} =0A021T {J1,--, 0} =0A
I(xi, wis Xir W) firing sequence for < dj,...,dg > w.r.t flatten(d;) |
(R Vi2 13 2 10.[5] 2 x1 - xi Ab2fi — 1 S X1 Xi-i] A
Vi > (x1 X)) 1<ty nu > (Ko Xi-1) 1< -0 >l A

flatten(82) = X1 %2 -

|

Remark: we can replace the condition (#) in this definition by

Vi > V5 2 (005 2 X xa AOLlT — 1 2 X xe) = 0207 — 1 < Xu e K]
or by

Vi > V7 > 10:[7] Z X1 xs = 62[7] < %1 Xi-1]

to get equivalent definitions for the intermediate semantics.

Examples

1. Let 1supply be a node in Node''!. Let us use 0 as start token. Suppose the specification
is

81auppty = 1((0), 01w 1T, (1), 0), ((€),0,(1),0)}

{Ne have
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Ghe

I(< 1supply >)(

)={] =z :Vi|z; € (1Y) Azpzp--- =19}

2. Consider the net
t =< split, merge > {2: 1,3 : 2}.

We have that

M DD
mOBD e
[

Na

I(e)( N N

m

3. We show that the intermediate semantics is fine enough to distinguish between the two
nets used in the formulation of the Brock-Ackerman anomaly. Later, we will prove that
I is compositional. Take

t, =< dup, merge, dup > {2:1,3:3}
and

to =< dup, merge, dup, 2buffer > {2:1,3:3,5: 2}.

1 ¢
€ 2
Consider for example as input 6 = | o
1 ¢
€ 2
It ¢ ¢ P=
11 1 1
22 212 221
€ N U € N Y € N U
€ € €
2211 2112 2121
€ U € U €

and
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1 ¢
€ 2
€ €

22 1212 1221
e | NUL e [NYL e [V

€ € €
2211 2112 2121
€ U € U €

I{ty) # I(t2).

Note that

There are two elements in the second set that are not in the first set:

1 1
212 122
¢ and €

This can be interpreted as follows. In the case that the tokens come out of the net in
the order 1212 or 1221 the first 1 can come out earlier in ¢;. This timing difference is
made visible in the Brock-Ackerman context.

3.4 Alternative definition of the intermediate semantics

In this subsection we provide an alternative definition for the intermediate semantics based on
automata associated with the nodes in a net. For reasons similar to those discussed in section
2, we do not prove the equivalence of the two definitions. We first consider the behaviour of a
single automaton. For any specification § € Spec™™ we define an automaton as follows. The
set of states of the automaton consists of those states that appear in §. The automaton M;
has n read heads that read from n different tapes and has m write heads that write on m
different tapes which may be finite or infinite. We use a different kind of tapes than in the
previous section. The refined structure of the tapes induces a refined notion of the operation
of the automaton. The first step in the construction of an automaton is a closer examination
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| | e 456 |

Figure 8: tape with contents

of the tapes. As indicated, this structure is different from the tapes used in the alternative
definition of the operational semantics 0. Each tape is divided into an infinite number of
cells. Each cell may contain a finite word. Hence the contents of such a tape can be described
as a finite-word vector. For example, a tape with contents (11 ¢ 33 456 .. )7 can be pictured
as in figure 8.

The contents of n tapes can be described with an element of Dom™, where a column in the
matrix describes the contents of a single tape.

We sketch the run of an automaton. Let there be given a matrix 6, which gives the contents
of the input tapes. The automaton reads from these input tapes. It has 2 buffers: an input
buffer #, and an output buffer f>. The automaton starts in the initial state orn ;T and reads
from its input tapes into the input buffer §,. The buffers are finite-word tuples, the input
buffer has n elements and the output buffer has m elements. Each element of the input buffer
is associated with an input tape and each element of the output buffer is associated with an
output tape. The last token of an element of the input buffer is the one most recently read.
The operation of the automaton consists normally of performing independently read steps, fire
steps and write steps. When the automaton performs a fire step, it picks nondeterministically
an element (x, 0, X, ) from & such that

1. the automaton is in state o

2. x < B (ordering as in definition 2.5)
and

1. removes ¥ from its input buffer

2. puts ¥ in its output buffer

3. enters state 7.

There are independent parts of the automaton that perform read and write steps. The part
that performs write steps takes tokens from the output buffer and writes them on the output
tapes: it picks nondeterministically (z},...,z!,) such that (z!,...,2;,) < B2 and writes
z,...,2), on the corresponding output tapes. The part that performs read steps takes
tokens from the input tapes and puts them into the input buffer.

There is a restriction in the places where an automaton is allowed to write, which we now
define: In order to formulate this restriction we introduce the notion of the position of a (read
or write) head on a tape. Such a position is a number: a head is in position z if it is reading
or writing in the z th cell of that tape. We formulate the restriction:

The position of a write head should always be greater than or equal to the position
of any read head of the automaton.
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Note that this restriction can lead to the writing of empty words. For example, take a
node d € Node'! and suppose (z,z5...)T gives the contents of the input line. Assume that
(z,0,%,5) € 6 implies that z; # z. Hence, we are not able to fire with the first word of the
input. So the automaton needs to read more than the first word of input. By the restriction
this implies that the write head has to write the empty word. The intuition behind the
restriction is

in order to obtain (as output) the first k£ words (of the finite-word vectors) it is
sufficient to have as input the first £ words.

There are two fairness conditions on the automaton: If an automaton is enabled, it will fire
after a finite number of reading steps. The automaton is enabled if there exists a (x, o, X, )
in ¢ such that

1. the automaton is in state o

2. x £ B

The second fairness condition is that if a token is put in the output buffer, it will be eventually
written on an outpuf tape.

Caution: we have introduced two notions of timing: the notion of timing associated to the
finite-word vectors does not coincide with the notion of timing of the firings. Therefore in gen-
eral we do not have that,if { z, z2 z3 ... )T € Dom' is used as input for an automaton

belonging to a node d € Node'! and the automaton delivers ( Z;, Z; Z3 ... )T &€ Dom!
as output, then necessarily (zy,.,Z1,.) € 84 A (22,52, ) ESa Aot

In order to get an alternative definition for the intermediate semantics  we combine several
automata in one system. This is done in the same way as is done in the alternative definition
of the operational semantics: we have that on a feedback tape a read head is never overtaken
by a write head.

Definition 3.12 (Alternative definition of the intermediate semantics)
Let I : Net™™ — Dom™™ be given by

02 € I(t){6,)
if and only if there exists a run of the system of automata associated with the nodes in net
t according to the connections specified by the net t on input 6, such that 85 s delwered as
output.
3.5 Properties of the intermediate semantics J
In this subsection we give some properties of the intermediate semantics. We start with
Lemma 3.13

VnVdy, ..., dpo|I(< dyy..oydn >) = I(dy) - I{dn)]

The proof of this lemma is omitted. All lemmas in the rest of this section are of the following
form: given that § € I(¢)(8) we can obtain from (f, ) other input/output pairs (6’,5'). The
next lemma tells us that we may delay the output and speed up the input:

Lemma 3.14 (delay lemma)
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vt € Net™™ V,6' € Dom™V8,0' € Dom™ |

GeIt)(@)Ad e\ Nl

=
¢ e I(t)(¢')
|

Proof
Take any t € Net™™, § € Dom", §,8' € Dom™ such that

g € I(t)(6)
and

g eb™,.
Suppose

t =< dl,...,dk > {’Lg_ 2].1,...,2'[ ]l}

By the definition of J we can find a firing sequence (i wiy Xy Wi)i for < dy,...,dx > Wt
flatten(6) and 6; € Dom™*, 8, € Dom™*! such that

Vidi[0uls] 2 X1 xi Abali — 1 S xu o Ri-als

Vi > 1(xy - xa) 1<t au >S (X Xam1) 1< T >},
b2 1 {g1,.- s} =16
and
0, 1T {a1,...,u} =9.
Define 6, € Dom™*! and 8, € Dom™*! such that
00 1 {iny...,up=40'
9L 1< iy, >=0p <ty .0 >
05 1 {a,..,n} = )
and
05 1< giye- s i >=102 1< g1y m >
We have
§' € § \=> 0, € 05 = flatten(05) = flaiten(f2) = X1 X2~
Take any integer ¢ > 1. Define an integer j such that
O} = xr - xiABli 1 S e Ri-1
\;Ve have
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01171 2 6105] = x1 - xs

0517 =1 < Oaff =1 < %1 Xi-1

so we can conclude by the definition of I that 8’ € I(t)(). 0

Lemma 3.15 Take any pair of integers n,m. Taket € Net™™, 0,6, € Dom™, 8,05 € Dom™
such that

82 € I(t)(6,),
Vi > 13N, M > 1[N > M A6,|N| < 0[5] Af[e] < 0:[M]], (*)
flatten(8) = flatten(d,), '
fatten(0) = flatten(6s).
Then we have
g € I(t)(6)-
Remark: we can replace the condition (%) by one of the following equivalent conditions:
YN, M{(0[N] 2 0.[M] AOIN — 1] 2 6,[M]) = §[N| < 6;[M]|
or

YNIMI6|N] > 6,[M] A G[N] < 62[ M]].

Proof
Take any ¢t € Net™™, 6,8, € Dom™, 8,6, € Dom™ such that

02 € I(t)(01)

ViAN, M[N > M A6, N] < 0[] A dJ5] < 82 M]]

fatten(f) = flatten(f2)

fatten(0) = flatten(d,)
Assume t =< d),...,dr > {¢1 : Ji,---s% : 2} By the definition of J we can find 64 €
Dom™*, 85 € Dom™t' and a firing sequence (xi,w;, X, @:)i for < dy,...,dx > w.rt
fatten(03) such that

Vidfl0s[s] = x1 X Abald = 1 < %0 Xy

flatten(84) = X1 X2,

41 {dts-.. 0} = b2,

B3 1T {ig,...,0} =6,
and

Ve 1(x1 o x:) b<dn 0 >S (R Ximn) 1< T 0>
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We construct s € Dom™*, 6 € Dom™*! as follows. Let (a;); be a sequence of integers such
that

0[s] = (x1- X)) T {E0s-- ot}
i) 2 (X1 Xeay+1) T ey nntt}

From the definition of (a;); it follows that (a;); is monotonically nondecreasing. We consider
only the case that lim;_, o o is infinite. (other cases can be handled by a similar argument).
Define

R K

95: /\05:

lX(xk_l-i-l"‘Xak I ‘X«xk_l-i-l"')?akl

Let us explain the notation: The rows of the matrices above are the finite-word tuples in the
boxes. We have that

(0 1 {31+ }) € I(8)(8s 1 {o1y.- - u1})
Hence by lemma 3.14
(86 1 {51s--- 2}) € 1(t)(6)

We show that 6 € (6 T {J1,.--,71}) \«: Take any integer . By the condition we can find N,M
such that 03] < 62[M], 8s] > 6,(N] and N > M. 8[s] > 6,[N] implies 63[N] 2 X1 Xas+1-
This implies that 04[N] < %1+ Xa, 50 04[M] < X1 Xa,- Because fli] < 02{M] we have
0_[7«] S (64 T {].11 . )]l}){M] S (Xl e )za') T {jla s 1.7[} Hence 0_ € (06 T {jla . )Jl}) \r

Now apply lemma 3.14: § € I(t)(6). a

The lemma below tells us that we can take the same integer speed up in input and output
simultaneously: ’

Lemma 3.16
Vt € Net™™ VY8 € Dom™Vd € Dom™ |

g€ I(t)(9)
=

V(e )s[(8 ~ (ei)i) € I(}t)(& ~ ()i

Proof

Take any ¢t € Net™™ and 6 € Dom™, § € Dom™ such that 6 € I(t)(6). Assume t =<
di,...ydg > {¢1 : J1,.--»% ¢ 5i}. By the definition of I we can find a firing sequence
(xi» wis Xi, Wi)i for < dy,...,dg > wort flatten(d) and 6, € Dom™*, 8, € Dom™*" such
that

e Vg0 2 X1 xa A B2lT — 1) S %y Rieals
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flatten(02) = X1X2 >

Vi 1(xy - xa) <ty >S (R Ximg) U< 0>
b2 1 {gs,-- oo} =10
and
8.1 {ie,... i} = 0.
Take any integer 7. Take 7 such that
Oul] = x1- - Xi Ab2lf =1 S %1 Ki-1
Take any sequence of integers (o;); (such that Vi[o; > 0]). Define an integer 7 such that
a4 toago 1 <jLapt o+ ay
We have
(61 ~ (e)i)ly] = Oulon + -+ g 207l Z X1+ xa
(82 ~ (as)i)ly =1 =balar + -+ ay_1] <O — 1 S 1o Ki-1s

So for any ¢ we can find a 7 such that it satisfies a condition in the definition of the intermediate
semantics, that is

(01~ (e))v] Z X1 xi
(62 ~ (e))ly -1 < %1 Xi-1
It is not difficult to see that
(61~ (ea)) T {ins- i} = (0~ (a)s)
and
(62 ~ ()i} T {dns -} = (0~ (i)s)
s0 by the definition of I we have (7 ~» (o)) € (£)(0 ~ ()s). o

3.6 Relation between the intermediate semantics I and the oper-
ational semantics O

The operational and intermediate semantics can be related with the operator abstr, which
was defined in subsection 3.2. This is stated in

Theorem 3.17 O = abstro ]
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Proof

Take any t € Net™ ™. Suppose
t=<dy,...,di > {e1 70, r 0 0}
We have
(abstr o I){t) =
abstr(I(t)) = [Definition I|
abstr(28.{4 :
3¢, €Dom™**,8, € Dom™*|
0,1 {igy.. st =0A021 {5, 0} =8A
Ixs, wiy Xiy @; )i firing sequence for < dy,...,dg > w.r.t flatten(8,) |
Vi > 135> 1[0, [7] 2 x1 - xi Af2l7 = 1) S Xu - K-t A
Vi 2> 1 (s x:) 1< gty 0t > Ry Kima) U< Jus e 2t > A
flatten(02) = X1 X2
1}
= [definition of abstr|
AT {fatten(d) : 39 € Dom™[T' = flatten(d) A
30, €eDom™*!, 6, € Dom™ ™!
01 {rs. st} =0A0:1 {gr,...a} = 0A
I(xi, wis Xi» Wi); firing sequence for < dy,...,dx > w.r.t fatten(6;) |

vi > 135 > 1]8:[5] > X1 Xi Aba[f—1] < )‘(1"')‘(;'71] A (*)
Vi > (- xi) d<tnyee ot >S (X Kimt) 1< dn et =] A
flatten(f2) = X1X2 -

I}

=4 u,

(abstr o I ¢ O) Take any I' € Trace”. Take any I' € Trace™ such that ' € (abstr o I)(¢)(T).
By the derivation above we have T' € ¥(I'). By definition of ¥ we can find 6 € Dom",
g € Dom™, 6, € Dom™**, 0, € Dom™ " and a firing sequence (X:,w;, Xi, W;); for
<dy,...,dg > wr.t flatten(d) such that

Vi > 1y xi) 1<ty 0 > (R Rie1) 1<Ju -0 >),

&

flatten(0.) = X1X2" ",
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01 T {jl)---)].l} =€_:

02 T {ili"'iil} = 01
flatten(9) =T

and
flatten(§) =T.
Define I'; = flatten(d,), I'2 = flatten(f2). We have

I'y=x1X2,

Tyt {s,.-,ay=T

and
P21 {e4,...,25} =T

i.e. ' € O(t)(T') by the definition of 0.

(O C abstr o I} Take any T' € Trace™. Take any ' € Trace™ such that T' € O(¢)(T). By
the definition of O we can find I'; € Trace"t!, T € Trace™ and a firing sequence

(x> wiy X3, @;); for < dy,...,dx > w.rt T'; such that

Vi .>_ 1[(X1X1) l< il)--wil >S (Xl"'Zi—l) l<31;1]l >]1
o= X1X2",
FZ T {.7.11---1.7'!} =F

and

NN {’51,---,il} =T.

We only consider the case that (x;, wi, X, @) is an infinite sequence such that T';

X1X2 - - Define

X1 X1
X2 Aly = X2

0,

Take § = 0; T {¢1,...,4}. We have [ € ¥U(T), i.e. T € (abstr o I)(t)(T).
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4 Compositionality of the intermediate semantics I and
the introduction of the denotational semantics 0

In this section we investigate the compositionality of the intermediate semantics I. Normally,
compositionality is defined with respect to some operators. On Net we have as yet no opera-
tors. Instead of defining operators on Net and then proving the compositionality, we proceed
in this section in a more indirect way.

We want to have two kinds of operators on nets: tupling and connecting operators. Tupling
is putting nets besides each other, without making connections. The connecting operators
make more connections in a net. First we build up a new set CNet of nets based directly on
these operators. A net s € CNet is either a basic node d or a tupling operator applied to
subnets or a connection operator applied to a subnet.

We introduce a denotational semantics D for CNet. It is called denotational because
each syntactic operator has a semantic counterpart. Hence this denotational semantics D is
compositional by definition. We introduce a function NF on CNet which gives a normal form
of a net. The normal form NF(s) of a net s € CNet can be seen as the flattened version of
the net s. We show, for any s € CNet, that D(s) = D(NF(s)). A corollary of this normal
form result is an associativity result for D which states that if two nets are equal but for
the order in which connections are made, then they have the same denotational semantics.
We also introduce the notion of context on CNet. A context is a net with one hole (or,
occasionally, just a net, i.e., a net with no holes). For any context C' and nets sy, s2 € CNet
we have that if D(s;) = D(s3) then also D(C(s,)) = D(C(s2)). This follows directly from the
compositionality of the D with respect to the operators of tupling and connecting.

We return to the issue of compositionality of the intermediate semantics J. We have that
Net C CNet and hence the denotational semantics D is also defined on Net. We show for any
t € Net that I(t) = D(t). Given a net s € CNet the flattened version NF(s) is an element
of Net. With the help of the denotational semantics D (using the compositionality of D, its
equality to J on Net and the normal form result) we are able to show the compositionality
of the intermediate semantics J: We show that for any context C (on CNet) and for any
two nets £;,t € Net that if I(¢,) = I(t2) then also J(NF(C(t1))) = I(NF(C(t2)))(*). The
notion of context will also play an important role in section 5. The formal definition of a
context will be given in subsection 4.6.

We give an overview of the rest of this section. In subsection 4.1 we introduce the new
syntax for the class of data flow nets CNet. The set of nets C'Net introduced by this syntax is
a superset of the set of nets Net used in the previous sections. To this syntax we assign in 4.2
the denotational semantics D. Subsection 4.3 provides some properties of the denotational
semantics D. In 4.4 we relate J and D by showing that

Yt € Net[I(t) = D(¢)].

In subsection 4.5 we give the relation between the two kinds of syntax: each net s € CNet
has a normal form NF(s) which is a net in Net. We then show the normal form result:

Vs € CNet[D(NF(s)) = D(s))}.

Using these results we derive in 4.6 the compositionality of I, i.e., the implication (*). At the
end of subsection 4.6, we comment on the relationship between the notion of compositionality
involving a context and the (usual) notion involving (corresponding) syntactic and semantic
operators.

&
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4.1 - Compositional syntax

If we look at the syntax of data flow nets given in section 2.2 we see that a data flow net is
described as a flat structure. All nodes of the net are listed and some connections are made.
In this subsection we propose a different kind of syntax. We build the nets in a compositional
manner: a net is either a basic node or a number of nets put in parallel (without connections)
or is a net to which some connections are added.

Definition 4.1 (Compositional Syntax) Let the set CNet with typical element s, be de-
fined as U"‘mzo CNef*™ where the sets CNet™™ are given by

s € CNet™™ :: = d € Node™™
| <81y.eeyse > K> 1A
an,...,nk,ml,...,mk[

Vi € {1, cees k}[si c CNetn,:m,]
=

n=2f=ln,'/\m=zf=lmi
Psof{ts gy ee stk s it E=1A

sy € CNettlmtk 5
VISN,M<EN#M=iy #im] A
VIS N, M < k[N #M = jn # jm] A
Vie {i,.. i1 <i<n+klA
Vi€ sk}l 7S m+ k]

The restrictions in the definition of the syntax imply
e s has indeed n input and m output lines,
e it is only possible to connect existing lines

e each input line is connected to at most one output line and each output line is connected
to at most one input line

Connecting lines decreases the number of input and output lines. This decrease is sometimes
called hiding: the connected lines are said to be hidden.
A net defined in section 2 is also a net in the sense of the previous definition. Hence Net™™ C
CNet™™,
Example
We show in four figures (figures 9, 10, 11 and 12} how the net

<< merge, split > {3: 1}, plus1 > {2: 3,3 : 2}.

is built up. This net is not an element of Net.
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Figure 9: < merge, split >
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Figure 10: < merge, split > {3: 1}
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Figure 11: << merge, split > {3 : 1}, plusl >
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Pigure 12: << merge, sphit > {3 : 1}, plus1 > {2:3,3:2}

4.2 The denotational semantics D

In the previous subsection we have introduced a compositional syntax and in this section we
assign a denotational semantics D to it. For the basic nodes this is easy. Inspired by the
definition of the intermediate semantics we define for any node d,

D(d) = ¢d
where ¢, is given in the following definition:

Definition 4.2 Let d € Node™™. Define ¢4 € Dom™™ by ¢, = I(d).

The case that a net consists of n subnets is also not difficult because the executions of the
nets do not interact with each other. We can use the operator :: - -- :: (see definition 3.6):

D(< 81y.ees8n >) = D(sy) -1 D(sp).

The complicated case is the case that a net is made up of a subnet s in which some more
connections are to be made. Suppose we have the meaning of this subnet {(which is a function
in Dom™"™). We want to make more connections: for example, suppose we want to connect
the ¢ th input line to the 7 th output line (and no other connections). Because we hide all
connections, the new net (with the ¢ : j connection) has ‘lost’ one input and one output line.
We consider what happens for a fixed input § € Dom™ ™ !. There should be a relation between
the 7 th input and the 7 th output. They have to be almost the same, except for the fact that
we have to guarantee that nothing is consumed before it is produced. The first idea is that
the input on the i-the input line should be an {epsilon) shift of the output on the 7-th output
line. We first give the definition of an epsilon shift:

Definition 4.3 (¢-shift) Define the operator

el : Dom™ — Dom"

by
z z € €
i1 Zin
Zo1 - Zg Zi1 7 Tin
n =
e Zoy - Iop
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We continue with the ¢ : j-connection: we look for pairs 8, € Dom™, 3 € Dom™ such that

o 05 € $(6;) where ¢ € Dom™™ is the meaning of the subnet s,

e §; without the 7 th line equals 6, i.e. 8, T {t} =4,

Zy
e if 6, projected on the j th line equals | %2 then 4, projected on the i th line equals
€
zy
z2

This turns out too restrictive as can be seen from the following example: Let [ € Node*! be
the identity node:

51 = {((a),o1n1T, (@), 01n1T) : 0 15 @ token}
We do not want to make a semantic difference between the following two nets:
ty =< I>,
ty =< I,I>{2:1}.
If we follow the definition as outlined above we have
D(t)(0) = 6\
and
D(t2)(8) = (e0) \..

We can use the ~+ {a;); operator to solve this problem. Informally, if we apply this operator
as in the next definition, we do not require that the feedback lines of #; are an € shift of the
feedback lines of §,. We make a weaker assumption: there exist ) and 05 with 65 € ¢(6})
such that the feedback lines of 8 and 8} differ only by an e shift and such that 4, § are integer
speed ups (with the same sequence of integers) of the input lines of #{ and the output lines
of 0%, respectively. As we will see in remark 2 below, the application of the ~» (c); operator
which concatenates words has as a consequence that it intuitively removes finite numbers of
empty words. After the definition of the denotational semantics we show that the nets ¢; and
t» are identified by the denotational semantics.

Definition 4.4 (Denotational semantics) Let the semantics
D : CNet™™ — Dom™™
be grven by

1. D(d) = ¢4
2. D(< 81yeeysn>)=D(s1) - D(sa)
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S D(s{is i dtyeeortn: Ji}) =

A.{f:30,¢ Dom™*® 9, Dom’""'kﬂ(ai)i[

02 € D(S)(gl) A

(-51 I<2gy...,2 >)= €|:|(92 < Ttyen oy J0 >) A
=821 {23k }) ~ ()i A

§= (01 T {ila-nyik}) e (ai)i ]

}
Remarks
1. We have that D(< sy,...,sx >) is a function of D(s;), ..., D(sk) and that D(s{s; :
Jisev+s% © Jk}) is a function of D(s) and 7y,...,%k,71,...,J, so D is a compositional
semantics.

2. Take (as in the previous example) ¢, =< I > and ¢, =< I,T > {2 : 1}. We show that
D(ty) = D(t2):

D(t1) =1 =200,

D(tz) =

X.{8€ Dom' : 36,0, € Dom?®, (a;)i]
0 € (¢[ o ¢1)(01) A
0, l<2>=¢lf: |<1> A

01 14{2} ~ (0u)i =0 Az T {1} ~ (ou): = 6]}

Suppose that § € D(t2)(6). Hence we can find 4,05 € Dom? and a sequence of integers
(e); such that

0 =0 1{2}) ~ ()
g = (02 1 {1}) ~ (au)s,
6, l<2>=¢0(f2 l<1>),
O €0, .
From 6, € 0, \, we derive
bz < 2> (0; [<2>)\.
Hence, by 0; |< 2 >=¢0O(8s [< 1 >), we have
2 < 2> (eO(b < 1>))\\

sd' (because 6, € 6; \)
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B < 2> (eQ(0: < 1>)) N\

50
s l<2>€ (6, I<1>)\..
This implies

(82 1< 2>) ~ (i) € (61 L< 1 >) ~ (@a)i)

ie.
(621 {1}) ~ ()i € (02 T {2}) ~ (0u)s)
s0
Ged\,
)
and hence § € D(t)(8). Now suppose that § € D(t,)(f) and that § = | *2
zi € z1 €
A € I € I
§= T2 |. Take §, = | *2 f and 0 = Z2 _E and (a): = (2,2,2,...).

We have
02 € (12 61)(01),
0, l<2>=e0(f: |<1>),
(6. 1 {2}) ~ (o) =9,
(62 1 {1}) ~ ()i =14
3. We cannot omit the e-shift: Take for example
t =< merge, split, 2buffer > {2:4,3:1,4:3}
If we omit the e shift we have that

111
S leow] <

This behaviour is impossible according to our operational semantics.
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4.3 Properties of the denotational semantics D

As with the intermediate semantics, we devote a section to properties of J. Again, all lem-
mas point out that if we have a certain input/output pair, we can obtain from this other
input/output pairs.

Before we give these properties, we first give two lemmas: The first lemma gives a property
of ¢0 and ~» (a;); (the proof of which we omit):

Lemma 4.5 vé,, 02‘7'(&,-),-[6{] (92 ~b (Ot,‘),') =6; ~» (Oli),' =0, € (6[]92) \]

Lemma 4.6 Let 6, € Dom™, 03 € Dom™ and let (xi, wi, Xi, @;):; be a firing sequence for a
tuple of nodes w.r.t. flatten(d2) such that

Vi3s0.l7] = x1 - xi AB2lT =1 < Xy K-t

Assume that for some {ty,..., %k, J1,-- .5 Jk} we have
65(02 1< 10 s 06 >) =0 [<2y,...,%% >.
We have

V> 1xy X b< Stk DS X1 Kimot < i ee ke >

Proof
(1 xi) b<ig,..,0>%< Oulg] b<isyenste >=
(€002 1< diy-o s gk )7l =02 1< gty >)T = 1] <

()_(l"')?i—l) l< .7.11--').7-10 > .

We have a delay lemma for D:
Lemma 4.7 (delay lemma)
¥s € CNet™™V6,6' € Dom"V0,0' € Dom™|
FelBE)0)A0ed\ A\

=%

g € D(s)(9")

Proof
Induction on s.
(d) Follows directly from the delay lemma 3.14 for I.

(< s1y...,8; >) Take any 6,8’ € Dom™, 6,0 € Dom™ such that
§ € D(< s1y...58 >)(8), & € § \.. and § € ' \,. Suppose Vi € {1,...,k}[<
$1y.-+y8; >E CNet™ ™ ]. Put ng = mo = 0. Define

£

f; =0 l<n;_1+1,...,n; >,
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]

g; =

l<mi1+1,...,m >

and
gi=0"l<mi_y+1,...,m; >,
0l =0 l<mi_i+1,...,m>.
We have
Vie{1,...,k}[0; € D(s:)(6:) A G € g, \\ A9; € 9; N\
so by induction
vi e {1,...,k}0: € D(s:)(67)]
so by definition of D:
§' € D(< s1,...,56 >)(8').
(s{51 : J1y--- %k : J}) Takeanyd,6' € Dom™, 0,6' € Dom™ such that § € D(s{ey : J1y--.r2k ¢

7 })(8) , 6 €'\, and §" € § \.. By the definition of D we can find §; € Dom™** and
8, € Dom™** and a sequence of integers {;); such that

b2 € D(s)(61),
O L<iyyoyip >=€0(0; 1< J15 020k >),s
(61 1 Loy ---vin}) ~ (i) =0
and
(621 {grs---r 56}) ~ (i) = 0.
We use lemma 3.10, 3 to see that it is possible to define 85 € Dom™* such that
63 1< Juseeor gk >= 02 L< Jiseea B >
05 1 (s o gk} € (02 T {dnse- s 3 N\
and
(05 1 {Jus--r}) o ()i = 6"
We use lemma 3.10, 4 to see that it is possible to define #] € Dom™** such that
01 1<iiy...,0 >=01 [<7p,.0. 06 >,

- 01T{7-1,,7—k}€(0'1T{]1,.,]k})\
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and

(01 1 iy sin}) o (i) = 6.
By induction we have
o2 € D(s)(01)
s0 by definition of 0:
'€ D(s{i1 s g1s---rt : J})(O).
| |

The next lemma states that we can take the same integer speed up ~+ (;); in input and
output.

Lemma 4.8
Vs € CNet™™V9 € Dom™V6 € Dom™|

g € D(s)(6)
&
V(e)il(f ~ (a:)i) € D}(S)(ﬂ ~ (2)i)]

Proof

If we take (a;); = (1);, we immediately have (<«=). For (=) take any s € CNet™™, § € Dom™,
§ € Dom™ such that § € D(s)(f). Take any sequence of integers (a;);. We use induction on
.

(d) We have that I(d) = D(d) = $4 by definition. Apply lemma 3.16.

(< s1,...,8% >) Suppose

Vi€ {1,...,k}< s1,...,8; >E CNet™ ™|,
Put ng = mo. = 0. Define

vie{l,...,k}o; =6 l<mni_1+1,...,n >
and

vie{l,..., ki =0 l<mi_; +1,...,m; >].
We have

vie{l,...,k}d; € D(s:)(6:)]
so by induction

Vi€ {1,..., k(8 ~ (x)i) € D(s:)(0: ~ (o))l
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so by definition of D

(0 ~ (2:)i) € D(< 5152 r 86 >)(0 ~ (e:)i)-

(s{¢1 : J1r-- -3k ¢ Jx}) By definition of D we can find 0z € Dom™*% 8, € Dom™** and a
sequence of integers (f;); such that

6, € D(s)(4,),
(01 1< ity..rtip >) = €Olf2 1< 71,000 06 ),
§=(021{gus---r36}) ~ ()i
and |
8 =0, 1 {ir,-..,5}) ~ (B
Define (v;); such that
'71=.Bl+"'+ﬂul

Y2 = ﬁa1+l + - +ﬁal+ag

We have

(5 s (ai)i)=((92 i {jlr---xjk}) et (ﬂi)i) A (ai)i
=(52 T {J.l;n-’jk}) ~ (Vi)

and

(6 ~ (0:):)=((01 T {1y e 2k}) ~ (Bi)i) ~ (o)
=0y T {e1,--rt}) ~ (Wi

so by definition of D we have

(9— %4 (ai)i) < D(s{il H jl, .. .,'ik : ]k})(g > (a;),-).

The next lemma makes use of the following definition:

Definition 4.9 Let 6 € Dom™ and let (o;); be a sequence of integers. Define 8 b (a;); by

€ ... € \
. a; —1
€ €
Ziy .. Zyin Ty --- Tyn
21 .+s Z2n P(ai)i — € ... €
: az—1
€
21 +-- T2n
‘ \ )
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We list some properties of >, which are easily verified:
Lemma 4.10
1. 4=90 > (1,1,1,...),
2. ¢00=0p(211,...),
8. (0 b (a)i) ~ (au)i =10,
4. flatten(8 b (ou):) = flatten(d),
5. ((e08) b (o)) € (eT(f b (as):))
Proof
We only take a look at some steps in the proof of point 3: we have that
b b lag+az—2,a3,04,...) € (0 b (a)i) v
This implies
6 b o+ az,as,a4,...) €0 b (a; +1,02,a3,...)) \
and hence

((e38) b (ai)i) € (e b (ai):)) -

We use b to state the following lemma;:

Lemma 4.11
Vs € CNet™ ™V € Dom"™V8 € Dom™]|

g € D(s)(9)
o
V(e )i[(8 b (a:):) € D](S)W > (e):)]

Proof

(«=) is trivial: take (o;); = (1);. For (=) we use induction on s:

(d) Take any § € Dom™, 6 € Dom™ such that § € ¢,(f). Because § € ¢4(0) we can find a
firing sequence (x:, 0i, X:,0:); for d w.r.t flatten(9) and a sequence of integers (5;); such

that

Vil01B:] > x1- xi AO[B: — 1) S X1 Riei]
and

fatten(d) = x1%2- -
Define (&;); = (@1 + -~ + ap,)i. We have

Vi{(8 & (a:):)(&] = 018:] 2 x1- -~ xils
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Vil(F b ())& — 1 =08 — 1] £ %1+~ K1l

and
fatten(d b (a:)i) = XiX2 -~

S0 (9_ 22 (ai)i) € ¢,¢(0 2 (ai),;).

(< $15...,5% >) Take any § € Dom™, § € Dom™ such that § € D(< s1,...,85 >)(0).
Suppose Vi € {1,...,k}[< s1,...,5; >€ CNet™™]. Put ng = mg = 0. Define for
1€{l,...,k}:

9;=0l<mn;_1+1,...,n; >
and
0_,; = ‘l< m—;+1,...,m;>.
We have
V’i{l, cen 1k}w—i € D(Sl)(a,)]
so by induction
Vi € {1, vy k}{w—, g (Ot,'),‘) € D(Si)(ei B (OL,'),')]
so by definition of D
(9— > (a,;),;) € D(< S1y---35k >)(9 b (ai)i).

(s{é1 : J1,-- %k : Jx}) Take any & € Dom™, § € Dom™ such that 6 D(s{iy : Jyeeerte ®
7% })(6). By the definition of D we can find 02 € Dom™** and 0; € Dom™** and a
sequence of integers {f;); such that

02 S D(S)(Gl),
B, l<iy, .yt >= GD(H‘Z < jl.vﬂ:jk >))
(01 T {ilan -77;k}) A (ﬂi)i =40

and

(021 {g1y---r06}) ~ (Bi)i = 8.
Define

("1,;),' =(al,l,...,l,ag,l,...,1,...).
s Y e d

pr—-1 Ba—1

By induction we have
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b2 b (1) € D(s)(01 b (v:)s)-

By lemma 4.10, 3 we have that

(€82 1< g1, 76 >)) B (1) € (€0((02 {< 71, --- 7 =) B (1)) \
and hence ' ;

(01 < ty,-..26 >) B (w)i € (eO((f2 1< g1y-- 76 >) (%)) \
Define #, € Dom™** such that

6, 1< ir,..yin >= €002 B (%:):):) 1< 70yeeny i >

and
j

, HiT{ll,,Zk}'—'—'(ng{ll,,’&k(}) P('.Yz)z
- We have

(61 & (1)) €67\ -

Because
(62 B (%:)i)i) € D(s)(Or & (:):)i)

we have by lemma 4.7
(62 & (v:)i) € D(s) (1)

Define

(gi)i - (1:-“1lsﬁl:la---;laﬂi’)'--)'
RV el

RS ws1
We have

(60 & (7)) T a0 vik}) ~ (&) =0 B (o)
and

(82 > (1)) T G- 5ed) o ()i = 8 b ()
Recall that

(01 & (1:)s) b<in, .o piie >=€O((62 & (%):) 1< iy 00k >)
so we can conclude

(@ } (as)i) € D(s{er:guyeevnti s )0 B (as)i).
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4.4 - Relation between the intermediate semantics I and the deno-
tational semantics D

The semantics J is only defined for nets in Net™™. We show in this subsection that I and D
coincide on these nets.

Theorem 4.12 vt € Net™™[I(t) = D(¢)]

Proof

Take any t € Net™™. Assume
t=<dy,...,de>{t1 7,0k
Vie{l,...,k}< di,...,di >€ Net™™]|
and
ng = mo = 0.
Take any 0 € Doim'“'".
(D(6)(6) € I(£)(9))
D(£)(9) =
D(<dy,...,de > {5y 2 Juyee i s 1)0) =
{f : 30,€ Dom™*,8; € Dom™ I(a;)i[
02 € (P, 22 3 b )(01) A
By 1<iy,...,u>=€e0(02 <71, 5 >) A
(02 T {iss-. o u}) ()i =0 A
(621 {715 ai}) ~ ()i =0

}.

Take any § € D(t)(8). Choose 8, € Dom™*, 6, € Dom™ and a sequence of integers
(e:)i such that

62 € (fay 2 1 $a ) (61),

By L<it,... it >= €002 1< 1y erdi >),

(011 oyl o (i) =0 \
and

(621 {5152 2t}) ~ (ou)i = 4.

s By the definitions of P, I and lemma 3.13 we have that
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»D(< diy..oyde >)=D(dy) - D(de) = I{dy) =2 I(di) = I(< dyy..y di >)

SO
= I(< dyy...,dg >)(91)

By the definition of I we can find a firing sequence {x;,w;, Xi, ®¥;); for < dy,...,dx >
w.r.t. flatten(d;) such that

Vid70. (7] > x1 - xi Ab2lf = 1) < X1 Kiei]
and

flatten(82) = X1 %

(&)

Now apply lemma 4.6 to see that

Ve xr X b<tn, o u >SS X Rim A< J1 e 5t >
so by the definition of I we have

b2 1 {s,-. o0y € I()(0. 1 {ins . u})
By lemma 3.16 we have

(02 1 {g15-33) ~ ()i € T(O)((00 T {3y i}) o (a):)
and hence

g € I(t)(9).

(P(t)(8) 2 1(¢)(8)) Take any € I(t)(f). By definition of I we can find §; € Dom™*,
01 € Dom™*, a firing sequence (x;, wj, X;, Wy}; for < dy,...,dx > w.r.t flatten(d;) such
that

Vi3580, ]7] 2 x1 - xs AO2l7] < X1 Xi-1)s
Vel(xy - xi) I<ipyy oo u >< (K0 Ri-1) 1<Jtse- 0 >,
2 1 {g1,-., 0} =0
and
8.1 {ir,...,0} = 6.

Define ¢ € Dom™*, 0}, € Dom™* such that

X1 X1
9;_ = X2 /\0’2 = X2
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We have (because Vi[(x1 - x:) 1< i1,...,0 >< (%1~ o Xim1) b< -3 >))

Vie{1,...,k}05 l<mi_1+1,...,m >€ $q, (01 < i1 +1,...,n >)]
ie.
05 € ($u, =2+ 1 da ) (01)-
Define §, € Dom™* such that
Gyt iy u} =001 inyen it}
G, 1<y, ., i >=e(0 1< ji,..r 0t >)
We have
61 € 7N
so by lemma 4.7 (because D(< dy,...,dk >) = g, = -~ 1 $u,)
6y € ($uay =+ = da,)(61)
1e.
05 1 {g1s-- 0} € D(E)(61 1 {in, - sit})
We only consider the case that
flatten(8) = flatten (8] T {21,...,u})-
Define for all 7, integers o; > 0 such that
0[e] = (X1 Xasdta) T {E0s-- 10}
i — 1] 2 (X1 Xay+-tea,) T {20550}

Note that in general a; can be zero. Let (B;); be the sequence of integers which is
obtained by removing all zeros in (a;);. By lemma 4.8 we have

(@1 (oo i}) ~ (B:)i € DO, T {insnrit) ~ (B:):)
We have (8, 1 {i1,...,i} ~ (B:):) € 6 \. because for all ¢ we have

O 1 G it} ~ ()] = (K1 Xearotand) T it} < 03]
Take any :. We can find a 7 such that

8051 = (X1 Xeey+-tar) T {E1yeyit}

and
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071 > (X1 Koy ttee) T {1y o}

Because

0[1] .>_ (Xl o 'X(11+-~-+a,) T {7:17' . -)il}

and

6{7' - 1] Z (Xl "'Xu1+~~+u,) T {7:1:“'17:1}

we have 5 > 1. Hence we have
(@1 s ni)) ~ (Bl =
(%1 Rartta) T{In- 00} 2
fls] =
gls].

We can conclude that

g€ (621 {5,....a}) ~ (B \
so by the delay lemma for D we have d € D(t)(4).

I

4.5 Normal form of compositional nets and the order of connec-
tions

In this subsection we define a function NF: CNet™ ™ — Net”*™  This function relates the
two kinds of syntax we have introduced thusfar.

Definition 4.13 (Normal Form) Define
NF : CNet"™ — Net¥'M
inductively as follows:
1. NF(d) = d,
2. NF(< 81500588 >) =

<d111"')d1n1;
ey
dlclyu')dknk >

{oo+7%11: o+ Ji1se- s F21my t Bo + Jim,s
.

Q-1+ 01 Br—1 F Jktsee s k1 F Temy ¢ Pr—1 F Tkmi b

£
where,
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Vie {1,...,/C}[NF(S[) =< dll;---adln; > {7;11 :jll)---r"'lmg :]'lm,}],
Vie{l,....k}< diss -y dings-resdits- s din, >E Net* ]

and

8. NF(s{iy :J1s-- -2tk i Jk}) =

[ § o, a7 . . .. .
<dyyeenydny > 9l il s a0y By iy ¢ B}
where

NF(s) =< diy.eoydn > {3 1 20 - st 2 I b
and oy, Qg,..., N +k are choosen such that

ay < ag < ... < aN+k
{1,..., N+ k+mP\{tl, ... 0} ={an,00,...,an+k}
and By, B2, ..., Br+k are choosen such that
Br < B2 <...<PBum+k

{1, .., M+k+mI\{1, .- 9} = {B1, B2y .., Bra+i}

Remarks

1. We have in case 3. of the definition above that {a;,, ..., a;, } is asubset of {ay, @2,..., an+&}
and that {f;,,...,0;,} is a subset of {B1,82,..., Br+k}-

2. Note that Net™™ = {NF(s) : s € CNet"'™}.

Examples

1. For any node d € Node™™ (n,m > 2) we have
NF((d{1:1}){1:1}) =d{1:1,2:2}
2. NF(< < merge,split > {3 : 1}, plus1 > {2:3,3: 2}) =

< merge, split, plusl1 > {2:4,3:1,4: 3},

Next we present an associativity result. Informally, we show that the order in which connec-
tions are made is not important: making all connections simultaneously is the same as doing
it in an iterative way. For example consider a node with three inputs and three outputs. As
suggested in figures 13, 14 and 15 there are three different ways to connect two lines. The
order in which we connect lines should not make any difference for the semantics: we like to
have that

D((d{3:3}){2:2}) = D((d{2: 2}){2:2}) = D(d{2:2,3:3}).

The equalities are consequences of the next theorem. Similar results are shown in [Staples & Nguyen 1985]
and [de Bakker et al 1985).

Theorem 4.14 Vs € CNet™™[D(s) = D(NF(s))].
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Figure 13: (d{3:3}){2:2}
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Figure 14: (d{2:2}){2: 2}

Figure 15: d{2:2,3: 3}
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Proof

We use induction on the complexity of s.

{d) trivial.

(< s1y..., 5K >) Assume

Vie {1,...,k}[NF(S;) =< dllz'--,dln; > {i“ :ju,...,’ilm, :]}m‘}},

vie {1,. ..,k}[( Siye.ns S >E CNetu,:,@,]‘

and

ag = Py =0.

We prove the two inclusions:

(D(< s15---18%6 >) C D(NF(< 51,5..055% >)))

D(< s1,..., 85 >= |definition of D]

D(Sl e

D(NF(sy)) :: - -- =2 D(NF(s4)) = [definstion of -
6

M4 vie{L,... k)
0_1,< Biii+1,...,6 >€ D(NF(S,))(@ < ai—1+1,...,04 >)

} =
A48 Ve {1, ..., k} 00y, 6123 (cus)i]

) i+ 22 D(sk) = [induction]

012 € (bayy 2+ 5 By, ) (O11) A
0!1 l< ill:---;ilm; >= €D9[2 l< jll)'-')jlmg > A
(9“ 1 {i[l,...,izm,}) ~r (a[j)j =0 [<ea-y+1,...,04> A
(012 T {].117' '-7.7.ling}) i (alj)j = 0— l< ,Bl—l + 17 °"1ﬁl >
|
1.

Take any 8, § such that
§€D(< s1,.--y56 >)(0).

By the derivation above we can find, for each € {1,.. ., k}, 611,012 and a sequence
of integers (oy;); such that

00 L< 01y eertim, >= €002 L<Jits -0 tmy >

(0rir 1T (ot s tim }) > (oug)i =0 < -1+ 1,00 >
and

(6121 ity -- s dtm }) ~ (oag); =0 < Bi-a+ 1,0, B >

Define the sequence (f;); such that
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Vj[ﬁj =max{a;,..., 0k}

and sequences (for { € {1,...,k}) (&;); such that

vie{l,...,k}(&;), = (\1_,_._\.,.;_3,/51 — a,l,l:,._,_{,ﬁz — g, .. )
ar if >0 iz if >0

By lemma 4.11 we have

Vie{1,....k}0i2 b (&)); € (b, = = uin ) O0r & (&5)5))-
We have that for any ! € {1,...,k}

O L<ttny oy Bim, >= €002 1< J11s -3 Jtmy, >)
s0 V

(O L< tinseositm >) B (&) = (€002 1< sins ooy 5tm, >)) B (61))5
and this implies by lemma 4.10

(€0(0iz 1< gias ooy dimy >)) B {&)5 € €Oz B (&5)5 1< Gins oo oaBimy >) N\
and hence

(011 & (&5)5) 1<ttty oo s tim >€ (€Tl B (€15)5) 1< Jins-nydtme >)
Define 6], 6, such that (for l € {1,...,k})

012 = 012 > (&),

00 1<ty stim >= €002 & (€5)5) 1< Jiry-e s Gim, >
and

010 T Lty tima t = (601 B (615)5) T Lany e e 8m, }-
We have for all [ € {1,...,k} by lemma 4.7

Bi2 € Puy,, (011)-
Moreover, for all [ € {1,...,k} we have

010 1<tipy o s tim, >= €000 1< Jtts- -y Jimy >

(02 T {iws o tm}) > (B =G U< s+ 1, B>
and

O T (st )~ (B =0 l< i+ 1,00 >
ie.

§ € D(NF(< s1,...,s, >))(8).

(P(< s1y.-oy86>) 2 D(NF(< 51,..., 8k >))) Take any § € Dom™, § € Dom™ such

that
6 € D(NF(< s1,-..., st >)){9).
Define (¢)¥_, and ()£, such that
So="n0=0

and
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vle {1,...,k}[< dlh---)dlnu---,du,--.,dlm >e Net*.“'"].

We have by the definition of NF
NF(< 51y ...,86>) =
<d.|.17--'7dlnn
e
dkl;---:dknk >.
{¢+211:M +T1s---160 F im0+ Jimys
vy

Comt F kL P Mkmt F Thls e s Somt F Tkmy & Mot + Jkmy }-

Because § € D(NF(< sy,..-,sk >))(f) and by definition of D we can find 62 €
Dom™%*, 8, € Dom™"* and a sequence of integers (&;); such that

O2 € (Bayy =2 5 Buayn, 370 8 Baggy 2100 Paen, ML),

g1 1 < tiie-r60 T limys
]
Skt F ety e o Skt + lmy, >=
e(02 1<no + 11y -2 M0 + Jimys
.
Nk—1 +.7.kl.)---7nk—-1 _l_]krn;c >

)s
(62 T{mo + 11y ---sM0 + Jimy>

bR

Ne—1 +.jk1; ceey Me—1 +jlcmk}

) (&) =10
and
(81 g0 +%11s---1 %0 +21mys
S'k—,l + Gty e s Sk—1 F Thmy
)~ (&) =0
Define
Vie{l,...,k}liz =02 l<m_1+1,...,m >]
and

vie {1,...,/0}[0“_ =6, |l<qg_1+1,...,¢ >].
We have
Vie{1,...,k}oi2 € (bay w2 -+ == B, ) (G11)]s

ViE {1,k o 1< tty oty >=
€D012 l< Jirses s Timy >

l

Vi € {1)-”1[‘:}[(912 T {jlla--ﬂjlmz}) thed (5;');‘ =
g l< ﬂl—1+17--')ﬂl >

|

and
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vle {1)---”0}[(0[1 T {illw“xilm;}) i (Ei)i =
Ol<a_1+1,...,04 >

]

o0
vie{1,...,k}(fl< 1 +1,....,8 >) €
D(NF(s;))(0 l<oy—y+1,...,04 >)
]-
By induction
vie{l,...,k}{@ l< Bi-1+1,....,8>) D)0 l< oy +1,...,00 >)].
ie

e D(<sy,...,s6 >)(0).

(s{Z1 : 1, -+% : Jx}) We prove the two inclusions:

(P(s{ey =71y stk : 6 }) S (D(NF(s{iy: 71y 1%k 2 Jk}))) Take any § € Dom™ and § €

&

Dom™ such that
€ D(s{iy:gnyemrin: G})()-

By definition of D we can find 2 € Dom™%*, §, € Dom™"* and a sequence of
integers (&;); such that

02 € D(s)(61),
01 1< i,yen i >= €002 1< 51, .m0y 06 >,
(011 {21y-estu}) m (&)i=0

and
(621 {70 k}) ~ (€)i = 0.

By induction we have
62 € D(NF(s))(61).

Assume
NF(s) =<dy,...,dp > {2\ 1 30,00 25}

By definition of D we can find 8, € Dom™ "%, 95 € Dom™ ¥ and a sequence
of integers (v;); such that

04 € (b, 2+ 3 du, )(03),
(s 1< dlyeiy >) = €004 1< 31,005 3; >
(01 1 {515~ 35}) ~ (vi)i = 82
and
(s T {21, -r2y}) ~ (v5)i = 0,
We derive
Oz 1< J1yeeey i >=

(04 T {5150 0.}) ~ ()s) 1< d1ye ey de >=
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((0s 1 0ols s ) 1< drsee s G >) o ()i =
(04 l< ﬂ_ju--wléjk >) d (Vi)i

where f;,, .. ., B;, are as in definition 4.13, case 3. We derive

B 1<ty i >=
((83 1 Gy hmgd) ~ (a)i) 1<yt >=
(CR R /PO /S ) IR YR 72 >) ~ (1) =
(05 1< @iyy .- vy By >) ~ (i)
where &;,,...,0, are as in'deﬁnition 4.13, case 3. Note that

NF(s{iy: 71,86t Jk}) =

1o ol s e 5 : B
<dy,.ndey > gl ety 20 Gy By e @t B )

We have

(03 1< @iyy--or @iy >) ~ (i)

=e0((fa 1< Birs-- - Bi >) ~ (a)i)

L=4

(05 ~ (vi)i) l< By e vy @iy >

=e0(0s ~ (1)) 1< Bjys s Bie >
=> by lemma 4.5

(03 1< @ipy. v @i, >) € (6008 1< Byysonns Bi >) N\
Define 85 € Dom™ ¥ such that

05 1 {5 s @i} =03 1 {Bu,,..., @i} and

0L 1< @yyen ey i >=€0(04 1< Bjys oo By >)-
We have by lemma 4.7

0s € (fa, 2 - = b, ){03)

B 1< 2ty By Oy, >= €004 1< Tise-e2dgr Bis -
Define (7;); such that

Y =vy+- g

T2 =Ve, 41t T Ve e

then we have
(621 h'p-uﬂfndm v @ )~ ()i =10

(O3 1 {ats- > 245 Birs - Bi}) ~ (W) =0
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i.e.

FeD(<dy...,dp>{) 1305ty i 09 @y ¢ Bgysees @iy Bi 1)(9)
SO
fe D(NF(S{'LI S ITIRL S ]k})(a)'

(D(s{ir: guy---rt: J}) 2 (D(NF(s{éy 2 g1, -- 5%k 2 5x}))) Take any § € Dom™ and fe
Dom™ such that

§eD(s{iy:giy-.stn: B})(0)
Assume
NF(s) =< diy...,dp > {2} 23], 50 2 20}
50
NF(s{iy: g1y-e e i Jk}) =
<dpyeonydp > {0y i)ty I @y $Bisee s @ip i Bin}

where &;,,...,a;, and fj,,.. ., B, are as in definition 4.13, case 3. By definition
of D we can find 8, € Dom™ *%4, 6, € Dom™**? and a sequence of integers (&;);

such that
f2 € (P, 2t 84,)(01)s
1 L<alyee sty @igynney Gy >=

€D(02 l< ]i)--'a]4;;51'13---’5jk >)7
(01 T {za,...,zfl,c’zil,...,éeik}) [a¥%s (5,'),‘ =4

and

(021 {12205 By - > Bi ) ~ (&)i = 8.
We have

By l< o,y >=e0O(02 1< 21,...,3; >)
and

(01 {ehse g 1<ty eyt >=

ea((f2 1 {a1,-- 20} b<dreoaic >)-
Define

s =021 {s0s---> 05}
and

3 =0 1 {s},...,%}
We have

s € D(<dyy...idp > {32 905050 1 95 1)(03)
ie.

04 € D(NF(s))(d3)
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so by induction
s € D(s)(93).
By this result and from

O3 1< t1y.n.,0 >= €D(€4 <y >)1
(03 T {ih'--;ik}) n (&)i =40
and

(04 T {.7.1:-- -7.7.k}) A (Ei)i =6

we derive

b D(s{iy:gis--rtk 7 1(6).

4.6 Compositionality of the intermediate semantics I

In this subsection we introduce the notion of a context. Intuitively, a context is a net with a
hole in it. If we have a net s € CNet™™, we can place it in a context C € Contest.,, and we
get a net C(s) € CNet™". Before we introduce the sets Contest, ), we first give the definition
of the set ContEzp“?. of context expressions. Assume for each n,m a set of variables Var™™

and let X be a typical element of this set.
Definition 4.15 Let the sets ContEzp%?, (u,v,n,m > 0) be defined as follows:

h € ContEzpl? = d& Node™"
1 < Syeens Sy Py Sty eney St >
k,1>0

Vi€ {1,...,1}s; € CNet™ ™|
he ConthpZ:;,'l"'

n=n;+- - +ng+n tnept+
m=my+-+mpg+m +mep +tmy

| Xe& Var™™
| R{éy:guye otk Ok}

k>0

h € ContEzpilihvtk

Vi€ {iry.. i1 <i<u+k

Vi€ {ji,.. a1 7L v+ k|
YN, M € {L,...,k}[N # M =iy #in]
YN, M e {1,...,k}{N # M = jn # ju|

Now we come to the definition of a context.
Definition 4.16 Let the sets Contest?, (u,v,n,m > 0) be defined as follows:

I3 C (<] Contezt:‘:i'r'n = AX'h where h c ConthpZ.l:n
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Note that if ¢ € Net™™ and C € Contestl.y, then C(t) € CNet“™ but not necessarily
C(t) € Net™". Hence we introduce the notation C|t| for NF(C(t)).

Now we can show the compositionality of I in
Theorem 4.17 (Compositionality of I)
th, tg € Net"m[I(tl) = I(tg) =VYC ¢ Contezt’“” {I(C[tll) = I(C[tz])”

n:m

Proof

Take any t,,t, € Net™™ such that I{t;) = I(t2). We have
I{ty) = I(t) '

=> [theorem 4.4]
D(ty) = D(tz)

= [compositionality of D]
YC € Contexts? [D(C(t,)) = D(C(t2))]

= [theorem 4.14]

VC € Contezt™ [D(NF(C(t,))) = D(NF(C(t2)))]

n:m

=> [theorem 4.4]
VC € Conteztyn, [I(C[t1]) = I(Cltz])]-

O

We provide a remark on the relationship between the notion of compositionality involving a
context and the (usual) notion involving (corresponding) syntactic and semantic operators:

Remark Assume for the duration of this remark that the n-tupling operator on CNet is
denoted by tup,, and the connecting operator (which connects the input line #; to the output
line 5 for € {1,...,k}) is denoted by cony; ;. ..i.:j.}. Recall that Net C CNet. Given
a net 5 € CNet the flattened version NF(s) is an element of Net. In order to introduce
the operators for tupling and connecting on Net we cannot restrict the operators tup, and
CON (4, 7, ....ix:55) O Net: when we apply them to nets in Net they in general do not yield a
net in Net (but in CNet). Hence we apply the operator NF to the result to obtain a net in
Net: the operator nftup, (n-tupling on Net) is defined as NF o tup,, and nfcon{,-m-1
is defined as NF o con(;,.j, .. i 5.}

..... ik Tk}

With the help of the result
(*) Vt1,ta € Net[I(t1) = I(ta) = VYC € Context|I(C(t1)) = I(C(¢t2))]]

we are able to show the compositionality of the intermediate semantics J with respect to
nftup, and nfcong; . ;... as follows.

Firstly we show it for nfcony; . . ..y. Take any t;,t; € Net such that I(¢;) = I(t;). Put
C= )‘X'con{iltjl ..... ik:]'k}(X)‘
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St

By (*) we have that
I(NF(con{iuJ'x ..... ik:fk}(tl))) = I(NF(con{il:h,....ik:jk}(tZ)))

ie. I(nfeon;, ., . i3 (¢)) is a function of I(t).

Secondly we consider the case of the operator nftup,,. We take the case that n = 2. Other
cases are treated in a similar way. Take any ty,t},ta,t, € Net such that I(¢;) = I(t}) and
I(t;) = I(t,). By (*) we have (put C = AX.tup,(X,t2))

I(ty) = I(t}) = I(NF(tup,(t1, t2))) = T((NF(tup,(t}, t2)))
and (put C = AX.tup,(t}, X))
I(t2) = I(t5) = I(NF(tupy(t},t2))) = I((NF(tup,y(t),15))).

Combining the two equalities, we observe that I{NF(tup,(t,t'))) is a function of I(¢) and
I(t).
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5 Full abstraction of the denotational semantics D

In the previous section we gave a semantics D that makes enough distinctions for it to be
compositional. Now a natural question is

is D the most suitable refinement (that is, does it not make too many distinctions)
of 0 that is compositional?

We prove that the denotational model is the minimal extension of the operational model that
is compositional. For any two nets ¢, and t that have a different denotational semantics,
we provide a context C such that the operational semantics of C[t,] and C{t,] differ. From
this result we derive the full abstraction property of D: the equivalence relation generated by
the denotational semantics is the greatest congruence contained in the equivalence relation
generated by the operational semantics. In addition, we have the rather surprising fact that
we can use in all cases one same context which does not depend on the nets.

We present a brief sketch of the proof outline. Suppose we have two nets that have a
different denotational semantics and the same operational semantics. (If they have a different
operational semantics we can take an empty context). From this we can conclude that there
is a timing difference between the two nets: the output is produced in a different way. We can
make this difference visible in the operational semantics by tagging the output and feeding it
back as soon as possible to a merge node which merges this tagged output with the original
input. The resulting history on the output line of the merge node is a mixture of tagged
tokens (from the output that is fed back) and tokens that are not tagged (from the original
input). With a split node we make copies of all tokens that are sent along the output line
of the merge node. One of these copies is delivered as output and the other copy is sent to
a node that removes the tagged tokens This node generates the original input which is sent
to either ¢, or . Due to the timing difference we observe (in our operational semantics) a
different mixture of tagged tokens and tokens that are not tagged.

We start by giving some basic definitions:

Definition 5.1 A relation R in a set A is called an equivalence relation if and only of
satisfies:

1. Ya € Al(a,a) € R]
2. Va,b € Al(a,b) € R => (b,a) € R]
8. VYa,b,c € Al(a,b) € RA (b,c) € R = (a,c) € R]

Definition 5.2 An equivalence relation R; in a set A is savd to be contained in an equivalence
relation Ry in a set A if B; C Rs.

Definition 5.3 An equivalence relation B on Net is called a congruence if it satisfies
Vty,ta € Net™™[R(t;,t2) = VC € Contestiiy, [R(C[t1], Clt2])]]

A semantic function A (a function with domain the set Net) generates an equivalence relation
Ry4: t1,ts € Ry if and only if A(t;) = A(tz). Now we can formulate what it means that a
semantics is the most suitable compositional refinement of another semantics:

Definition 5.4 A semantics A is called fully abstract with respect to a semantics B 1of Ry 1s
the greatest congruence contained in Rp.

The rest of this section is devoted to the proof of
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Theorem 5.5 The denotational semantics D 1s fully abstract with respect to the operational
semantics 0.

We proceed in the following way. We first proof a lemma that gives a sufficent condition for
the full abstractness. Then we show in a second lemma that this condition holds.

Lemma 5.8 The denotational semantics D is fully abstract with respect to the operational
semantics O if

Vt), t2€ Net™ ™|

D(ty) = D(¢2)
’;’:}C' € Context™? [O(C’[tl-]) = 0(Clt2])]

n:m

Proof
We show that Rp is the greatest congruence contained in Ro:
1. Rp is a congruence by the compositionality of D

2. Rp is contained in Rp because O = abstr o D (or take the empty context)

3. Suppose there exists a congruence R such that Rp C R C Ro. For any ¢;,t; € Net™™
we have

(t1,t2) € R=>
(R is a congruence)

VC € Contexts? [(C[t1],C[t2]) € R] =
(R C Ro)

VC € Conteste? [(Clt.], Clt2]) e Ro| =
(condition in lemma)

(ti,t2) € Rp

Hence R C Rp,ie. R=Rp.

Lemma 5.7
Vt;,t2€ Net™™|

D(t1) = D(t2)

<

VC € Contestiy [O(C[ti]) = O(C[t2])]
]

m
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Proof

(=>) Take any t;,t; € Net™™. Assume D(t;) = D(tz) Take an arbitrary context C &
Contezt™? . By the compositionality of D we derive D(C[t1]) = D(C[t2]). Because
O = abstr o D we have O(C|t,]) = O(C[tz2]).

(<) Take any t;,t, € Net™™ such that for all contexts C € Context,,.,, we have O(C[t]) =

nm

O(C|t2]). First assume that both t;,2; € Net*!. From the symmetry, it suffices to show
V6 € Dom!'[D(t1)(6) < D(t2)(9)].

Take any 6 € D(¢,)(6). We show § € D(t;)(4). Let Cy, Cz € Contexti;} be the following
contexts: )

C; = MX. < tagger, amerge, split, remove, X > {1:6,3:1,4:2,5:4,6: 5}
Cs = AX. < tagger, imerge, split, remove, X > {1:6,3:1,4:2,5:4,6: 5}

See figure 16 and 17 for pictures of these contexts. As will become clear, C; will be
used if the input is finite and Co will be used if the input is infinite.

K——«— tagger

amerge
- — 7
[ X
L
split

t \_.-__ remove

Figure 16: the context C;

We give a short description and the specification of the nodes in this context.

tagger A node which tags all the tokens that pass this node. We assume that we can
observe that a token is tagged and that for each net ¢ we can find a tagger that
does not appear in the net t. The tagged version of a token a is denoted by a’.
The specification of the node is:

Stagger = {((a), orwrT, (a*),01niT) : @ 5 @ token }

remove a node which removes tagged tokens. All tokens that are not tagged pass this
¢ node unchanged. Its specification is
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/—4—‘ tagger

imerge
r— 7 "
{ X
Lo
split

K——-—‘ remove

Figure 17: the context Cs

Sremove =

{((a®), c1wiT: (€),otmiT) = a is a token } U {((a),omviT, (a),01nrT) : @ is a token }.
amerge The amerge node is the same node as the previously introduced merge node:

Sumerge =

{((a, €),0mviT, (@), omvrr) : a 15 a token } U {((e, a), ornrT, (a),oniT) : @ 15 a token }.

Note that we renamed the merge node to amerge node (angelic merge) in order to
distinguish it from the smerge node (infinity merge).

imerge Oimerge =
{((z,€), o117, (2),0) : 3 # e} U{((e, @), omrr, (2),0) 1 o # €}U
{({z1,22),0,(2),0) : T, # € Az # € Az is a shuffle of z1and 1:2}.
An alternative specification would be
{((z,6),omir, (z),08) : © # e} U{((e,; 2),ommrr (2),0L) : 7 # €}U
((z,€),00,(z),0r) :  # e} U {((e,2),0r, (2),00) : & # €}

The amerge and imerge nodes as defined here are the same nodes as in [Panangaden & Stark 1988],
to which the reader is also referred for a discussion on the expressive power (in some

sense they are weaker than a fair merge node). When there is a finite amount of

input on one of the input lines of an amerge node the input on the other line is

guaranteed to appear on the output line and when there is a infinite amount of

input on one of the input lines of an imerge node the input on the other line is

guaranteed to appear on the output line. We use the context C; (with the amerge

node) when there is an finite amount of input on the input line and we use C,

when there is an infinite amount of input.

split The split node has as its specification
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buptie = {{(a), o1wiT, (0, a),01n1T) < @ @5 @ token }.

Besides tagged tokens we use tagged words of tokens and tagged elements of FTrace®,
Trace™ and Dom™:

(a1...an) =af...d} A(agaz...)t =dlaf ...,
¢ ¢

(zl,...,zn)t = (xl,‘..,zn),

(yl)""yn)t:(ytu--'yyz)

and
t t t
it ... Zip Tyy -0 Ty,
Z21 ... Iop _ xle :L‘En

Do not confuse 6* (the tagged version of #) with 87 (the transpose of 6).

Recall that we assumed that both 6,6 € Dom'. Suppose

Ty T
g = Z2 A é‘ ] 5:2
Define
xﬂ:‘i
- =t
_ ToZ
g = 2%z ,

x = flatten(0),

x = flatten(9)
and

% = flatten(f).

We prove the theorem in two stages: (choosing ¢ = 1 if x € A* and i = 2 if x € A¥)

1. e D(t:)(9) = x € 0(Cilt1]) (x)
2. 3 € 0(Cilt=])(x) = 6 € D(t=)(0)

The result follows from 1. and 2. and from the assumption that VC[O(C[t1]) = O(C|t2])]
(this implies that ¥ € O(Ci[t:])(x) = % € O(Ci[t2])(x), ¢ = 1,2). In the rest of the
proof we assume that x € A*. We will show below the point in the proof where we
make use of this assumption. At that point we also show that in the case that x & 4¢
we can use the imerge node.
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1. Figure 18 suggests a possible behaviour of the net < tagger, amerge, split, remove >.
From the figure it is not difficult to see that we can connect lines {3:1,4:2,5:4}:
the contents of that lines differ an e-shift. By lemma 4.8 we can take an integer
speed up simultaneously in input and output together as is suggested in figure 18:
take (o;); = (3,1,4,1,4,1,...). We have that

Ty Iy €
€ € €
."i:tl € I
Tz T2 | e D(< tagger, amerge, split, remove > {3:1,4:2,5:4})(| €
€ € €
e Iy

Define

f =< tagger, amerge, split, remove > {3:1,4:2,5: 4}.

This behaviour can be observed in figure 19 on the first two input and output lines.
The second numbering in this figure refers to the numbering of corresponding lines
in Cy. Let (n:); = (2,3,3,3,...). By lemma 4.11 we have that

0t (n:)i € D(t1)(0 b (mi)s),

l.e.
€ €
Z Z)
€ €
_6 € D{t)( _5 )-
2 2
€ €

\ H)
We observe also this behaviour in figure 19. The input line matches the output

line and the input line matches the output line (in the sense that they
differ only by an e-shift). From this we derive that

€, € I, 3 e TH ... Te
1

pICt)(( 21 € € 22 € € ... )T)
and because 0 = abstr o D we have

% € 0(C1t1])(x)-

2. Suppose ¥ € O(Cy[t2])(x). Because O = abstro D we can find #},6% € Dom' such
that

0 € D(CL(12))(81),
flatten(05) = %
and

flatten(8]) = x.
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Figure 18: A behaviour of < tagger, amerge, split, remove >
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Because

Ci(tz) =< tagger, amerge, split, remove, t; > {1:6,3:1,4:2,5:4,6: 5},
D(Ci(t2)) = D(Cit=])

we have that
9, € D(< tagger, amerge, split, remove, t2 > {1:6,3:1,4:2,5:4,6: 5})(61)

By definition of 0 we can find 4, € Dom®,8, € Dom® and a sequence of integers
(0;)i such that

82 € D(< tagger, amerge, split, remove, t2 >)(01),
#,1<1,3,4,5,6 >= eDr’)é 1<6,1,2,4,5 >,
(61 1{1,3,4,5,6}) ~ (o) = 61,
(62 1 {6,1,2,4,5}) ~ (ou): = 65.
Because for all 4
flatten(8 ~» (;);) = fatten(d)
we have
flatten(01 T {1,3,4,5,6}) = x
and
fatten(62 1 {6,1,2,4,5}) = X.
From this we derive
f; l<1>=¢€00, | <6 >,
0; l<2>=€06: |< 1>,
f, l<4>=¢€06, |< 2>,
f, <5 >=¢062 |< 4,
§; |<6>=¢€060; |<5>,
B2 1< 1>€ $ragger(f1 1< 1>),
02 1< 2 >€ bumerge(f1 1< 2,3>),
02 1< 3,4>€ dopt(f1 1< 4>),
B2 1< 5 >€ bremove(f1 1< 5 >),
92 1< 6 >€ D(t2)(6, 1< 6 >),
fatten(8; |<2>)=x
and
fatten(d2 1< 3>) = %.
By properties of the nodes
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flatten (0, |<4>) =%,
(because flatten(f | < 3 >) = X and flatten(d, |<2>) = x)
flatten(d, |< 3 >) = %"

We have the situation that x is on one of the input lines and X is on the output
line. We want to conclude that %% appears completely is on the other input line.
This is only possible if we are sure that all of the second input line is put on the
output. This is the place where we use the assumption that x € A*: by a property
of the amerge node all of X is on the second input line. If x € A” then we use the
context Cp which has the tmerge node which guarantees that if the input on one
of the input lines is infinite then all of the other input line will be appear on the
output.

We continue with the proof: (because flatten(d) |< 2 >) = x and flatten(d, |<
4 >) = % = flatten(fz | < 2 >) = %)

flatten(d; |< 1>)

Il

X

(because flatten(d; < 3 >) = x* and all tokens that leave t; are not tagged)
flatten(6, 1< 5>) =%,

(because flatten(f) | < 4 >) = ¥ = flatten(f2 |< 4>) = X)
flatten(f; < 6>) =X,

(because flatten(f, | < 5 >) = X = flatten(f2 |< 5 >= x)
flatten(d2 < 4>) =%,

(because flatten(d) | < 4 >) = X = flatten(f2 |< 4>) = X)
flatten(f < 2>) =¥,

(because flatten(; | < 4>) = X)
flatten(dz |< 1>) = X,

(because flatten(f, | < 1>) = x)
flatten(f2 < 5>) =x

(because flatten(f, |< 5 >) = ¥) and

Aatten(fz < 6>) = x.
(because flatten(f |< 1>) = x).
We define ten infinite sequences of integers as follows. With each #; <2 >, 1 =
1,2,4,5,6 we associate a sequence (a;;)72, and with each 0, |<7>,71=1,3,4,5,6
we associate a sequence (ﬂij);-.;l such that they satisfy

(82 1< 8 >)[ae; — 1] < 8l7] < (82 L< 6 >)]os;],
(00 1< 1>)[B1; — 1] <0l7] < (01 1< 1>)[Bus],
(02 1< 1 >)[arj — 1] < tagged (6l7]) < (62 1< 1>)[aug],
(61 1< 3 >)[Bs; — 1] < tagged (f]5]) < (81 I< 3 >)[Bs],
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(02 l,< 2 >)[a2j — 1] < 5[]] < (02 l< 2 >)[O¢2j],
(61 1< 4 >)[Bas — 1] < B[5] < (81 1< 4 >)[Baj],
(02 .I,< 4 >)[a41‘ — 1] < 5[]) < (02 l< 4 >)[a4j],

(81 1< 5 >)[Bs; — 1] < 0[] < (61 1< 5 >)[Bs;].

For 65 |< 5 > and 0, }< 6 > we have slightly different definitions of (as;); and
(Bei)s
(62 1< 5 >)[as;] < 6[5] < (62 §< 5 >)[as; +1]
and
(81 1< 6 >)[Bej] < 0l7] < (81 1< 6>)|Bs; + 1].
By the ¢ shift we know that for all 7

Bij = as; + 1,
Bsj = a1 + 1,
Baj = azj+1,
Bsj = ag; +1
and
Boj =as;+1
and by properties of the nodes
Bi; £ aij,

(if we do not consider the tagging of tokens, the tagger node behaves like an identity
node)

Baj < aay,

(if we hide all the tokens from the first input line of a merge node in input and
output, the result is again an identity node)

ﬂ4j < Qgy

(if we only consider only the input line and the second output line of a split node
we see the same behaviour as an identity node) and

ﬂSj -1Z Q55

(the first place where all of §[7] is visible (in 6, ) is smaller than the last place where
not more than (7] is visible (in 82)) and we can conclude for each 7

aes < Poj-

We have for all 7
(6 1< 6 >)[Bsj] < 0l7] < (81 1< 6 >)[Bsj + 1],
(62 1< 6 >)ac; — 1] < 85] < (62 1< 6 >){ce;]

and
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oy < ﬁGJ’
so we can apply lemma 3.15 and derive

g € D(t2)(9).

The next step is the generalization to cases that t;,t; € Net"™™, n # 1Vm # L
Ifn =0Vm =0 then we always have that D(¢;) = D(t2) (because we can assume
O(t,) = 0(t2)). If n # 0,1 Am # 0,1 then we use the following construction. We take
n copies of the loop of our context, as is shown in figure 20. If D(¢t,) # D(t;) then we
can always find an input 6 such that there exists an output line ! such that the contents
of this output line (given the input §) are different. In figure 20 we feed back n copies
of this I-th output line to the original input. With the help of this context it is easy to

n
4 ) n m-1
b b
]
{ 1 { n P < tagger -
1
i — —_
; r 1
(a)(i)merge (a)(i)merge
| X |
e | |
Lo e — 4
split split "
\————— remove
\
v y y n
. remove /
n

Figure 20: generalized context

mimick the arguments of the n = m = 1 case.

0

In the proof of the full abstraction we used two different kinds of merge nodes: the angelic
meérge and the infinity merge. If we are able to specify a fair merge node in our framework,
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then there is no need to use two different kinds of merge nodes. However, it is our conjecture
that in our framework it is not possible to specify a fair merge node.
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6 Metric semantics N

In this section we define a metric semantics N for data flow nets. It is called metric because the
domains are metric spaces (in fact, we assign a metric to a subset of Dom™™). The semantics
N is a compositional semantics. It is only defined on a subset FNet™™ of Net™™. Elements
of FNet™™ are called finite choice nets. The difference between FNet™™ and Net™'™ is
that for FNet™™ the set of nodes Node is restricted. This restriction enables us to set up
a metric framework. We show that N is correct with respect to the operational semantics:
we prove that 0 = abstr o N. (Recall that abstr also related the operational semantics O
with denotational semantics 0.} We prove it in the following way. We define an auxiliary
semantics T. This semantics T which will serve as an intermediate semantics between the
metric semantics N and the denotational semantics D is defined. Also operators delay and
close are introduced. They can be seen as generalizations of N\, and ~» (@;); to elements
of Dom™™. Then we show in several steps that figure 21 commutes. From this result and

Dom™™
N abstr
delay
T abstr
FNet™™ Dom™™ ______, Trace™™
close
abstr
D
Domn:m

Figure 21: overview of the different semantics and operators

O = abstr o D we derive that O = abstr o N. We informally describe the idea behind the
semantics T and N. If we look at the denotational semantics D we see that

s the denotational semantics is closed under simultaneous integer speed ups in input and
output, that is

8 € D(s)(0) = V(a)ilf ~ (a); € D(s)(6 ~ (0u)s)]
e the denotational semantics is closed under taking delays in the output, that is
§ e D(s)(8) = V8 €8\, |7 € D(s){)].

The semantics T differs from D in the sense that the first property does not hold and the
seinantics N is in general neither closed under integer speed ups nor under delays.
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We give an overview of the rest of this section. Subsection 6.1 provides the basic definitions
and properties about metric spaces. In subsection 6.2 we introduce the domains for the metric
semantics and the basic functions. The metric semantics itself is given in subsection 6.3 and
subsection 6.4 shows a basic property of it related to the delay lemma for the denotational
semantics . Subsection 6.5 gives the intermediate semantics T together with some properties.
Finally, subsection 6.6 discusses the relation of the metric semantics N with the operational
semantics 0.

6.1 Definitions and properties of metric spaces
In this subsection we give some basic definitions and properties about metric spaces.

Definition 6.1 (Metric Space) A metric space is a pair (M, d) with M a non empty set and
d a mapping d : M x M — [0, 1] (a metric distance), which satisfies the following properties:

1. Vz,y € M{d(z,y) =0z =1y,
2. Vz,y € M{d(z,y) = d(v, z)],
8. Vz,y,z € M[d(z,y) < d(z,2) + d(2,9)]
A metric space is called an ultrametric space if we replace $ by the stronger
Vz,y,2z € M|d(z,y) < max(d(z, 2), d(z,y))].
Definition 6.2 Let (M,d) be metric space. Let (z;); be a sequence in M.
1. We say that (z;); s a Cauchy sequence whenever we have
Ve > 03N € NVn,m > N[d(z,, zn) < €.

2. Let t € M. We say that (z;); converges to z and call = the limit of (z;); whenever we
have

Ye > 03N € NVm > N[d(z,zm) < ¢

Such a sequence we call convergent. Notation: lim;_,, z; = z.
3. The metric space (M, d) 1s called complete whenever each Cauchy sequence converges to
an element of M.

Definition 6.8 Let (M;,d;), (Ma,ds) be metric spaces.
1. Let f: My — Mo be a function. We call f continuous whenever for each sequence (z;);
with limit = in M| we have that lim; .o, f(z;) = f(z)-
2. Letc > 0. With M; —¢ My we denote the set of functions f from M, to M- that satisfy
the following property:

Vz,y € Mld2(f(z), f(y)) < c.dilz,9)].

Functions f in M, —' My we call non distance increasing, functions in M; —° M,
with 0 < ¢ < 1 we call contracting.

Theorem 6.4 Let (M,,d,), (M3, ds) be metric spaces. For every ¢ > 0 and f € M; —° M,
we have: [ 18 continuous.

Theorem 6.5 (Banach’s fixed point theorem) Let (M, d) be a complete metric space and
f: M — M a contracting function. Then there ezists an £ € M such that the following holds:

79




1. f(z) = z (= 1s o fized point of f),
2. Yy € M[f(y) = y = y = 1] (z is unique),
8. Vzo € M[limp—.co f™(20) = z], where i zo) = f(f*(z0)) and fO(zo) = zo.

Definition 6.6 (closed subsets) A subset X of a complete metric space (M,d) is called
closed whenever each Cauchy sequence of elements in X converges to an element of X.

Definition 6.7 Let (M, d) (M\,d) (Ma2,d2) be metric spaces.

1. We define a metric dg on the functions in My — M as follows. For every fi,fa €
Ml — M

ds(f1, f2) = sup{d(fi(z), fa(z)) : z € My}

2. Let Papaca(M) = {X C M : X is closed and non empty }. We define a metric dg on
Petosea( M), called the Hausdorff distance, as follows. For every X,Y € Potosea (M)

dg (X, Y) = max{sup{d(z,Y) : z € X},sup{d(y, X) :y €Y}}
where d(z, Z) = inf{d(z,2) : 2 € Z} for every ZC M, z€M.

Theorem 6.8 Let (M,d), (My,d;), (Ma,dz) be complete metric spaces. We have that M, —
Ms and Puiosea(M) (with the metrics defined above) are complete metric spaces.

Lemma 6.9 Let (M,d) be a metric space. Consider the space of closed subsets with the
Haussdorff metric (Posea(M),dgr). We have

vX,Y e Pclo,.ml(M)VC > 0[
dH (X,Y) <c
<~
Yz e Xy e Y|d(z,y) <] A
Yy € Yz € X[d(z,y) < ¢]

].
Theorem 6.10 (Hahn) Let (X;); be a Cauchy sequence in Poonea(M). We have

lim X; = { hm z; 1 7; € X; A(x;); a Cauchy sequence in M}.

i—o00

Definition 6.11 (Contain Point) For any ¢ € M — P(M) we define
CP (¢) = {z : z € #(z)}.

Remark
The set CP(¢) is usually called the fixed point of the multivalued function ¢. We here follow
Park’s terminology ([Park 1983]) in calling CP(¢) the contain point of ¢.

Given a function ¢ € M — P(M) there are two (different) ways to take a fixed point:
1. take the contain point,

2. generalize the function ¢ to a function ¢ : P(M) — P(M) by defining $X) =
U,ex #(z). Under certain conditions there is a unique fixed point of ¢ in the usual
sense, that is a set Y such that #(Y) =Y. Such a fixed point we shall denote by FP(4).
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Theorem 6.12 If (M, d) is a complete metric space and ¢ : M — Puouea(M) 1s continuous
then

CP(4) ={lim; .o %; :Vi € N[z 41 € ¢(z:)] A
(z;)i1s @ Cauchy sequence

If ¢ 15 contractive we have for allz € M

CP(¢) ={lim;_ o, z; :Vi € N[z;4; € ¢(z:)| Az =2 A
(zi)its @ Cauchy sequence
}.

Proof

Suppose ¢ € M — P,i,,.4{ M) is a continuous function. We prove

CP(¢) ={lim; .o z; :¥2 € N[z;5; € ¢(z;)] A
{z:)i1s @ Cauchy sequence
}.

(2) By the continuity

#(lim z;) = lim ¢(z;).

100

Because Vi[z;4+; € ¢(z;)], by theorem 6.10 we have

lim z; € lim ¢(z;)

11—+ 00 t—+r OO
(C) Suppose z € ¢(z). Take the constant sequence (z);.

Suppose ¢ € M — Puouea(M) is a contractive function. Take any 2 € M. We prove

CP(¢) ={lim;— o %; :Vi € N[zi4, € ¢(z)| ATy =F A
(x:);3s @ Cauchy sequence

(2) The same as the previous case

(€) Suppose z € ¢(z). Take z; = Z. By the contractivity of ¢ we have that there exists a c,
0<¢c<1, with

du (6(z), $(2)) < c.d(z, )

so (because z € ¢(z)) by lemma 6.9 there exists a zo € ¢(z;) such that
d(z, z2) < c.d(z, 2).

By the contractivity of ¢ we have

dy (¢(z), ¢(‘52)) < c.d(z, 752)
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di (#(z), $(z2)) < 2.d(z, 2)

and we can find a z3 € ¢(z2) with
d(z, z5) < ¢*.d(z, £).

When we continue this way we find a sequence (z;); with Vi € {1,2,...}[zi+1 € ¢(=:)]
and

d(z,z;) < ¢t Ld(z, £)
and hence z = lim; oo ;- ) ]

Theorem 6.13 If (M, d) is a complete metric space and ¢ : M — Poig,ea( M) is contracting
then

1. CP(¢) C FP(¢),
2. CP(¢) is closed,
3. CP(4) is nonempty.

Proof
(CP(¢) ¢ FP(#)) Take an arbitrary z € CP(¢).

z € $(z) = {z}  $({=})
fi({z}) c ¢*({=})
$({=}) c $*({=})

so Vi[z € §*({z})]. By Banach’s fixed point theorem we have
FP(¢) = lim §*({z})

and by Hahn’s theorem
lim §((s)) = {Jim 5+ 5 € $({a}) A (s2) o Cauchy sequence}

so we derive z € FP(¢).

(CP(¢) is closed) Let (x;); be a Cauchy sequence in CP(¢). By the continuity of ¢ we have

MiETo z:) = iErgo #(z:)-

We have that Vi[z; € ¢(z;)] and hence, by Hahn’s theorem,

s lim z; € lim ¢(z;)

1+ 00 100
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so we derive

lim z; € ¢( lim z;)
11— 00 1—+ 00
ie.

lim z; € CP(¢).

(CP(4) is nonempty) Pick a z; € M and a 22 € ¢#(z;). By the contractivity of ¢ we have
that there exists a ¢, 0 < ¢ < 1, with

4 (§(21), la2)) < cd(or, )

so {because z> € ¢(z,)) by lemma 6.9 we can pick a z3 € ¢(z2) with
d(xz, xs) < C~d($1: Iz)-

By the contractivity of ¢ we have
dr (¢(22), ¢(z3)) < c.dlz2, 23) < c2.d(zy, z2)

so (because z3 € ¢(z2)) we can pick a z, € ¢(z3) with

d(z3, 24) < c2.d(z3, 74)

In this way we obtain a Cauchy sequence (z;); and by theorem 6.12 we have

lim z; € CP(¢).

and so CP(¢) is nonempty. a

Remark In general we do not have for a contraction ¢ : M — P,,..a(M) that FP(¢) C
CP(¢). Take for example M the set of finite and infinite words over the alphabet {a,b}. Take
the usual metric on such words: d(z,y) = g max{aln]=y[n)in€N} ok, é#(z) = a-z U {b}.
This is a contraction. We have FP(¢) =a* - bU {a“} and CP(4) = {a",b}.

Theorem 6.14 Let (M,d) be a complete metric space and (M;,d;) be a complete ultrametric
space. Let f : M X My — Poys.a(My) be such that

1. Yz € M[Ay.f(=,y)is contractive ],
2. Yy € M| z.f(z,y)1s non distance increasing |.

We have that Az.CP(Ay.f(z,y)) € M — Puosca{Mi) is a non distance increasing function.
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Proof

Take any z,z2 € M. Take a y € M, such that y € f(z;,y). We show that there exists a §
with § € f(z2,9) and d;(y, ) < d(z(,z2). If we have this result, the theorem follows from
symmetry and lemma 6.9. By 2. we have

(d) e (f(z1,9), f22, ) < d(zy, z2).

Because y € f(z;,y), by lemma 6.9, we have that there exists a §; € f(z3,y) with

dy(y, §2) < d(z1,22)-

From 1. we derive

(1) a ({22, 9), flz2,§2)) < cr.dily, o) < o1.d(zy; 72)

for a certain 0 < ¢; < 1. Because §i; € f(z2,y) we have that there exists a §3 € f(z2, §2) with
d1(F2, 93) < cy.d(z1, 72)

and we have

di(y, 93) < max(d,(y, ¥2), d1{H2, §3)) < d(z1, z2)

From 1. we derive

(dl)H(f($2a ~2)1 f(:Ez, 373)) S Cl.CQ.d(zl, 222)

for a certain 0 < ¢ < 1. Because §i3 € f(z2, J3) we have that there exists a §; € flz2,9s)
with

dl(flsa ?74) < Cl-cz-d(:’:b SEz)

and we have

dl(y»fM) < max(dl (y: 173), di(gs,@;)) < d(quz)

Take § = lim; oo %;. We have
di(y, §) = dily, Jim %) = Jim di (v, %) < d(z1, z2)
and, because Vi[§;i+1 € f(z2, ¥)]
§= lim G € Fle, im 5) = [(z2,).
0

For more details about metric spaces consult {[Dugundji 1966] or [Engelking 1977|, and for an
account of fixed points of multivalued functions we refer to [Nadler 1970|.
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6.2 Metric domains and basic functions

In this subsection we fix some metric domains. The domains are used in the definition of a
semantics N, which will be defined in the next subsection. We start with the definition of a

metric on Dom™.

Definition 6.15 (Metric on Dom™) Let

Zyy Zin 1L in
Zay T2n
21 Z2n < k>=
(7731 Tn
Let a metric d on Dom™ be given by
2—max{k:01<k>=()g<k>} if8 6
d(6,,62) = 10, 7 62
0 ’Lf01 = 92.
Example
Let
20 86 ¢ 29 86 ¢
711 1 2 711 1 2
44 40 59 45 40 59
bi=1f 2 4 33 [Af2=| 2 14 13
3 e 12 € 9 ¢

We have d(f,62) = .
Definition 6.16 Let
Dom™™ =%/ Dom™ — Pyiosea(Dom™)
and let a metric d on DomDi™ be given by
J(¢1,¢2) = sup{dy (¢1(6), $2(0)) : 6 € Dom™}
where dy 1s the Housdorff distance on P,,eeq(Dom™) induced by the metric d on Dom™.

nim

Theorem 6.17 For each n,m we have that Dom™ and Dom[;™ are complete metric spaces.

The next definition introduces some notation:

Definition 6.18 Let § € Dom™, § € Dom™. Define L({iy : Ji,-..rik : Ju},0,0) to be §
where 6 € Dom™"* is such that

61 {i,...,i} =10
and

fl<iyy.e..,ie >=e0(0 1< 1,e ) gk >)-

&
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SR

If
1 2 3 45 11 22 33 44 55 66 77
1 2 3 45 . 11 22 33 44 55 66 77
=11 2 3 4 5 |A0=1] 11 22 33 44 55 66 77
then
e 1 € 2 3 4 5
) 22 1 44 2 3 4 5
L£({1:2,3:4},0,6) =] 22 1 44 2 3 4 5

We give the generalizations of \, to delay : Dom™™ — Dom™™ and ~» ()i to close :
Dom™™ — Dom™™ in

Definition 6.19 Define close :Dom™™ — Dom™™ by
close(¢) = A0.{0 : 36, € Dom™, 05 € Dom™(0; ~» (eus)i = 0 A b2 ~ (0s)i = GA6; € ¢(8:))}
and delay :Dom™™ — Dom™™ by
delay(¢) = 2. | J{8 - F € #(6)}
We first give two properties of close and delay:
Lemma 6.20

1. abstr o close = abstr

2. abstr o delay = abstr

Proof
We only show the first property. Take any ¢ € Dom™. We have:

close(abstr(¢)) = |definition of abstr|

AL.{flatten(d) : I6[fatten(6) =T A G € close($)(8)]} = [definition of close]

AT {flatten( ~ (cu):) : 3930, [flatten(0) =T A € $(8:) Ay~ ()i = 0]} = [substitution]
AT {flatten(§ ~ (ox):) : 30 [Aatten(dy ~ (a:);) =T A8 € ¢(6,)]} = [definition of flatten]
AT.{flatten(f) : 36,[flatten(8,) =T A G € ¢(61)]} = [definition of abstr|

abstr(4).

The following lemma will be used often in the sequel.

Lemma 6.21 Let (0:); be a Cauchy sequence in Dom™. Let § be such that Vil € 6; \J.
Then 6 € (limi—co 8:) .
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Proof
By definition of \,, Vi[f € §; \| implies
ViVHinilnk‘i[H[k] S ﬁt[k] S 9[nk,”

Choose a k arbitrary. We prove

Because (6;); is a Cauchy sequence, we can find a my, such that for all 7 > my, we have that ;][]
is constant. Hence (lim;_. 6;){k| equals §;[k] for ¢ > my, so in particular (lim;_. 6;)[k] =
O, [k]. We have 8[k] < 8, [k] so also 6[k] < (lim;—.co 8:)[Kk]. There also exists a ng..,, such
that 0., [k] < 8{nk.m,] so also (limimco 0;)[k] < O{nk.m,]. Take ng = ng;m,. We now can
conclude that 8 € (lim;_ 6;} \.. o

6.3 The metric semantics N

In this subsection we define a metric semantics N. We want to define it in such a way that
it maps a net to Dom”;”. In order to do this we have to restrict the class of nets we use.
We take the class of nets which have as basic nodes the so called finite choice nodes. This
is a real restriction in the sense that there exist nodes that are not finite choice nodes. The
semantics N has some interesting properties. It is formulated with the help of contain points.
The contain points can be obtained by iteration. a further characteristic point of N is that
we do not apply the delay operator in its definition. Not withstanding this N is still correct
with respect to the operational semantics. This result crucially depends on the restriction to
finite choice nets. There are some disadvantages too: the semantics is not fully abstract and
it can handle only nets with finite choice nodes.

Definition 6.22

1. If b4 15 a specification for a node d, we define 3,1 to be the smallest set such that
(a) 64 C by
(6) (x1,01,x3,0) € b4 and (x2,0,Xa,02) € b4 implies (x1X2, 01, X3X4, T2) € by
2. A node d € Node™™ 1s called a finite choice node if the following two conditions hold
(a) Vx € FTrace™ (b4 N ({x} x {01} X FTrace™ x £) is a finite set]
(b) YoInV(x,0,%,8) € 84[|x] < n].
The first condition states that a finite amount of input on the input lines of a finite choice
node can produce only a finite number of different output histories. Moreover, these histories
are all finite. The second condition states that a finite choice node can make its decision
which firing rule it uses after it has received a certain number of tokens. This number is fixed

for each state. These first two conditions together will ensure that we can work in Dom?;™
(in fact, it is also possible to work with compact sets instead of closed sets in this case).

Example

Take nodes d;,ds with

5«11 = {(5; g, @, 01); (5;017 a, 02)) . '}1
&

64, = {(1™,00,a,01) : n > 1}
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Both nodes are not finite choice nodes.

Definition 6.28 Let FNet™™ C CNet™™ be the set of nets with n inpuls and m outputs
that have as basic nodes the finite choice nodes.

Next we give meaning to the basic (finite choice) nodes. The semantics N will map a node d

to a function ¥4 € Dom’;™. The definition of ¥, will use the notion of a firing sequence.
‘.l

Definition 6.24 With any finite choice node d € Node™™ we associate a function ¥4 €

n:m

Dom;™ which is given by

a(9) ={0 : 3(xi, 00 » Xi»5:); @ firing sequence for d w.r.t flatten(8) |

Vidg[ s 2 x1 - xi AT - Zxa o X
01> %1 % AOlF =1 S X1 K-
]

A ﬂatten(é) = X1-X2

}
It is not difficult to show that
Lemma 6.25 For any finite choice node d € Node™™ we have ¢4 = delay o 4.

Intuitively, we fire the node as soon as it is possible: we ‘removed’ the delay operator. In this
way we do not get non closed sets as is the case if we use the original definition ¢, instead of
4. We have for example

§ € ¢a(f) = Vnlea(---e Ob) € ¢q(8)]

but in general

lim e0(---e08) & ¢a4(9).
n—oo e, e’
n
Before we prove that for any finite choice node d we have that 1, is well defined, we first
introduce the notion of a prefix of a firing sequence and give a lemma.

Definition 6.26 The prefiz of length n of an infinite firing sequence (Xi,0:, Xi) 5:)52, 75
(Xi» 0%, X, 0:), and the prefiz of length n of a finite firing sequence (X:,0i, Xiy G:)72; 15
(Xir0i, %, 6:)7 f m < n and 1s (Xi, 00, X, 03)7y f m > n.

Lemma 6.27 Suppose {(Xij»0:j; Xij»0ij); ¢ ¢ = 1} s a set of firing sequences for a fi-
nite choice node d with respect to I'. Then there exists a firing sequence (x;,0;, X1 5);
for d with respect to T' such that for every n there is an infinite number of elements of
{(xij 0i5» Xij» Tiz)j : 1 = 1} that have the same prefiz of length n as (xj,05, X5, 65);-
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Proof

(The proof follows a standard argument for proving compactness.) Consider a set
{(xi7>ij> Xijs Fij)j : ¢ = 1} of firing sequences for a finite choice node d with respect to I
All firing sequences start in the initial state:
{0xi1, 0515 Xi1, Gin)st 2 1} = {(Xs1, 0 1v07s Xi1, 031 )38 2 1}
Because Vi[x;1 < flatten(0)] and In{|x:1| < n] (d is a finite choice node) there is only a finite
number of possibilities for x;,. So we can conclude (because d is a finite choice node) that
{(xi1, o1nrrs Xit, Gu1)58 2 1}

is a finite set. Hence there is an infinite number of firing sequences in {(x:;,0:;, Xis, F:j)7
1 > 1} that start with the same element. Consider this subset. We can continue in the same
way to find the desired firing sequence, O

Next we show

Theorem 6.28 For any finite choice node d we have that Yy 15 well defined.

Proof

We show that for any § we have that z/)d(ﬁ) is a closed set. Take any Cauchy sequence (4; ) in
$a(f). With each 6; there is a firing sequence (xij, 0is, Xij; 0i5); associated. By lemma 6.27
there exists a firing sequence (for d with respect to flatten(6)) (x,,aj,}zj,ﬁj) such that for
every n there is an infinite number of elements of {(x:;,0:5, Xij» 0ij); : ¢ = 1} that have the
same prefix of length n as (x;,0;,%;,5;);. We can use this firing sequence to show that
lim; . 0; € 1/J¢(9). O

Now we are ready to define the metric semantics N.
Definition 6.29 (Metric semantics N) Define N : FNet™™ — Domj™ as follows
1. N(d) =Py
2. N(<spy.eey86>) = N(st) s Nsk)
3. N(s{dy:g1y---s% G }) = A.(CP( ) )
?H.N(s)(ﬂ({il STtk Tk} 0,8))

)T{Jll,---,jk}

where f is the extension of 1 to sets.

For explanatory purposes we rewrite a part of definion of the denotational semantics D in a
form that resembles the definition of N: Let s € CNet™ ™. We have

D(S{il : jl.:--wik . ]k}) =

X.{6:30, Dom™* 8, € Dom™ ¥, ()il
6> € D(s){01) A

01t {5, oo s e }) o ()i = 4
(02 T {.7'1, 1.7‘10}) ( 1.) :6
01 1<ty .. i >=€00z I<J1y.. 050 >

: I} =
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~close(08.{0 : 39, € Dom™ V¥ 6, Dom""+k,[
9260(3)(01)/\
(ng{il,...,ik})za/\
(02 T {.71:}.71:}) =0‘A
g, 1< Tiyer oyl >= 8, l<.7.1’--‘7.7}c >

=

close(X0.{6: 30, € Dom™** 6, € Dom™**, |
6, € D(S)(Gi) N
01 = ﬂ({zl :].la-- -’ik :]}C}19102) A
(021 {bs--rse}) =6
B=

close(M.{0> 1 {71,...,Jk} : 301 € Dom™*k 8, € Dom™ %k, |
' 4, € D(s)(&l) A
By =L({iy 2 Juse- stk 2 Tk} 0,02)

M=

close(M0.{02 T {71, .- .» K} :
i'jz € D(S)(ﬂ({"l B ITPRIRL 1N ].lc})gaoz)

close(A0.{02 :
H%E D(S)(ﬂ({ll 5 TR PO jk}70702)
W nl) =

close{\0.CP()\2.
DI’(S)(E({’L! I TRRRN T .7.k}:9702)
W, 0})

Lemma 6.80 N 15 well-defined.

Proof

We have to show that for all s € FNet™™ we have N(s) € Dom7;™. We prove by induction
on s that

1. N(s) is non distance increasing,
2. V4[N (s)(8)is closed].

(d) By definition of %, we have for all § € Dom™ that N(d)(f) = ¥4(8) € Pergsea(Dom™) so
N(d)(8) is closed. We prove that 9, is non distance increasing. Take any 6y,0,. We
have to show d{t4{f1), ¥a(f2)) < d(81,02). Due to the symmetric role of 6, 62 it suffices
by lemma 6.9 to prove that

Vl, € $a(8:)302 € Ya(62)[d(0,02) < d(01,062)].

Take a §; € 94(6,). By definition of %4 there exist sequences (xi,0:, Xi,7:); and (2:);
such that

1. Yi[{x:, 0i, Xi» 0i) € 8al,
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- 2. oy is the initial state oryr7,

3. Vi[a',' = 0'1;+1],
4. x1X2 ... < flatten(8,),

5. if the sequence is finite (of length n) then it can not be extended: there is no
(X1L+1101L+13 Xn—+175'n+1) with X1+ Xn+1 S .ﬂatten(el) and Opn = Op+1-

Let d(81,6:) = 27, ie. 8,[N] = 62[N]. Because 6;|N] = 02[N| we can use the first
max{k : ar £ N} elements of the firing sequence of §, to obtain an output of §; which
satisfies 0, [N] = 2[N].
(< s1y...,86 >) Take any 6,,0; € Dom™. Suppose
Vie {1,...,k}< s1,..., 85 >€ CNet™ ™|
and
ng, my = 0.

Take any 6; € N(< sy,...,8, >)(8;) . We have

Vi e{l,...,k}
03 l<mji_y +1,...,m; >€ N(s;)(0, I<nj_;+1,...,n; >)

I

By induction there exists a #5 such that

vie{l,... k} )
05 < mj_+1,...,m; >€ N(Sj)(ﬂl < ny_y+1,...,n; >)

]:

V]'E {1,,k}[d(02 1< mj-1+1,...,mj >,9—-2 < my_y+ 1,"',mj >) <
d(ﬂl 1< my_.1 + 1,...,mj >0 i< mji—1 + 1,...,mj >)

In order to prove the closedness, take any § € Dom™. Take a Cauchy sequence (4;); in
Dom™ such that

Vi € N[§; € N(< s1,-.., % >)(8)].
We have

Vi e NVj € {1,...,k}
b l<mj_y +1,....,mi > N(s;)(0 l<nj_y+1,...,n; >)

I

By induction
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vy e{l,...,k}
(im0 8;) I<mj_y +1,...,m; >E N(s;)(0 l<njy +1,...,n; >)

];

i.e.
lim 8; € N(< s1,...,8% >)(0).
11—+ 00
(s{é1: 1s---»%k ¢ Jk}) By induction N(s) is non distance increasing, so by the ¢ prefixing

MMNENLWEL 15 sk 5616, 0))

is non distance increasing in # for fixed # and contractive in § for fixed . We ap-
ply theorem 6.14 to see that N(s{iy : 71,...,%k : Jk}) is non distance increasing and
theorem 6.13 to see that N{s{ty : J1,..-,% : Jk})(6) is closed for any 6. 0

By theorem 6.12 we can replace the third clause in the definition of N by
N(S{il !_’f]_, ...,ik _jk})f ~
/\9.{lim,~_,oo 6; ZVZ'[HH.} S N(s)(ﬂ({z; N IO PR jk},ﬂ,ﬁ,-)] A
0, = 6 A (8:)i is a Cauchy sequence
}

where § is arbitrary. This shows that the contain points in the definition of N can be obtained
by iteration starting from an arbitrary 6.
6.4 Property of the metric semantics N

The next lemma will be used when we establish a relation of N with the operational semantics
0. A similar lemma holds for the denotational semantics (in this case it is a direct consequence
of the delay lemma: we can take 85 = f;).

Lemma 6.31
Vs € FNet™™Vke NV4,, 0, € Dom™V8, € Dom™|
g€ N(s)(8,) A By €02\, A0y [K] = 82[K|

=
30—2 S Domm[ég (S N(S)(ﬁg) A 9—1 S gg N /\0_1[161 = 9_2[’(2”

Proof
The proof goes by induction on s.

(d) Take any k€ {1,2,...}, 0,,02 € Dom™, 8, € Dom™ such that
0_1 € N(d)(el)y
1€ 02\

and
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01[k] = 62(k].

Because 4, € ¢,4(f,) we can pick a firing sequence (x;,0;, %:,8:); for d w.r.t flatten(d)

such that

Vidslfi (7] Z x1- o xi AT =1 Z xe o xi AL 2 ke AGLT -1 S w0 xi-al,

and
ﬂatten(ﬁl) = X1X2" -
Define 8, € Dom™ such that

ViV [fals] 2 X1 xa Ab2li -1 2 X0 X

We have that if 1 < k then

max{l: 37 <i[fa{s] > x1 - xiAbeli -1 Zxi-xi} =
max{l: 37 <017} 2 x1- - xi AT =1 2 x1 i}
and if 2 > k then
max{l: 37 < i[f2[7] 2 xi - xiAblf =1 Z X1 xi]} 2
max{l: 37 <dffu[5] = X1 x AOLlT~ 1] 2 X0 xil}
Note that for all i
fals] = %1 - *Xinax{1:35<i[02]7] 21 x1A02 7= 1] Z x1--x:])
Oui] = %1+ Xmax(e3r<iloals)2xa-xeA0uli- 1] 2x0x])
s0 51[_10] = 0,[k| and Vi[8,[t] < 2[¢]]. Moreover, flatten(f2) = x1X2 - -- = fatten(d;), so

9_1602 \,

(< s1y...y81>) Take any k€ {1,2,...}, 8,,0, € Dom™, §; € Dom™ and suppose

51€N(< Stye-05 81 >)(91)a
B, € 02\

and

* 01[k] = 8alk]
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Suppose, forz = 1,...,I, < s1,...,8 >€ CNet™ ™, Put no = mg = 0. Define

O =0 l<miy+1,...,m >,

Oo; =8 l<ni_y+1,...,n; >
and

Gri=0l<mi_y+1,...,m; >.
We have

Vi[ﬁ_h- (S N(S,’)(Hli) Al € 0o N\ Aﬂli[k] = 025[15”

so by induction

V’L'aggi[@_gi € N(Si)(aﬁ) A gli S 0_2,' \ /\0_1{[/{:]

Take such o; and define 8, sauch that

Virg l<mi +1,...,m >= 9_2,'].

We have
gz € N(< 81544491 >)(92),
g€\

and

0_1[’0] = 2[’“]-

({1 : Jis---r%1: 21}) Take any k € {1,2,...}, 01,02 € Dom™, §; € Dom™ and suppose

0, € N(s{ir s g, ..o s i 1)(01)s
91 602 \,
and

81[k] = 82[k].

By definition of A there exists a 6; € Dom™"! such that

51 T {j.lw“;jl} =0_1

and

b, € N(sYL({er < guy--nrit s 11,01, 61)).

94




We are going to construct a 6 such that

gg \E N(s)(ﬁ({zl M jl, ...,i[ : ].[},92,52)),
b, €z

and

~

tél“"] = 0a[k].

Now if we take 82 = 05 1 {71, ..., 7} we are done. The finite-word matrix 6, will be the
limit of a sequence (f;);, which is constructed in the following way.

First observe that

1. él [ N(S)(E({’Ll Z]'_l,.. .,i[ : ].[},01,6?1)),

2.8, €8N\ L({y g0 1 00,01) € LU{5y  Fuy a2 h02,80) Ny
3. 0,[k] = 0;[k]

=

LMer gt 0,00kl = L({zy: g1, .o hm s 51}, 02,8,) K]

so we can apply the induction hypothesis and find a §; such that

6, € N(s)(L({zy : Fuye.rti i 1} 02,61)),

Note that

1. 51 € .N(S)(AC({'H. N IR 1! :]‘l}ao‘Z:é‘l))’
2.6, €8, \= LU{51 g1, i b 02,80) € L({EL: Juy e vir s G} 02, 01) N\

3. Bilk] =61k
2 -~
E({’Ll Z].l,...,il :j'l},ﬁz,el)[k‘i“ 1] = E({’Ll :_’]-]_,...,’I:[ :]}},92,01)[,€+ 1]

where in the last line we have k+1 due to the e prefixing of the £ function. By induction
we have that we can find a 6 such that

52 € N(s)(ﬁ({zl :.7.1: -~-ail :.7.1}:92151))1
51 E‘9’2 Na
61l + 1] = o[k + 1].

We continue in this way: note that

"1 52 S JV(S)(E({’L]_ : ]'1,...,?:[ :]}},02,51)),
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2. 8 by N\ L({ay Guy et b 02,00) € L({31 2 b5 s G 02, 02) N
3. 6,]k+1] =6k +1]
=
£({Zl :].1,.. .,i[ :].[},92,91)[k+ 2] = E({Zl :_7.1, ...,i[ :]}},62,92){1\:—{-2].

By induction we have that there existsa §5 such that
fa € N(s))(L({i1 2 91,28k ¢ Tu}, 02, 62)),
52 € 53 \n

falk + 2] = bk +2].

We continue this process and obtain for all ¢
fis € N(s)(L({5n 2 Gur- vt 2 21}, 02,65)),
b; €81
filk + 1] = Giq [k +1].

Hence (6;); is a Cauchy sequence. Because N(s) is non distance increasing (and hence
continuous) and by Hahn’s theorem we have

(lim ;) € N()(L({ar 2 s ooa 2 i}, 2, lim 62)).
We have

6reb, N\,

€y \=0, by,

52653\=>§1€§3\,

so by lemma 6.21 we have 6, (lim;— o0 5,) .. Moreover
(k] = 0,k A Gy [k+ 1] = Golk + 1) AL AGik+1] = Bipi[k +i] A ...
=

B[k = (lim 6:)[k]

so if we take 8z = (lim;_ 5,) 1 {71,---, 21} we have

0—2 S N(S{zl o TPR Y :]}})(02)’
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6.5 - The intermediate semantics T

We define an intermediate semantics T, which is used in the proof of the relation between O

and N.
Definition 6.32 (Semantics T) Define a semantics T : CNet™™ — Dom™™ by
1. T(d) = ¢q,
2. T(< s1y.eep86>)=T(s1) -2 T(sk),
8. T(s{tr: 71y -1tk 2 Jk}) =A0.(CP( ) )
AT (s)L({er g1y 0tk 2 I 1,6, 0)
)
)T{jlv .. 7.7k}
Note the differences with N: T is defined on CNet™™ and N is defined only on FNet™™.

Also T{d) = ¢4 whereas N(d} = ;. However, in the sequel we often restrict T to FNet™™.
Intuitively, T does generate delays and N does not. We prove two properties of this semantics

T.
Lemma 6.33 (delay lemma)
Vs € CNet™™V0,§' € Dom™V8,8' € Dom™|

GeT(s) )N €\ NG\
=
§' € T(s)(0")

Proof

The proof goes by induction on s:
(d) See lemma 4.7.
(< s1,...,8% >) Follows the same structure of the argument in lemma 4.7.

(s{Z1:71,.--1% : Jx}) Again, this case is a simple version of the analogous case of the proof
of lemma 4.7. The proof is here included for convenience. Take any 8 € Dom™, 0,6’ €
Dom™ such that

feT(s{ir:, vtk sk })(6)

and
Fed,.

This implies that we can take a § € Dom™** such that
G=61 {1, . 0c}

and

G eT()Lir: ir- vkt Tu1,6,6)).
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Define 8' € Dom™** such that

B l<gi,e g >=0 1< e >
and
01 Gy in} =0
We have
6 e\
and
L5yt dbs ek 6}, 60,6) € L({a0 2 dus - hin 61,00, 8') N
so by induction

0" e T(sYL{5y 2 us-eorin : 5 },68'.6))

l.e.
0_' = (5, T {.7‘1) . 7]k}) € T(S{Zl : .7.1) .. -:ik : Jk})(ol)
D
Lemma 6.34
Vs € CNet™ ™V € Dom™V8 € Dom™|
g € T(s)(6)
@ -
V(e )i[(0 b (o)) € T](S)(9 > (0s):)]
Proof

For (<) take (o;); = (1);. For (=) we use induction on s.
(d) See lemma 4.11.
(< s1y..-58k >) See lemma 4.11.

(s{e1 : 1y vtk 2 T }) (Cf. the comment in the proof of lemma 6.33.) Take any § € Dom™,f €
Dom™ such that § € T{s{iy : J1,...,% : Jx})(f). Take any sequence of integers ();.
By definition of T we can find a § € Dom™%* such that

61,56t =10
and
§eT()Liy: Tir -tk : Tu}0,0))

By induction we have
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(5 B (a,-)i) = T(s)(ﬂ({zl S TV 1 :jk},G,g) B (ai),-).

Hence
(5 B (ai)i) € T(s)(ﬂ({il N TR A ij}c}aﬁ B> (ai)hg b (al +ax —1, as;---)))-
Define §' € Dom™%* such that:

61 {Grse s} = (0 5 (0:):) 1 {1y, sk H= 8 B (2))

and

0" 1< J1seerde>=€00 b (ay+az—Las,...)) 1< Jiyeesde >
We have

e & (ay +az —1,0s,...)) € (§ & (a)i) \
Hence

'€ (o) \u
LUEy g0 vin s e}y 8 B ()i 0 b (01 + a2 — 1,a3,...)) =
LU Guy e stn s g h 0 b ()i, 0")
so by lemma 6.33
0" e T(S(LWEL : g1y rtk : Gk} 0 B ()i, 67)
and because
81 {Gyyeomed =0 B (@) 1o sk} =8 b ()i
we have
(0 > (i) € T(s{in: gy in s s 1O B (en)s)-

[

6.6 Relation between the metric semantics N and the operational
semantics 0
In this subsection we show that T = delay o N (note that we restricted T to FNet™™) and

that D = close o T. Because 0 = abstr o D and because abstr o close o delay = abstr we
can derive 0 = abstr o N. This shows the correctness of N. We start with

Theorem 8.35 T = delayo N

&

99




Proof
We prove by induction on s € FNet™™ that T (s) = (delay o N)(s).

(d) See lemma 6.25.

(< s1,-+.y5k >) Take any 6 € Dom™ and § € Dom™ such that

feT(<sy,..-r56 >)(0).

Suppose, for 2 = 1,...,k, that < sy,...,8; >€ FNet"*™, Put ng = mg = 0. Define,

fori=1,...,k

;=0 1l<n;,+1,...,n; >
and

fi=0l<mi_1+1,...,m; >.
We have

Vi[8; € T(s:)(6:)]
so by induction

V’i[ﬁ_,' € (delay (o} N)(s,)((),)]

By definition of delay we can find a 5,' i=1,..

b; €6\
and
5.' € N(si)(ei).

Take § € Dom™ such that

Vie{l,... , k}fl<mi_,+1,..

50

Geb\,
and

feN(<si,...,s6>)(0)
i.e.

Lamy >= g,]

g € (delay o N)(< s1,...,3c >)(6).
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For the other inclusion, take any § € Dom™ and § € Dom™ such that

€ (delay o NY}(< sy,...,56 >}(6).

By definition of delay we can find a § € Dom™ such that
fed

and
§e N(<syi,...,se >)(8).

Suppose, for ¢ = 1,...,k, that < s1,...,s; >€ FNet™ ™. Put ny, = my = 0. Define,
forz=1,...,k

éi =5l< mi1+1,...,m; >,
;=0 l<mi1+1,...,n; >
and
;=0 l<mi_1+1,...,m;>.
We have
vi e {1,...,k}0: € N(s;)(6:)]
S0
Vi e {1,...,k}[f; € (delay o N)(s:)(8:)].
By induction we have
Vie{1,...,k}b: € T(s:)(6:)]

so
feT(<s1,..., 56 >)(6)
and because § € 6 \\ we have by lemma 6.33

feT(<s,...,5x >)(9).

(s{iy : 1s---»%k : 71 }) Take any 6 € Dom"™, € Dom™ such that

g € delay(N(s{ey 2 71,52k : 6 1))(6)-
This implies by definition of deley and N that we can take a § € Dom™** such that

‘ §€(§T{]l1;]k})\
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and

6 N(s)(L({Es: Tir--vrin : G650, 6)).

By definition of delay we have

)
§ € delay(N)(s))(L({5y 2 1r e -2k = k)50, 6))
and by induction
G T(NLHEL 2 s vtk : T} 0,6))
ie. |
61 s} € Ts{or: gty oui k1))
and by lemma 6.33

q € T(S{'I,l ;.7.11 ---77:k : ]k})(g)

For the other inclusion, take any 8§ € Dom"™, § € Dom™ such that
§eT(s{is:du- et 1))

We can pick a §' € Dom™** such that
8 e T()L({or: diseenitic s e} 0,0"))

and
g1 {.7'1,-~-;J.k} =4.

By induction we have
8" € delay(N)(s))(L({z1 : 71, -y 2 3k}, 0,87)).

By definition of delay we can take a §, € Dom™** such that
g'eb\

and
6y € N(s)(L(fir: 3oy -0tk 2 5,6, 8)).

Because

1. 8 ed; N\,

2. (L({ey s Juse- vt s b 0,01 = (L({2y 2 51y 5% 3jk}:9:51))[1}
3. 61 € N(S)(ﬁ({ll : jl:*--vik : jk},G,@_'))
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by lemma 6.31 we can find 6 € Dom™** such that

b€ N()(LUiL: Guy--- 0%k = T}, 0,61)),

b, edy\,
and

b(1] = 6. (1]
Because

1. 6, €y,
2. (ﬁ({ll o TP TR 3',6},0,51))[2] = (ﬂ({"l N PRI jk}ae:é'B)){z]
3. 02 € N(s)(L({5r : Jus--orik 2 G 1 0,61))

by lemma 6.31 we can find 3 € Dom™* such that
bz € N(s)(LU{a1 2 duy - v0k Gk, 6,62),
éz € 9~3 N

and

83[2] = 62(2].

We continue in this way: because

1. 5?, [ 53 \
2. (L({5y : dur e rth : 3k 1:0,02))[3] = (L({61 < Ty- - rik 2 56}, 6,63))[3]
3. 63 € N(s)(LU{e1 2 Fis-- vk 2 Gk} 0,602))

by lemma 6.31 we can find 54 € Dom™"* such that
B € N(S)(LGr 2 g1y o5k 2 G} 6, B5)),
53 € 54 N

and

64(3] = d3[3]].

In this way we obtain a Cauchy sequence {4;);. By the continuity of N and £ and the
theorem of Hahn we have

(lim 6:) € N()(L({Er = 2yt 2 G} 6, (lim 6))).

We also have
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SR

glegl\n
51€§g\=>§'€§2\,

~

2653\:>5'E§3\,

50
vilf' € 6; \]
so by lemma 6.21

§e _lim 0; N\ .

By definition of N
(lim 6:) 1 {gus o} € N(s{in 2 7ur- 0t s 6 3)(6)
and by definition of delay

01 {J1y..., 56} € (delay o N)(s{iy : g1, .-tk : G })(6)

§ € (delay o N)(s{z1 = 71, -2k 2 Tk 1) (6)-

O

We have now established a relation between N and T. The next step is the relation between
T and D. We prove below that they are related with close:

Theorem 6.36 D = closeo T

Proof
We prove this by induction on s. Suppose s € CNet™ ™.
(d) See lemma 4.8.

(< $1y...ysk >) Take any 6 € Dom™,8 € Dom™ such that
feD(<sy,-. .86 >)(0).

Assume, for i € {1,...,k}, that < sy,...,8; >€ CNet™ ™. Put ng = mg = 0. Define
forz € {1,...,k}
;=0 l<n;_,+1,...,n; >

&

and
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«9,-=0_i<m,-_1+1,...,m,->.

We have
Vild; € D(s:)(6:)]
so by induction
Vi[f; € (close o T)(s:)(6:)].

By definition of close we can find, for i €

{1,...,k}, 0] € Dom™ "™~ 6! € Dom™ ~"™~1

and sequence of integers {a;;); such that

0; € T(s:)(6),
0; ~ (aig)y =0

and

Define the sequence of integers {§;); such that

Vivi € {1,...,k}[B; = max{a,;,.
and (&), forz € {1,...,n}, such that
Vil&; = B — asj + 1].
By lemma 6.34 we have
Vil(0; B (&i5)7) € T(s:) (07 & (&5
We also have for allz € {1, ..., k}
(6; & (&i5)5) ~ (By); = 6:
and

(9—: b (&'j)j) N (ﬁj)j =f;.

Take ' € Dom™, 8" € Dom™ such that,

ooy ak]'}]

)i)l-

¢’ l< ni_1+1L1,...,n; >= 0: B (6,']')]'

and

0 l<mioy +1,...,m >=0} b (&;);.

We have
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e T(<s15.--y8n >)),

g' s (ﬂj)j =0

and

i

0"~ (B7); =
So

0 € close(T(< s15...58n >))(8).

For the other inclusion, take any § € Dom™,8 € Dom™ such that
6 € close(T(< s1,...,86 >))(8).

By the definition of the close operator we can find §; € Dom™,0, € Dom™ and a
sequence of integers {c;); such that

b€ T(< 81,586 >)(01),
8y~ (0s); = 0.

and
Oz~ ()i =6

Assume, for ¢ € {1,...,k}, < s1,...,8 >€ C;'Net"':"“. Put ngp = my = 0. Define for
t€{l,...,k} ‘

;=0 l<ni1+1,...,n >,
61; =01 l<n1+1,...,n; >,
b; =8 l<m_ +1,...,m; >
and
O =03 l<my_1+1,...,m; >.
By definition of T we have
Vie{l,...,k}b € T(s:)(01:)]-
By definition of close and because
Vi €{L,...,k}01i ~ ()i = 0; Absi ~ ()s = 6;]

we have
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Vi € {1,...,k}[f; € (close o T)(s:)(6:)]

so by induction
Vi€ {1,...,k}f € D(s:)(6:)]
ie.
§€D(<s1y-..,5n >)(0)-
(s{i1 : J1s---+%k : Jk}) Take any § € Dom™, § € Dom™ such that
0e€D(s{iy: g, k2 I })(8).
By the derivation directiy after the definition of N we have

f € close()d. CP( .
%G.D(s)ﬂ({il STtk T )0, 6)
T{jl)"'?jk}
)(9).
By induction we have:
g € close(Ad. CP{
2\0_.close(T(s))E({il C 1y estk 2 Ik ), 0,0)
[RE/TE Y

)(6)

By definition of close and of T we can find 82 € Dom™** | 6, € Dom™ and a sequence
of integers (o;); such that

92 € close(T (s))(L({z1 2 Jus - -0k T} 01, 82),
(021 {d1s - r G }) ~ (i)i =6

and
0y ro () = 6.

By definition of close we can find 85, € Dom™ ¥, 8, € Dom™ and a sequence of integers
(8:); such that

04 € T(S)(og),
B4~ (Bi): = 02
and

: b3 ~ (:Bi)i = ‘C({Zl :.7.17“ -,'ik :]‘lc}:ol:02)'
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Define 6, € Dom™** such that

0!1 T {jla--'yjk} =041 {jl:---ajk}
and

051 I<gy-r e >=1

where 8 € Dom” is such that 03 | < ¢1,...,1k >= €016. We have (because 84 ~» (Bi); =
b2 and (9:1 it (ﬂl)‘l) i< .7.1) .. -7.7.14: >= (GDo‘Z) l< .7.11 ---7jk >)

0:1 € b\, .
So by lemma 6.33
0, € T(s)(83) = T(s)(L({Er s Tur- 0%k : T} 03, 04)

SO

(02 T {]'lw--ajk}) € )‘GCP__(
/\Ht(s)ﬁ({zl Y TRRRS P jk}aga g)
)T{jli-"vjk})(HS)'

Define a sequence of integers (7;); such that
N=PF+ -+ Pa,
Y2 = :B(lri'l e ﬂ«xl-i-a-_:

Y3 = Bay+az+1 t 7 Bayrastes

Because

Ot {g- o a}) o (1) =0

and
b3 ~ (1) =10
we have
§ € (close(A.CP( )
Ag-&gs)(ﬁ({ﬁ Ttk 961 6,0) {0 3 1)))

§ € (close o T)(s{sy ¢ J1s---r%k = J})(6).
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For the other inclusion, take any 6 € Dom”™, § € Dom™ such that
§ € (close o T){s{ty : Jus-- -5k = Tk })(6).

By definition of T we have

f € (close(A6.CP(

A@.Z;gs)(ﬁ({il STtk I h6NTUL D))

By definition of close we can find 05 € Dom™% %, 8, € Dom™ and a sequence of integers
(c;); such that

(021 {Jrs - r Gk }) ~ ()i = 5,
By~ ()i =0
and
02 € T(s)(L({o1 : J1s---r1k 2 Tk} 01, 02)).
By definition of close we also have (take the sequence of integers (1);)
82 € (close o T)()(L({i1 : Fuy- - sk : Ju}r 015 02))-
and by induction
02 € D(s)(L({zy : Jus-- 10k 2 k)01, 02))

and hence

f € close(\d.CP( }
(0)\)9__0(5)(£({i1 S0tk Ok b 0, 0) {0y i}

ie.

§eD(s{is:gn- ik s Tu})().

d

Taking all the results of this subsection together we obtain:
Theorem 6.37 0 = abstro N
Proof

0 = abstr o D,

D =closeo T,

T =delayo N,

abstr o close o delay = abstr.

o
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