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The iterated 6-methods employing residue smoothing for solving semidiscrete hyperbolic differential equations are
analysed. By the technique of residue smoothing the stability condition is considerably relaxed. The additional
computational effort involved by the explicit smoothing technique used here is rather low when compared with its
stabilizing effect. However, the overall accuracy may be decreased. This paper investigates the effect of residue
smoothing on both the stability and accuracy, and presents a number of explicitly given methods based on the
iterated implicit midpoint rule (9=-12—). Numerical examples confirm the theoretical results.
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1. INTRODUCTION

In [2] and [3] function iteration methods for solving the implicit relations associated with
implicit linear multistep methods were studied in the case of semidiscrete parabolic differential
equations. It was shown that iterated multistep methods could be stabilized considerably by using
residue smoothing techniques based on smoothing matrices. The impressive parabolic stability
boundaries derived in these papers tempted us to study residue smoothing techniques in iterated
multistep methods for semidiscrete hyperbolic equations. However, a first investigation revealed
that the hyperbolic case is much more complicated than the parabolic case and therefore we decided
to start with the relatively simple case of an iterated one-step method; in fact, we chose the iterated
0-method. In this paper, we show that in hyperbolic schemes, residue smoothing may also relax
the stability conditions substantially. It turned out that the smoothers used in parabolic problems
are not suitable in the hyperbolic case, so that we have to construct new smoothing matrices. The
numerical schemes obtained are completely explicit and, by virtue of their simple structure, they
vectorize extremely well on vector computers. In the Appendix the final algorithm together with
various smoothing matrices are explicitly given.

This work was carried out as part of the VECPARCOMP project for designing numerical
three-dimensional shallow water models on vector and parallel computers.

Report NM-R8809
Centre for Mathepatics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands >




G

2. THE ITERATED 6- METHOD

Let the semidiscrete hyperbolic differential equation be given by the system of ordinary
differential equations

@1 L0 - sayo),

and consider the so-called 8-method with stepsize h:=ty,1 - t; (see, e.g., [1, p.199]):

(2.2)  ¥n+1=Yn + bf(ta + O(tas1 - tn),yn + O(yn+1 - yn)), 0<OLL.

This method requires in each step point t=t, 1 solving the equation

(2.3)  Ra(ty):=y-yn-hf(ta + 6(t - ta),yn + 8(y - yn)) = 0

for y. One way to solve this equation is by means of the one-point function iteration method
yO=yp; y® = yG-1 - riR,(tG-D,y(-1)),
tO=ty; t0 =tG-D - rO[tG-D - ¢, - h),

where j = 1, ..., m and {r()} are relaxation parameters. When we accept y(™) as an approximation
to the exact solution 1 of (2.3), that is we set yp..1=y(™), then this scheme may be interpreted as an
m-stage, one-step Runge-Kutta method. By applying the well-developed Runge-Kutta theory, the
relaxation parameters can be determined in such a way that yp.1 has order of accuracy 1 or 2, and
possesses optimal stability for hyperbolic problems. Unfortunately, it turns out that, in order to
achieve sufficient stability for a realistic integration step, the number of iterations should be
relatively large and hence a lot of computational effort is required. In order to save computing
time, we consider the following modification:

yO=yn; yO =yG-D - SRy (tG-1,y(-1),
(2.4)

tO=ty; t0) =tG-1 - rO[tG-D - t,, - h],

where j =1, ..., m. Here, S is a smoothing matrix which is defined by a polynomial of degree k
of a difference matrix D, i.e.,

(2.5a) S =Sk(D),

where D is some (possibly rough) approximation to the normalized Jacobian matrix of the right-
hand side function:

&

f
(2.5b) zi, . ?ry(tn+e(tn+1 - ta)yn + 0N - ya),
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with p denoting the spectral radius of the matrix J. The smoothing polynomial Sx(x) is required to

satisfy the condition Sk(0)=1, so that S approximates the identity matrix in the space spanned by
eigenvectors of D with eigenvalues close to the origin. Examples of smoothing polynomials are

Tia1(1 + 2x) -1 Ti1(1 + 2x2) -1 Une(V1 + x2)

2.6) Sk === ey S =T e S ==

Here, Ty and Uy, denote Chebyshev polynomials of the first and second kind. For special values
of k these polynomials allow an extremely efficient implementation of the corresponding
smoothing matrices (cf. [2]). The first family of these polynomials are appropriate in parabolic
problems.

The scheme (2.4) may be interpreted as an m-stage, one-step Runge-Kutta method in which
the Runge-Kutta parameters are replaced by matrices. Thus, the iterated 6-method can be

represented by a Butcher-type array. For example, the Butcher arrays for m=1 and m=2 are given

0 0 0
o| o o | erls 0
D3 |0 - x@8)s @5

In practice, however, the representation (2.4) is more suited for implementation.

2.1. Amplification polynomial

In view of the special form (2.4), the most obvious approach is to choose the relaxation
parameters such that the iteration error is rapidly decreased in magnitude. Since the iteration error
in (2.4) is approximately given by

m
(27)  ens1:="N-Yn+1 = Pm(SII - 6Z])en, Pm(x) := -Hl[l -10x], Z:=1J,

j=
we should choose the amplification polynomial Pp(x) of the 8-method appropriately. Usually,
the iteration error e, is dominated by eigenvectors of S[I-0Z] with eigenvalues close to 1. This
suggests that we should choose Pp(x) such that it is small in magnitude in the neighbourhood of
x=1. Ideally, we should minimize Pp,(x) on the set of eigenvalues of S[I-6Z] which are close to
1. However, due to the introduction of the polynomial Sk, these eigenvalues are located on a
complicated curve in the complex plane and it seems unlikely that we can exploit its particular
form. Therefore, we consider the spectrum of S[I-6Z] as an arbitrary set of points in the complex
plane, and, by applying Zarantonello's lemma (cf. [7]), we see that, as far as damping of the
iteration error is concerned, we cannot do better than concentrating all zeros of Pin(x) at a fixed

point in the center of the region where we want P (x) to be small in magnitude. Obviously, this
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leads us to equal values for r{i) and since at least one relaxation parameter should be 1, we find
1(=1 for all j, so that

(2.8) Pm(x) :=[1 - xJm,

In the next section, where we investigate the linear stability of the iterated 6-method, we shall see

that this polynomial is also obtained by solving the order conditions derived from the stability
polynomial of the iterated 8-method.

2.2. Stability polynomial
In order to derive the stability polynomial for the iterated -method, we have to establish a

(approximate) relation between yn.1 and yn when the method is applied to the linear test equation
y'=Jy=h-1Zy. From (2.7) we have

(2.7 M- yns1 =Pm(S[I- 6Z]) M - ynl,
and from (2.3) we find that
N=[1-0Z]1 I+ (1-0)Z]yn

Substitution of 1 into (2.7') and using (2.5a) yields

29 ya1=ROD ya Rooy it 178 ‘11’1?(::(")[1 -0z)] =z

R(D,Z) will be called the stability matrix and R(x,z) the stability polynomial. Notice that R(x,z) is
a polynomial in both x and z. We remark that in the ideal case (the so-called model situation)
where D equals the normalized Jacobian, i.e., if D=p-1J=(hp)-1Z, the stability polynomial
R(x,z)=R((hp)-1z,z) is a polynomial of z alone. This 'simplified' stability polynomial plays a
central role in our (linear) stability considerations.

Unfortunately, when using the smoothing polynomials (2.6), the method generated by the
amplification polynomial (2.8) has poor stability properties. As an alternative and more successful
approach, we choose the smoothing polynomial in such a way that the resulting stability
polynomial of the 0-method is suitable for integrating hyperbolic equations. Since stability
polynomials govern not only the stability but to some extent also the overall accuracy of one-step
methods we shall derive accuracy and stability conditions at the same time. In this approach, we
may profit from the many results available in the literature on stability polynomials for hyperbolic
equations (e.g., [4], [5] and [6]). In this connection, we observe that if we succeed in identifying
R((hp)-lz,z) with a given stability polynomial with constant coefficients, then we obtain

smoothing polynomials of the form




(2.10) Sk(x) =1 + $1X + ... + sgxK,

with s; = cj(hp)i, where the cj are constants. As a consequence, the non-zero coefficients of xizi
in R(x,z) are proportional to (hp)i. This feature should be taken into account in the following

accuracy considerations.

2.2.1. Accuracy conditions

The order of accuracy can be estimated by the local error €y, 1:=y(tn+1) - Yn+1, Where y(t)
denotes the exact solution through the point (ty,yy). In order to derive an expression for this error
we first observe that by virtue of the property that the components of y(t) form a grid function
defined on a grid with mesh size A, we may assume the existence of an integer p for which the
grid functions

Diy(t) .
¥i(t) :——-.—-g—j,f—) ,1=0,1,2, ..

are bounded as A tends to O (p may be considered as the order of the difference matrix D).
Furthermore, we use a notation by means of the forward shift operator E, i.e.,

Eyj(t) = yj+1(0).
We can now express the local error in the form

(2.11)  en41(A,h) = h[I-Ry(D,0)] y'(t) + %hz[l - Rzz(D,0)] y"(tn) + O(h3)
= h[1 - Rz(APE,0)] yo'(tn) +%h2[1 - Rzz(APE,0)] y0"(tn) + O(h3).

The expansion (2.11) indicates that for sufficiently smooth grid functions y'(ts) and y"(t,)
the global error defined by h-1eq,1(A,h) is controlled by the 'error' function

(2.12)  Amk(AP,h) := 1 - R4(AP,0) + h[1 - Rzz(AP,0)] + h2.
Writing
(2.132) Ami(AP,h) = D ajhiAiP

ij

we obtain

(2.13b) Global error = 3. az|O(hiAiP).




In the actual derivation of the error constants aj; it is convenient to write the amplification

polynomial in the form
(2.14) Pp(x) =1 + ogx + 02x2 + 03x3 + ... + Qpx™,

so that the stability i)olynomial can be represented as

m .
2.9) R(xz2)=1-2z Y o4[Sk(x)H[1-6zPL.
j=1

Here, the coefficients o are easily expressed in terms of the relaxation parameters. We can now
express the error function Apmik(AP,h) in terms of 0, the coefficients 0, and the smoothing
polynomial Sg. It is easily verified that

m m
Ry(x,0) = - 2, o§[Sk(0V, Rzp(x,0) =20 Y, ( - DoylSk(x)L,

j=1 j=1
so that
m a
Amk(APh)=1+h+h2+ D o[l - 2h0( - DI[Sk(AP)].
j=1

The etror constants ajj can be determined by writing

mk : dia;(0)
(2.15) Apk(APh) = 3 aj(h)AP, ajj:= it dhi *
j=0 '

The first three coefficient functions aj(h) are given by

m
agh)=1+h+h2+ D o1 - 206( - 1)],

j=1
m

ai) = D, jajll-2h6G- 1] s,
j=1

m
ap) = 2, o [1 - 200G - D] [ s2+ 5G-1) 512
j=1

(as in (2.10), the parameters sj denote the coefficients of the smoothing polynomial Sk(x)).

We distinguish the case where both the coefficients o and s; are constant and the case where
0ij is constant but s; is of order hi. The corresponding values of the error constants ajj are listed in
the Tablés 1* and 1. ,

We shall use the method parameters 6 and o to make vanish the first error constants aj; and

the smoothing parameters sj to maximize the stability boundary. In Table 2 the corresponding
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parameter values of © and 0;, and the resulting relaxation parameters together with the orders of
the global error are listed for m=1, 2, 3. Since 6=1/2 for all m, we are in fact iterating the implicit
midpoint rule. Fﬁrthermore, since the relaxation parameters all equal 1, the amplification
polynomial Py (x) is identical with (2.8). Of course, this is a consequence of our decision to use
all method parameters 6 and «; for increasing the order of accuracy. If one or more of the method
parameters are used for improving the stability, then the amplification polynomial will not
necessarily be equal to (2.8). Without claiming that it is the best strategy, we shall confine our
considerations to methods with 8=1/2, r()=1 (j=1,...,m), and with smoothing polynomial Sy such
that the stability is optimal in some sense. These methods will be denoted by Method(m,Sy).

Table 1. Error constants ajj for o constant and sj = ¢; (hp)i

j=0 j=1 j=2
m
i=0 1+ Y, o 0 0
j=1
m m ‘
i=1 1-292 G-Doy c1p2jaj 0
j=1 j=1
m m 1
i=2 1 - 28c1p ., j(G- 1) P2y, joyle +2G-1) ¢12]
j=1 J=1

Table 1*. Error constants ajj for oj and s; constant

=0 j=1 j=2
m m m 1
i= 1+ z o $1 Z io Zjocj[sz + 5(]'-1) $12]
=1 =1 j=1
m m m 1
=1 1-20) G-y -20s1 2, j(-1)o; - 20 . jG-1ogls2 + 3G-1) s12]
j=1 j=1 =1

i= 1 0 0




Table 2. Specification of the Method(m,Sy)

m 6 o; oy o3 M 2 B Global error
sj = cj(hp) sj constant
1 2 1 ~ O(h+hpAP) O(h+AP)
2 2 2 1 1 1 O(h2+h2pAP)  O(h2+hAP+A2D)
3 2 3 3 4 1 1 1 O(h2+h2p2A2P)  O(h2+A2D)

2.2.2. Stability conditions

According to Table 2 and using (2.8) and (2.9), the stability polynomial of Method(m,Sg)
reduces to the form

1+ [5- (1 - seort - Lzpm] 2

1
1-2z

(2.16) R(x,2) :=

The region in the (x,z)-space where the modulus of this polynomial is bounded by 1 will be called
the stability region.

Example 1. Consider Method(1,S1) where S1(x)=1+s1x, s1 being a positive constant. Then the
stability polynomial (2.16) is given by

Rx,z) = 1 + z(1 + s1x).

In the (x,z)-plane, the stability region is given by |1 + z(1 + s1x)| < 1. Let us consider this region
for imaginary values of x and z. In Exampie 2 below, it will be shown that the largest possible
imaginary stability boundary equals 1 and is obtained for s;=1. Setting x=i, z=ihp{ with hp=1
and -1<&,C<1, we find that, in the (,0)-plane, the stability region is bounded by the lines {=0 and
CE2-2E+(=0. 1

In order to obtain manageable stability conditions, we consider the model situation where the
difference matrix D actually equals the normalized Jacobian (hp)-1Z, so that S=Si((hp)-1Z).
Evidently, for a given value of hp, the iterated 6-method is stable if the modulus of the stability
polynomial R((hp)-1z,z) is bounded by 1 when z runs through the eigenvalues of the matrix Z.
Such a value of hp will be called a stable hp-value. In actual computation, where the value is

estimated during the integration process, it is recommendable to require that there is a sufficiently
large interval of stable hp-values. To be more precise, suppose that the method has the interval
[oL,B] as its range of stable hp-values, and let p* be an estimate for the true spectral radius p.




Usually, we desire the largest possible step h, so that we set h=f/p*. Since it is required that
hpe [0, ], we have only stability if p* satisfies the inequality p < p* < Pp/c.

In this paper, we shall assume that the spectrum of the matrix Z is (essentially) imaginary.
Thus, we are faced with the problem to keep the values

1+ [2- (1 - Se(hp) 121 - S2)m] 2

1
1—22

(2.17) R((hp)lzz) := , ze [-ihp,ihp]

on the unit disk for a maximum range of hp-values by a judicious choice of the smoothing
polynomial Sg. In the ideal case where the whole interval [0,B] contains stable hp-values, B is
called the imaginary stability boundary and will be denoted by Bimag.

Example 2. Consider again Method(1,S1) of Example 1. It is easily verified that the polynomial
2.17), ie.,

R((hp)1z,z) = 1 + z(1 + s1(hp)-1z),

assumes values on the unit disk for all values of z in the imaginary interval

hp(2s1-hp)

['iH,iI—l]: H:= 2
81

provided that hp<2si Thus, if z runs through the interval [-ihp,ihp], then we should require
H=hp resulting in hp<2s1/(1+s12). This leads us to put sy=1 to obtain the largest possible
imaginary stability boundary Bimag=1.0

More generally, we have the following theorem on the maximal attainable imaginary stability
boundaries of the iterated implicit midpoint rule.

Theorem 1. The imaginary stability boundary of Method(m,Sk) can never exceed m(k+1)-1.

Proof. The polynomial R((hp)-1z,z) is of the form 1+z+B2z2+B3z3+ ... +Bm(c+1)z™E+D), Tt is

known [8] that the imaginary stability boundary of such polynomials cannot exceed the degree of
the polynomial minus 1, i.e., Bimag<m(k+1)-1. n

In the following sections we consider one-stage, two-stage and three-stage methods in which
the smoothing polynomial is determined such that the Stability polynomial (2.17) is a polynomial
with fixed coefficients possessing a large imaginary stability boundary Bimag. As we already
observed, tlie coefficients of the polynomials Sk obtained, and therefore the generated methods
Method(m,Sk), are hp-dependent. Since it is sometimes convenient to have methods independent

of p, we also consider methods where hp is replaced by Bimag, so that the coefficients of the
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smoothing polynomial are constant. We remark that, as a consequence, the range of stable hp-
values may change.

3. ONE-STAGE METHODS
In this section we consider the Method(1,Sy) defined in Table 2. The stability polynomial of
these methods is given by

(B.1) R(x,z) =1 + zS(x).
From this expression we immediately conclude:
Theorem 2. Method(1,Sy) has a zero imaginary stability boundary if Sy is real-valued.

However, if the smoothing polynomial is complex-valued, then methods with nonzero imaginary
stability boundaries are easily constructed.

3.1. METHODS OF O(h+hpAPF)

Our starting point is a result of Kinnmark & Gray [4] stating that the polynomials Iy, 1(z)
which satisfy Ik, 1(0)=I'k;1(0)=1 and which assume values on the unit disk in the largest possible
imaginary interval [-ik,ik], are given by

(2 Ten@ =] T + HlTea @) -Ta@] }-

Thus, by identifying R((hp)~1z,z) with Ix,1(z), that is,

(3.3)  Sk(x) ___MQ_’.()'_I ,
hpx

we achieve that (in the model situation) the range of stable hp-values is given by O<hp<k, so that
the imaginary stability boundary Bimag equals k. Notice that according to Theorem 1, this value is
optimal. It follows from Table 2 that the method is O(h+hpAP). For future reference, we list the
first three smoothing polynomials.

Table 3. Smoothing polynomials for use in Method(1,Sk)

Sk(x) Bimag
1 + hpx, 1
| 1+ %hpx + ;i—(hpx)2 2

5 4 4
1+5hpx + 3= (hpx)2 + 37 hpx)3 3
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3.2. METHODS OF O(h+AP)
Let us define

(33% S = Teelf L

so that in the model situation where x=2/hp we have
h kz
(4% R(hpylzz) =1+ 1> [1k+1(5) -1].

The first three smoothing polynomials together with the ranges of stable hp-values of this stability
polynomial are given in Table 3*. It turns out that here the stability range equals [0,k] so that at
least for k<3 the 'fixed smoothing polynomial' versions of Method(1,Sx) possess a nonzero
imaginary stability boundary Bimag=k. We did not succeed in proving this property for all k.
Finally, we remark that the methods are O(h+AP) accurate for all values of k (cf. Table 2).

Table 3*. Smoothing polynomials for use in Method(1,Sk)

Sk(x) Stable hp-range
1+x [0,1]
1+x+x2 0.2]
.;-(3 + 5x +.4x2 + 4X3) {0,3]

-

4. TWO-STAGE METHODS

Next we consider the Method(2,Sy) as defined in Table 2. The stability polynomial of these
methods is given by

41 R(xz)=1+280x) {2-sc)[1- 221}
Fdr this polynomiai we have

Theorem 3. (a) If the eigenvalues of Z are purely imaginary, and if the smoothing polynomial is
real-valued, then the stability condition of Method(2,Sy) is given by

4.2)  S.(0)<Sk(x) <S.(), [CI<hp, -1<x<0,

where
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4J_r\/4-3§2

2+1-2-1;2

S£(6) =

(b) If the conditions of (a) are satisfied, then the imaginary stability boundary cannot exceed the
value '\’ %

Proof. (a) If Sk(x) is real-valued and if z=i{ with  real, then we have
43 Rx2)2=[1- 2602 + 2[sex) 2 - e ]2
The stability condition [R(x,z)|<1 leads to the inequality

4.4)  [1+3C2SK)P2 - 45k(x) + 3 <0

for all nonzero values of Sk(x). This leads straightforwardly to the condition (4.2).

(b) For real values of Si(x) condition (4.4) can only be satisfied if {2 satisfies the condition
4>3(2, that is

CERNEY

Thus, the imaginary stability boundary can never exceed the value ‘\,. % .0

This theorem reveals that real-valued smoothing polynomials are not very effective in
hyperbolic schemes. Therefore, we have concentrated on more general complex-valued smoothing
polynomials in order to increase the imaginary stability boundary. However, since the coefficients
Bj of R((hp)-1z,z) are not free but functions of the k smoothing coefficients sj, we should not
expect to find boundaries as large as the upper bound m(k+1) -1 stated in Theorem 1.

4.1. METHODS OF O(h2+h2pAP)

The Method(2,Sk) employing the smoothing polynomial Sg(x) =1+s1x+ ... +sixX, contains
the k free parameters {sy, ..., sg} for maximizing the imaginary stability boundary Bimag. In the
model situation the stability polynomial is of the form

(4.1 R((np)lz, z) = 1 + 28 ((hp)-1z) {2 - S(py1z)[1- 22] }

We used a numerical search in order to determine suitable parameter values. In Table 4 we list a
few smoothing polynomials and the generated imaginary stability boundaries which are
appropriate for use in Method(2,Sx). These boundaries are about 83%, 75% and 85% of the upper
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bounds given in Theorem 1. According to Table 2 the corresponding methods are of
O(h2+h2pAP).

' Table 4. Smoothing polynomials for use in Method(2,Sk)

Sk(x) Bimag
1+3hpx 2.5
11 1
1+ -Sﬁhpx + E(hpx)2 3.75
7 3 3
1+ -ighpx + m(hpx)z + Zﬁa(hpx)3 6

4.2. METHODS OF O(h2+hAP+A2P)

By replacing in Table 4 the problem parameter hp by Pimag we obtain smoothing polynomials
with constant coefficients generating methods of O(h2+hAP+A2P). In Table 4*, the analogue of
Table 4 is given. Unlike the case of one-stage methods, the price for having fixed smoothing
polynomials is a reduced interval of stable hp values. However, we shall see that in actual
computation the intervals of unstable hp values hardly influence the accuracy. Notice that the hp-
independent version of Method(2,S3) allows larger steps than the hp-dependent version.

Table 4*. Smoothing polynomials for use in Method(2,Sk)

Sk(x) Stable hp-range
%(g + 5%) [1.25,2.5]
8—10-(80 + 66X + 45%2) [0,.89] + [2.89,3.75]

Slo'(SO + 84x + 54x2 + 81x3)  [0,.94] + [4.62,4.67] + [4.85,5.02] + [5.13,5.42] + [5.47,6.25]

5. THREE-STAGE METHODS
Finally, we consider the Method(3,Sx) of Table 2.

5§.1. METHODS OF O(h2+h2p2A2P)

Similar to the previous section we computed smoothing polynomials for use in the
O(h2+h2p2A2P) version of Method(3,Sk).
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Table §. Smoothing polynomials for use in Method(3,Sk)

Skx) Bimag
1 +£hpx 56
3 3
L+ g5 hpx + 155 (px)? 5.5
367 51 2,1 3
1+ 2500 % + 3005 PX) + 355 (hpx) 5.75

5.2. METHODS OF O(h2+A2p)
The analoque of Table 4* is given by Table 5*. Again the method using the third degree
smoothing polynomial is rather sensitive to an accurate estimate of the spectral radius.

Table 5*. Smoothing polynomials for use in Method(3,Sk)

Sk(x) Stable hp-range
21'6(40 + 13%) [.58,.62] + [1.08,2.6]
—-"20100 (2000 + 825x + 1452)x2 [.63,.84] + [3.47,5.54]

——-——32(1)00 (32000 + 33764 + 26979x2 + 24334)x3  [5.61,5.75]

6. SMOOTHING MATRICES
Suppose that the hyperbolic initial-boundary-value problem

(6.1) %:—: a(x,t,u) g%, u(x,tg) = g(x), u(0,t) = b(t), a(x,t,u) <0, 0£x <1, t=ty

is semidiscretized by symmetric differences on a uniform grid {xj=jAx} and let the resulting
system of differential equations be given by

dyj 1

a;i . .
(6.22) —d%l= oA 01 - ¥e1)s §=1, o, Me1; g 1= a(iA,ty)), M i= 5=,

where yo = b(t). The last equation in this system asks for yp. In order to compute this component
we add the equation

d
(6.2b) M- 2L GByy - dyms +ym2) -

«dt
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Finally, instead of substituting the boundary value yq in the equation for y;, we convert the
boundary condition yg=b(t) into a differential equation by analytical or numerical differentiation.
Thus, if b'(t) is available, then

(6.2¢) %9- = b'(t).

The normalized Jacobian matrix of the right-hand side function in (6.2) is approximated by

0 0
1 0 -1
0O 1 0 -1
1
(6.3) D=3 ..
1 0 -1 0
1 0 -1
0 . -1 4 -3

We shall use this difference matrix for generating the smoothing matrices S=Sg(D) when
integrating problems of the form (6.2). Notice that (6.3) does have a difference structure indeed.
In this connection, we remark that this would not be the case if y¢ is eliminated from the equation
for yi. '

For an efficient implementation it is desirable to compute S in advance. In the Appendix we
have listed the matrices S=Spk associated with Method(m,S) for all polynomials S specified in
the Tables 3%, 4* and 5%*.

7. NUMERICAL EXAMPLES

In our experiments, we chose problems of the form (6.1) and we discretized the problems as
indicated in the preceding section. The initial and boundary conditions were taken from the exact
solution u(x,t). Thus, by specifying the functions u(x,t) and a(x,t,u), and the grid size Ax, the
initial-value problem (6.2) is completely defined.

We represent the maximum absolute error (with respect to the solution u) at the end point of
the integration interval in the form 10-54, where sd may be considered as the the number of correct
significant digits. In the sections below we present sd/sd*-values for a few problems. Here, sd
and sd* respectively correspond to the hp-dependent and hp-independent versions of the
smoothing polynomial occurring in Method (m,Sk). In addition, we also listed the sd-value
obtained for the Newton iterated implicit midpoint rule. Unstable results are indicated by an
asterisk.

7.1. MODEL PROBLEM

Table 6 lists results for a model problem semi-discretized on a fixed grid with various values
of the time step h. From this table the following conclusions can be drawn:




. All methods are stable when hp lies in the range given in the Tables 3, 3%, 4, 4*, 5, 5%,

. Except for Method(2,S1) the accuracy is not affected by the intervals of instability

associated with the hp-independent versions of the two- and three-stage methods.

independent versions of the one-stage methods is clearly recognizable (in the two- and
three-stage methods, the time discretization error is hidden by the space and smoothing

€rrors).

the degree k of the smoothing polynomial.

the implicit midpoint rule; however, this rule requires much more computational effort.

Table 6. Results obtained for a:=-1, u=sin(t-x), 0<t<1, and Ax=—

1
80

. The first-order and zero-order time discretization error of the hp-dependent and hp-

. Except for the hp-independent version of Method(2,S) the accuracy is not affected by

. The hp-independent and hp-dependent versions of the three-stage method as well as the
hp-dependent version of the two-stage method produce results of the same accuracy as

h-1

- m=1
k=1 k=2

k=3

m=2
k=1 k=2

k=3 k=1

m=3

k=2

k=3

Newton

10

40
80
160
320
640

* % * )%
* % * %
¥k 2.212.2

2.5/2.5 2.5/2.5

2.8/2.7 2.8/2.7
3.1/2.6 3.1/2.6
3.4/2.6 3.4/2.6

* /%
*/2.0
2.2/2.2
2.572.5
2.8/2.4
3.1/2.4
3.4/2.4

* % sk
¥*  2.1/3.6
4.2/4.2 4.3/35
4.5/4.4 4.6/4.4
4.6/3.7 4.6/4.2
4.6/4.3 4.6/4.2
4.6/4.3 4.6/4.1

*1.9 **
3.6/3.7 **
4.2/3.8 4.1/4.1
4.5/3.6 4.4/4.4
4.6/3.5 4.5/4.5
4.6/3.5 4.6/4.6
4.6/3.5 4.6/4.6

* %
3.6/3.6
4.1/4.1
4.4/4.4
4.5/4.5
4.6/4.6
4.6/4.6

* )%
3.6/3.6
4.1/4.1
4.4/4.4
4.5/4.6
4.6/4.5
4.6/4.5

[= =

7.2.

Our second problem differs from the model problem by an (x,t)-dependent coefficient
function a. From the various methods we selected the (m,k)=(1,3), (2,3) and (3,2) methods
which possess the best stability characteristics. Together with the Newton iterated implicit

LINEAR PROBLEM WITH VARYING COEFFICIENTS

midpoint rule the sd-values obtained are listed in a box like

Table 7 presents the sd-values obtained. Again we observe the correct order behaviour of the
various methods and, similar to the model example, the intervals of instability associated with the
hp-independent version did not manifest themselves. A comparison of the accuracy behaviour of
the hp-dependent and hp-independent versions reveals that in the three-stage scheme both

versions yield the accuracy of the implicit midpoint rule. In the one- and two-stage methods,
however, we observe a difference in favour of the hp-dependent version.

Method(1,S3)
Method(3,S))

Method(2,53)
Newton




17

Table 7. Results obtained for a:=- -2—(—&;)- , u=sin(x2(1+t)-1) and 0<t<1.
1 1 1 1 1
Ax=25 Ax=70 AX =30 T Ax =39
h=-51- 1.8/1.7 2.8/2.3 | 1.8/1.8 2.92.9 *1.5 2.9/2.9 x11.4  *1.4 | w14 wx
2.9/3.0 3.0 3.0/3.0 3.1 3.13.0 3.2 ¥x 32 * /% 3.2
h=Tl5 2.1/1.5 3.2/23 | 2.12.0 3.4129 | 2.1/2.1 3.535 */1.8 3.6/3.5 | */0.8 * /%
3.2/33 3.3 3.5/3.6 3.6 3.73.7 3.8 3.8/3.7 3.8 * /% 3.8
h=210 2.4/1.4 33122 | 2.4/1.8 3728 | 2423 4034 | 2.42.4 4.1/40 | %18  3.6/4.1
3.4/3.3 3.4 3.8/3.8 3.8 4.2/42 4.2 43143 4.4 | 4444 4.4
h=41—O 2.8/1.4 3.412.2 | 2.7/1.7 3.9/28 | 2721 4334 | 2726 4.6/4.0 | 2.7/2.7 4.7/4.6
3.4/3.4 3.4 3.9/3.9 3.9 4.4/14.4 4.4 4.8/48 4.8 | 4.950 5.0
h=§1—0- 3.2/1.4 3.4/2.2 | 3.0/1.7 3.9/2.8 | 3.0/2.0 4.53.4 | 3.0/2.4 4.9/4.0 | 3.0/2.9 5.2/4.6
3.4/3.4 3.4 3.9/3.9 3.9 45145 4.5 5.0/5.0 5.0 | 5.4/54 5.4

7.3. NONLINEAR’ PROBLEM

Our third problem is nonlinear, that is, the coefficient function a depends on u. The analogue
of Table 7 is given below. In this example, the difference in the accuracies produced by the hp-
dependent and hp-independent versions is much larger than in the previous examples, especially
for the two- and three-stage methods. Apparently, in this nonlinear problem, the influence of the
smoothing error on the global error is rather large, resulting in a superior behaviour of the hp-
dependent version of the method, particularly for small h. However, we should realize that in
practical applications usually the largest possible step size will be used. For these values of h the
difference of both versions is much less pronounced.

Furthermore, we observe that the three-stage method using the hp-dependent version

produces (for all stable step sizes) almost the same accuracy as the implicit midpoint rule.

However, this Method(3,S7) requires considerably less computational effort than the implicit
midpoint rule (in our implementation we measured a factor 8).
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Table 8. Results obtained for a:=-u, =-;- (-t + V12 +4x ) and 1<t<2.

1 1 1 1 1
Ax=75 Ax=75 Ax =35 AX=T% Ax =355
h= '116‘ 2.2/1.7 3.5/2.1 2.1/2.0 3.1/2.3 ¥12.2 2.8/2.6 *¥/12.3 */2.9 */0.5 * /%
4.1/3.1 4.1 4.3/3.4 4.3 4.3/3.7 4.4 */10.5 4.4 *[® 4.4
h= -216 2.5/1.7 4.0/2.1 2.4/1.9 3.7/2.3 2.4/2.2 3.3/2.6 */2.5 3.1/2.9 * ¥ * ¥
4.3/3.1 4.3 4.7/13.4 4.7 4.9/3.7 4.9 4.6/4.0 5.0 *[¥ 5.0

h=40 2.8/1.7 4.372.1 2.771.9 4.312.3 2.772.2 3.9/2.6 2.7/2.5 3.6/2.9 *2.8  3.4/3.2
4.4/3.1 4.4 4.9/3.3 4.9 5.3/3.6 5.3 55/3.9 5.5 4.8/4.2 5.6

h=81—0 3.1/1.7 4.4/2.1 3.0/1.9 4.9/2.3 3.0/2.2 4.5/12.6 3.0/2.5 4.172.9 | 2.9/2.8 3.8/3.2
4.4/3.1 4.4 5.0/3.3 5.0 5.5/13.6 5.5 5.9/3.9 59 6.1/4.2 6.1

h='i—é'b- 3.4/1.7 4.4/2.1 3.3/1.9 5.0/2.3 3.372.2 5.1/2.6 3.3/25 4.7/29 | 3.2/2.8 4.4/3.2
44/3.0 4.4 5.0/3.3 5.0 5.6/3.6 5.6 6.1/3.9 6.1 6.5/4.2 6.5
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APPENDIX
For the actual computer solution to the semidiscretization (6.2) of the initial-boundary value
problem (6.1) by means of the hp-independent methods, the following explicitly written out

algorithm may be used

where j = 1, ... , m and where Sy is the smoothing matrix which is defined by one of the

; : : ty + t0-1) (-1
yO=yn; yO = yiD - Spuc[yGD - yp - n2Z—— oS ) |,

tO=ty; t0 =t, +h,

following matrices:

S11

N =

=

S22=335

523 =755

2
1
0

— N OV

N W RO

320
132

400

255

108
81
0

(=]

[ R

SO =N

275
132
45

292
174
108

81

oL O

- NN
NWwWN

1
—

-132
230
132

-174
184
93
108

0

3

-1
-1

132

108
93
184

108
81
0

S12=
» SZI =
-1
-1
3
3
0
45 0
-132 45
230 -132
132 230
45 177
45 183
-81 0
108 -81
93 108
184 -93
93 184
108 93
81 108
0 81

-

16

0

45
-132

33

-81
108

93
184
93
189
459

[l
NWO

0
45

149

-81

108
93
103
-285
-795

21
2

-5

-81
108
150
751
1209

=]

O M
— N
h W

16 -5
5 16
-5 20

-81

-135
-336
-392

21
11
33

-5
1




20

80 0
13 80 -13 0
0 13 80 -13 0
1
S31 = 20 ,
0 13 80 -13 0
0 13 80 -13
0 13 52 41
4000 O
825 3274 -825 726 O
726 825 2548 -825 726 0
0 726 825 2548 -825 726 0
S _._1..__
32 = 7000 ’
0 726 825 2548 -825 726 O
0 726 825 2548 -825 726
0 726 1551 370 1353
-726 4257 -4686 5155

128000 O
55361 101021 -43194 26979 -12167 O
26979 43194 74042 -31027 26979 -12167 0
12167 26979 31027 74042 -31027 26979 -12167 0
0 12167 26979 31027 74042 -31027 26979 -12167 0

1
533 = T3z2000

0 12167 26979 31027 74042 -31027 26979 -12167 0
0 12167 26979 31027 74042 -31027 26979 -12167
0 12167 26979 31027 61875 5474 9522
0 12167 39146 -14996 126942 -35259
-12167 58190 -61180 131514 11643

If these matrices are used, then the maximal, stable time step is given by h=Bmxp-1, where p
denotes the spectral radius of df/dy and By is given in the following table:

Buck=1 k=2 k=3
m=1] 1 2 3
m=2 |25 375 625
m=3[2.6 554 575

If smaller steps are used, then weak unstable behaviour may occur for m>2 (cf. Tables 4* and
5%).




