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Representations of the Twisted SU(2) Quantum Group

and some Q-Hypergeometric Orthogonal Polynomials

Tom H. Koornwinder
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P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

The matrix elements of the irreducible unitary representations of the twisted SU(2) quantum group are com-
puted explicitly. It is shown that they can be identified with two different classes of g-hypergeometric
orthogonal polynomials: with the little g-Jacobi polynomials and with certain g-analogues of Krawtchouk po-
lynomials. The orthogonality relations for these polynomials correspond to Schur type orthogonality rela-
tions in the first case and to the unitarity conditions for the representations in the second case. The paper
also contains a new proof of Woronowicz' classification of the unitary irreducible representations of this
quantum group. It avoids infinitesimal methods. Symmetries of the matrix elements of the irreducible uni-
tary representations are proved without using the explicit expressions.
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1. Introduction

Many special functions of hypergeometric type admit some group theoretic interpretation, see
Vilenkin’s book [26]. It is somewhat annoying that the big impetus of the last ten years in the study
of g-hypergeometric series and corresponding orthogonal polynomials was not matched by a large
number of group theoretic interpretations for these special functions. The only exceptions were some
g-Hahn and ¢g-Krawtchouk polynomials living on Chevalley groups, cf. Stanton [24] for a survey, and
the g-ultraspherical polynomials [2] with ¢ =0, for which Cartier [5] gave an interpretation as spheri-
cal functions on homogeneous trees and also on certain homogeneous spaces of SL, over a p-adic
number field.

The quantum groups, recently introduced by Drinfeld [7] and Woronowicz [27], which are not
groups in the proper sense, but which provide highly nontrivial deformations of compact semisimple
Lie groups, offer a very promising area for interpretations of g-hypergeometric series. Indeed, in the
present paper we prove the g-analogue of the well-known fact that the matrix elements of the irreduci-
ble unitary representations of SU(2) are expressible in terms of Jacobi polynomials (cf. for instance
[26, Ch.3]) and of Krawtchouk polynomials (cf. [20, §12.7] and [15, §2]). Instead of SU(2) we have
now the quantum group S, U(2), which was studied in detail by Woronowicz [28], and the matrix ele-
ments will be expressed in terms of little g-Jacobi polynomials and of ¢g-Krawtchouk polynomials,
which were introduced by Hahn [10, p.29] (class II and a special case of class III); note that the g¢-
Krawtchouk polynomials are different from the ones discussed in Stanton [24]. The orthogonality
relations for the little g-Jacobi polynomials (derived in Askey and Andrews [1]) turn out to be
equivalent to the Schur type orthogonality relations for the matrix elements of the irreducible
representations of §,U(2) and the orthogonality relations for the g-Krawtchouk polynomials (deriv-
able from Askey and Wilson [3]) express the fact that the matrix representations of S,U(2) under

Report PM-R8809
Centre for Mathematics and Computer Science
P.O. Box 407&9, 1009 AB Amsterdam, The Netherlands




consideration are unitary.

These new interpretations of g-orthogonal polynomials described above can really be productive
for obtaining new results about these polynomials which would have been hard to find without such
an interpretation. In a forthcoming paper we will obtain an addition formula for the-little ¢g-Legendre
polynomials, just as the classical addition formula for Legendre polynomials can be derived from the
expression of the matrix elements of the irreducible representations of SU(2) in terms of Jacobi poly-
nomials.

It can be expected that every known connection between special functions and compact semi-
simple Lie groups will have a g-analogue in the context of (compact) quantum groups. For this a
necessary tool will be some explicit representation theory of quantum groups which are deformations
of compact semisimple Lie groups. For §,U(n) this was done by Woronowicz [29], while for the dual
of a quantum group (in the sense of Hopf algebras) associated with an arbitrary root system the
representation theory is also available, cf. Jimbo [12], [13], Rosso [22] and Lusztig [17]. It seems that
the compact quantum groups do not provide a setting for interpretations of ¢-Wilson polynomials and
their specializations (cf. Askey and Wilson [4]) or their multi-variable analogues (cf. Macdonald [18]).
It is my feeling (also motivated by [16]) that they will rather live on noncompact quantum groups
(deformations of noncompact semisimple Lie groups).

When 1 obtained the explicit expression of the matrix elements of the irreducible unitary
representations of S, U(2) in terms of little g-Jacobi polynomials, I was not yet aware that essentially
the same result also occurs in the paper [25] by Vaksman and Soibelman and the announcement [19]
by Masuda e.a., cf. Remarks 5.6 and 5.7. However, there are some features which make the present
paper still useful. In contrast with [25] we emphasize non-infinitesimal methods. Symmetries of matrix
elements and unitariness of representations are derived by the use of generating functions for the
matrix elements, before these matrix elements are explicitly computed. The present paper also pro-
vides an alternative proof of Woronowicz’ [28] classification of the irreducible unitary representations
of S,U(2). The g-Krawtchouk result was probably not yet observed elsewhere. Finally, we point out
that S,U(2) provides a nice setting for a g-analogue with non-commuting variables of the binomial
formula (cf. Lemma 2.1 and the proofs of (4.12) and Proposition 5.2) and for an operational identity
by Jackson (cf. Lemma 5.1 and (5.4)).

The contents of this paper are as follows. In §2 we treat the necessary preliminaries about g¢-
hypergeometric functions and related orthogonal polynomials. In §3 we briefly recall the theory for
SU(2) as it will be generalized for S,U(2). Next, in section 4 we introduce a class of matrix
representations of S, U(2), derive generating functions for their matrix elements, obtain symmetries
for these matrix elements and prove that the representations are unitary and irreducible. In §5 we
obtain explicit expressions for the matrix elements in terms of little g-Jacobi polynomials and show
that we have a complete system of inequivalent irreducible unitary representations of S,U(2).
Finally, in §6 we express the matrix elements in terms of g-Krawtchouk polynomials.

W.A. Al-Salam kindly helped me with some historical information concerning the g-Krawtchouk
polynomials.

Notation. Throughout this paper Z, will denote the set of nonnegative integers and N the set of
positive integers. For real x,y we will denote by x A\ y the minimum and by xV y the maximum of x
and y.

2. Some g-hypergeometric orthogonal polynomials
Let 154g€C. For aeC, keZ, define the g-shifted factorial by

k=1 .
(@aqk := I:%(l—aqf)- 2.1
j=




SR

If |g | <1 then this definition extends to the case k = co:

w kY
(@:9)e := I (1—ag). (22
j=0 -
The product of n g-shifted factorials (a;;q)x (j=1,...,n) will also be written as (ay, - . . ,@u;qk-
For integers n,k such that n=k =0, the g-combinatorial coefficient is defined by

_n] N Cis (g59)n _ [ n ] 23)
klg @ GG 1Tkl '
Observe that
K ["] , 2.4
8, ==L, 24
while a simple computation yields the recurrence relation
1, - ¢ e 2
k], T e, T k-1, 23)

By complete induction with respect to the degree it can now be proved that:

Lemma 2.1. Let x and y be indeterminates satisfying the relation

Xy = gyx. ; (2.6)
Then '
@y =3 [f] sant
k=0 g
= kzo l:]’é]q-l xk yn -k | (27)

For reZ ; the g-hypergeometric series of type , +,¢, is formally defined by

o [P S @ik - @izt

PRI by b T T Bk Bk (459
Its radius of convergence equals 1 for generic values of the parameters. If a;=¢™" (neZ,) and
by, ... ,b,;él,q", ...,q"" then the right hand side of (2.8) is a well-defined terminating series,

with summation running over k =0,1,...,n. A good reference for ¢g-hypergeometric series is the
forthcoming book by Gasper and Rahman [9].

Some elementary identities are the terminating ¢g-binomial formula

(2.8)

190" —39:2) = (@259 (2.9
a g-analogue of the Chu-Vandermonde formula
().

201(¢ " ",b;c3q9,9) = b", 2.10)

CH') 2
Heine’s g-analogue of Euler’s transformation formula
(abz/c;q)

@) 2¢1(c/a,c/b;ciq,abz/c) 2.11)

adi(a,bicig,z) =

(all given in [9, Chapter 1]) and an identity for terminating ,¢, series obtained by inverting the direc-
tion of summation:
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The little g-Jacobi polynomials

) - q"',abq" +1
Pn(x ’a’b IQ) . 24’1 [ aq

occurred as part of a classification of orthogonal polynomials satisfying g-difference equations by
Hahn [10]. Their properties as orthogonal polynomials were worked out in more detail by Askey and
Andrews [1]. They introduced the notation and definition as in (2.13); slight variations of this can be
found in later papers. If 0<¢<1 and a=¢*, b =gP with a,f>—1 then the orthogonality relations
can be written down in an elegant way as

____l_......l v B ‘f,;. a B « (qt;q)oo
BT LD of Paltiq".a" |1 9) pliia®sg® 11" |

qn(a+1) Q —q“+ﬁ+1)(qﬁ+l 3 (g ;q)”

;q,qx] (2.13)

= (1 _q2n +a+B+l)(qa+l ;q)n (qa+ﬁ+l ;q)n n,m > (214)
where the g-integral is defined by

1 o0

[f®dy = kzof @ -4 (2.15)

0 =
and

1 . _ . at+p+2.
O (1-9)(q:9w (g 3o
B(a+1,8+1) = [t* —r———dt = 2.16
ferLATD of @50 @590 (@9 216

denotes the g-beta function.
Later in this paper we will meet the little g-Jacobi polynomials in disguised form, as a 3¢, series
which can be brought back to (2.13) by an identity of Jackson

q ",c/b,0

(l]—"bZ/C;q)n 3¢2 [ ,;q,Q] = 2¢l(q_nabsc;q,z)a (2'17)

cegh 1z
of.[9, (3.2.4)]. Let us sketch an elementary proof of (2.17). The left hand side can be written as

_ o 8 (@ e/ bk 4
—1 Yon(n +1) 1
=1rq G ,20 (CHAA U

k+1
(Cqbz ;q)n —k -

k+1
Now apply (2.9) to (in——;q),, —x and interchange summations. Then we get

[T N S (N 243 ) A C I )|
COe ey 2 2 e 1 @
Now substitute / =n —m and recognize the summation over k as
O el )Y IR )
=0 (©e(g:9k
which can be evaluated by (2.10). The identity (2.17) now readily follows.
We will also need the g-Krawtchouk polynomials

(Cq" +1 /b)IZ" ——I'

Kn(x) = Kn(x;b’N lq) = 2¢1 [qq

_;,x ;q,bq"“], (2.18)




where NeZ, and ne{0,1,...,N}. These polynomials are the case p=—N of the g-Meixner poly-
nomials introduced by Hahn as class IIT in [10, p.29]. The g-Krawtchouk polynomials just defined
should not be confused with D. Stanton’s g-Krawtchouk polynomials introduced in [23, §3] and Ph.
Delsarte’s affine g-Krawtchouk polynomials in [6, (16)], see also [24, §4]. However all those variants
of g-Krawtchouk polynomials can be obtained by specialization or limit transition from the g-Hahn
polynomials

_",ab n+1’x
On(x) = Qn(x;a,b,N |q) := 3¢, [q ag qq_,v ;q,q], (2.19)

where NeZ, and n€{0,1,...,N}. These polynomials were also introduced in Hahn [10] and their
orthogonality relations
(aq;9)x (bg39)v —x

N
xgo Qm(q ) Qn(q ) (q,q)x (q ;q)N —x (a‘I)

_ (abg*iq)n(ag)™ _(1-abg)(g,bg.abg" *;q),
CH (1—abg* *1)(aq,abq,q ¥;q)n

were obtained by Askey and Andrews in unpublished work. Askey and Wilson [3] derived orthogonal-
ity relations for the more general class of g-Racah polynomials and they observed that these imply
(2.20), see also [9, (7.2.22)]. It follows from (2.18) and (2.19) that

K,(x;b,N |g) = lim Q,(x;a,b,N |q). 2.21)

(_ aq)" q%n(n “H=Nn 8m,n (220)

Hence we obtain from (2.20) that
X -~ o BN (D gD
Kn(q ") Kag ™™
x§0 (q ) (q ) (q;q)N—x (qaq)x
_ (1N (44390 (G9IN - A on
(9:9:9n

Note that the weights are positive if 0<g<1 and b>g~¥. The ¢g-Krawtchouk polynomials are
related to the little g-Jacobi polynomials by the formula
n+a+p+1

_ (q )
x+l)n Yn(n+1) Jn
1 @9
X K(q™" %" P "L 2n +a+B|g), (2.23)
where a,BeZ .. This follows from the identity (2.12).

P2(q0%:9%4% 1) = (—¢

3. Representation theory of SU(2)

The results summarized in this section are well-known, cf. for instance Vilenkin [26, Ch.3], but we
include this material since our proofs in the case of S,U(2) will be analogous to the ones sketched
here.

Fix /€{0,%,1, - - - }. Let t! be the representation of GL(2,C) on the vector space 3G of homo-
geneous polynomials of degree 2/ in two complex variables defined by

« [: g]f Jxp) = flax+yy,px+dy), fed. 3.0)

For 9G we take a basis {},=—; —s+1, ..., defined by
%
wep) = [ 2] w e (32)




Let ¢/ have matrix elements ¢/, , with respect to this basis:

1
PY = X tna(®¥m, g€GLR,C). (3.3)

m=-—1

[
(2 @ty @iy = 3 i [: B] (1 2,) %yt (34)

I St U—m
If we multiply both sides of the generating function (3.4) with [ I _?_’n
we obtain the double generating function
(axg+Bxn+yyé+oyny”
! % %
= 2 t’ln’n [: g} (l Elm] [1 _2_1'1] xl'—m yl+m gl—n .”1 +n. (3'5)

man=~|

%
] g-nyf+n and sum over n then

Formula (3.5) immediately implies the symmetry

1 o B ey

tm,n Y 8 tn,m [B 8] » (3.6)
while (3.4) yields

! (o« B , (5 ]

tmn v SJ tom —n ﬁ o X 3.7
From (3.6) and (3.7) we obtain a third symmetry

4 W 4 3
1 e Bl _ & B
tm,n Y 8 t-—n, —m Y a . (3-8)

Next we show that the representation ¢/, restricted to SU(2), is unitary if 3G is endowed with
the hermitian inner product for which the basis {}} is orthonormal. So we have to show that

tmn(8) = tam(g ™), geSUQ),

thn la —_Yl =t} [ “ 7], (.9)
Y a Y a

where a,yeC, |a|?+|y|? = 1. Since, by (3.4), t},, is a polynomial with real coefficients in «,8,7,8,
formula (3.9) can be equivalently written as

thn [f —7] =t [ * 7]. (310
Y « Y«
Now (3.10) follows from (3.6).
The irreducibility of the representations t! of SU(2) is seen as follows. Since

io
(1e” 0 I — ,—2inf 41
t [0 e_,-g}‘l’n =e ‘l’n,

ie.,

the representation ¢/ restricted to its diagonal subgroup U(1) splits uniquely as a direct sum of in-
equivalent one-dimensional irreducible representations. Suppose that ' is not an irreducible




representation of SU(2). Then there will be a proper linear subspace L of 3 which is irreducible
under SU(2) and which contains ¢/ and there will be some ¥}, orthogonal to ¢/. But then ¢}, (g)=0
for all geSU(2). However, this gives a contradiction since we see from (3.4) that

T e )

From (3.4) we can derive an explicit expression for the matrix elements t,’,,,,,:

wafo 8= (207 ()

=mg—m l"n] [ I+n ] i pl—m—i. J—n—igm+n+i

X : | o b L 3.11
i =0V(—m—n) [ T T G1D
For each choice of the signs of n —m and n +m this can be written in terms of a terminating hyper-
geometric series and next in terms of Jacobi polynomials, cf. for instance {14, (2.10)], or in terms of
Krawtchouk polynomials, cf. [20, §12.7] and [15, §2]. It will also follow from these explicit expres-
sions that the matrix elements t,’,,,,, , considered as functions on SU(2), form a basis of the algebra of
polynomials on SU(2), so this yields the inequivalence and completeness of the representations t! of
SU(2). Schur’s orthogonality representations for the matrix elements tl . on SU(2) turn out to be
equivalent to the orthogonality relations for Jacobi polynomials and the unitariness of the matrix
representations ¢/ can be seen to be equivalent to the orthogonality relations for Krawtchouk polyno-
mials.

4. A class of representations of the quantum group S, U(2)

In the rest of this paper we fix Ope[—1,1]. Sometimes the cases p==1 have to be interpreted by
taking a limit. Let A be the unital C*-algebra generated by the two elements a and y satisfying the
relations

a*aty*y=1 oaa* +p,27'y* =1, yy*=v*Y, pra=ay, py*a=ay* “.1)
“ Let
o o er*
ui= [Y o ] @2)

As shown by Woronowicz [27], [28], (4,u) is a compact matrix pseudogroup (briefly called quantum
group) S,U(2), which can be identified with the compact group SU(2) if p=1. In particular, the
comultiplication is the unital C*-algebra homomorphism ®: A >4 ®4 such that

B(a) = a®a —py*®y, B(y) = YB®a + a*®y 4.3)
(cf. [28, (1.13)]).

Let @ be the unital *-subalgebra of A generated by the matrix elements- of u. Fix
1€{0,%5,1, - - - }. Then, forne{—1I, —I+1,...,l} we have

JIEAN

= 1% @®a—prr @7y (r@a+ a@yy
%

1
Z_It,’;f,‘,, ® [1 E’m] . ddmftm 4.4)
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for certain t,{;{‘,, €@. The first identity follows from (4.3). For the second identity observe that, in each
term obtained from the decomposition of the left hand side, the second factor of the tensor product is
a 2l-fold product of factors a and y, which can be rewritten as const.o/ ™™ ¥/ *™ for some m in view of
the relation pya=ay, cf. (4.1). The g-combinatorial coefficients (cf. (2.3)) are inserted for cosmetic
reasons, as will become clear later in this section. If we apply id®® and ®®id to (44) and use the
coassociativity

([d®P)od = (PRid)od 4.5)
(cf. [27, (1.7)]) then we obtain

!
orik = 3 thh Ok, (4.6)
m=-l
50, by [27, (2.4)], the matrix (¢4, =, ... ; is a representation t** of S,U(2) on C¥*1.
In (4.1) substitute
8:=a* B:=—py* 4.7

Then the relations (4.1) can be rewritten as
aff = pBa, ay = pya, y8=pdy, B6= udp,
ab—p28a=(1—p»)I, By=1vB, ab—pPy=1. (4.8)

Let @a,B,Y,0) denote the unital algebra of polynomials in the non-commuting variables a, B, v, 6
with relations (4.8). Consider also the unital algebras @&£,m) and &(x,y) generated by &7 respectively
x,y with relations

& = pmé, 4.9
Xy = pyx. (4.10)
Now the second identity in (4.4) can be equivalently written as

[2]", @@+ oy et + s@my +»
I

! %
= 3 [[2]  dmegman, @11)
m=-1 L
Formula (4.11) is an identity between two elements in &a,B,7,6)®&¥,n). For each n it is a generat-
ing function with non-commuting variables for the matrix elements t,{;‘,‘,, m=—[—-I+1,...,). It
will be possible to compute these matrix elements explicitly from this generating function.
From (4.11) we can derive an identity which generates all t,{;’,ﬁ, (mn=-—I —1+1,...,)) simul-

taneously. Tensor to the left both sides of (4.11) with

[1 g_ln] :&~2 xl~n yH-n |
and sum both sides over n from —/to I. Now observe that Lemma 2.1 can be applied with x,y being
replaced by x ®@(a®£+B®n) and y ®(y®£+5®), respectively, and g by 2. Thus we obtain

(x®a®f + xQBBn + yQyYRE + yQs®n)¥

! %
= 2 {I ?_ln] [I _Z_Im] %_2 xl—nyl+n ®t,{’,’,§, @gl—m."l +m’ (4.12)
B

-2
mn=—1 [

which is an identity in @(x,y)®@a,B,v,8)D @& n).
It is clear from (4.8) that interchange of the generators B,y generates an isomorphism of




@a,B,v,8) and interchange of a and & generates an anti-isomorphism of this algebra. By abuse of
notation we write a(a,B,7,8) for some ae@a,B,v,8) with a specific algebraic expression in the non-
commuting generators a,B,y,0 and a(a,B,v,8) for the same expression with the order of the factors in
each term inverted. Then we can denote the isomorphism which interchanges 8 and y by

o

a (a’ﬂ’Y’a) = da (a)Y’B’S)
and the anti-isomorphism which interchanges « and & by

a(aB1,0)>a(d.B,7,0).

Proposition 4.1 The 7%, satisfy the following symmetry relations:
thk(0,B8,7,8) = tif(a,7,8,9) @.13)
= (5, _m) (0,7,8,9) (4.14)
= (¢t _.J (8,8,7,0). (4.15)

Proof. Clearly, (4.15) follows from (4.13) and (4.14). For the proof of (4.13) reverse the ordering of
the tensor products in (4.12) and interchange x with §, y with n. (By (4.9), (4.10) this preserves the
relations.) Now interchange m with n and compare the new obtained identity with (4.12).

For the proof of (4.14) apply the anti-isomorphism

a(a,B,v,8,£m) - a(8,v,8,0,1,)

of &a,B,v,8)®AE,n) to both sides of (4.11) and replace n by —n, m by —m. Then the left hand side
of (4.11) is preserved, so (4.14) follows. [

Next we will show that the matrix representations ¢-* are unitary. By the definition of unitary
representation (cf. [27, p.650]) we have to prove the identities

]
PIRLTASTIRES - | (4.16)

n=-—1

and
{
S othhther = 8,1 4.17)

If we compare with [27, (4.27),(4.28)] then we obtain
the* = w(@thl), nm=—1,...,] (4.18)

as a necessary and sufficient condition for unitariness of #. Here « is the unital linear antimultiplica-
tive mapping of & to & such that

n(a) = a¥, K(“‘[J:'Y*) = v K(Y) = —r, K(a*) = a, . (4'19)

cf. [28, (1.14)]. For the proof of (4.18) note that, by (4.11) and (4.8), th¥ can be written as a polyno-
mial with real coefficients in the noncommuting variables «,8,v,8. So, in view of (4.7) we have

(tllr’!,"n (a’ B’ Yas))* = ttlr’lfl;x ).'(& Y, F'_ ! By a) (420)
and
k(thb(eB,7,8) = ()0, —p ™' B, —pv,0). 4.21)

Now (4.18) follows from (4.20),(4.21) and (4.13).
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Next we give a proof that the representations ¢** are irreducible. For this we need the concept
of a quantum subgroup of a quantum group G:=(4,u). (In the following we freely use the definitions
as given in [27).) This is a quantum group H:=(B,v) together with a unital C*-homomorphism
w:A—>B such that = is surjective and the comultiplications of G and H are related by

DOyon = (Q®n)obg. - (4.22)
Now it is easily seen that, if ¢ is a matrix representation of G then ¥ defined by
th = mif

is a matrix representation of H, which is unitary if ¢¢ is unitary. Furthermore, each ¢®-invariant sub-
space of the representation space of t¢ is also t-invariant. If @ and 9 denote the unital
*-subalgebras generated by the u;; and v;;, respectively, then it can be shown that = maps € onto %
and that 9 is the unital *-subalgebra of B generated by the 7, ;.

Now let G:=S,U(2) and let H be the quantum group corresponding to the unit circle T in C
considered as multiplicative group. Then B=C(T). Let 7: A—B be the unital C*-homomorphism
generated by

(ma)(z) 1=z, (my)z):=0 (z€T).

This makes H into a quantum subgroup of S,U(2) (as was earlier pointed out by Podles [21]). We
find from (4.11) and (4.7) that

(wt,{;‘;,)(z)= ,,,,,,z‘z", zeT.

So, if {e;e/—1, - ..,e—;} is the standard orthonormal basis of C¥*! with respect to which we con-
sider the matrix representation ¢**, then #¢** uniquely splits as a direct sum of inequivalent represen-
tations of T on the subspaces Ce;. Now we can prove the irreducibility of r*#. Consider the linear
subspace L of C¥*! which is irreducible under r** and which contains ¢, (This subspace L exists.)
Then

I
> thh®e, €AQL.
m=—1

Suppose L would not contain some of the e,. Then L would be orthogonal to this e, and, hence,
thk=0. But it can be derived from (4.4), Lemma 2.1 and (4.13) that

%
t;’r’:f‘l = [l El ] ~ (—}L‘Y*)I_m a*ltm,
"
which is clearly nonzero. This establishes the irreducibility of 7-#.

5. The matrix elements 754 expressed as little g-Jacobi polynomials
Let &a,pB,7,8|p) be the unital algebra generated by a,8,y,0 under relations (4.8). Note that the map-
ping
a(e,B,7,8) > a(8,8,7,0): &, B,v,8| w)—>8a, By, 8| ")
is an algebra isomorphism.

Lemma 5.1 Under relations (4.8) we have for keZ ; :
o & = (—pBy; N, .
8ok = (—p7'By; . (5.2)

Proof. Formula (5.2) follows from (5.1) in view of the above algebra isomorphism. Formula (5.1) is
proved by complete induction with respect to k:
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ok T1 e+ = ok (ad) 8k = of (I +pPy)d = & (I +p*+1gy). O

There is a model for &a,B,7,0|p) as an algebra of operators acting on the space of entire holo-

morphic functions on € (or some other suitable function space). Fix 04¢€C. Put -
)
(af)z) := LE=EEE
Bf)2) := —pt™! f(p2), (5.3)

@f)E) 1= t f (),
@) 1=z f(2).

Then the operators a,B,y,8 satisfy (4.8). If we put g:=p* and
@NE) = fla), D)= LO=LE),

V4
then (5.2) takes the form
XD = (g™ (54)
This identity was first obtained by Jackson [11].

Let t2% be determined by (4.11) together with relations (4.8) and (4.9). It is not difficult to
derive an explicit expression for t}4:

Proposition 5.2. We have

e = [ 2 % 20 % (I_")§’+'")M(1~n—ixn—m+zi)#—i(n—m+i)
S Ut el Ut PR

- I+ ian=—m+i J—n—i m—i
X [ i L—z [l+mn—i]"—2 Byt gL, 63
Proof. By (4.8) and (4.9) we have
(@®§)(B®n) = i (BD) (a®9),

(v®%) (8®n) = p2 (6®n) (v®%).
Hence, by Lemma 2.1,

I—n
(a®§+B®'r))1_" — 2 [l;n]ll_zal_n_iﬂi®§1_n—ini’

G®t+8@ny+n = 3 [[Tnr]  rn-igi@dtn=iy.
> )

Thus, again by (4.8) and (4.9):
(@®¢+ BB " (Y®E+8Rq)
I—n l+n
- (—n—ifi +l+n—j) ,—i{l+n—)) [l-jn] [l+n]
IC p :
i§0 j§0 S TR A P
X By tn—ign i G @I i—iyti
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CmAGFm) o i i
p‘( n—i}¥n—m 1)” i(ln—m+i)

H
M~

m=—1 i=0V(m—n)

. X [1"’.'7!]“_2 [l_ll-“r;?l—i]“_zBi,yn—m+ial—n—i81+m—i®€1—m ,nH-m’ =

where we substituted j =/ +m —i. Now compare with (4.11). O

We can next rewrite (5.5) in terms of g-hypergeometric series, but depending on the signs of
n—m and n +m. This will yield the expressions in terms of little g-Jacobi polynomials (2.13). For

n=m define

ity o= AT [2Em] wemmen. 56)

K [

Theorem 5.3. We have

thty = Chb O™ proa(—p7" By; g T 20T )y X))
fn=zm=-—n,

IR = Chl 87T pro(— T By s g0 T2 ) g | (5.8)
if m=n=—m; "

1 = b B praa(— T By 20T T2 |2y g (5.9)
if —n=m=n,;

thh = b _n VT Pram(— T By O T p IO PRy (5.10)

if —m=2n=m.
Proof. Because of Proposition 4.1 it is sufficient to prove (5.7). Thus assume that n=m=—n. Then
the summation in (5.5) runs from i =0 to / —n and

Bi Yn—m-Hal—n—i §itm—i — Y m (ﬂ'Y)i (al-—n —ial—n—i)8n+m
= Y (BYY (—pBY; Y= —i & T
In the last identity we used Lemma 5.1. Thus formula (5.5) becomes

% ~% [—n Y —m 2 o in —m i
t;i’,yn = [liln]p—z [I—z-lm]#_z Y igoﬂ(l_n X +2')p. i =m+i)

X 157 ] o Bt 5o (5.11)

Now use that

— - %
21 1% 20 1% — o +m¥n—m) (le 2'":# 2)n—m
I=n|,2 [I-m| L

b

2 e

—2(/—n).,2
[1'_"} = (=1) ¢+ [Coinie’ '
1 “"2

(P2§ 2)1'
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[ {+n ] L= (— L) o —m+i)n=m+i+1) ) —(n —m)n+m +2+1)

I+m—i "
(F2(1+n);l‘_2)n—m (P—2(1+m); 2)1‘
— ’ —
3 —m @702y,

(—1BY; 1) —n
(—pHF2 L By~ L2y,

(—BBY; B —n—i (ByY = pH 2D

Thus (5.11) becomes

(formally).

the = chb, pm e mmntm) nm {(“PBY;P'Z)Iw

'St (272 (W™ 2y, g
= A T 1 e () I )
- —2(l—n)., 2 I+n+1).,,2
= cht -(n—m)(n+m).Yn-—m lzn (I"‘ ¢ n)’”' )I(I"'Z( " ),[L )i
m S0 (pErTm DRy, (2,

by (2.17). The theorem now follows by moving 8" *™ to the extreme left and by substituting (2.13).
O

}8” +tm  (formally)

(_”——2n —2m +lﬁ‘}’)‘}8" +m

Theorem 5.4. The representations ¢** (/e%Z ) form a complete system of inequivalent irreducible
unitary representations of the quantum group §,U(2).

Proof. It was already proved in §4 that the representations ¢** are unitary and irreducible. The ine-
quivalence and completeness will follow from the fact that the matrix elements the (lehly;
mun=—1I —I+1,...,]), after substitution of (4.7), form a basis of @ This last statement is clear
from the explicit expressions in Theorem 5.3 in view of the fact that all elements of the form
Y (y*Y" (k,mnely) and (a* Y y'(v*)" (keN, mneZ.,) form a basis of @ (cf. [28, Theorem 1.2]).
O .

Remark 5.5. In [28, Theorem 5.8] Woronowicz showed that, for each deN there is a unique (up to
equivalence) irreducible unitary representation of S,U(2) on a d-dimensional space. So our represen-
tation ¢>* must be equivalent to Woronowicz’ representation of dimension 2/ +1.

Remark 5.6. Our formula (5.10) can be translated into the formula given by Vaksman and Soibelman
[25] in their Corollary to Proposition 6.6, apart from a constant factor, which they do not specify.
Here our a, B, v, 8, , th% _,, correspond to their ty1, 12, 121, t22, € *, 7hy. Be aware that they use
the notation for ¢-hypergeometric series introduced in [8]. For the verification that the two formulas
are the same one has to rewrite a ,¢; of base ¢ in terms of a ,¢; of base q“. Their method of proof
is infinitesimal. In this way they obtain a second order g-difference equation with a little g-Jacobi
polynomial as a solution.

Remark 5.7. All statements of the Theorems 5.3 and 5.4 except for the unitariness of the representa-
tions were announced by Masuda e.a. [19, Theorems 1 and 2]. However, it is not yet clear from their
announcement which method of proof they are using. In order to make the correspondence with our
notation observe that they write A instead of ® for the comultiplication, and g,y,v,u,x instead of our
p,a,B,7,8, respectively. They also write £ for —p~!By. Their matrix elements w(), can be expressed
in terms of our matrix elements z+# by the identity :

ooy = (=ty e mmosmen [0 20 NE

-2
»

— _ — m
) n|,-2 l—m
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We conclude this section with the verification of the Schur type orthogonality relations

(@t
h(f#* 15h) = 818, —'7[_1(‘"1““" ’ ¢.12)

_Z_If—l(tr':#) _—

cf. [27, Theorem 5.7], where the Haar functional /# on 4 and the multiplicative linear functional f
on @ are determined by

h(@*y*™y") = 0 = h(a**y*™y") if keN or k =0, ms~n,

1_ 2
h((y*yy™) = 1—_—;{5;

foi@ = [p], fal@®)=|p|™h fo=fa0*) =0, fad=]
cf. [27, Appendix Al].

Now consider (5.12). By use of the explicit expressions in Theorem 5.3 and by (4.7), (4.10 ) and
Lemma 5.1 we can write t]’f’,l‘* thk as the product of a power of & or a*, a power of y or v*, an ele-
mentary polynomial in yy* and two little g-Jacobi polynomials depending on yy*. If (j,i)=~(n,m)
then not both the powers of a or a* and of y or y* will be zero, so then the left hand side of (5.12)
will vanish. But then the right hand side of (5.12) will also vanish, since either i#m or i =m but
j#n. If jn then, by Theorem 5.3, £4# will contain a nonzero power of y or v*, so f _;(tx¥) will
vanish.

Thus the only case of (5.12) which has yet to be verified is
[l
I
> lf ~1(t2)
r=-

We will restrict ourselves to the case n=m= —n; the other cases can be handled in a similar way. In
the following write

YY) i= plyy* s g2, gt m | 2y,

Observe that, for any polynomial p in one variable,

hpery*) = (=1#) 51 p4,
2

h(tih* thh) = 8 (5.13)

Then, by (5.7),

h(tlk™ thh)
ol el RO ™ P —n(yy*) o T a* M p_ L (yy*) Y )
= clk kb ROy ™ (YY* 38 +m P —nYY*) Pr—n(YY*))

x 3 3 : 2 .
hcnt (1-1%) Zoﬂzf Y ™" W 2518 4m Pe-nW) pr—n(B)
j:

H
o

Il
o
S
Ix
o

1
ekt [ M QRN Phen(t) Pron(t)dit,
0

where we used (2.15). We can evaluate this last expression by use of the orthogonality relations (2.14)
for the little g-Jacobi polynomials. After substitution of (2.16) and (5.6) we obtain

- - Lp
— X —n) 1- 2 - 1 n _ —l(t ,n)
h(tr{’r‘n‘* trlt’,l'r:l) - 8k,l 1_“2(214.1) - ak,l 1 - ak,l If - *
N > fah)

r=—1 r=—
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Thus we have identified (5.13) with the orthogonality relations for the little g-Jacobi polynomials.

6. The matrix elements ¢/ expressed as g-Krawtchouk polynomials

Consider (5.7), express 8 and 8 in terms of y* and a* by (4.7), apply (2.13) and next (2.12) and move
the factor a*"*™ to the right by using (4.1). Then we obtain for n=m=—n:

" p At =2 om 1
the, = abb Ry T i) T g Y = | mE s 6.1
B Y
where
- ji—n—m f"_(l —n—%Yl-m—%)+1/4 ”(n +m)n+m—2) (!‘2 ;“2)21 (6 2)
i (T T (T VIO (VT VR (7o Yy
and

Thy, = ¥t (6.3)

The negative powers of yy* in the ,¢; series are harmless, since they are dominated by the positive
powers of y and y* in front. Because of the symmetry (4.13), formula (6.1) together with (6.2) and
(6.3) is valid both for n=m=—n and m=n=—m.

If we apply the symmetry (4.14) to the case n=m=>—n of (6.1) then we obtain an expression
for tL¢, in the case —n=m=n:

—2l—2n 2 ~2m
b " 2.1
—4l B

const.q” "M .Y1+n (‘Y* /+m 24)‘
) " o

When we move &~ "™ in this expression to the right and apply the identity (2.11) then we obtain
again (6.1) but with
- 1 —m—n
S o 64)
Although the expression (6.1) with (6.4) looks very formal, it is, with —n=m=>n, well defined as a
polynomial in y, y* and a. Again by the symmetry (4.13) we see that (6.1) together with (6.4) is also
valid if —m>=n=m. Thus we have proved:

Theorem 6.1. The matrix elements 2% can be expressed by (6.1) with (6.2), where 7}, 1, is given by
(6.3) if m +n=0 and by (6.4) if m +n<0.

If we compare (6.1) with (2.18) then we see that 7,-5, contains the g-Krawtchouk polynomial
—2+2n-2 :
K’“"("’_ZHZM;L—W*— ,20 lﬂz)

as a factor. The only draw-back of this expression is that the parameter b of (2.18) occurs here only
in a formal way. Nevertheless we will identify the unitariness (cf. (4.16), (4.17)) of the matrix
representation ¢“* with the orthogonality relations and dual orthogonality relations of the g¢-
Krawtchouk polynomials. Because of the self-duality of the g-Krawtchouk polynomials it is sufficient
to identify (4.17) with (2.22).

We will use the faithful representation of the C*-algebra 4 on a Hilbert space IC with orthonor-
mal basis {e, , |r€Z ,,keZ} such that

)
ae, . = (l-p'zv)%ev—l,n" a*ev,n = (1_P2v+2)bev+l,x’

Yo = f‘”ev,x+l s 'Y*ev,x = F’vev,x—-l s (6.5)
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cf. [28, Theorem 1.2]. Thus (4.17) is equivalent to the Hilbert space identities

{
D itk e = Snken (6.6)

m=-/
for all n,k =—1, ... ,l and for all basis vectors e, .
1t follows from (6.5), (6.3) and (6.4) that

W2 p) %
s Joo
7#1 +n€rx = ([52v+2m +In+2. 2) €ytm+nks
W Joo

—m— . )
(”2;' 2m 2"+2,p,2)°°

*
7#1 +n €px (”‘2,.].2. 2) €y—m—nux>
s Joo

independent of the sign of m +n. Of course, for m +n <0, these formal results have to be interpreted
with 74, ., as a factor in (6.1) so that the dependence on a,a*,y,y* is polynomial. Now we find for

the left hand side of (6.6):
I —_— “—21+2n IL~—21+2m
2 ari’,’r‘n al{:’,'r'h (i—lp‘v+n—k—‘/z)1—m (iuv-l—n—k-i-‘/z)l-n 201 p"_M ;MZ,M—Zv—Zn+2k
m=-1
(P'Zu—-Zm —~2k +2'P«2)w % (”2v—2m—2k +2.”2)w %
X ? 2,
(I”zy+2n“2k+2;l-"2)oo (#21'+2; 2)oo
p UK =2+ ‘
X 3¢ ru P T TR G TR T ey ktn =k 6.7
Substitute in (6.7)
b:= ”~2v—21+2k—2_ (68)
Then the first ,¢; in (6.7) becomes
po ¥ =2t om
201 e s, bpd T = K H b, 2 | )
and the second ,¢; similarly, with n replaced by k. If we also substitute (6.2) in (6.7) then we can
rewrite (6.7) as

Gk V0t L
(T3 "I (0 YR (T VR (T2 YO L
7@k =D o D)+ 1)

X 1,

(=D "k s p2) — (B30 1)

! (T .

X (_l)m +I#(I—m)(l—m+l)

m=2—l 50t W50 =
X Ky a2 420,20 | 12) Ky (2230, 20 | 1) eyt in k- ©69)

In view of (2.22), the expression (6.9) is equal to the right hand side of (6.6). On the other hand, the
validity of (6.6) for all /,m,n,k,v,x implies (2.20) with ¢ =p? for all N,n,m and all b =p~% with jeN.
Thus our promises are fulfilled.
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