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1. INTRODUCTION

The inspiration for this paper came from previous work of Matsui [1] and from joint work with Carey
[2]. Some of its results have been announced in [3]. In [1] Matsui proves an Atiyah-Singer type index
formula for scattering operators arising for certain time-dependent external fields in the context of the
four-dimensional single particle Dirac equation. He also obtains index formulas for time-independent
unitary gauge transformations. His main tools are results from the theory of pseudo-differential opera-
tors and an index theorem due to Hoérmander. Recently, he has lifted some technical restrictions and
obtained extensions to 2N dimensions [4].

In as much as the results of this paper overlap with those of Matsui, they are arrived at in a quite
different fashion. This will be clear from the sketch of the paper which now follows. After setting up
notation in Subsection 2.1, we present our key result, Theorem 2.1 in Subsection 2.2. In this theorem
the kernels of certain operators are determined explicitly. These operators are associated with special
chiral gauge transformations (dubbed standard kinks) in the framework of the 2N-dimensional single
particle Dirac theory. The kernel determination has algebraic aspects that are dealt with in Appendix
A, cf. Lemmas Al, A2, and analytic aspects that are handled in Appendix B, cf. Lemma Bl. The
proofs of the former lemmas are self-contained, whereas the proof of the latter lemma makes use of
results from the theory of Schrodinger operators, all of which can be found in [5-8].

In Subsection 2.3 properties of bounded matrix-valued multiplication operators are derived
(Theorems 2.3 - 2.7) by using results on compactness and non-compactness of operators having
Schwartz kernels with certain properties. The latter results are largely self-contained and can be found
in Appendix C. Subsequently, unitary multipliers are studied in Subsection 2.4. Using the explicit
information on the standard kinks and Bott periodicity, index formulas for continuous chiral gauge
transformations with constant asymptotics and with ‘hedge-hog’ asymptotics for |x|—oo are proved in
Theorems 2.8 and 2.9, resp.

For N=1 and vanishing particle mass the multipliers studied in Section 2 give rise to (matrix-
valued) Wiener-Hopf operators. The kernel problem for the standard kinks is trivial in this case, since
one is in essence dealing with one-sided shifts. However, the fact that the relevant kernels can be
found explicitly for N =1 and m >0 is already quite non-obvious and surprising. This state of affairs
was first pointed out and exploited in [2] to study the gauge groups arising in the massive second-
quantized Dirac theory in 2D via a rigorous version of boson-fermion correspondence. Specifically, in
[2] the N =1 standard kinks are proved to generate Bogoliubov transformations whose renormalized
unitary implementers converge to the free Dirac field as a scale parameter describing the kink size
goes to 0. The connection of this result to boson-fermion correspondence is discussed in [2], and a
corresponding ‘abstract’ picture is sketched in [3].

In Section 3 we present the generalization of this convergence result and its ‘neutral analog’ to the
arbitrary N case, cf. Theorem 3.1 in Subsection 3.2 and Theorems 3.2 and 3.3 in Subsection 3.3. This
entails a change in perspective detailed in Subsection 3.1, and some information on charge conjuga-
tion assembled in Appendix A. Moreover, a crucial technical result is relegated to Appendix D. We
should mention that the mathematical context of the results in Section 3 is possibly not sufficiently
explained in this paper; for more background the reader might consult [2, 3, 9] and references given
there.

The paper is concluded with Appendix E, where the main text is linked up with the external field
problem in the Dirac theory. The results obtained there should be compared with the external field
index formulas obtained by Matsui [1]. Further work concerning index theorems on open manifolds
includes the recent paper [10], which also lists other references in this area.

Throughout the paper 2N denotes the space-time dimension, whereas the symbol » is reserved for
the integer 2V 1.




2. MATRIX MULTIPLIERS IN THE ONE-PARTICLE DIRAC THEORY

2.1. Preliminaries

In this subsection we introduce operators arising in the Dirac description of a particle in a 2N-
dimensional Minkowski space-time. (Several more such operators, which are not needed till Section
3, will be introduced in Subsection 3.1.) First of all, the Dirac Hamiltonian H is the operator on
Lz(tRZN 1 dx)*" with domain the Sobolev space H (RZN 1y whose action is given by

—ioV ml,
ml, ieV]| "’ m=0 2.1
Here and below, differentiations act weakly Also, 0y, . . ., o,y denote self-adjoint #Xn matrices

representing the Euclidean Clifford algebra in R?" ', and the decomposition of C¥~F,(C") used in
(2.1) is explained in Appendix A. Clearly, H is a self-adjoint operator.
We shall employ Fourier transformation

FH= L2RY L, dx" - K= L2R¥ 1, dp)™"
@ )p) = Q@m)~ @ =12 [dxexp(~ip-x)f(x)

to transform operators A on % to operators A on ¥ and vice versa, i.e.,
A =G5\ (2.3)

With this convention we obtain

2.2

op ml,
H =" ml, —op| = ap+PBm 24
Hence,
H? = E2l,, E, = (@p*+m}H)?, (2.5)

so the projections P on the positive and negative spectral subspaces of H are given by the multi-
pliers

P.(p) = T(ILHQ)E,) 26)
We shall use the notation

36 = PsIC, 0= +,— ‘ (V)]

Asy = PsAPy , 8,8 = +,—- 2.8)

where A is an operator on I Note that

Asy” = A gs 2.9)

Next, we introduce the parity operator

(Pg)x) = Bf(—x) (2.10)
and the scaling group

DEf )x) = €N~V f(ex), e(0,00) 2.11)
Clearly, P and D(e) are unitary, and one has

[P,P5] =0, (2.12)

whereas the relation
[D(©), Ps] = 0, m =0 (2.13)




does not hold for m>0. Similarly, the chiral projections

) 1, O (00
q+ = [O 0] ) q-—- = [0 ln] (2.14)

satisfy
g, P51 =0, s=+,—, m= 2.15)

but do not commute with Ps for m>0. .
From now on, we shall assume that an internal symmetry space Ck(k=1) is tensored on to ¥ and
9¢, and we shall denote the resulting Hilbert spaces again by I and J(. Tensoring the above operators

with 1, yields operators that will be denoted by the same symbols, whenever no confusion is likely to
arise. When this is done, all of the above formulas and relations are valid as they stand.

2.2. The standard kinks 5
In this subsection we study unitary matrix multiplication operators on X that reduce to the standard
kinks of [2] for N =1. First, we take C¥ = C" and set

_ex+(—)Viel,

. (® ox—(—)Viel,

B = 0 Lol 2.16)
] 1,81, 0

k., = ) Lesi (=i, @.17)

L o-x+(—)iel, )
where e€(0,0). Note that one has ‘

PK,,P=K_, , s=+,— (2.18)

K. = D(&) K, 1 D(e) 2.19

in view of (2.10)and (2.11). The importance of these multipliers (henceforth referred to as standard
kinks) hinges on the following result.

THEOREM 2.1. The kernel of K . — is trivial, whereas the kernel of K, . _ is spanned by

u —
0] , §= +
k5,6~ () = —exp(—€Ep)P - (p)1 10 (2.20)
4 ---
where ucC"®C" is the unit vector of Appendix A. Moreover, the function
K56+ = Ks,exs,(, - (2'21)
is given by
[8] , s=+
K5,¢,+(p) = exp(—€Ep)P 4 (p) [0] o= (2.22)
up> °

ProOOF. Due to (2.18) and (2.12) we need only prove this for s =+. We shall from now on suppress
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the subscripts -+ ¢ to ease the notation. We begin by noting that the kernel of K__ consists of those
vectors k_ €9(_ for which Kk belongs to 3(; . Also, since K is unitary, one has

KerK— _ = KKerK , + (2.23)
Therefore, we shall study the equation —~
KK@ = K5 Ks Ef}(:s (224)8

and show that (2.24) + has no non-trivial solutions, and that any solution to (2.24) _ is a multiple of
K4 ¢ —(p). To this end we set

=Ky tKk- , g=EKy K- (2.25)
so that
_ 1
f= E) Hg, (2.26)
and rewrite (2.24)5 as
1,8V 0 1,81, 0
[ 0 1,,®1,,] g = ()" [ 0 o] f .27
Hence one concludes that (2'24)6 implies
_ | [@p®L)
e= 6} /=% [ mG @28)
where G satisfies
1L,®0)GE) = (—F 1 (0p®1,)6() (2295

E

P
Conversely, if Gs(p)eL? (RZ"I’“)@C"@C" satisfies (2.29)g , then g,f defined by (2.28) satisfy
(2.26), (2.27). Also, setting ks =+ (f +0g) one infers that (2'24)8 holds true. Thus we need only study

(2.29)5 . For N =1 this is elementary: The solutions cexp(—eE,) to the first order ODE (2.29) _ are
in ngR), whereas the solutions cexp(eE,) to (2.29) + are not. For N>1 we invoke Lemma B1 to con-
clude that (2.29) , has no non-zero L2-solutions, whereas any L2-solution to (2.29) _ is proportional
to

G_(p) = exp(—€E,)u . (2.30)
This gives rise to the functions k. . 5(p) in the way just explained. [l

Next, we consider a second generalization of the N =1 kinks of [2] which is more obvious, in as
much as no internal symmetry space is needed. It consists in taking

o-x —iel,
3 o'xt+iel,
K, .= 0 1, ] K_.=PK',.P (2.31)

However, this generalization is ‘wrong’, as will be clear from what follows.

TaeoreMm 2.2. For N>1 one has
dim KerK'*, . _ =0 2.32)




dimKerK's_ = o (2.33)

PrOOF. Proceeding as in the previous case, we arrive at obvious analogs of (2.23) - (2.29) . In partic-
ular, the kernel problem can be reduced to finding the L2-solutions of

e VGp) = —% a-pG(p). (2.34),

Picking =+ and setting G = exp(eE,)H yields o-VH=0. But if G is L2, then H is also L, so
that o-xH(x)=0, with H the Fourier transform of H. Thus, we must have H =0, so (2.32) follows.

Now consider (2.34)_ . Setting G = exp(—eE,)H, we get again ¢-V H =0. But if we now take H
equal to one of the columns of the matrix ¢-V P with P(p) an arbitrary harmonic polynomial, then G
not only solves (2.32)_ , but is also L. Therefore, we may conclude that (2.33) holds true. O

o

2.3. Bounded multipliers.
In this subsection we consider bounded operators on

Y= L2®R¥ 1,dx) @ C* ® C*, k=1 (2.35)
of the form

(Mf)(x) = px)f(x) fexk (2.36)

where p is a (2nk X 2nk)-matrix-valued function on R% 1. Such operators form a W"-algebra hen-
ceforth denoted . Our aim is to obtain conditions on p guaranteeing that the off-diagonal parts
M _s are compact or not, and Hilbert-Schmidt (HS) or not. Clearly, this is equivalent to [P, ,M]
having this property or not. We shall study this problem by applying the results of Appendix C to the
Schwartz kernel of [P, M. This kernel is proportional to

1 op ml, .
CM(P"I)EE [ml,, —op| MP 9

) 1 (99 ml
—pp _‘I)Eq’ ml, —oq 2.37)
Here, 11 denotes the distributional Fourier transform of p.
To state our first result, we introduce the following subalgebras of 4:
P0 = {Meg|[P +,M]is compact} (2.38)
1n ®l"+ (x) 0
AS M) = | g | @y ()] BEIEMUO) 2:39)

(Here, x stands for ‘chiral’.) Note that g is a W -algebra satisfying

H =yﬂ{a;,...,a2N_1}’ (2.40)
whereas g, is a unital C"-algebra.
THEOREM 2.3. One has

Fo C & (241)

PrROOF. Assume M €4,,. Picking ecS ¥ =2 one obtains from (2.37) the distributional limit

e} Hp —q)

. _|oe O
}‘]ixgo Culpthe,gtde) = | o _




e

&
S

. oe 0 )
—Mp —q) [0 _,,.e] (2.42)

Invoking Lemma C2 and the compactness assumption, it follows that p(x) commutes with a-e. In view
of (2.40) this entails Meg,. O -

For N =1 multipliers in g, yield off-diagonal parts that are HS, provided a Sobolev-type condition
is met, cf. [2], pp. 29-30. Ths is in sharp contrast to the case N>1, as will now be shown. (For N =2
the following result dates back to [11].)

THEOREM 2.4. One has M .= =0 if and only if

1n®}‘+ 0
[ 0 1,.®A_]’ AeM(C), m=0

Mx) = 1, ®A, AeM(C), m>0 243)

For N>1, [P ,M] is HS if and only if (2.43) holds.

PrOOF. If (2.43) holds, then P, commutes with M, cf. (2.37), so [P 4 ,M] is trivially HS. Conversely,
assume [P ,M] is HS. Then M eg,,, so M €g, by virtue of Theorem 2.3. Hence we obtain

- Peoeiie-9) - =)~ i —9)
p q
) = | . - ) 2.44)
2+ B-0—9 —2p.B-(p—q)
p q
where
= g(L—-4
2p.9) = o(F ) (2.45)
The HS assumption implies that the distributions
T.(p.9) =2(p.9) ® s —q), s=+,— (2.46)
have matrix elements in L2(R*" ~2,dpdg). Now = is smooth and invertible on the set
S = {(p.g) =RV 72 | p£0, 740, L-~-1-) 2.47)
E," E,
since
P _ 9 ’
2 = -
Z(p.9) { | (2.48)
Hence it follows that
fis(p —q)eLb (S, dpdg ). (249)
A moment’s thought shows that this entails
fa(p)e L RV 1\ {0}, dp)* (2:50)
But then we must have, using (2.43),
LA
[ dodg|E-=2-| 2 lisp —q)f<oo @51)
r¥#q pooTe) W=




[ m@%ﬁ:& o

| ]

SRR
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Invoking Lemma C3, we infer that for N>1 this implies ps(k)=0, k5~0. Thus, g,(k) must have sup-
port at the origin. But then the matrix elements of p,(x) are polynomials. Since p,(x) is bounded, it
must be constant. The rest of the proof is obvious. [

It remains to determine compactness conditions in terms of the functions py(x)."The following
result gives a sufficient condition.

THEOREM 2.5. Suppose M €4, and suppose there exist A € M (C) such that the functions
a5 (x) = ps(x)—As (2.52)

are continuous and vanish at oo. Then M is in go, for m =0, whereas M is in g, for m>0 if and only if
A.g_ =A_.

Proor. It suffices to show 4 €g,,, where

[ln Qar() 0 ]

0 L,®a_() (2.53)
Moreover, we may take ay(x)eCg (R¥ 1), since g, is norm closed. Then &(p) eL'®R¥ 1% 5o
that compactness follows from Lemma C1 by noting that the matrix elements of C4(p,q) are kernels
of the form (C1) with B satisfying (C2) and (C3). O

We now consider necessary conditions. It is presumably false that p. must be continuous on
R ~1to obtain M €g,,. (For N =1 this follows from known results concerning Toeplitz operators, cf.
[12, 13].) However, a particular kind of discontinuity to be described now does wreck compactness:
We shall say that fe L®(R’) has a hedge-hog discontinuity at xR’ if there exists a non-constant
function 4 on S’ ™! such that

X —X9
|x "Xol

linol fle(x —x0) = h [ ] pointwise a.e. (2.54)

Note this amounts to a jump discontinuity when /=1.
THEOREM 2.6. Let M €4, Cg. Then (the matrix elements of) p+ have no hedge-hog discontinuities.

PrOOF. We assume that a hedge-hog does occur for p. (e.g.) and derive a contradiction. Since P
commutes with translations, we may assume the hedge-hog sits at the origin.
First, consider the case m =0. Then P, commutes with the scaling group D(¢) and with the chiral

projection (§ D), cf. (2.13), (2.15). Since
w-lign D=0 (2.55)
due to the Riemann-Lebesgue lemma, and since diag (1, ®p.4 (-),0) €4, by assumption, it follows that
" 1, ®l"€+ (ORY
s-im [P +

-0

o ol =0 K= k() (2.56)
Moreover, by assumption we have pointwise a.e.

. € _ i
lim ps (x) = h( ] 257

where h is a non-constant matrix-valued function on S% =2, By dominated convergence, (2.57) also
holds in the sense of strong convergence of bounded multipliers on L2(R2Y 1, dx)*. But then (2.56)




entails

 (L.®h() 0 |
+’[ 0 0]120 (2.58)
Invoking now Theorem 2.4, we conclude / is constant a.e., which is a contradiction.
Next, we take m>0. From Theorem 2.5 we have
L,®¢() 0] |
[ 0 0} €80, $€CF , 90) = L (2.59)

so we may assume supp .4 is compact and p_ =0. Then we have p, €L’, Vre[l,c0]. Now it is easy
to check

P(m)+ (P)’“P(o)-i- (P)EL’ . Yr>2N —1 (2.60)

where the dependence on the mass is explicitly indicated. Hence, we may use Theorem X1.20 in [7] to
infer [Pgny+ —Py+,M] is compact. Since [Pyy+,M] is compact by assumption, it follows that
[P 6)+,M] is compact. Thus we obtain the desired contradiction. [

Next, we study the behavior at co. We say that fe L®(R’) has a hedge-hog discontinuity at oo if
there exists a non-constant function 4 on §’~! such that

lim flex) = h(l—x’f]— pointwise a.e. (2.61)

Now a distinction arises between the cases m =0 and m>0.

THEOREM 2.7. Let m =0 and assume M eg,, Cg,. Then p..(x) have no hedge-hog discontinuity at co.
Now let m>0 and assume py(x) are continuous on R* ~1; moreover, suppose a continuous function h on
SV =2 exists such that

us(x)—h(-‘-;—‘) = o(l), |x|-o0, 5= +,— 2.62)

Then Meg,,.

PrOOF. The m =0 assertion follows by arguing as in the proof of Theorem 2.6, taking e—co instead
of e—0. To prove the m >0 claim, it suffices to show M €g,, for p,(x) of the form

BE=4DHGD) , heCE™ 2, peCE@), 0= (] 15 2.63)

The product of two such functions is again of this form, and this is also true for the sum, provided
¢1 =¢,.Thus, if we can show M €4,, when  is equal to the product of an arbitrary Ae M;(C) and one
of the functions x;/|x|, . . .,xan-1/|x|, then it follows that Meg, when % is a matrix whose ele-
ments are polynomials in these functions. By the Stone-Weierstrass theorem such polynomials are uni-
formly dense in the continuous functions on S?V~2. Therefore, we may infer Meg, when (2.63)
holds.

The upshot is, that we need only consider the multipliers M; for which

.
(1+[xPy?

Here, we have replaced ¢(r) by the function r/(1+r2)"2, the difference being a continuous function
vanishing at oo and at 0. The point of this replacement is, that the Fourier transform of the functions

a,(x) = x;/(1+|x[})!2 (2.65)

Bs,i(x) = A, AeM(C), s = +,—, i=1.2N-1 (2.64)
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can be found explicitly. Indeed, we have

exp(ipx) _ O(inlp)), p-0
/ Drxzyz ~ KlPD = {O(exp(“lPD), lpl—>o0 (269

and for N>1 we can use

exp(ipx —elx]) 1 _3 T, coslplr exp(—er)
J_ dx (0+ (e NTag{ 3 Ofdr (11 12)17 (2.67)

to infer

0( ——2N+2), —0
S+ ~ 0 7 Kollp) = {O(E’,Jp(_ oD, blco (268)

(cf. e.g. [14]). The Fourier transform of g;(x) is then obtained by taking the i™ partial derivative of
(2.68) in the weak sense. This yields a distribution @(p) that equals a smooth function on
RZV-1\ (0}. This function has a non-integrable singularity at 0, but multiplication by
PpJ €{1,..,2N —1}, suffices to render it integrable at 0. The result is then an L'-function a;(p) which
is easily seen to equal the distribution p;a;(p).

The crux is now that (2.64) entails
N1
Cup.q) = 2 a; (p —9)Bj(p,q)®A (2.69)
j=
where the matrix elements of By, . . . , B,y —; satisfy (C2) and (C3). Indeed, let us set

o L=y miz-—3)

P 4 P q
Bp,q) = 1 1 (2.70)
mg—5) ~o(E )
? 4 /2 q
Using the Taylor expansion
1 aN-1
B(p.q) = Bp.p) + [ ds Z (=) B)pp +s(g —p)
0 Jj=
and B(p,p)=0, we then obtain
_% _.L e/
1 E, + (6 9 E3
Bi(p,q) = | ds 2.71
09 = [ _”_'.ZL o4 @7

(oq) +s(g —
E} E, q=pts(@—p)

from which the assertion readily follows. Because ajk eL!, we can invoke Lemma C1 to complete the
proof. [

2.4. Unitary multipliers
In this subsection we study the groups G,G, and G, obtained from 4 # and g, by restricting to
operators of the form

UHx) = u@x)f(x), u(x)eUQnk), fei 2.72)

(For most of what follows one can just as well consider multipliers with bounded inverses.) We start
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with some simple observations concerning Fredholm properties of the diagonal parts of U. First, using
unitarity we conclude

UeG,, < U.. are essentially unitary (2.73)

(Of course, this is meant in the sense of operators on (., resp.) In particular, Uss ~are Fredholm
when UeG,,. However, it is clear from Theorem 2.2 that there exist smooth u(x) with limit 1 for
|x]->c0 such that Uss are not Fredholm.

On the other hand, Uss can be Fredholm without U belonging to G,. Indeed, one need only pick
UeG, (and hence U¢G,, cf. Theorem 2.3) whose eigenvalues stay in a sector

Sy = {zeClldrgz|<¢} 2.74)

with ¢< % For any unit vector fin }s one then gets

1UssfI= |(f, Ussf)| =Re(f,Uf)= cosé | @.75)

and hence
Uss ~'l < (cos¢)™! ¢e[0,-’2£ (2.76)

We continue by introducing a subgroup G, of G, whose elements have an obvious topological
interpretation. By definition, UeG, if and only if the functions u.(x)eU(k) are continuous on
RZ =1 and satisfy

u(x)— e = 0(1), |x|»o0, 5= +,— @7

Thus, #.(x) may be viewed as continuous maps from S?¥ ! to U(k), reducing to 1; at the north
pole. (Here and from now on, we view R2Y ~! as arising from S?¥~! by stereographic projection.) In
view of Theorem 2.5 we have G, CG,, so Ugs are Fredholm when UegG,.

Now it is clear that the standard kink

i ®o-x+g—-ffi
" ex—(—)i

4 0 Lol (2.78)

of Subsection 2.2 belongs to G, (taking k =n). Also, it follows from Theorem 2.1 that
index K__ =dim Ker K__—dim Ker K- _ =1 .79

Since the Fredholm index is norm continuous, the kink map
ug: ST Un), xeR¥P 1?1 f—ﬁ—tﬁ (2.80)
ox —(—)Wi
cannot be null homotopic.
Next, recall that by virtue of Bott’s periodicity theorem one has

mn-1(Uk)) = Z, mn-2(Uk)) =0, k=N (2.81)

(cf. e.g. [15] and references given there). By convention we shall choose the ‘winding number’ weZ of
uy positive. We claim this implies

w(ug) = 1 (2.82)

Indeed, assuming w>>1, there would exist a continuous map u; with #{ homotopic to ux. This would
imply index K __ ewZ, which contradicts (2.79). Thus, the kink map is a homotopy generator. (This
can also be seen directly; in fact, ug is in essence the map ay defined in [15], p. 228.) We are now in
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a position to state the following theorem, which is one of the main results of this paper.

THEOREM 2.8. One has G, CG, and for k=N
index U__ = w(uy)—wu-) VUeG, _— (2.83)

PrOOF. We have already proved the inclusion, cf. Theorem 2.5. Picking UG, we have

1, ®u, () 0 L®u,() O 1,81 0 .
= [ 0 1,,®u_(-)] :[ 0 1,,®1k] [ 0 1,,®u_(-)]EU+U‘ (2.84)
and hence
index U__ =index Uy . + indexU_ __ (2.85)
Furthermore, a continuous map
w:S?-1 5 Uk), xou(x), k=N (2.86)

has the same winding number as the maps
S Uk +1), xou(x)®1;, VI>0

It is also obvious that the Fredholm indices of the corresponding operators are equal. Using all this,
the index formula (2.83) readily follows from its validity for the standard kink K (cf. (2.79), (2.82))
and its parity transform K_ ; (cf. (2.18)). O

In the remainder of this subsection we take m>0. We shall consider continuous multipliers in G,
for which there exists u,, € C(S? 2, U(k)) with

us(x)—uw(ﬁ—l-) =o(l), |x|om, 5=+, .87

On account of Theorem 2.7 such multipliers form a subgroup of G, denoted G . Clearly, the map
u,u=! is continuous at co, and hence has a well-defined winding number weZ when k=N, cf.
(2.81). This prepares us for our next result.

THEOREM 2.9. Let UGy, and k=N. Then one has

indexU__ = w(u,u-!) ‘ (2.88)

PrROOF. For k=N the map u,, is null homotopic in view of (2.81). Thus, a continuous map
u(t, D:0,1)X S 25 Uk), u(1,2) = uy,(R), u(0,2) = 1, (2.89)
exists. Fixing T [0, 1] we define a map
x
u(|x|,-=), Ix|<T
(e o

ur: R 1 5 Uk), xes M (2.90)
u(T,~—), |x|=T
] [x|
and UTEG;, by
Ur = 1,,®ur() 2.91)

Then it follows that UU; ! €G, and hence, using Theorem 2.8,

indexU__ — index Uy = w(uyui )—w(u_ui’!)
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= wueur ' @_uiyH)™) = wuiul) (2.92)
Thus it remains to show index U;__=0. But this follows from the easily verified fact that Ur is
norm continuous in T on [0, 1]. I

_—
For k =n there exists a family H,€Gj, €€(0,00), for which index H._ can be determined without
invoking Bott periodicity. This ‘standard hedge-hog family’ is defined by

5 1 1,®(0-x +(—)ie) 0
He= P+ 0 1,9(0-x —(—)Vie) 293)
The point is the simple relation
H: =K, K_, (2.949)
with the standard kinks: It entails
indexH.__ =1, Vee(0,00) (2.95)

since K, . has index 1. We also observe that one only needs the last part of the proof of Theorem 2.7
to prove that H,. are compact. Indeed, the proof of this theorem hinges on reducing the general
case to a special case which arises precisely for the standard hedge-hogs, cf.(2.64).

3. APPROXIMATE QUANTUM FIELDS

3.1. Preliminaries

So far, we have not had occasion to use the positive and negative energy Dirac spinors in terms of
which the Dirac and Majorana fields occur in the physics literature. However, in Subsections 3.2 and
3.3 we aim to elucidate the intimate relation of these fields to fermion Fock space quadratic forms
associated with the standard kinks. Therefore, we shall in this subsection elaborate on the classical
(single particle) context as presented in Subsection 2.1, in preparation for the Dirac and Majorana
quantizations to be described below. We again take k =1 at first, so as to ease the notation.

We shall work with Dirac spinors

wi(@p)eC®, &= +,—, j=1..,n, peR¥! 3.1

yielding orthonormal bases for the positive and negative energy subspaces of the matrix multiplier
H(p), so that

H(p)w}(8p) = 8E, wh(3p) (32)

cf. (2.4). The positive energy spinors are defined by
2E. V2
—L—1  P.(p)b (3.3

we ) = E,+m

where b; are the unit vectors with components
by, =272, +8 1)), j = Luwn, =120 34

Using (2.6) and (2.4) it is readily seen that these spinors are indeed orthonormal. The negative energy
spinors are now given by

wo@)=Uwi(p), j=1....n (3.5)

(As before, the bar denotes complex conjugation and not the Pauli adjoint.) The relations (A43)
defining U, imply that the spinors wi (—p) yield an orthonormal base for the negative eigenvalue
subspace of H (p), as promised.

Using these spinors we can now transform to a spectral representation for H on
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L2 ®R¥ -1 dpy @ LXR™ 71, dpy' (3.6)

in the sense that the transform of H acts as multiplication by E,1,®—E,1, on this space. Of course,
(3.6) is just the space IC of Section 2, looked at from another perspective. We shall use the following
device in an attempt to simultaneously prevent confusion and ease the notation: The space 3 of Sec-
tion 2 and operators A acting on it will be denoted I and 4 from now on, whereas the notation 3C
and A4 will be reserved for the spectral representation space (3.6) and operators acting on it.

Explicitly, the representation is set up by the unitary operator

W35, goFlalg (37
where ¥ is Fourier transformation, cf. (2.2), and GD:fiC—ﬂC is the diagonalizing transformation

@NhE) =whipyf@p), 8=+,—, j=1...,n (38)
whose inverse reads

@ 'g)p) = gjgé@p)wé 6p) (3.9)

Then one gets

(Hf %) = SE,fs(p) (3.10)

as announced. (We suppress the superscript j whenever it is not acted on.)
In the next two subsections we shall employ the customary Euclidean group representation of the
one-particle Dirac theory. Its action on J( reads

(U@,R)f Xx) = SRR (x —a)), acR*™ ~!, ReSOQN —1) (3.1
(The spinor representation S(-) of SO(2N —1) is defined in Appendix A.) Using (A29) one gets
[U(asR)’H] = O’ [U(aaR)a PG] = 0. (3.12)

We continue by introducing charge conjugation, which plays a crucial role in Subsection 3.3. It
reads

(€)= Uefex) (3.13)
and satisfies

[C,U@R)] =0 ‘ (3.14)
due to (A50). Moreover, (A43) entails !

CH = —HC, CPy=P_sC (3.15)
and from (A46)- (A49) we have

Ct=+1, N= {;(2) mod 4 (3.16)

The properties of U, can also be used to calculate the transforms of P (cf. (2.10)) and € to 9C: These
are given by

(P )s(p) = 8fs(—p) 3.17
f-s0) 1,2
(lp) = ) N={3q mod4 (3.18)

From now on we again assume that an internal symmetry space C* is tensored on to I As before,
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we keep the same notation and note that then all of the above relations still hold.

3.2. Approximate Dirac fields
The free Dirac field is a C*@®Ck-valued quadratic form on the fermion Fock space %, (J)~
%30, )®F, (), defined by -

We,x) = Quy @Y% S (dp [a,(p)w (p)®e exp(—iE,t +ipx)

Y=t
+ b Pl (p)®e; exp(iEyt —ipx)] (3.19)
Here, {ey, . ..,e} is the canonical basis of C*. Since the functions involved are bounded, we may

and shall choose as form domain the dense subspace D3, of algebraic tensors whose constituent
functions are in C§°. One readily verifies

[dxg(x)y¥t,x) = VexptH)W 'g), Vg eX (3.20)
where

(f)=aP.f) + b P, feX (3.21)
is the ‘abstract’ Dirac field. This smeared field satisfies the CAR

(@), B(g)} =0, {2(), 2(®)'} = (f.8) ' (322)

and hence the transformation @(f)—>®(Uf) yields an automorphism of the CAR (Bogoliubov
transformation) provided U is unitary.

It is well known that such a transformation can be unitarily implemented if and only if the off-
diagonal parts U, are Hilbert-Schmidt. Moreover, the structure of the unitary implementer is
known [16, 17]. It involves a multiplicative factor that is in essence an infinite determinant. Omitting
this factor yields an operator I',(U) (r for renormalized) which is expressed in terms of an operator Z.
When the HS condition is violated, this expression no longer defines an operator. However, it still
makes rigorous sense as a quadratic form on the subspace %, of algebraic tensors, provided the diag-
onal parts U, are Fredholm. :

We have already seen that for N>>1 the unitaries of interest to us, viz., the multipliers of Subsec-
tion 2.4, are trivial when one insists on the HS property, cf. Theorem 2.4. However, multipliers in G,
do have the Fredholm property, and in particular the standard kinks K. of Subsection 2.2 have
Fredholm diagonal parts. Therefore, they give rise to well-defined quadratic forms on .

We shall take

ck=¢n (3.23)

from now on. If k>n one can obtain analogous results, but k =n is the minimum value for which we
can construct approximate Dirac fields, since we have no explicit information on winding-number-one
unitaries in G, for k<n. The approximate Dirac fields are expressed in terms of the form imple-
menters of the Bogoliubov transformations generated by the standard kinks. Explicitly, we may and
shall take

T/(Ko) = 0" (b4 JEZs,) + EolZoJbie - ) (324)
Here, the operators Z; . are the kink conjugates defined in Appendix D, and
Pses = (2m)y~ AV D26p 5 (3.25)

cf. (2.20), (2.22); the norm of the kernel functions is chosen with an eye on what follows. Further-
more,

E(Z)=exp(Z+_a'b"W(Z 4+ ®ZT _Yexp(—Z - ; ba) (3.26)
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where I'(-) denotes the Fock space product operation.
Next, we introduce the forms

¥, (a,R) = T(U(a, R)T, (K, OT(— DI(U(a,R))", acR*¥ ~1, ReSOQN —1) (327

and their adjoints ¢ (a,R) with form domain %,,. (This is well defined: %, is left invariant by f‘(U)
when U.; =0 and this is the case here, cf. (3.12).) Moreover, we set

Ur
¥+ (a,R) = B]'MO,Ra) (3.28)
Vv-(@R)= {_O Y0,Ra) (3.29)
ug

where uy is defined in Appendix A, cf. (A35). Using (3.20) we then have, e.g.,
- fur
Y+ (f.R) = [dafRayps@R) = ®W ' '), feL’®¥7) (330

By virtue of Lemma A3 this implies that the smeared fields
WO RIfeLXRY ~Y), ReSOQN —1)} (3.31)

act irreducibly in %,(30). We are now in a position to present a principal result of this paper, showing
that the forms y{(a,R) may be viewed as approximate Dirac fields.

TaeoREM 3.1. One has
lim y{3(a,R) = ¥{)(a,R) (3.32)

in the sense of quadratic forms on g q.

PrOOF. From (3.28) - (3.30) and (3.20) it follows that

¥@R) = TUERNOODIU@R) (3.33)
so that we need only prove this for a =0 and R =1, cf. (3.27). Also, we need only detail the case
s=+, since the case s=— then follows by using parity. Evaluation of

<FT,(K4)G>, F,GeDZ : (3.34)

yields a finite sum of products of terms that are inner products in J(, so that we need only determine
the e—0 behavior of these terms. Four types occur, viz.,

(f,g)’ (faz-hc,ﬁsg)’ (f,Z +,<,8—6g)’ (fa P+,(,8) (3'35)
where f,geCq (R?”“)"z. Each product contains one and only one term of type 4, and using dom-
inated convergence, (3.25) and (2.20), (2.22) one infers

i (f,pace) = @)@ 28 3 [ o 1w ()@ ] (336)

i, =

Also, invoking Lemma D1, one sees that type 2 and 3 inner products converge to —(f,g) and 0, resp.
Using these facts it now follows that

lim ¥%.01) = ¥ @0 [§] = ¥ @D (337)

Indeed, one need only check that the factor I'(—1) corrects signs where needed. Taking the form
adjoint of (3.37) completes the proof of the theorem. L[l
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3.3. Approximate Majorana fields

The Majorana field is a C**®CFk-valued quadratic from on %,(3(;), given by (3.19) with a—c and
b*—c*. Tts form domain is defined just as in the charged case, and will be again denoted @3 ,. Now
one gets

[dxgCey¥(,x) = BlexpGH)W ™'g),  VgeX T (3.38)
where

B(f)=c(Pof) £ c"(CP_f), N= {g% mod 4 (3.39)
cf. (3.18). The ‘abstract’ Majorana field B clearly satisfies

{B(f), Bg)'} = (f.8), Vf, geX (3.40)
Moreover, using (3.16) one obtains

B(f) = B(Cf), N=12 mod4 (3.41)

These two relations give rise to a C" -algebra, the so-called self-dual CAR algebra [18), which may also
be viewed as a complex Clifford algebra. The second relation is the smeared version of the form
equality

Wtx) = Ut,x). (3.42)
For N=3,0mod 4 no such local relation for ¢* in terms of y exists. Moreover, (3.41) is replaced by
B(f) = B(C(P+—P_)f), N=3,0mod4 (3.43)

cf. (3.18). Correspondingly, one again gets a self-dual CAR-algebra, the conjugation with square 1
now being C(P —P_).

The transformation B(f)—>B(Uf) yields an automorphism of these algebras, provided U is unitary
and satisfies

CU=UC, N=12mod4 (3.44)
CP+—P_YU=UCP.—P_), N=30modd (3.45)
Now it is readily verified that a unitary multiplier of the form
. 1,Qu. () 0 .
U= [ 0 1n®u_(,)] ,  ux(x)eU(k) (3.46)
commutes with C provided
u.(x)e0k), N=1modé 347
u_(x) = us(x)y, N=2modd (3.48)

cf. (Ad6), (A47). However, for N=3,0mod 4 no non-trivial multipliers commuting with C(#, —P_)
appear to exist, since the action of P, —P _ is non-local. Therefore, we shall henceforth restrict our-
selves to a consideration of the cases N=1,2 mod 4.

First, let N=1mod 4. Then we take

CkC" ® C2 (3.49)

(Generalizing what follows to the case C2—C' is a matter of bookkeeping when />2, cf. [2], where
N =1 and /=>2. However, we see no way to get similar results for / =1.) We now define neutral kinks,
using notation that will be clear from context:

e = M1, ® diag | SX=IE OxTie M (3.50)

. .
0'x+l€ 6 X —I€
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B, = M1, ® diag|l,, 1,, SXTiE TxXie ) (3.51)
ox—i€’ Gox+ie
M=1,81, &2 [} _‘i] (3.52)

—
Then it is easy to check that the matrices at the rhs of (3.50), (3.51) are real for any xeR? !,
Hence, K;, commutes with C. Moreover, since M commutes with P, the relevant properties of the
neutral kinks can be read off from the above results on the charged kinks. Specifically,

Ks,e(p) = Ky e+ (p) ® 2712 [}] (3.53)
spans KerI’\(;';++ , and
Wy = CR ke = Ol ® 2712 [}]) (3.59)

spans KerIE:, ¢++> cf. Subsection 2.2; moreover, the operators K7, &), are essentially unitary, cf. Sub-
section 2.4.

These properties suffice to conclude that the neutral Bogoliubov transformation B(f)—B(K} f) can
be implemented in form sense by

T2 = ¢ (0o JEn(Z8e) + En(Z5 e’ ) | (3.55)
Here, one has

o = @m0 o) | (3.56)

E(Z)= exp(%Z+._c'c')I‘(Z++)exp(-—-%'Z_+cc) 3.57)

and the neutral kink conjugate Z7, is defined via (D3). (The symbol E;~! now denotes the operator ‘
that vanishes on the one-dimensional kernel of E; and equals the inverse of E; on its orthocomple-
ment, cf. [2,17]) Next, we note I'(U(a,R)) is well defined on account of (3.14); in fact, one has
I'(U(a,R))=I(U(a,R)+ ) due to (3.12). Thus we may introduce the forms

¥;.a,R) = T(U(@ R)T (K2 )T(~ DI(U@ R, acR¥ !, ReSOQN 1) (3:58)

and their adjoints, with form domain %),,. We also put

/]
¥+ j@R) = ((f ¥(ORa) j =12 : (3.59)
0
Y- j@R) = [HR} ¥(ORa) j =12 (3.60)
cf. (A35). Thus, e.g.,

Sur
a1 (f.R) = [daf(RaYps1(@R) = BOW ™| 1), fel2®¥ ") (3.61)

0

From Lemma A3 it then follows that the fields
{¥s;(f-R)|feL*R™ "), ReSOQN —1)} (3.62)

act irreducibly in %,(3C; ). The next theorem shows that the forms ¢{(a,R) can be used to reach this
irreducible set of fields for e—0.

TueoreM 3.2. For N=1mod 4 one has
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lim y{2(a,R) = 272y, 1(a,R)~ it 2(a, R (363)
in form sense on D g.

Proor. This follows in the same way as in the charged case, cf. the proof of Theorem 3.1.
Specifically, from Lemma D1 one readily concludes

sc-_l_i)%)n zr, = —1 (3.64)
so that, e.g.,
lim % (0,1) = im [ dple’(@)p+ep) )P +.4p)) (3.65)
Moreover, using (2.22) one gets
(04,04 (p) = @m)~ @ ~D2exp(—eE, )W} () ® e,) [3] 27121 (3.66)
and using (2.20) and (3.18) one gets
0+, )L (p) = —Qm)y~ @ "D 2exp(—eE, )W (p) ® e;,) [3}2-“2(—1'%‘ (3.67)
where i1, i; =1,...,n and j =1,2. Thus, one obtains
u
lim %« 0,1) = 272 ¢’ Q.00 || = 2717 W+10,D)+i+2(0,1)) (3.68)
0

in form sense. [J

We remark that the corresponding result for N =1 in [2] differs from (3.63) by a factor 2712, cf.
Lc. Egs. (4.44), (4.71). This can and should be corrected by adding a factor 2712 to Lc. Eq. (4.75).
We continue with the case N=2mod 4. Then we choose

ck =cn (3.69)
as in the charged case. To satisfy (3.48), we now take as neutral kinks the multipliers

x i ox+i
Rl O
K = K" .= ) . (3.70)
e = 0 1L.® ox—iel’ T 0 1,® 0°X —I'E :
" Gxtie oxtie

Then Kj, commutes with C, as desired. However, for m>0 the determination of the kernels of the
diagonal parts is a problem on which the results obtained thus far shed little light. Indeed, if we
proceed as in the proof of Theorem 2.1, then we get as the analog of (2.28), (2‘29)8 , taking e.g.

s=+:
Gl 1 U'p®1nG| +mG2
g = G2 ? f: .E; —-o-p®l,,G2+mG1 (371)
where G, G, should obey
1, ® ooVG) = .._%E_ (op®1,G; +mG,) (3.72)
/4
1, ® 3VG, = %(—a-p@l,,G2+mG1) G.13)

P
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For m>0 we do not know any non-trivial L2-solutions to this system. Therefore, we leave the case
m>0 open and take m =0 from now on. Then we get from Lemma Bl and (A47)

8= — =G = aexp(—¢p)ly, G, =0 (374

8=+ =G, =0, G, = aexp(—ep)], ® V.u — (3.75)
Thus, KerK' +;++ is spanned by «; . . and , similarly, KerI?'.l++ by k_+. Weset

Kse = Ky e+ (3.76)
and note Kerf(lc++ is spanned by

K= CKl. ke = Chig— G.77)

We can now implement the kink Bogoliubov transformation with the form (3.55), where the change in
meaning of the symbols need not be spelled out. Then we can use (3.59), (3.60) with the subscript j
omitted to define Majorana fields ¢{’(a,R), and we can use (3.58) to define approximate Majorana
fields y{2(a,R). We are now prepared for the last result of this subsection, which justifies this termi-
nology. '

THeOREM 3.3. For N=2mod 4 and m =0 one has
lim y{2(a,R) = ¢{7(a,R) (3.78)
in form sense on 903 .

Proor. This foﬂows as before. [J

APPENDIX A. FINITE-DIMENSIONAL CLIFFORD ALGEBRAS AND SPINOR GROUPS

As is well known, the Euclidean Clifford algebra in R*M has an irreducible 2n-dimensional representa-
tion (recall n=2"~!) which is unique up to unitary equivalence. This representation can be con-
structed on the fermion Fock space

FECH=C®CY & NCN ©.0 NVCV (A1)
by choosing
€j-2 = c} t¢, g1 = i(c;—cj), j=L.,N (A2)
where the c{”) are the creation/annihilation operators on %,. Indeed, using thé CAR one verifies
(v} =B € =¢, jk=1,...,2N—1 (A3)

We shall use 2X2 matrix notation corresponding to the decomposition of %, into its sectors of even
and odd particle number,

FTCY) =% © 7 (a4

Thus, the matrix of ¢; is of the form 2 ; . From now on we choose orthonormal bases in % and %
and correspondingly identify % and % with C". Moreover, we choose the bases such that

0 1.
©=11, 0 (AS5)
Next, we introduce the self-adjoint matrices
o = e, B=¢g (A6)

Then {B,ay, .. .,oy—1} also satisfy the Euclidean Clifford algebra in R?V. Hence, the o can be
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written
O 0
=g —g (A7)

where {a), .. .,0n—1} are self-adjoint matrices satisfying the Euclidean Clifford algebra in R*V 1.
The time-independent Dirac operator corresponding to a 2N-dimensional Minkowski space is now
given by

2N -1
—i 3 a9 +Bm m=0 (A8)
=

It arises when one writes the time-dependent Dirac equation

(o, +mly W =0 (A9)
in Hamiltonian form. Here one has

Y=8 Y= k=1.2N—1 (A10)
so that

(", YY) = 2", g=diag (1,—1,...,—1) (A11)

We continue by proving two lemmas that are essential for proving Lemma B1 below. The first one
is concerned with operators

4 =3¢ ®ql(~ly) + 360 ® ¢, j=1...,2N—1 (A12)
on the Hilbert space
F=g,c") ® %,C") (A13)

where I' denotes the Fock space product operation. (Thus, I'(—1y) acts as multiplication by 1/—1
on %/%.) The second lemma may be viewed as a corollary of the first.

LeMMA Al. The operators a$") satisfy the CAR:

{aj,a4} =0, {a,ar} =20y, jk=1,...,2N~1 (Al14)
They leave the subspaces
% = (%H®%) © (59%)
5 =(®®F) O (59%) A1)
invariant and act irreducibly there. The vector
Q=v/IVl, v=aas.am_,2® 2 (A16)
is well defined and may be viewed as the vacuum in %.. That is, one has
4 = 0, j=1,...,2N—1 (A7)
Moreover, the number operator
w-1
j=1
can be written
N=75CN-Dly ® o, + 7 3 & @ a; I(—1p). (A19)

j=1
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Proor. Using {¢;, T(—13)}=0 it is straightforward to verify (Al4). Since T(—1y)®T(~1y) has
eigenvalue +1 on %., and since the 4} commute with this operator, they leave ¥, and ¥ invariant.
Next, we note

dm%, = dmF. = 2V-1 = dim G,(CN ), - (A20)

Since the a{” satisfy the CAR over C*¥ ~!, this equality implies an irreducible action in . and F_.

Consider now the vector ve¥, . Using (A12) and expanding the product, the first terms of each a;
give rise to a vector of the form Aycy...cx2®Q for N even, or Ayci...cyQ®ciQ for N odd, with
Av=£0, cf. (A2). The remaining terms in the expansion cannot cancel this vector, so that vs0. To
prove (A17) holds true, we first note this is clear for j odd, since a7 =0. Picking now j =2/, one need
only verify ayay +12®02=0, and using (A12) and (A2) this is easy. Finally, (A19) follows from (A12)
and (A6). O

LEMMA A2. There exists a unit vector ucC" ®C", unique up to a phase, which satisfies

(O,®L)u = N1,®0u, AeR, j=1,...,28—1, (A21)
if and only if \=(—)Y*1. The matrix
N -1
9= (- 3 98 (A22)
J:
satisfies
$u = —(2N —1u (A23)

and has eigenva[ues —(@2N —5),—(2N —9),...,2N —3 on the orthocomplement of u.

ProOOF. Setting i=0,1 for N even, odd, the vacuum Qis in % ®9%;. Hence, the number operator 9 has
spectrum {0,2,...,2N —2} on % ®4Y;. Also, using (A19) and (A7) we conclude

Nt G ® G ~2QN—DI, ® 1, + 39 (A24)

Thus, 9 has spectrum {—(Q2N—1),—(2N—5),...,2N —3}, the spectral value —(2N—1)
corresponding to

u=Q (A25)
and being non-degenerate. (Of course, the identification of % and % with C" via the choice of bases

made above is understood here.) Using the relation

2»121 (0;®1,—A1,®0;) = (1+A)2N — 11,81, —2A(—)"'® (A26)
j=1

the remaining assertions readily follow. [

Next, let EeSO(2N). Then there exists a unitary matrix S(E), unique up to phase, such that
V-1
S(E)S(EY = 2 Eje (A27)
k=0
(Indeed, the matrices at the rhs are self-adjoint and satisfy the Clifford algebra.) Requiring det
S(E)=1, the phase ambiguity is reduced to =1 and a faithful representation of the simply-connected
spinor group Spin (2N) arises (for N>1). Its Lie algebra is spanned by the matrices

e =g 0<j<k<2N—1 (A28)
. j J

so that % and % are left invariant. The irreducible representations obtained by restriction are usually
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denoted A, and A_. .

To avoid confusion, it should be mentioned at this point that the operators B(f) and I'(U) of Sub-
section 3.3 may be viewed as generalizations of the operators ¢, . . . ;v -1 and S(E) to an infinite-
dimensional context. However, normal ordering is not necessary in the finite-dimensional case, so that
€z has non-zero vacuum expectation value for j =2I, k =21 +1, cf. (A2), in contrast to-operators of
the form dTI'(").

It is easily seen that the chiral parts of the standard kinks and hedge-hogs of Subsections 2.2 and
2.4 belong to A for fixed xeR ~1 but we have no occasion to make use of this. In fact, we will
only employ rotations in SO(2N —1), obtained by taking Eq; = E;q =89 in (A27). Then one gets

W1
[S(R),B] = 0, SR)a;S(R)" = 3 Ry &, YReSOQN —1) (A29)
k=1
Also, the Lie algebra is spanned by
oior, 0
Ejk = ajak = O O'jak , 1<j<k<2N"‘1 (ABO)

Thus, the restrictions of S(R) to % and % are given by two identical n Xn matrices, which will also
be denoted S(R). The corresponding irreducible representation of Spin (2N —1) will be denoted A.

From Lemma Al one can obtain the decomposition of A®A into its irreducible components.
Indeed, due to (A12) and (A27) we have

S(R) ® S(R)a’(WSR) ® SR)' = a'(Rv), ¥veC? ~1, VReSO@2N —1) (A31)
and since the a®*) satisfy the CAR, one infers
S(R) ® S(R) ~ [(R)®I(R) (A32)

(Here we are thinking of F as %, ®%_, cf. Lemma Al.) Therefore, denoting the defining representa-
tion of SO(2N —1) by D and noting N*D=~= AW ~1-¥ Dt follows that

N-1
A®A~ & AFD (A33)
k=0

(This also follows from the theory of weights, cf. e.g. [19].) Since u spans the vacuum sector in %,., we
get in particular
S(R) ® SRy = u, YReSOQ2N —1) (A34)

In Subsections 3.2 and 3.3 we shall use the following cyclicity result.

LemMA A3. C"®C" is spanned by the vectors
ug = S(R) ® 1,u, ReSOQN —1) (A35)

PrOOF. Denote the span of the ug by V. From (A34) it follows that ¥ can also be written

V = span{l, ® S(R)u|ReSOQ2N —1)} (A36)
Thus, the W’ -algebras

@ = {SR) ® 1,}", @& = {1, ® S(R)}’, ReSOQN —1) (A37)
leave V invariant. But the S(R) act irreducibly on C", so that

@G =fCH®1, e=1,08C" (A38)

Hence, V must equal C"®C". 0
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Our last topic in this appendix is the charge conjugation matrix U, which plays an important role
in Section 3. Its pr Npertles depend on Nmod4 in a way which can be read off from an explicit
representation on ®¥C? in terms of the Pauli matrices

{01 0 —i 1 0
T]E 10, TZE i 0, 735 0 —1 " (A39)

Instead of presenting unwieldy general formulas, we shall detail the cases N =1,2,3,4, from which it
will be obvious how to continue. Using shorthand iltustrated by ,®1,®71;—203 we set:

N=1: =1 N=2: =10
€1 =2 € =22
€ =23
N=4: ¢=1000 =21
€ =2222 (A40)
€ =2223 N=3: ¢=100
€ =2221 € =222
€4 =2230 6 =223
€5=2210 & =221
€ =2300 € =230
€ =2100 €5 =210
From this one concludes: (i) (A3) holds true; (ii) one has
€E=€ € " ENy—] — iNT3®N_‘12 (A41)
(iti) one has '
1 1 1 0
Q~ 0 QN1 il Py~ 0 QN-IC2 G~ 1 N-I¢? (A42)

(due to (A2) and e~TI'(—1y)); (iv) the o, are obtained from the ¢ by omitting the first entry (since
iTy1 =13, cf. also (AS)- (AT)).
The matrix U, is the unitary matrix, unique up to phase, such that

UB = —-BU, Uw =aU, (A43)
Equivalently, U, satisfies

U = —«lU, U® =&l | (Ad4)
From (A40) we then see that we may take

U. = 3,22,302,2202,... N =1,2,34,.. (A45)

Hence, we conclude

Ve 0 —

N=1mod4 U, = [0 _yl| UU. =1 (A46)
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0 Ve —

N=2mod4&: U= |_y o] Ul:=ln (A4T)
Ve 0 _

N=3mod4 U= |y _p| VT =~1la (A48)
0 Ve —

N=0mod4: U= |_;, ol Ul=—ln (A49)
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Note that the relation U.U,==1,, is base-independent. It is known that for N = 1mod 4 one can
choose orthonormal bases in % and %; such that V, transforms into 1,, but we shall not need this. (In
view of (A40) this amounts to the existence of a unitary matrix M satisfying MMT=0202.) We do
need the relation

— "
U.S(R) = S(R)U,, VReSOQ2N-1) (A50)
which follows by using (A30) and Uc;x_;ﬂ=ajak U.,, cf. (A43).

APPENDIX B. A ZERO-MODE LEMMA
The following lemma is needed to complete the proof of Theorem 2.1.

LemmA Bl. Let GeL*(R™ ~1,dp)®@C"®C". Then G satisfies

(1L,®eV)G = (-F ! 25 (6p®@1,)6 (B1)
P
if and only if
G=0 6=+

G = aexp(—eE)u, acC, &= —, (B2)

where ucC"®C" is the unit vector of Lemma A2.

Proor. This is obvious for N =1, so we take N>1 from now on. Also, from Lemma A2 it follows
that (B2) implies (B1). Thus we henceforth assume (B1) holds, and show that this entails (B2). To this
end we begin by noting that the multiplier (o;p®1,)/E, is bounded, so that (B1) implies the com-
ponents of G belong to the Sobolev space H (R2Y ~!). For m>0 the multiplier is smooth. Hence,
multiplying (B1) by 1,®¢-V it follows that G satisfies the PDE system

(—A+Ws()G =0 (B3)
ép? et 1
W) =<5 1, ® L + () = (3 6/®0—250p®@ap) (B4)
P Poj=1 P
Since W; is bounded for m>0, this implies
GeH, R H®C'®C"=9 (B5)

Thus, for m>0 the existence of L2-solutions to (B1) reduces to the existence of zero-energy bound
states for the operator

Hs=—A+ W, (B6)

which is clearly self-adjoint on 9.
For m =0 the multiplier (c:p®1,)/E, is not continuous at 0. However, (B3) still follows for p0.
To handle the singularity at p =0, we exploit the ‘uncertainty principle lemma’

k 1
G —17 [ dICE) —

2 n[ PP
(For CeCg (R¥) this follows by generalizing the k =3 argument on p. 169 of [6] in the obvious way;
for CeH, it then follows by taking limits.) It implies that the components of G are in the domain of
multiplication by 1/|p|. Moreover, since Ws(p) is smooth for p£0 and A is hypo-elliptic, (B3)
implies that the components are C*® on R?Y ~'\ {0}. Using this and the inequality (B7) one readily
verifies

< [dp .§'.. 10O CeHy(R¥), k=3, (B7)
R =l

2N ~-1
[1,80-7, 6p®1,/]plIG() = -b-,}—I( b 0/®0;——=0p®ap)G(p) (B8)
]:

PP
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which holds in the sense that the distributional action on G of the commutator yields the L>-function
at the rhs. Thus, (B3) holds weakly for any p, and hence one again obtains G €°%.

Next, we claim that H; is self-adjoint on 9 for m =0, too. To prove this, it suffices to show that
the operator of multiplication by

r<R —

1
#p)lpl, ) = {0 r>R (B9)

(say) is a relatively compact perturbation of A, viewed as a self-adjoint operator on
H,(R¥™ 1 C L>(®R? ~1). But this follows by noting that the functions ¢(|p|)/|p| and 1/(p*+i) belong
to L2¥ ~2(R* 1) and using Theorem X1.20 of [7].

The upshot of the above is, that both for m>0 and for m =0 we are reduced to finding the zero-
energy bound states of the self-adjoint operator H; with domain %. To this end we note that Lemma
A2 entails

N -1
—@N-3)< 3 0;®cjtut <2N-3 (B10)
j=1
Wipyu = Vs(p)u (B11)
where
Vs(r) = ér*/E* + 82N —1—r*/E}/E, E = (r*+m?)!? (B12)
Combining this with the obvious estimate
1
—I‘SEo-p®op<l (B13)
we conclude
W) = V-(p) (B14)
Hence we obtain
Hi=H®1,Q®1, (B15)
where H is the self-adjoint Schrédinger operator
=-A+V_, XH)=H,R¥ ) (B16)

We claim that H is a positive operator which has an isolated eigenvalue zero, the corresponding
eigenspace being spanned by the function exp(—eE,). Accepting this for the moment, we can now
prove (B2), as follows. First, recall that we have already shown that (B1) entails GeKerH ;. By virtue
of (B15) this implies

G = exp(—€E,)v, veC" ® C". (B17)
Since G satisfies (B1), we conclude
(0;®1,)v = G A (1,®a)v, j=1.,2N—1, (B13)
so invoking Lemma A2 once more we infer v=0 for §=+ and v=au, a€C, for §= —, which is (B2).
It remains to prove the claim just made. For the special case
N=2m=0=H=—-M+ & — 2/p| (B19)

this is obvious (at least to a physicist), since H —&* is just the hydrogen atom Hamiltonian. More gen-
erally, it is clear that exp(—eE,) is a zero-energy bound state of H for any N=>2 and m=0, and this
fact combined with the positivity of exp(—eE,) will suffice for an expert in Schrodinger operator
theory.
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We shall, however, add a few details so as to render the proof somewhat more self-contained, and
also because in the case at hand we have extra information, compared to the general set-up to be
found in Ch. XIII.12 of [8]. First, relative compactness arguments as used in the paragraph containing
(BY) imply that H has essential spectrum [€?,c0). Thus the eigenvalue 0 is isolated, and we | have

E; =info(H) <0 (B20)

Secondly, we note that exp(—H) is positivity preserving. Indeed, for m>0 this follows from the
Trotter product formula for exp(—H), using the fact that exp(d) is positivity preserving and V_ is
bounded for m>0. Also, using dominated convergence we have

slim Hm)y = HOY, VyeH,R¥N 1) (B21)
so that
s lim exp(—H(n) = exp(~H(0) ®22)

Hence, exp(—H) is positivity preserving for m =0, too.
Thirdly, suppose ¢ is an eigenvector of H with eigenvalue Eg. We may assume ¢ is real-valued.
Since

A=eH<e™ (B23)
is positivity preserving, we have

0< (¢l =AYl +9) =YL, 4 1Y) — @, 4Y). (B24)
Hence,

(11, 4191y =@ Ay =™ (191, I¥1) (B25)

In view of (B23) this implies || is an eigenvector of H with eigenvalue Ey, too. Thus, we must have
Eo=0 and |¢| ~exp(—eE,), since || cannot be orthogonal to the positive function exp(—eE,).
Moreover, since ¢ satisfies the PDE Hy=0, it must be continuous for p~0. Because |{| does not
vanish, we must have ¢=|y/| or y=— |¢|. Thus, 0 is a simple eigenvalue of H and the proof is com-
plete. O

For m>0 the Dirac operator involved in (B1) satisfies the assumptions guaranteeing that the index
theorems of Callias [20] and Hormander [21] apply, cf. also [22]. Consequently, its index can be writ-
ten in terms of an integral over $*¥ ~2. Since the index can be read off from Lemma B1, the value of
the integral follows as a corollary. Conversely, if one is able to calculate the integral, then the value of
the index results. This would suffice for the index formulas of Subsection 2.4. However, in Section 3
the far more explicit information of Lemma B1 is indispensable.

ApPENDIX C. COMPACTNESS AND NON-COMPACTNESS

Due to Schwartz’s nuclear theorem any bounded operator K on LX(R/,dp) can be represented by a
tempered distribution K(p,g)eS’(R¥). In this appendix we isolate conditions on K (p,q) guaranteeing
compactness or non-compactness of K (Lemmas C1 and C2). We also prove a lemma (Lemma C3)
that will enable us to show that certain operators occurring in the main text are not Hilbert-Schmidt.

LemMa Cl. Let K be an operator on LX(R") with kernel

K{p,q) = F(p —q)B(p,q), FeL'(R"), BeL*(R?). (CD)
Assume that for any r >0 one has
Jim ~ sup |BCx+y, x)|=0 (C2)

lyl<r
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Rh_x)go ',f'lg’* |B(x, x +y)|=0 (€3
yl<r

Then K is compact.

_—
Proor. The proof is based on two well-known facts. First, norm limits of compact operators are
compact, and second, an operator T with measurable kernel T'(p,q) satisfies

ITIP < sup [dp 1T(p.)! sup [dg1T(p.g)I. (C4

(This follows either from the Riesz-Thorin theorem or directly from a slightly subtle application of the
Schwarz inequality.)
Due to (C4) and (C1) we have

K < Bl IFlly (©5)

Now C® is dense in L', so we need only prove compactness of K for FEC® by virtue of (C5) and
the first fact. Thus we assume from now on

supp FC B,={yeR/| lyi<r}. (C6)
Next, we take R >2r and set
K=Kr+Hr, Kp(p,q)=[1—xz@)Xr(D]IK{P,q) (7))

where xz denotes the characteristic function of Bg. Then Hgr(p,q) has support in Bg X Bg, and since
F and B are bounded, one concludes Hg(p,q)eL2(R?). Thus, Hy is Hilbert-Schmidt. Invoking the
first fact once more, it remains to prove

To this end we exploit the second fact, cf. (C4). We shall show
sup [ dp | Kr(p:g)| 0, R—00 (C9)

by invbking (C2); the second supremum behaves in the same way due to (C3). (In fact, the alert
reader will have noted that (C2) and (C3) are equivalent.) To prove (C9) we fix g and consider

J @ | Kr(p.9)) = [ dy[1—xr(g +yxa(@) F() B(g +2.9)! (C10)
B *
cf. (C6)-(C7). Since r<-123-, the function in brackets vanishes on B, when |gq| < —I;— Thus, we obtain
[ap | Kr(p. @)} < sup. [ & |F(p)B(x +y,x)| (C11)

le>-2— lyl<r

for any geR’. As promised, this yields (C9) due to (C2). O

LEMMA C2. Let K be an operator on L*(R') whose kernel K(p,q)eS'(R%) has the following property:
There exist f,gcS(R’) and ecS'~" such that

Jim [ dpdg f(p) K (p +Me, g +Me)g(g)540. (C12)

(Here, the integral stands for distributional evaluation.) Then K is not compact.

Proor. We assume K is compact and derive a contradiction. Denote by U, the translation over Ae.
Then U, weakly converges to 0 for A>co by the Riemann-Lebesgue lemma. Hence, KU, converges
strongly to 0, so that
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.i-lim U \KU,=0 (C13)
—>0
But this implies
Alim (Urf, KUrg)=0 (C14)
—>00 —

which contradicts (C12). O

LeMMaA C3. Let =0 be a measurable function on R', 1>1, and let ¢=0. Then one has

(x +y)? x—yP _ (x2—y?) »
nldxdyf(y) (x +yyY +e T —Pte 21 P+ =Pt | % (€15)

if and only if f =0.
PrROOF. We assume f540 and show that when (C15) holds a contradiction arises. Indeed, (C15)

implies by virtue of Fubini’s theorem that there exists yo%0 with f{y()>0 such that the x-integral of
the bracketed function with y =y, converges. Now introduce

=re, ecS'"!, a=y§, b=ey,. (C16)
Invoking Fubini’s theorem again, we infer that there exists e such that asb? and

o0
j dr!' ' I(r) < o (C17)
)
where
2 2_ 2_
()= 2r +2br+a + 2r 2br +a 2 (r ;z) — (C18)
r*+2br+a+e rc—2br+a+c [(r*+2br +a+c)r*—2br+a +c)]
But one has

I(r)= 2(1—-;"2—) - 2(1—%)(1+rl2[2b2—a —c) + 00

=4 @-b)+0¢?), row (C19)
r
and since as~b? and />1, this contradicts (C17). O

APPENDIX D. A CONVERGENCE LEMMA

This appendix contains the definition of the kink conjugates Z, and a lemma that is a crucial
ingredient in the proofs of Theorems 3.1-3.3. We shall use notation explained in Subsection 3.1. Sup-
pose U is a unitary with compact off-diagonal parts for which Ker U__ is trivial and Ker U__ is
one-dimensional. Then Ker U, ., is trivial and Ker U% . is one-dimensional, since U is unitary.
Thus, the operators :

_=U__U'__=P_-U_,U_ (D1)
E.=U 44Uy =Py —U_U_y (D2)
have bounded inverses (as operators on H;), and we can define an operator Z by
Ziw=-Usp Eq 7 Zi=-Us EL MU
S -1 — -1 (D3)
Z_.+:"‘U -~ E_ U_+ —e=—-U__E_

This operator is referred to as the conjugate of U, it is related to the associate A used in [16] by
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Z(U)=1+(P+—P_)A(—VU). (This sign convention ensures absence of signs in the associated Fock
space implementer, cf. Eq. (5.15) in [16].)

We have shown that the operators K, satisfy all of the above assumptions, cf. Theorems 2.1 and
2.5. Thus we may introduce operators E. ;. and Z; . in the way just described. This prepares us for
the following result. —

LemMA D1. One has
SC% Z,e=—1 s=+,— (D4)

ProOF. Once this is proved for s=+, the s — case follows by using parity. Thus we take s =+ and
suppress this index henceforth. First, we shall handle the massless case. We claim that

K+ l=C<1, Ve>0, m=0 (D5)
Indeed, using (2.13) we obtain
IKe— 4 | =1ID(e) P_K Py D@l = IK,-+ I=C (D6)

and since E , ; has a bounded inverse we must have C<1, cf. (D2).
Next, we note
s-ligl K =1 (D7)
(This is immediate from (2.16).) By majorizing the tail in the Neumann series for E; ! with the uni-
form bound (D5) it readily follows from this that

si-_]j).gn Esc "1 =P (D8)
Moreover, combining (D1), (D2) with (D5) we get _

lEse Ml = (1—-C?)7V2, ¥e>0, m =0 »9)
Using all this, it is routine to verify (D4): One has, e.g.,
WZet+ PO < Ky + Eve "HE4 =PI + 1Kt + —P1)fII-0, €0 (D10)
cf. (D3).

The massive case involves more work. Suppose we can show

IK—+ll < C'<]1, Vee(0,1], m>0. (D11)
Then we can argue as in the massless case to prove (D4); we need only replace (D9) by

lEs ~Hl < (1-C*H712, Vee(0,1], m>0. (D12)
To prove (D11) we observe that
K- s 1| = 1Kee s Il = 1P my— D) K1 DEOP gy I| = 1P omy— Ky Promy | = flem) (D13)

(Here and from now on the mass dependence of lA’a is made explicit.) Since IA’(,,)@ is norm continuous
in p on (0,00), the function f(u) is continuous on (0, 1]. Moreover, one has f(x)<<1 on (0, 1]. There-
fore, fis bounded away from 1 on compact subintervals of (0, 1]. But then we need only show

lim f(s) = 1Po-KiPoyl = C<1 D14)

to obtain the desired bound (D11).
We shall prove (D14) by making suitable use of the estimate

If@)g(—ivl, <@m)~ " lifl, ligl,, f.geL’®"), rel2,00) (D15)
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where |-l denotes the Schatten norm at the left and the L™ norm at the right, cf. Theorem XI1.20 in
[7]. To this end we introduce (omitting the carets from now on)

Cw)=[Py-—Po- , Kil : (D16)
and note —

C@ = (Poy-@)—Po-@IM(—iV,) —M(=iV,)Pu-@)—Po-@), M(x) = Ki(x)—1(D17)

Now it is easily seen that the matrix elements of M(x) and of P (p)—P)-(p) belong to
L'(R¥™ 1) for re(2N —1,00]. Moreover, by dominated convergence the latter matrix elements con-
verge to 0 in L’ for p—0 and r€(2N —1,00). Hence, the estimate (D15) entails

Lim|C@)ll = 0 (D18)
w0

since the operator norm is dominated by any Schatten norm.
Next, we multiply C(p) by P, from the left and by P, from the right, and conclude

limiP-KiPg+ = Py-Po-KiPos Pt + Pu-Po+KiPo-Pu+ll =0 (D19)

Since the projections P, strongly converge to P)s for p—0, the norm of the second operator has
limit ||Pg)— K P )+ Il. Hence, (D14) will result from (D19), provided one has

P]i_I)I(l)”P(,,)— P+ K1Pgy- Py Il = 0. (D20)

But this can be proved by another application of (D15): We may replace K; by K; —1, and since
Py—(p)P )+ (p) has matrix elements that converge to 0 in L” for p—>0 and re(2N —1, 00), (D20)
holds true. '

APPENDIX E. THE CONNECTION TO EXTERNAL FIELD S-OPERATORS

In this appendix we present some results on the (interaction picture) evolution operators and S-
operators corresponding to the Dirac equation with certain time-dependent external fields. This will
yield a different context for the above results, which is closer to the physical picture of chiral
anomalies [23]. We shall make use of concepts and results that are detailed in [24,25]. Using the nota-
tion of Subsection 2.1, the external field Dirac operator is given by

H@) = H + V(). (ED)
Here, AeC is the coupling constant and
VONE) = Vexfx),  fek (E2)

where V(¢,x) is a 2nk X 2nk matrix valued function on 2N-dimensional Minkowski space.
First, we shall assume V(z,x) is continuous and vanishes at co, so that ||V(z)ll is continuous and
vanishes at co. In addition, we assume

IV(©OlleL'(R). (E3)
These two assumptiop2s guarantee that the evolution operator U,(T,T;) is norm entire in A and
norm continuous on R, where R = RU {00} with the obvious topology, cf. [24], Section 2.

Tueorem El. For any (}\,T,,Tz)eCXﬂiz the aoperator Ux(T2,T1) has compact off-diagonal parts and
Fredholm diagonal parts with vanishing index.

Proor. We shall first prove this under the extra assumption that the matrix elements of V(z,x) are in
S (R?). Then the operators U=U) (o0, —00) and V=U,(— 00, 0) have Hilbert-Schmidt off-diagonal
parts, as follows by generalizing the relevant arguments of [25] in a straightforward way, cf. also [26].
Since UV =VU =1, it follows that U and V have Fredholm diagonal parts; furthermore, these have
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index 0 since U and V are norm entire in A and equal to 1 for A=0. Now consider (e.g.) U»(T,0) with
Te(0,00). Multiply ¥ (£,x) by a C* function ¢.(¢) that is 1 on [¢,7—¢],0 on (—00,0] and [T, o), and
monotone on [0,¢] and [T—¢,T]. Then the corresponding evolution operator Uy (T, 0) equals the S-
operator for the Schwartz space external field A¢.(t)V(s,x) and, therefore, has HS off-diagonal parts.
Using the Dyson expansion to estimate Ux(T,0)— Uy (T, 0), it readily follows that this difference con-
verges to 0 in norm for e—0. Hence, Uj(T,0)s—s and, similarly, Up(T2,T)s—s are compact.

Next, consider the general case. Since V{(z,x) is continuous and vanishes at oo, one can find a fam-
ily V(t,x) with matrix elements in S(R*") such that

W@—vl <e Vte[T,,T,]JCR (E4)
Telescoping the Dyson expansion in the obvious way, one infers n-]i(x)n Ure(T2, T1)= Up(T3, T)).
Thus the assertions follow for AeC and T; R, and taking norm limits for T; eﬂi, too. [l

The second assumption (E3) is critical. Indeed, in [1] Matsui proves (for N =2 and m =0) there
exist external fields that are continuous and vanish at co, yet lead to an S-operator with index
S__5~0. For these fields one has ||V (z)ll~|¢|™! for large times, so (E3) is violated. His fields are in
essence pure gauge for large times, but they have a time dependence which leads to considerable com-
plications. Here, we shall obtain S-operators with non-zero index (for N>1 and m=0) corresponding
to external fields that are time-independent for large times (so that both assumptions are violated).

Specifically, let us assume V(z,x) is continuous and self-adjoint on R?", vanishes for |x|—>co and ¢
fixed, and is equal to time-independent matrices V,(x) for 7t=T7>0, where 7=+, —. Then the issue
of existence of the S-operator for the field ¥(¢,x) reduces to the existence problem for the wave
operators W (H,H ;) and W_(H - ,H), where

H,=H+NV,(), 7=+,— (ES)
Indeed, one has
U(t,s) = etle "¢ DHs o ~iTH (T, — T)e = TH ¢ *DH- p=isH  y>T  s<—T (E6)

cf. Egs. (2.27), (2.106) in [24]. If V540, the norm limits of the rhs for t—oo and s——oco0 do not
exist, but the strong limits may exist. Since Fredholm indices can jump under strong limits, the S-
operators associated with such fields may yield diagonal parts with non-zero index.

To study this, we further restrict ourselves to the case

L (L®ua) 0
H,=UHU, U, = [ 0 1,®u, () (ET)
where u, ;(x) are U(k)-valued functions with the following properties:
U (x)eC!, rs=+,— (E8)
Vi, (x) = o(l), |x|]> (E9)

Then it is easy to verify that H, is indeed of the previously assumed form (ES), with A=1, say.
Specifically, one obtains

= —0; @y, 1 (X)(jur, + Nx) 0
vex) =i 2 [ 0 o,~®u:,_<x)(a,-u,,_)(x)]
0 L ®ul + (itr,— (6)— 1]
T @ — (g + ()= L] 0 et (E10)

Recall that the interpolation of the two fields involved need only be continuous, self-adjoint and 0 at
oo. First, we require in addition to (EB), (E9)
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Urs(x)— 1 =0(1), |x|-—>00 (E11)
Thus one has U, eG, CG, cf. Subsection 2.4.

THEOREM E2. Under the assumptions just made, the S-operator

-
S}_])Iolg U(T,,Ty) (E12)
T,->—c
exists and is given by
eTH U, e~TH U(T,~T) e TH U~ &TH = § (E13)
Moreover, the operators S = are compact and the operators S .. are Fredholm, and one has
index Sg; = index U.gs—index U_g (E14)

ProOF. In the case at hand we can rewrite (E6) as
Ut,s) = [eHU e ™M) S [e*HU_e #H), >T, s<-T (E15)

Therefore, the first assertion follows if we show that the bracketed operators have strong limit 1 for
t—c0 and s— — o0, resp. To this end we need only prove

s im M()exp @tH) = 0 (E16)
where M (x) is continuous and vanishes at 0o. Let fbe of the form (H +i)™! & ge‘JC An application
of the trace ideal estimate (D15) shows that M(x)(—ia-V+Bm+i)~! is compact when
M(x)=0(x|~ 1) (say), and hence (taking a norm limit) when M(x)=o(1) for |x|->c0, too. Since
exp(izH) weakly converges to 0 for 7—>c0 by the Riemann-Lebesgue lemma, we conclude
M() exp (itH)f = M(-YH+i)"! exp (itﬁ)g—)O, t—00 (E17)

From this (E16) readily follows.
Next, we note that Theorem E1 implies U(T, —T);—s are compact and U(T, —T)s are Fredholm
with index 0. Since U, G, this entails the validity of the second assertion. [

We shall now relax the assumption (E12). Assume continuous functions u, .,:S? 2 U(k) exist
such that

u,,s(x)~u,,w(ﬁ)=o(l), |00, 5=+, E18)

That is, we allow hedge-hog asymptotics at co. In particular, U,€G, CG,, for m>0, cf. Subsection
24.

THEOREM E3. Under these assumptions the S-operator (E12) exists and is given by

e Hysu ,w(——v’j—,% (E19)

where S is defined by (E13). Moreover, for m >0 the operators Sy are compact and the operators
Sy~ are Fredholm, and one has

index Sy = index U,g— index U_g (E20)

Sp =

ProoF. Because (E15) still holds when (E11) is replaced by (E18), and because of the above argu-
ment containing (E16), we need only show
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slim 'y ((AFEG iy = o, (L-LLy (E21)
t—00 lx] Ipl Ep

slimu_ o(eHFE G 1ty = u_,w(—L-E—

t—=>—oo ]x| lpl E -

(The notation used here calls for a comment: When 4; __aj®1k, j=L..,2N —1, are commuting self-
adjoint operators and u a map from R -1 10 U(k), then the operators u,(ay,....azy —1) are defined
by the functional calculus, and

(E22)

u(d)= é Um(a)Beym (E23)
Im=1

is unitary, where {e,, } is the obvious basis of M;(C).)
To prove (E21), (E22) we set

V(=" (id;/)e "™ , 10 (E24)
and exploit the fact that

H I(t) pi/H  (strong resolvent sense) (E25)
14

Taking (E25) for granted, it follows that
s hm vi(t)/[v(®)| = p;H/|p|E, (E26)

(To see thls, note the discontinuity of the function at the lhs is harmless, since v;(¢) has no point spec-
trum.) Since one has

e G/ |x)F e TH = v (t)/ V@), t 20 (E27)

and since 'y ,, and u_ ,, are continuous on S2¥ ~2, (E21) and (E22) follow.

It remains to prove the relation (E25). Its validity was first shown by Thaller and Enss [27], who
were studying the (interacting) N =2, m >0 case, but their argument generalizes to any N =1 and
m=0. (Cf. also [1] for what follows)) Indeed, following [27], we set Fj=a;—p;/H and note
F;H=—HF, so that Fje ""# =¢"™ F, This can be rewritten

e[, H]e ™™ = % + eZi‘H(aj—%). (E28)

Denoting the domain of id i by %, one readily verifies e =0, Hence, (E28) entails that on 9 one
has

it ~itH — )75 _(__:_D o —PL
(#9;/1)e =id;/t + I + il (o H) (E29)
But it is obvious that the first term converges strongly to 0 on 9), whereas the third term has norm
<2 and strongly converges to 0 by virtue of a routine argument. Hence, (E25) follows. O

It is clear from the above proofs that the assumptions can be relaxed to obtain similar conclusions,
but we shall not pursue this. We do point out that one may allow V(¢,x) to have jumps as a function
of time. (Indeed, this is clear from the relation U(T'3,71)=U(T3,T;) U(T>,T}).) In particular, we
may take T=0 and U_ =1 in the above. Then we conclude that unitary multipliers UG, for which
uy(x), s =+, —, satisfy (E8), (E9) may be viewed as S-operators corresponding to external fields that
vanish for <0 and are given by the rhs of (E10) (with u, ;—u;) for 1=0.

In particular, the standard kinks K; . of Subsection 2.2 and any finite product of their transforms
under translations and rotations satisfy (E8), (E9) and (E11). From the viewpoint sketched in this
appendix the results of Theorem 2.1 can be interpreted as follows: Scattering at the external field
associated with K . via the rhs of (E10) can move states in the negative energy subspace of H to the
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positive energy subspace (viz., those states proportional to k. - ), but not vice versa. Equivalently,
these states are negative energy states w.r.t. H, but positive energy states w.r.t. H ., defined via (E7)
with U =K, , but no states exist that have positive energy w.r.t. H and negative energy w.r.t. H .

For the (massive) standard hedge-hogs (2.93) the assumptions (E8), (E9) and (EI8) are fulfilled.
Herice, the index of the corresponding Sj, - equals 1, cf. Theorem E3. However, in-this case we
have no explicit information on the relevant kernel states but for the dimension difference.
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