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1. INTRODUCTION

In this report an investigation is described on how to determine an optimal control law for the Dutch
Motorway Control and Signalling System. The objective of control is to make the freeway traffic flow
more homogeneous and to delay the start of congestion. The system consist of a consecutive series of
detection stations and portals. The detection stations consist of measuring loops embedded in the
road surface. From each detection station one may obtain the passage times of cars and their passage
speeds. On the portals are electronic boards which can display an advisory speed to drivers. A
description of this system is given in Appendix A.

Congestion often sets in when about 85% to 90% of the traffic capacity is reached. A reason for
this is the inhomogeneity of the traffic flow. The Traffic Engineering Division of Rijkswaterstaat has
made experiments with the objective to make the traffic flow more homogeneous. This is done by a
homogenising control: displaying an advisory speed on the signal boards of the control and signalling
system to drivers. The same speed is shown on all boards, independent of lane or position. An
analysis of these experiments leads to the conclusion that this homogenising control is useful, apply-
ing this kind of control makes the traffic flow more homogeneous and delays the start of congestion.

At the Centre for Mathematics and Computer Science a research project is carried out by S.A.
Smulders in which the possibility of using homogenising control for freeway traffic. The control law
should switch the advisory speed signs on or off depending on the information gained from the meas-
urements. In [9] a model for freeway traffic flow is described that consists of a series of consecutive
sections. A section is regarded as a piece of freeway with at each end a detection station. Based on
this model a filter was developed in [10]. In [11] two models for one section were derived from the
former model: a one-dimensional model and a two-dimensional model. The first is a simplification of
the second. The effect of the homogenising control on the traffic flow has been determined, and
incorporated in the models. Investigations into useful control laws were made.

In [11] a suggestion is made for a method to compute the optimal control law for the one-section
model. This method will be used in this report to determine the optimal control for the one-
dimensional and the two-dimensional model. Also a comparison of the performance between optimal
and suboptimal controls of different classes is made.

The models are described by stochastic differential equations. The one-dimensional model is for
the density only, the two-dimensional model is for both density and mean speed of a section. The
proposed method is described in [6] and [3]. According to this method one approximates a stochastic
differential equation by a finite-state continuous-time Markov process. For this process an optimal
control policy can be determined by several methods. The policy iteration method is described in [5],
the successive approximation method in [2] and a modified policy iteration method in [7]. In this
report another version of the modified policy iteration method is proposed which is very useful for
Markov processes coming from approximated stochastic differential equations.

After the determination of the optimal control it will be demonstrated that the class of one switch-
controls based on the density only has a suboptimal control law which is both useful and simple.

The problem of determining the optimal control for the one-dimensional and the two-dimensional
model will be formulated in section 2.1. In section 2.2. the discretization procedure is formulated.
The methods for finding the optimal solution of the finite-state continuous-time Markov process are
described in section 2.3. Results of these methods and an investigation into classes of suboptimal
controls are presented in section 3 for the one-dimensional model, and in section 4 for the two-
dimensional model. Section 5 contains general conclusions and suggestions for research.

2. PROBLEM FORMULATION

In this chapter two models will be presented, both describing the flow of freeway traffic in a section of
a freeway. Both models are based on a freeway traffic flow model for a series of consecutive sections
presented in [9]. The one-dimensional model consists of a stochastic differential equation for the den-
sity only, the two-dimensional model contains also a stochastic differential equation for the mean
speed.



By discretization of the state space the stochastic differential equation can be approximated by a
finite-state continuous-time Markov process. Both in [3] and in [6] techniques are proposed for doing
this. For the Markov process the optimal control can be found using dynamic programming,

The two basic computational methods for dynamic programming which will be considered are pol-
icy iteration and successive approximation. Combining those two methods gives a range of methods
each of which will be called a modified policy iteration method.

2.1. Models for freeway traffic flow

The two models to be considered are based on the model proposed in [9]. The simplification to a
model for one section was done in [11]. The models are based on two state variables:

p;: the density (number of veh/km/lane) in the section at time t.

v,: the mean speed (km/h) of the vehicles in the section at time t.

The one-dimensional model is given by:

dp, = <-Oo—lp)dt + odw, LB))

vi = vi(p,) (1.2)

The two-dimensional model is given by:

dp, = <-Co—lpy)dt + odw,

dv = = 0=V (o))t + e (1.3)
Here v*(p,) denotes the equilibrium speed:

Viree —Qp for 0<p<p.;
o=1 (1.4)
d(— — ——) for pgi<p<p;
(P Pjam ) Perit ) jam

where

— vﬁﬁ — OPeriy
a 1 1

Perit Pjam
to assure continuity at p.;,. The definitions of the parameters are:

I the number of lanes in the section;

L:  the length of the section (km);
A the intensity at the entrance (veh/h);

o:  the standard deviation of the noise in the density equation;
Wy a standard Brownian motion;

T:  the relaxation time (h);

p:  the standard deviation of the noise in the speed equation;
z; a standard Brownian motion;
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Figure 1. Equilibrium relation between density and average speed.
Viee:  the free speed (km/h);

Peri:  the critical density (veh/km/lane);

Pjam:  the jam density, at which v¢ is zero (veh/km/lane);
A description of the stability properties of both models is presented in [11]. Some conclusions from
this study are presented below.

PROPOSITION 1. Suppose 6=0 and A0<)\mp =20citV¢(Perir) then the one-dimensional model has two
equilibrium points.

— Yfree _ Viee n _ Mo
Pd 2a (2a) la

Ao
P8 = (1= )Pjam

where pj is stable and p§ is unstable. The domain of attraction of pj is [— 0,pl). For p>p} p con-
verges to co.

PROOF. See [11, Theorems 3.1 and 3.2].

PROPOSITION 2. Suppose 6=p=0 and A, <Acap = 2PcritV* (Perie).  Then the two-dimensional model has two
equilibrium points (p},v¢(p})) and (p§,v¢(p¥)), where (pd,v(p})) is stable and (pl,v¢(pY)) is unstable.
The state space is divided into two components by a curve through (p§,v¢(pf)), the separator. The part
with (p§,v¢(pd)) in it is the domain of attraction of (p§,v¢(p})). The separator consists of two trajectories
ending in (p§,v*(p8)). Trajectories starting in the other component of the state space are attracted by
ﬂ(m?o)!!'

PROOF. See [11, page 15].

Realistic values for the parameters are:

Viree = 105 km/h

pfrff = 27 Vch/km/lane
o« = 058 /fRkm?/h
o= 14,000

Pjam = 110 veh/km/lane
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A section was chosen as follows:

l = 2 lanes
L= 05km

Control can be exerted by showing advisory speed signs to drivers. This control can either be on
(1) or off (0). The effect of the homogenising control put on was modeled as a reduction of the vari-
ance o?, a change in the equilibrium speed v¢(p) and a small increase in the intensity Ag. The control
dependent parameters take the values presented in table 1.

no control control
Ve = 105 km/h Ve = 102 km/h
p%i = 27 veh/km/lane pli = 29 veh/km/lane
Al = A + 0.01A§ veh/h
of = 14,000 o = 11,000

Table 1. Values of control dependent parameters.

The objective of control is to maximize the throughput. The conditional cost to go is therefore
defined as

V(xo) = E [ {e‘“lp,v,dr | xc] (1.5)

where x = p, respectively x = (p,v) for the one- and two-dimensional model. A discounted cost cri-
terion was chosen to favour immediate throughput above future throughput. In this way expected
congestion in the distant future does not have a major influence. This congestion is sure to occur,
and delaying it from 9 to 10 years for example is not useful.

With this value function the problem can be mathematically formulated. For the one dimensional

model find u(p) u 10, pjam]— {0 ,1 } that maximizes

V(po) = E { !e‘“lp;vrdt | Po]

where

1~y
dp, = L §O —lpy,)dt + o, dw, (1.6)

Vi = Vi (Pr) (1.7

The optimal control #”(p) and the value function V" (p) satisfy the Hamilton-Jacobi-Bellman equation.

, :
max 2LV 4 Lok 1oy C@ b ) b =0 )
werefu} [ 240 L @

with boundary conditions

dV% =0, V' (ojam) = 0.



For the two-dimensional model find u(p,v) %:[0,p0)am]X[0,V max]— {0 ,1 } that maximizes

[ +]
V(eo,v0) = E| [ ™It | Do,vo]
0
where
1
dp, = E(la'@'”)*lp,v,)dt + “u(p.v)dw:

dy = = O ~Vig ()L + pdz (1.9)

Again the optimal control u”(p) and the value function V" (p,v) satisfy the Hamilton-Jacobi-Bellman
equation.

2 A2rse - 2 a2yt
max {_".’L?_’:’_if?_vl Lo Len) 4 £ 2V )

u(p.v)=kE{U,l} 2 o’ 9 2 a?
- ‘%.‘(V“VE(P))Q%ML + lpv }—CV-(P,V) =0 (1.10)
with boundary conditions
Beo=0 LGramr=0. Lon=0,
V'(pjm’v):'o for O=sv< lpii,, s -a—gg*(pjm,v)=0 for 7. <V <V,

2.2. An approximating finite-state continuous-time Markov process

The partial differential equations with a maximization (1.8) and (1.10) are not solvable by ordinary
techniques for partial differential equations. Discretization of the state spaces p; or (p,,v,) leads to an
approximation of these processes. This approximation gives a continuous-time finite-state Markov
process. The Hamilton-Jacobi-Bellman equation of this Markov process can be solved by various
techniques.

The processes { p,|#=0 } and { (p,,%)|#=0 } can be defined by their infinitesimal generator £.
For the one-dimensional process:

2 2
2V (o) = 2L+ g0 —tpviy (o) Lo @1

For the two-dimensional process:

2 2 (p,v)
L)V (p,v) = —0,,(;.,) IV ey I;’pz,v + (O —Ipy) BVap >

2 3tV 1 |4
+ £ Lo, (op 20 @2)

The Hamilton-Jacobi-Bellman equation for both processes can now be written as



max {E(u)V(x) + ipv} = cV(x) (2.3)

u(x)e {0.1}

where x =p or x =(p,v) and £(u) the appropriate infinitesimal generator.
Approximation of

2 2
AN VAN A )

a2’ 9’ w2 ov
will lead to a discrete operator L on a finite state space G. L is the infinitesimal generator of a
finite-state continuous-time Markov process. In [6] and [3] this is proved.
The one-dimensional process can be approximated in a similar way as the two-dimensional process.
Below the discretization of the two-dimensional operator £(z) will be shown. The discretization of the
one-dimensional model is just a simplification of the following derivation.

Approximations:
Vp+hy,v)—V(p, V(p,v)—V(p—h,,
%%(p,v)m (o 1:]) (p,v) or %E(p,v)m (p,v) hl(p 1,V) 2.4)
V(p,v+hy)—V(p, V(p,v)—V(p,y—h
%(p,v)% (p,v :3 (p,v) or %_r:(p,v)ﬁ (p,v) hz(pv 2) 2.5)
2 V(p+h,,v)—2V(p,v)+V(p—h,,
%(p,v)m (p+hy,v) h(]p;v) (p—hy,v) 2.6)
2 V(p,v+hy)—=2V(p,v)+V(p,y—h
% (p,V) o~ (p v 2) h(:; V) (p'lr" 2) (2-7)
Taking
o —Ipv) V(p+h|,:)“V(p,v) if A —lpy =0
14 1
Ao —lpv)——(p,v) = + — Vi (2.8)
ap o —Ip) V(p,v) :(p hy,v) if Ao —Ipy<0
1
Loy V(p,v +ha)—V(p,v) if v —ve(p)<0
Lo—ve@n o) ’ " 29)
=)o () = S - - :
T v ﬁ_%(v_v,(p))V(p,v) :(p,v h3) if v —ve(p)>0
2
it follows that
vV Ao —lpv]* —1
Po—lpr) - = {—,”‘”’]—V(wm,v)—ﬁ%fﬂm,v)
...f =
+ Ro—lol 2y o-hm 2.10)
1 1
[0 —vEN" | == (v—v¢(p))|
1 vV
-0 ~ —T " V(o +hy)——L hz V(o)



[~ =N

2
@ *V o o &
5 aa Vip+h v)——V(p,v)+—=——=V(p—h,,
2 apz 2h12 (p ]V) h12 (pv) 2h|2 (P h] ‘Ir’)
2 a2 2 2 )
IV ¥ r B
2 92 thl V(P,V +h3) h22 V(p,v)+ 2}122 V(p,v hl)
and so
1
2 [— ‘f(" —ve(p)l*
~ +
LV (p,v) 22 » V(p,v +hs)
[ & Mo —lpv]™
+ _
kp_hlz + hl V(p—hy,v)
r l .
o w2 1o—1lpv | | =0 =v(e))]
h* o hy? hy hy (p,v)
(2 De—lp]?
+ Lz},lz + h, V(P"'hl,"')
. 1 . _
P a2
+ 2‘;!22 + h, Vip,vy—h3)
= [2¥]e)

(2.11)

(2.12)

(2.13)

(2.14)

For points on the b'ounda.ry the following holds. At the reflecting boundary the points outside the

boundary are replaced by their reflections. So in particular
Vie—hy,v) —» V(p+h,,v) if p—h; <0

Vp+hy,v) = V(p—hy,v) if p+h>pj, and v:>!p
jam

V(p,v—h;) e d V(p,v +h2) if P—hz <0
Vip,v+hy) = V(p,v—h,) if v+hy>vp,,
At the absorbing boundary all values of V are replaced by 0. This means

ELVIP-V)=0 if P+hl>P;am and v=<s
ijm

Taking a grid of n points, where

Pi. v
n=n;Xny, hl=;]}a_m—l, hz_nszl

a finite state space G is defined. The infinitesimal generator L is an approximation of the
infinitesimal generator £ on G. Counting from (0,vpax) to (pjam,0) the index number i represents the
point (p,v), where p=h,(i —1) modulo n, and v =h,[i —1/n,]. On this grid the functional V(p,v)

can be approximated by a n-dimensional vector ¥. Then
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V(o) ~ S LV() 2.15)
=

The choices in (2.8) and (2.9) are made to assure that the approximated process is Markov. If for-
ward differences were always used, then [Ag—Ipv]~, [Ao—Ipv| and [Ag—/Zpv]* in (2.14) would be
replaced by 0, Ay —/pv and Ay —/pv. Then
o Ao —lpv
i = -+
Lty 202 y

which is in general not positive. A similar problem occurs in L;;+,,. If backward differences were
always used, a similar problem comes up in Lij—y and L;;—,,. So (2.8) and (2.9) guarantee that the
non-diagonal elements in L are non-negative. This is a necessary condition for the existence of a
continuous-time Markov process. Together with the fact that

j=
by construction, the infinitesimal generator L properly defines a continuous-time Markov process.

Defining f; = lpv|; then the Hamilton-Jacobi-Bellman equation for the approximated finite-state
continuous-time Markov process becomes

max {ﬁ-‘(") +

u(i)e {l},l}

S Lo V(j)} =cV@) i=1.n .16)

j=1

2.3. Optimal control of a finite-state Markov process

There are two basic approaches to find the optimal control u* and the value function ¥*. The first
method, policy iteration, is described in [5]. This method gives the solution to the problem (2.16) in a
finite number of steps. Every step however takes a ”large” amount of computation. Successive
approximation is described in [2] and needs an infinite number of steps. In every step however a
small amount of computation is done. Also bounds for V" can be computed which can be used in a
stopping rule of the algorithm.

Combination of these methods leads to a variety of modified policy iteration methods. The sim-
plest of them is described in [7]. The aim of these methods is to get faster converging bounds for V*
then successive approximation does. When this is possible with a “moderate” amount of computa-
tions per step, the method can be faster then policy iteration. Moreover modified policy iteration
algorithms need less storage then policy iteration does. The combined method is rather general. Spe-
cial cases of this algorithm are again policy iteration and successive approximation.

With policy iteration it is possible to solve (2.16) directly. Successive approximation and modified
policy iteration methods exist only for discrete-time Markov processes or Markov chains. So it is
necessary to transform (2.16) into

max {g}‘(f) + aﬁp;}(fJVg)} =V@) i=1.n (€RY)
u(i)e {0,1} J=1
where
IL| = max|Lf| (32)
¢ = ﬁl_ (3.3)
o=l (3.4)

c+|L|
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k Lf‘.z‘

The transformed equation (3.1) is the same as would be obtained for a discrete-time Markov
processes. This discrete-time Markov problem has time-step Ar = 1/|L |, a transition matrix P},
immediate rewards g#¢) and discount factor a. Equation (3.1) is the Hamilton-Jacobi-Bellman equa-
tion for the discrete-time Markov problem. The equivalence of (2.16) and (3.1) can easily be verified.

2.3.1. Policy iteration

Policy iteration is described in [5]. For a continuous-time Markov process and a discounted value
function policy iteration yields the following.

ALGORITHM 1: PoLICY IMPROVEMENT
INITIAL STEP: Choose an initial policy u(i).

ITERATION STEP I: Solve for V

Vi) = f + SLEV(G) o SELE—c8) V() = —ff  i=1.n
j= j=
where u =u,,(i).

ITERATION STEP II: For every state i, find the alternative u,, (/) that satisfies

i+ ﬁ‘,L:-j,-Vm(j) = max {ﬂ-‘ + ﬁlLfijm(j)}
j=

Jj=1 kelo1

where u =u,, +,().
STOPPING RULE: End the iterative algorithm when the new found policy is the same as the former
policy.

The policy iteration algorithm is such that at every iteration the value of the former policy is deter-
mined by solving a linear system of n equations and n unknowns, and finding the best possible policy
for this value by n maximizations over the control space. The next propositions will lead to the
correctness of this algorithm. The correctness is proved in [5]. The proof is included here for reason
of exposition.

PROPOSITION 2. Let V™ for m =1,2,.. be a sequence of vectors produced by the policy iteration algorithm.
Then

ViY== vrE) i=1.n
PRrOOF. By construction in iteration step II

for 4 SLgvmgy = f + SLEVRG) i =1
j=1 Jj=1
So
vo= i+ BLEvmG) - fr = SLEVR() >0 =1 ©
i= /=

Y; is the improvement in iteration step II of state i.
By construction in iteration step I
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Vi) = fi + _ilL:j; vmy) i=1.n
and g

cVmElG) = fi=o +j§]L;-'*'V’”“(j) i=1l.n
Together we get

cVmHIE) — V@) = v, + SLEETHG) - VTG i=1.n
j=1
Or, equivalently,

A=y + LAy, i=1n

Jj=1
So
Yy = (I—L)AV AV = (I—-L) 'y **)
And while
-1 =11
(eI —L) C,.zz"n( cL)"

every element of (c/—L)~! is positive. From this, (*) and (**) follows that every element of AV is
non-negative. This is the same as

yrHl@y = vmE)  i=1.n O

PROPOSITION 3. Let V™ m =1,2,.. be a sequence of vectors produced by the policy improvement algo-
rithm. Let V" be the solution of (2.16). Then

V)< V'G) i=1l.n m=01,.
PROOF. By definition of V" and u":

fo+ JLVO <L+ SV i=1.n
j=1 I=1
and

V= + SLEVG i=1.n
Jj=1

The rest of the proof is similar to the proof of proposition 1. 0O

THEOREM 4. Let V™ m =1,2,.. be a sequence of vectors produced by the policy improvement algorithm.
Let V" be the solution of (2.16). Then

VM@ =V'G) i=1.n  for some M>0

PrOOF. From proposition 1 and 2 it follows that ™ —V". Because of the finiteness of the collection
of controls, and the fact that at every step a control is chosen with a higher pay-off, in a finite
number of steps the algorithm will converge.

O
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The linear system that has to be solved in iteration step I requires a large amount of computations.
Solving goes directly by using a LU-decomposition. The algorithm for this decomposition, and the
solution of the system is taken from [4]. Note that in the one-dimensional case the system is tridiago-
nal, in the two-dimensional case it is banded with upper and lower band width n,.

2.3.2. Successive approximation

Successive approximation is based on a contraction mapping. This contraction mapping has as fixed
point the value function. Beginning with a vector ¥ the contraction produces a better approxima-
tion of ¥*. The optimal control policy according to the approximated value function is also com-
puted. Below one finds a summary of the properties of the successive approximation method. The
correctness of this can be found in [2, § 5.2]. The contraction mapping is defined as

T(V)i) = max {g{-‘ + aéPfj—V(j)} i=1l.n 3.6)
ke{n.l Jj=1

where u(i)=k is the approximated optimal control policy. After every iteration bounds for the fixed
point can be computed.

T™"(VYi) + ¢ < TN + eme1 < V()

< T"HYWYE) + Cpay < TT(VNE) + Cn 3.7

where
o = T2 min [TmO-T" " (0] (3.8)
G = T2 max [Tm(V)(f)—Tm—l(V)(s)] (3.9)

The successive approximations algorithm is

ALGORITHM 5: SUCCESSIVE APPROXIMATION

INITIAL STEP: ¥° =0

ITERATION STEP: V" 1)) = T(W™)i) i=1.n
STOPPING RULE: Repeat this iteration step until ¢, —c,, <e.

Here ¢ is the maximal allowed error of V".
It is also possible to estimate the value of a given control policy.

TVYG) = {gf(") + oS PO V(j)} i=1.n (3.10)
j=1

2.3.3. Modified policy iteration methods

When comparing both methods, policy iteration and successive approximation, the following similar-
ity can be found. Both methods consist of constructing better approximations of the value function.
Subsequently the control policy for this functional is computed. Where policy iteration solves a linear
system of equations to find a larger value for the approximation of ¥ successive approximation takes
just one step of an iterative procedure for solution of the system. The question arises if several itera-
tive steps would still give a contracting mapping. Another question is whether faster iterative
scheme’s can be found. A general iterative scheme that solves (3.1) has the following form
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) = g0 + LE PYOVRHG) + X POV @10
=1

j=s+1

Where s is an integer between 0 and n. The modified policy algorithm becomes
ALGORITHM 6: MoODIFIED PoLICY ITERATION
INITIAL STEP: V° =0

ITERATION STEP I: For every state i, find the control u,, +;(i) that satisfies:

g+ aéP}jV’"(]) = max {gf + ﬂé}Pﬁ-V’”U)}
Jj=1 j=

kefos]
where u =u,, +1(i)
ITERATION STEP II: V™ *1(i) = SM (V™))
where M is the number of iterations used for ”“solution” of the linear system of equations and
TN = g + a Lﬁf:}-@t%) + j_g IPE}VU)]
where u=u,, + (i)

When s =0 the iteration can be denoted as
n
i) = gt + a3 PEOY™())
j=1

or
VmElG) = T(V™G))
where T, as defined in (3.10).

With M =1 this is the successive approximation algorithm again. In [2] this is called the Jacobi
form of successive approximation. For M >1 this method can be regarded as policy iteration where
the linear system is ”solved” iteratively using M steps of Jacobi iteration. For M >1 this method is
worked out in [7]. There this method is called modified policy iteration. The correctness of this
method is given in [7, Theorem 1].

When s =i —1 we can denote

i-1 n )
VL) = gt + o| S PEOYmEL() + SPEOV™())
j=1 J=i
or

i) = F (V™)

When M =1 this is called the Gauss-Seidel form of the successive approximation method in [2]. For

M >1 this method can be seen as policy iteration where the linear system is solved iteratively using M
steps of Gauss-Seidel iteration.
When s =i we can denote

i) = g0 + « Lép;;(nw“(f) + 3 P}}(i)V’”(}')]

j=i+1
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or
) i—1 ) n )
g+« L’EPE'M PG+ S POvmG)
Vm+l(£): =1 J=i+l
1— Py
or
VL) = o F(VM() + (1—w)V™G)
where
w. == _1_
Y 1—apy®

When M =1 this is the successive overrelaxation form of the successive approximation method. For
@’ = min «; and replacing all ; by &’ correctness of that method is proved in [8, Theorems 1 and
2]. The only necessity for choosing w is

l—w+wa PO =0

which hold for w" as well as for w;. For M >1 this method can be seen as policy iteration where the
linear system is solved iteratively using M steps of successive overrelaxation iteration.
When s =i +1 we can denote

Vm+l(!-) — gjia(a') + a [:EIPE,IUVM*-](]-) + é P;:;('-)Vm(]')

=1 j=i+2
The structure of P4 is such that
PUO =0 if joEi —ny,i — i +1,i+n,
PO =0 ifi=Iny+landj=i—1 or i=(+1)n and j=i+1
and /=0..n,—1
Or P* is a nXn block-tridiagonal matrix, with n, Xn, blocks of size nyXn;. The diagonal blocks

are of tridiagonal form, and the blocks of upper and lower diagonals are diagonal blocks. Then (3.1)
simplifies to the formula’s

for /= 0. ny—1

-

i+1 . .
V)= gt®+a |PED, VG —ny) + S PEOVTEIG) + P, V™G +ny)

i§—n,
J
fori= iIn,+1

( i+1 ) ) )
yrrly= gt +a |PHL, V™ i—n) + 3 PEOVTEI() + PEL, VTG +ny)

ii—n
L j=i-1
fori= In;+2.. (I +n;—1
[ i ) ]
ymHiGy= g*O o |PLD, V" i—ny) + 3 PEOVTHI() + PEL, V(i +my)
» 1 j—_—l‘—l )

for i= (I +1n,
For M >1 this method can be seen as a modified policy iteration method where the linear system is
solved iteratively using a block iterative scheme described in [12]. For every 1 a tridiagonal system of
size n; has to be solved.
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Of the four methods presented in this section the convergence rate of the last one is the lowest.

3. THE ONE-DIMENSIONAL MODEL
As stated in chapter 2 the one-dimensional model was formulated as:

1
dp, = E(?\S(")“*'P.-v;)df =+ Gu(p)dwf

vy = V:(p](Pr)
with cost-function:

V(py) = E[ ge‘“fp,v.dr | Po]

The problem is to find the optimal control u(p) u:[0,pjam]— (0,1} for this criterion. The optimal
control u”(p) and the value-functional V" (p) satisfy the Hamilton-Jacobi-Bellman equation.

2 - -
max | LV@ o Lok o d” @ e by = o
u(p)e {0 l} 2 dp2 = dp

With boundary conditions:
av'®
dp

After discretization the resulting finite-state continuous-time Markov process has the infinitesimal gen-
erator

= 0! V-(pjam) =0

P LT0) Ao —lpv]™ .
[LV}—[%2+ ; V(i—1)
Gy |A0—'Ipv| .

- [ h‘z’ + - 140
O [AO_IP“']-'- .

+ 2}:2’ + = V(i+1)

The Hamilton-Jacobi-Bellman equation for this Markov process is:

max { O 4 ﬁ;ng.t*‘)V(j)} =cVli) i=1.n
P

u(i)e {0‘ I}

All methods as described in the former chapter to solve this equation were used for different values
of Ay and h. The one-dimensional model consists of one block, so the block iterative modified policy
improvement method is equivalent to policy improvement. All methods led to the same control law.
As stopping rule for the successive approximation method and for the modified policy iteration
methods a maximum error of ¢=10 was allowed in the value function. The tridiagonality of L¥
makes the LU-decomposition of (L*—cI) very fast. This decomposition did not use more memory
then the other methods used. The LU-decomposition was done by a method described in [4].
Because of the diagonal dominance of (L“—cI) pivoting is not necessary. The high value of the con-
traction factor a, which is about 0,997 makes both successive approximation and modified policy
iteration methods very slow. The latter methods however have the advantage of giving bounds for

V*. Policy iteration gives a value function with is numerical not exact because of the rounding errors
in the solution of the linear system of equations.



3.1. Optimal control

First of all the estimation of V" (p$) will be presented.

Table 2. The value function for several traffic intensities (A)
and several discretization steps (h).

A h 1 0.5 0.25
4000 | 1315 | 1369 | 1392
3000 | 5910 | 5949 | 5965
2000 | 4265 | 4246 | 4237

The optimal control for A = 0.5 is indicated in figure 2.

I+ { P
u(p) -[
0 H- : = f '.
02 57.5 g3 95 110
— p (veh/km/lane)
Ay = 3000
1 } i
u(p)
0 ¥ T JI _1
0 85 66 110
— p (veh/km/lane)
Ay = 2000
1 — i
u(p)
0| t t {
0 15 80.5 110
— p (veh/km/lane)

Figure 2. Optimal control for the one-dimensional model.
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3.2. Suboptimal control

Our interest is especially directed to the area between the stable equilibrium point p§ and p,.;,. Most
of the time we find the optimal control there in “on” position. But applying control to often is
counter productive. The model is based on supposed driver behaviour. Applying control too often
can change this behaviour. We want the homogenising control switched off as long as possible. We
therefore look for a class of control policies which hopefully are realistic. The class that is used is the
class of one-switch policies: turning the control on for densities above or equal to p and off below p.
In this class the control is determined by demanding that the control should be switched on at as high
a density p as possible, while the cost function of this control law in the stable equilibrium point
should be as high as 95% of the value function in this equilibrium point. So these policies have to

satisfy the following criteria. First V5(pb) = 0.95 V" (p§). Second p must be as large as possible.
Solving the linear system

V=4 LVeL—c)V=—f

gives us the value V according to the control u. The results for A = 0.5 of these computations are
shown in the next table.

Ao = 4000
p_| Ved)
26 | 1333
27 | 1326
28 | 1312
29 | 1278
30 | 1229

Table 3. Cost of one-switch controls for traffic intensity Ay =4000.

While V" (ev) = 1369, s0 95% V" (ev) = 1301 the value of p that is acceptable is p = 28.

Ay = 3000
p_| Vipd)
37 | 5712
38 | 5690
39 | 5667
40 | 5643
41 5619

Table 4. Cost of one-switch controls for traffic intensity Ay =3000.

While V" (ev) = 5949, s0 95% V" (ev) = 5652 the value of p that is acceptable is p = 39.

A = 2000
P V(pb)
79 | 4243.78946
80 ...894
81 ...878
82 ...892
83 ..929

Table 5. Cost of one-switch controls for traffic intensity A9 =2000.

While V" (ev) = 4246, s0 95% V" (ev) = 4039 every value of p is acceptable, while the minimal value
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is reached for p = 81. This point is the point where the control is turned off again in the optimal
control policy. The minimal value is still high enough.

3.3. Conclusions

For several values of the intensity Ay the optimal control is estimated. The optimal control has two
properties which in practice could lead to unwanted, and unmodelled effects. The control is turned
off when congestion is very likely to occur. The control is turned on even at very low density. To
avoid these problems we have considered a class of one-switch policy’s. Acceptable control strategies
have been found. At low intensity the control is never applied, at high intensity switch-points are
determined.

4. THE TWO-DIMENSIONAL MODEL
As stated in chapter 2 the two-dimensional model is formulated as

dp, = S-S0V ~ o)t + oy,
db = = L0~V (ot + iz
with cost function
Vipo,vo) = E{ Ze“‘lm; | po.vo ]
The problem is to find the optimal control u(p,v) u:[0,0am] X [0,V max]— {0,1} such that this criterion

is maximized. The optimal control u"(p,v) and the value function ¥"(p,v) satisfy the Hamilton-
Jacobi-Bellman equation

1 2 - -
Sk 7V (p,v) + ﬁ(hs_lpv)a_z(fﬁl

max
uip,v)e {U,l}{ 2 ap2
¢ EBEVEn) Lo V@) g, } — Vo) =0
2 av T v

with boundary conditions

;12 _ v’ _ v’ —
av (pyo)_o’ av (Pavmx)_o’ ap (O,V) Os
N _
V-(Pjam’v):o for 0sv<< Toram , a—p(pjm,v)—ﬂ for 7. <V =<Vpa-

After discretization the resulting finite-state continuous-time Markov process has the infinitesimal gen-
erator

1
2 e A )
[LV]W) = 2:21 + —T - Yo+
a* Ao —lpv]™
M {2}112 + hy Vip—h1,v)
— Ll
@ g, I—ter]  TFOTYED Vo

h]z h22 hl hl
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2 Mo —lpv]™
+ {2*‘!12 + 7 V(p+hy,v)
1 _
[—=(—v¢(p))]
P T & V(v —hy)

2}!22 h?.

The Hamilton-Jacobi-Bellman equation for this approximated finite-state continuous-time Markov
process is

max {ﬁ"(i) + iL}}U)VU)}z-?V(f) i=1l.n
u(i)e{ﬂ,l} J=1

To solve this problem policy iteration and modified policy iteration methods were used. For a very
small discretization step the policy iteration method could not be used because the LU-decomposition
required too much storage. For a larger discretization step, however, it is one of the fastest methods.
Only the block iterative version of modified policy iteration was as fast as policy iteration, the other
three were slower. Of these three the successive over-relaxation version was satisfactory, the other two
were too slow. The amount of storage for all four modified policy methods were of the same order, of

the o(n). They all used far less then the policy iteration algorithm, which used a memory of the order
o(n*n,y).

4.1. Optimal control
The estimation of V" (p§,v¢(p})) is presented in the next tables.

Ao =4800
h) hy | V" (p8,v*(pb))
10 10 743.7
5 5 775.3
2 5 785
2 2 792
125 1 2 800
Table 6. Value function for traffic intensity Ag =4800.
Ao =4000
hy | hy | V" (pb.v¢(pd)
10 | 10 2747
5 5 3677
51 3 3861

Table 7. Value function for traffic intensity Ao =4000.
The optimal control is as indicated in figure 3.

4.2. Suboptimal control

Again a search is made to find a simple control, which still has a value in p§ which is at least 95% of
the value function in the equilibrium point (p§,v¢(p3)). We will consider control policies in which the
state space is partioned into two parts by a straight line: at one side homogenising control is applied,
at the other side it is not. The following three classes of policies are considered:
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Ao =4800 Ao =4000
120 120

v (km/h) v (km/h)

1 /"”-——o- 1
0 110 0 110
— p (veh/km/lane) — p (veh/km/lane)

Figure 3. Optimal control for the two-dimensional model.

0 p<p

u(p,v) = {1 0> 21)
0 v<v

u(p,v) = {l I (22)

0 v=ypt+d
¥ =11 veypis 23)

Where v is defined as the tangent of the separator in the unstable equilibrium point p§, see section 2.1
proposition 2. The determination of y is done in [11], and y==0.7 for intensity Ay =4000. So the third
class can be seen as a shift of the linear approximation of the separator. For Ay =4000 and
hy;=h,=5 the results are
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class 2.1 class 2.2 class 2.3

p_| Vipd,ve(pd) || v b
0 3459.1 40 | 2596.7 || -60 | 2570.7
5 3459.6 45 | 2639.9 || -50 | 2570.7
10 3462.1 50 | 2706.4 || -40 | 2570.4
15 3472.3 55 | 2797.5 || -30 | 2569.4
20 3508.0 60 | 2905.8 || -20 | 2566.6
25 3592.7 65 | 3033.0 || -10 | 2563.2
30 3661.9 70 | 3160.4 0 | 2567.2
35 3198.6 75 | 3281.3 10 | 2594.2
40 2869.3 80 | 3390.0 20 | 2659.8
45 2680.9 85 | 34634 30 | 2779.2
50 2596.4 90 | 3483.7 40 | 2955.2
55 2568.1 95 | 3474.2 50 | 31939
100 | 3463.9 60 | 3425.8
105 | 3460.8 70 | 3550.3
80 | 3515.0

Table 8. Values of cost functions for several classes of suboptimal controls.

In every class we can determine an optimal control. Also the control can be determined which post-
pones the use of homogenising control, but still has a cost function which is high enough. Results of
the considered classes are presented in the next table.

class2.1 | V/V(p§,v¢(pd))

optimal | 30 99.6 %
35 87.0 %

class22 | ¥

optimal | 90 94,8 %
85 942 %
80 922 %

class 23 | b

optimal | 70 96.6 %
60 932 %
50 86.9 %

Table 9. Comparison of cost functions for optimal and suboptimal controls.

4.3. Conclusions

For different values of the intensity Ay the optimal control is determined. Several classes of controls
are investigated, and suboptimal controls are determined in these classes. As the optimal control
already suggests, control based on density only yields a high value. So even in the two-dimensional
model a useful control may be based on the density only. Seen of the point of view of control the
second state variable does not give extra information. This to our surprise as we expected that the
separator would play a role in the control.
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5. CONCLUSIONS

3.1. Control

In this report two models for freeway traffic flow have been investigated. For both models optimal
control strategies have been computed. Different classes of control have been investigated and subop-
timal controls for these classes have been determined. A general conclusion is that one-switch control
based on density is both a useful and simple type of control. The switching value p still depends on
the intensity at the entrance of the freeway section considered.

5.2. The method

The approach used to compute the optimal control of the stochastic differential equations seems to
work well. The discretization of the state space, to get a finite-state Markov process was already used
in [1] with success. A direct method to solve the linear system of equations was used there to minim-
ize the number of iterative steps in policy improvement. For in [1] a continuous control space was
considered which leads to a higher amount of computations in each iterative step. With a finite con-
trol space this problem is far less important. Iterative methods can be used which use more modified
policy improvement steps, although each step takes less computation time. These modified policy
improvement methods need less storage, so larger problems can be solved and a finer discretization
may be used. The special structure of the two-dimensional Markov process suggests the use of a
block iterative method for solving the linear system of equations. This method indeed converges fast
and uses a reasonable amount of memory.

5.3. Suggestions for research

The models which have been investigated in this report were simplifications of the model proposed in
[9]. Further research can be done on the effect of control in one section on the traffic flow in another
section. A possible approach is to make a two-dimensional, two-section model based on the density
in both sections only. Such a model can be described by the stochastic differential equation

1
dp; = —No—lipr,v1,)dt + odwy,
L1,

vie = v(p1,)

1
dpy, = 5——(1p1,vi,e—2p2eva)dt + odw,y,
Lyl

Var = Ve(ﬂz.:)
The same methods as used in this report can be applied to investigate this problem. Taking more sec-
tions or a extensions of the model with a stochastic differential equation for the mean speed leads to a
model with higher dimensions. The same methods are applicable in principal to these models, but
they will lead to linear systems of equations of very high order.

Another approach to obtain conclusions about the effect of control in a model of many sections, is
by way of simulation. Several control laws can be investigate based on density in one or more sec-
tions. In every section control can be based on density in that section, or overall control can be
based on density in one special section. The simulations could give a view into the effects on the
traffic flow upstream and downstream.
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