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Abstract

In this paper processes specifiable over a non-uniform language are considered. The language contains con-
stants for a set of atomic actions and constructs for alternative composition and sequential composition.
Furthermore it provides a mechanism for specifying processes by a form of guarded recursion (including
nested applications). We consider processes as having side-effects: Atomic actions are to be specified in
terms of observability and state transformations. The execution of a process having some initial state
is formally described as a transition system containing information about observability and state trans-
formations. This leads to an operational semantics in the style of Plotkin. Let S be a set of states,
and f denote unary predicates over S and p be the specification of some process. The partial correctness
assertion {a}p{B} expresses that for any transition system associated with p and having an initial state
satisfying a, its final states satisfy 8. A logic in the style of Hoare and a proof system for deriving partial
correctness assertions are presented. This proof system is complete (relative to all true assertions about
the states in S§), so any partial correctness assertion can be evaluated by investigating its derivability.
Techniques concerning the construction of derivations or proofs of their absence are not discussed.
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1 Introduction

A process 1s the behaviour of a system. A computer executing some program or a person using a
drink dispenser are two examples of processes. In order to specify (or analyse) processes we assume
that we have available a set of atomic actions, i.e. processes which are considered to be not divisible
into smaller parts and not subject to further investigation. More complex processes can be seen as
composed out of atomic actions. This paper is based on the notion of processes specifiable in a simple
‘process language’ for which a set A of atomic actions is a parameter. The language contains constants
for all atomic actions in A and offers constructs for alternative composition, sequential composition and
recursion. Any closed process expression represents a process. An atomic action a € A is considered
to be observable pointwise in time. Its execution though takes a positive (finite) amount of time,
at the beginning of which it can be observed as the process a, and at the end of which we say that
the execution is terminated successfully. This can be formally described as a (labelled) transition
a —= ./, where the label a represents what can be observed and / is a symbol representing successful
termination (see [9]). By giving a calculus for deriving transitions (so called action rules), every closed
process expression generates a transition system, representing all possible courses of execution. In [6]
this is worked out for a larger process language, containing also a construct for the specification of
concurrent processes.
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2 1 INTRODUCTION

In this paper we regard the use of a staie space on which atomic actions, and !;hus all processes
specifiable in our language, have side-effects involving state transformations. This means that we
consider a non-uniform process language (this notion is eg. discussed in [4]). These s.lde-eﬂ'ect.s are
to be specified in terms of observability and state transformations by function.s action and eﬁect
respectively: Let S be a set of states and a the representation of some atomic action. The expression
action(a, s) denotes what can be observed if a is executed in initial state s; with effect(s,a) we denote
the state resulting from this execution. If this execution terminates successfully it can be formally
described by a transition

(a,5) ““22%) (\/, effect(s, @)

where (a, s) represents the process a in initial state s and effeci(s, a) is called a final state. We present
a calculus to derive transition systems concerning more complex process expressions out of these
atomic transitions (so called effect rules), reflecting the observability and state transformations of any
possible execution. We will use these transition systems to define an operational semantics.

Most of this paper is about partial correctness assertions. Let a and B refer to unary predicates
over S and p represent some process. The partial correctness assertion {a}p{8} concerns some features
of a number of transition systems associated with p: If the execution of p started in an initial state
satisfying o terminates successfully, then the resulting final state satisfies 3. So a partial correctness
assertion abstracts from observability and intermediate states of execution. The adjective partial ex-
presses that successful termination is not implied. The transition (system) displayed above expresses
that the partial correctness assertion "{s} a {effect(s,a)}" is true. A partial correctness assertion
{a} a {0} over an atomic action a can be evaluated by constructing the transitions (a,s) — (4/,.) for
all s such that a(s) holds.

Main result. In order to reason formally about partial correctness assertions we present an ap-
plication of Hoare’s logic, an axiomatic method for proving programs correct (for a survey of Hoare’s
logic see [1]). This logic contains a proof system for deriving partial correctness assertions starting
from atomic partial correctness assertions and the true assertions about the states in S. We show
that the proof system is complete (relative to all true assertions about the states in §), so a partial
correctness assertion is true iff it is derivable. Suppose one wants to investigate a partial correctness
assertion concerning a complex process specification. Finding a right derivation or showing the ab-
sence of these may then replace the construction of a (possibly large) number of (complex) transition

systems. Techniques concerning the construction of derivations or proofs of their absence are not
discussed.

Contents of the paper. Section 2 is dedicated to the way processes can be specified. In sec-
tion 3 we discuss the specification of side-effects and the construction of transition systems. In section
4 an operational semantics and the concept of partial correctness assertions are introduced. We de-
fine a ‘partial correctness semantics’ and a ‘language of assertions’, suitable to formulate any partial
correctness assertion. Next, in section 5, we present a proof system for deriving partial correctness

assertions, which will be proved relatively complete. The paper is concluded with a short discussion
on some extensions.

Note. A related version of this report appeared as "Process algebra and Hoare’s logic” (see [10]).

Note. The specification formalism introduced here refers to the sequential fragment of ACP, the Al-
gebra of Co'mmunicating Processes. ACP is an algebraic framework suitable both for the Spen;iﬁcation
and the verification of communicating processes. For the latter it provides axiom systems concerning
the equality relation over process specifications. Here we do not consider such axiom systems, but
fr.om the start concentrate on a semantical approach. In [10] it is proved that the semantical no;:ions
discussed in this paper satisfy the relevant ACP axioms. ACP is discussed in e.g. [5]



3o Constants: a for any atomic action a € 4
é deadlock (6 ¢ A)
Binary functions: + alternative composition (sum)

sequential composition (product)

Ziy1 | Constants: <z |E> if E is a pure system over I;
and z is a solution of E

b Uz, (ren)

n

nt Unary functions: Tn projection, n € IN

Table 1: The signature £+

2 Process expressions

‘We introduce a language in which processes can be specified. A parameter with respect to this
language is a set A of atomic actions with typical elements a,b,¢,.... Let V = {z,y,2,...} be a set of
variables. The language is built inductively from ¥V and the constants and functions of the signature
Tt in table 1, and will be defined in three stages.

2.1 Finite processes

The signature £y can be used to specify finite processes. For each atomic action @ € A there is a
constant a € 3. Further there is a special constant § € A representing ‘deadlock’, i.e. the acknowl-
edgement of a process that it has no possibility to do anything any more. There are two binary
functions in £y, + (sum) and - (product). Some intuitions: = + y represents the process which first
makes a choice between its summands =z and y, and then proceeds with the chosen course of action;
z -y (or zy, for short) represents the process z, followed after possible successful termination of = by
y. The process = does not terminate successfully if it ends in deadlock. We take - to be most binding
of all operators and + to be least binding, eg. zy + z means (z - y) + 2.

Let Py be the least set such that
o As C Py, where A5 = AU {5}.
e If p,g € Py, then p+ g € Py and pg € Py.
So Py is the set of closed process expressions over £3. Every element of Py now specifies a finite

process.

2.2 Recursively specified processes

‘We extend our process language with a mechanism for specifying processes recursively. This gives us
in particular the means to specify possibly infinite processes. We first give an example and then start
with some formal definitions.
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Example. Consider an automaton which behaves as follows: After the insertion of a coin and a
push on a button a or b it serves a drink encoded by that button; if the button for restitution is
pushed, the inserted coin will be returned. Assume that the automaton is tacitly maintained: All
drinks are always in stock and there is always room for insertions. Our running example concerns the
(proper) behaviour of a user of this automaton, and can be described as a composition of the following
atomic actions:

in (insert a coin)

PP, (push one of the buttons a or b respectively)

pr . (push the button for restitution and collect the returned coin)
co (collect the delivery of the automaton)

st (stop behaving as a user)

The recursive specification
U = in((p, + py)co + pr)U + si

expresses that the left-hand side of this equation is specified recursively by the right-hand side: A
user behaviour U consists of either inserting a coin or stopping the behaviour; in case of the first
atomic action then to push a button for one of the drinks or to handle restitution; in case of the first
alternative then to collect the delivery of the automaton; then to restart the preceding process. (to
be continued)

Definition 2.2.1 A recursive specification E = {& =t |z € Vg} over Z; is a set of equations where
Vg is a set of variables and t. some process ezpression over X; only containing variables of Vg. For
each z € Vg there is exactly one equation (the set Vg need not be finite).

So up till now X is the only signature over which recursive specifications can be defined. A solution
of F is an interpretation of the variables in Vg as processes in a certain semantics, such that the
equations of E are satisfied. For instance the recursive specification {z = z} has any process as its
solution and {z = az} has the infinite process "a*” as its solution. We introduce the following two
syntactical restrictions on recursive specifications:

Definition 2.2.2 1. A4 recursive specification E-= {z = t. |z € Vg} over Z; is called guarded if
each occurrence of a variable y in the expressions t, occurs in a subterm pM with p € P;. We
speak of guarded systems instead of guarded recursive specifications 1.

2. A guarded system E = {z = t.|x € Vg} over I; is called pure if for any subterm M - N of one
of the t, we have that M contains no variables of Vg.

The notion ‘pure’ is typical for this paper. By considering only systems which are pure, we can prove
our completeness result. Remark that the specification of U in the example above is pure. Now the
signature X, in which we are interested, can be properly defined in an inductive manner. We will
study partial correctness assertions over this signature.

Definition 2.2.3 1. The signature L;y, is obtained by extending T; in the following way: For

each pure system E = {z = t. |z € Vg} over I; a set of constants {<z | E>| z € Vg}, where
<z|E> denotes the z-component of a solution of E, is added to ;.

2. The signature T is defined as U . (n € IN). We call a recursive specification E pure (or

guarded) over L if E is a pure (guarded respectively) system over I; for some 1.

'In section 5.4 we return to this definition of guardedness.
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For instance <r | {r =<y|{y = ay+ b}> z + ¢} > is a closed process expression over L (even
over ). but <z|{z = arb+ ¢}> is not since 1t refers to a specification which is not pure. Unless
stated otherwise we consider process expressions and pure systems over ©.. We introduce some more
notations:

Let ¥ = {r = tz|x € Vg} be a pure system, and f a process expression. Then <t | E > de-
notes the process expression in which each occurrence of £ € Vg in t is replaced by <z | E>, eg.
<aar|{z = ar}> denotes the process expression ua<r|{r = ar}>. If we assume that the variables in
a recursive specification are chosen freshly, there is no need to repeat F in each occurrence of <z|E>.
Variables reserved in this way are called formal variables and denoted by capital letters. We adopt
the convention that <X | E> can be abbreviated by X once F is declared. As an example consider
E = {X = aX}: The closed process expression aaX abbreviates aa<X [{X = aX}>.

Let P be the least set satisfying
e A4s C T,
e lfpge P, thenp+g€ FPandpg€ P.
o If £ = {x =t.|r € Vg} is a pure system over L, then {<z|E>|r € Vg} C P.

and P, defined likewise by only considering pure systems over £,. Every element of P (P, respectively)
now specifies a recursively specifiable process.

2.3 Finite projections

The signature £, defined as an extension of I by adding unary operators 7, foralln € IN to I, is
only needed for technical matters. The projection operator 7, stops a process after it has performed
n atomic actions. Let P* denote the set of closed process expressions over this signature.

3 Processes having side-effects

In this section we discuss the specification of atomic actions having side-effects. Furthermore we
introduce a calculus for deriving transition systems concerning processes having side-effects.

3.1 The functions action and effect

We regard processes as having a state: Let S be a nonempty set of states, with typical elements
s,8',.... The ‘state labelled process expression' (z,s) denotes the process r in state s. The idea is
that the execution of an atomic action a in state s results in an action a’ representing the observable
activity of this execution (an atomic action or §), and in a resulting state s’ 2. This idea is formalized
by given (total) functions

action : Ag x § — As and effect :Sx A5 — S

which determine the relation between elements a of A5 and elements s of S, the set of states. The
functions action and effect were introduced in [2]. With action(a, s) we denote the observable activity
which represents the execution of a in state s; with effect(s,a) we denote the resulting state. This
‘operational view’ on the execution of elements of 4 in some state will be generalized to an operational
semantics based on transition rules in the style of Plotkin. We first introduce some restrictions and
notations: It is assumed that

2As an example think of the representation of a program in a high level language as Pascal in process algebra. Let a
variable z be declared as an integer and S denote the set of valuations from declared variables to their full domains. If
we regard an assignment = := z + 1 as an atomic action g, then o' = a if s(z) < MAXINT and § otherwise. Of course
s'(z)=s(z)+ 1 and &'(y) = s(y) ify Z =.
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1. Vs € S(action(é, s) = 6)
for, in each state § should indeed denote deadlock;
2. Vs € S(effeci(s,§) = s)

because deadlock should not alter a state. We demand that for all functions action and effect consid-
ered the properties 1 and 2 hold. Another way to state this is to demand that & is inert (with respect
to the functions action and effect).

e We use the following abbreviations: a(s) for action(a,s) and s(a) for effect(s,a).

We conclude this section with a definition concerning the general framework in which we will study
state labelled process expressions.

Definition 3.1.1 A structure (A, S, action, effect) is a gquadruple containing the set A of atomic
actions, a nonempty set S of states and functions action : As x § — Ag and effect : S X A — §
such that & is inert.

We use symbols &, 8’ as syntactic variables for structures.

3.2 Transition systems

We introduce for all @ € A a binary transition relation —— over state labelled process expressions. In
general we mean by a transition (z,s) — (y, s’) that by performing an action a the process z in state
s can evolve into ¥ in state s'. To represent successful termination we introduce a special element +/
not in £+ and for all @ € A a relation — (+/,.) between state labelled process expressions and states:
The expression (z,5) — (+/,s') denotes that the process z in state s can terminate successfully in
state s’ by performing a. Typically an atomic action a will be related to transitions (a, s) = (+/, 8(a)),
provided a(s) # 8. In case a(s) = & there simply is no related transition®. In table 2 we present a proof
system, the effect rules, by which we can derive transitions. Notice that any structure fixes the effect
rules. We define —» for ¢ € A" as the reflexive and transitive closure of all transition relations:

® (z,5) -2 (z,s) (X denoting the empty string over A*)
, @8) = (@) @s) = (@"s") (2,8 = (@) (@) S (V")
(z,s) - (=",s") (z,9) = (+/,s")

Instances of this relation will be called effect reductions. We here give an example of a property of
effect reductions that will turn out to be useful:

(a€ A)

Lemma 3.2.1 ‘decomposition’ If for some string o € A*, s € S we have (zy,s) —» (+/,5'), then
there are 01,03 and s” such that 0103 = 0, (z,5) —> (v/,8") and (y,5") —=> (/,s). m}

This can be proved by induction on the length of derivations. We may call decomposition a derived
effect rule.

The next step towards our operational semantics is to associate a transition system ts((p, s)) to any
state labelled closed process expression (p, s), representing all possible transitions. Consider the graph
G((p, s)) defined as follows:

NopES = {(p',s')|there is ¢ € A* such that (p,s) — (p',s')} U
{(+/,¢")|there is 0 € A* such that (p,s) —» (+/,s')}
ARcs % {k - ¥'|k, k' € NODES and k —%» k' a transition}

3 Another possible approach would be to define transitions (a, s) <2 (6,s) in case as) = 6.



3.2 Transition systems

a€A: (a,5) =3 (v, 5(a)) (if a(s) # 6)
L (z,8) — (z',s") (z,8) = (V,s)
(z +y,s5) — (z,5') (z+y,s) = (v,5")
(y,8) — (¥',5") (¥,8) — (v/,5")
(x+y,s) — (¥,5") (z+y,5) — (V,5")
(z,5) — (&', 5") (z,8) = (v/, 5)
(zy,8) — (z'y,s") (zy,5) — (y, §")
recursion . Stz E>58) = (,8) (<tz|E>,5) = (v/,5')
L (<z|E>,5) —> (y,5") (<z|E>,5) = (v/,5')
. (z,8) = (@', 8") (z,9) = (v,
" (Tn+1(x), 8) — (ﬂn(‘rf}y 5!) (Tnt1(T), ) - (\/s 5')

Table 2: Effect rules
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Figure 1: A transition system

By defining the node (p,s) as the root of G((p, s)), this construction yields ts((p, s)), the transition
system associated to (p,s). Here the state s will be called the initial state of ts((p,s)). Any state s’

such that (4/,s') is a node in G((p, s)) will be called a final state of ts((p, s)). We return to our running
example:

Example. (continued) Concerning the recursive specification U = in((p, + py)co + pr)U + st we
consider a user having initially N + 1 coins and no drinks. Take S = (A, S, action, effect) with
A = {in,p,, p, co, pr, st} and with each state of § being a pair of counters which are used to keep
track of the number of coins a user has and the number of drinks already collected: Let § = BusyUFinal

where Busy = {(¢,7) | 2+ j = N} and Final={(i,7) | i+ j = N + 1}. We define the functions action
and effect in the following way:

. def [ tn if (4,j) € Final-(0,N +1) .. cdet | (2—=1,7) if (4,7) € Final—(0,N +1)
m(s) = { 6 otherwise (&, 7)(im) = (i, 7) otherwise
def [ co if (i,7) € Busy .. def | (3,7 +1) if (4,j) € Busy
co(s) = { 6  otherwise (i, 3)(e0) = (%, 7) otherwise
def [ pr if (i,5) € Busy - def [ (14 1,5) if (4,7) € Busy
pr(s) = { 5  otherwise (5, 3)(pr) = i, ) otherwise

and the atomic actions p,,p, and st inert. Assume N = 0. In figure 1 the transition system for the
process U in initial state (1,0) is displayed. (io be continued)

4 Semantics

In this section we define an equality relation over transition systems, which will be used to construct
an operational semantics. Furthermore the concept of partial correctness assertions is introduced and
we derive a ‘partial correctness semantics’. Finally we define a language of assertions, based on a
structure S, which can be used to refer to any part of the state space.
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4.1 An operational semantics

Let S be some structure. The idea is that two closed process expressions p and ¢ are operationally
equivalent in S if they satisfy the following property: The representation of any execution of p in
some initial state s (in terms of its performance of atomic actions) also represents an execution of ¢ in
initial state s, and vice versa. We now formalize this idea. Consider the set of all transition systems.
In order to define an equality relation over this set, we use the notion of a bisimulation (see [8]):

Definition 4.1.1 A binary relation R C (Px S)x (P x S) is a bisimulation if the following conditions
are satisfied (a € A):

1. If (p,s)R(q,s) and (p,s) — (p',s'), then there is a (¢',s') such that (q,8) — (¢’,s') and
(7', s")R(q', ).

2. If (p,s)R(q,s) and (g,8) — (¢',s'), then there is a (p',s') such that (p,s) —— (p',s') and
(¢, s")R(g', ).

3. If (p,s)R(q, ), then (p,s) — (v/,s') for some s’ if and only if (¢,5) — (v/,5").

Two transition systems ts((p,s)) and ts((qg,s)) are bisimilar, we write ts((p, s)) = ts((q, s)), if there
ezists a bisimulation R with (p,s)R(q,s). Remark that equality of initial states is demanded here.

It is not difficult to see that < is an equivalence relation. Let [(p, s)] be some unique representation
of the equivalence class of £s((p, s)). We define an operational semantics as follows:

Definition 4.1.2 1. A closed process expression p is interpreted in S = (A, S, action, effect) as
{lm,9)] | s € S}.

2. Two closed process expressions p and g are operationally equivalent in S, we write S =Ep=,; q,
if for all s € § we have ts((p, 5)) = ts((q, 5)), that is if {[(p,s)] | s € S} = {[(g,s)] | s € S}.

Remark that if we want to consider a structure § = (A4, 5, action, effect) in which for two atomic
actions a and b we have for all s € § that a(s) = b(s) and s(a) = s(b), then S = a =, b. This reflects
the circumstance that in & the constants a and b apparently denote the same atomic action. We finally
prove that for any structure S the relation =,; is a congruence, which implies that closed process
expressions occurring in a specification may be replaced by operationally equivalent expressions.

Theorem 4.1.3 For all structures S the relation =,p is a congruence with respect to the operators
involved.

Proof. The theorem can be proved by inspection: Fix & and assume S Ep =.p P, S =g =op q¢'. We
have to show S = pOg =., p'O¢’ for O € {+,-}. As an example we consider sequential composition:
Suppose that ts{(p, s)) = ts((p',s)) by the relation R, and ts((g,s)) = ts((¢’,s)) by R, ) for all

s €S. Fixsop € Sand let Sy = {s € S| 3o € A*((p,s0) —» (+/,5))}. We define a relation R as
follows:

RE{((rq,),(r'q, ) | (n )Ry )90} U U Bq)
121

We have (pg,so)R(p'q’,s0) and by induction on the length of derivations it follows that R is a
bisimulation. (mi
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4.2 A partial correctness semantics

Let A be a set of atomic actions. We introduce a logical language £, the language of assertions, in
order to reason formally about any structure S = (4, S, action, effect). Let Pred be some set of unary
predicate symbols. We define £ as follows:

one variable: v

unary function symbols:  effect, (for all @ € As)
unary predicate symbols: stop, (for all @ € As)
unary predicate symbols: P (for all P € Pred)
connectives: - VoA =,

auziliary symbols: )y 9 (

Parameters for £ are a set A of atomic actions and some set Pred of unary predicate symbols.
L—formulae are called assertions and we use a,f3,... as syntactic variables for assertions. Remark
that a term always contains exactly one occurrence of the variable v.

Having defined £ we can give the definition of a partial correctness assertion in syntactical terms:

Definition 4.2.1 1. A partial correctness assertion over L is an ezpression of the form {a} p {3}
where p is a closed process ezpression over I.

2. A correctness formula over L is an ezpression of the form {a}t{8} wheret is a process expression
over X.

So a partial correctness assertion can be regarded as a ‘closed’ correctness formula. We need the
more general concept of ‘correctness formulae’ to define a proof system in which we can derive partial
correctness assertions concerning recursively specified processes. Correctness formulae are not subject
to Boolean operations. Let ®,®’,... be syntactic variables for (possibly empty) sets of correctness
formulae.
We now define the way we interprete assertions and correctness formulae. Let S = (4, S, action, effect)

be some fixed structure and {P | P € Pred} a set of unary predicates over S. We define an interpre-
tation Z of £ with domain S as follows:

terms : [effect ]5F = As.s(@) (s€S)
formulae: S 1o if VseS(Skrzeals)
S =z stopy[s] if a(s)=6
S =z Pls] if P(s) holds

and compound formulae as usual

Before defining the way correctness formulae are interpreted we introduce some more notation:

Let ¢ be some process expression over ¥ and T a sequence of variables. We write t = £(Z) to indicate
that all variables occurring in ¢ are among the elements of the sequence T. If  is a sequence of
elements of P* (the set of closed process expressions over £*), then t(p) denotes the closed process
expression obtained by replacing all variables in t by the corresponding 7—elements. We write V5 *
if we want to consider all sequences of length T over P+,

This applies to correctness formulae as follows: If ® is a set of correctness formulae and Z a sequence
such that {a}t{8} € & => t = t(Z), then we write ® = ®(7) and &(p) = {{«}t(P) {8} | {a}t{8} € ®}.

Definition 4.2.2 1. A partial correciness assertion {c} p {8} is true in & under Z, we write
SkEzr{a}p{B}, if forall 5,5' € S, o € A* we have:

S Ezals] and (p,s) = (v,s) = S k1 fls']
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2. A correctness formula {a} t {8} with t = {(T) is true in S under 7, we write S =1 {a} t {8}, if
VP [S 1 {a} t(P) {8}
So the truth of a partial correctness assertion {a} p{3} expresses the fact that any successful execution

of p in an initial state satisfying a, results in a final state satisfying 8. A semantical relation based
on partial correctness assertions can be defined as follows:

Definition 4.2.3 We call two closed process expressions p and g equivalent under partial correctness
in & under I, we write S |=1 p =p¢ q, if for all L—formulae o, we have:

SkEz{a}p{B} <= Skz{a}q{B}
Obviously =, is always an equivalence relation, we show that it is also a congruence:
Theorem 4.2.4 The relation =, is a congruence with respect to the operators involved.

Proof. We prove the theorem by inspection: Let I be an interpretation of £ in & and suppose
S E1 p =pc 7,8 1 ¢ =pc ¢'. We have to show S =7 pOg =, p'Oq¢’ for O € {+,-}. As an
example we consider alternative composition: It is sufficient to show that if we have a reduction
(p+q,5) == (+/,8'), then there is a reduction (p' +q',5) —=» (+/,s'). This follows easily: Suppose
the first transition in our reduction, say (p + ¢,s) — (r,s"), is a consequence of (p,s) — (r,s").

By the induction hypothesis we have (p',s) —2» (4/,s') for some string p € A*, so using the first
transition of this reduction we derive (p' + ¢, s) —> (1/, ') m]

We extend the relation =p. to open process expressions in the obvious way: S =7t =5 t' if

A5 [‘S }:I t(ﬁ) =pc t (ﬁ)]

for t = t(Z) and t' = t'(Z). In the following lemma we present a useful property of this extended
relation.

Lemma 4.2.5 ‘distributivity’ For allt,t',t" over ©F we have t(t' +1t") =p. tt' +tt" and (t+t')t" =4
tt" + ¢t m]

This can be proved by induction on the length of derivations, using decomposition (see lemma 3.2.1).
The semantical relations =,, and =p. are by definition related in the following way:

Theorem 4.2.6 If for some S and closed process expressions p and ¢ we have S |= p =, q, then
also S |=1 p =pc g for any interpretation T of L in S. O

Of course the converse does not hold. It is not difficult to define £,S5,7 such that 8 & a(b+c) =,
ab + ac, whereas S =1 a(b + ¢) =pc ab+ ac by distributivity.

We finally introduce for any structure S a special language of assertions, suitable to refer to any
unary predicate over the state space of S.

Definition 4.2.7 Let S = (A, S, action, effect) be some fized structure and Pred contain ezactly one
predicate symbol for each subset of S. We write in this case Ls, the language of assertions about
S, and we interpret the symbols of Pred as the corresponding predicates over S. We will omit the
subscript T when interpreting assertions of Ls

We write Trs for the set of all true assertions in Ls, so a € Trs if Vs € § (S = afs]).
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5 Deriving partial correctness assertions

In this section we show how to derive partial correctness assertions. We present a proof system H,
and we show that H is relatively complete. We further discuss a somewhat more restricted definition
of ‘guarded systems’ and we finally show that in H we cannot handle partial correctness assertions
concerning all guardedly specifiable processes.

5.1 Proof systems, soundness and completeness

A proof system G is a finite set of (schemes of) axioms and rules in a natural deduction format. It
can be used to derive correctness formulae, and in particular partial correctness assertions, over any
language £ and in any structure S = {4, S, action, effect).

We write Trs,® FC 9 if there is a derivation of ¥ in G which uses hypotheses from Trs and &. If
G is fixed, we omit the superscript G in FC. A partial correctness assertion {a} p {3} over L is called
derivable in G and S if Trg FC {a} p {8} (so @ = @). A proof system is always associated with a
signature £g C ¥ of the process expressions occurring in all derivable partial correctness assertions.

We call a proof system G sound if for all structures S, interpretations T of a fixed language £ and
all correctness formulae {a} ¢t {8} over L we have

Trs,® FC {a} t {8} = VF[S k1 &) = S k=1 {a} t(F) {B}]

with & = &(Z) and ¢ = #(Z). So in particular any partial correctness assertion over L derivable in
G, S is true in S under Z.

The proof system G is (relatively) complete if for any structure & and its language of assertions Ls
the converse holds as well for all derivable partial correctness assertions over Lgs:

Skr{a}p{B} < Trst® {a}p{B}

that is, a partial correctness assertion {a} p {8} is true in S if and only if {a} p {8} is derivable in G
(using Trs). The adjective ‘relatively’ refers to the fact that Trs may be used in derivations: Relative
all true assertions about S, we have that truth and derivability in S coincide.

5.2 The proof system H

In table 3 we present the proof system H associated with £. Some comments on the rules of H:
Let S, L be fixed. The axioms I and rule IV can only be applied if the assertions occurring in their
premisses are in Trs. Concerning rule V,if E = {z = t. |z € Ve} is a pure system, z € Vg and we
have all derivations {ay}ty {8,} (v € Vi) from a set of hypotheses Trs U ® D {{ez}z {8} | = € Vg},
then {a.} <z| E> {8;} is derivable from Trs U® — {{az}z {8z} | z € V&}. In other words, the set of
hypotheses {{az}z{B:} | = € Vg} is cancelled after the application of rule V. We show by an example
how to use H (see also figure 2):

Example. (continued) We consider the recursive specification U = in((p, + p,)co + pr)U + st
and a user having initially N + 1 coins and no drinks. We already introduced the structure & =
(A, S, action, effect) with A = {in,p,, p,, co, pr, st} and S = BusyU Final where Busy = {(i,7) | i+j =
N} and Final = {(3,7) | i+ j = N + 1}. We define the following predicates over S:

nit (2, ) < i=N+landj=0
busy(z,5) <= (i,J) € Busy
final (4, 7) = (1,7) € Final



5.2 The proof system H

II

III

v

azioms (a € Ag)

alternative composition

sequential composition

consequence

TECUTSION

=stop, (V) Aa(v) — B(effect,(v)
{a}a {8}

{a} t{B} {a}t'{B}
{a}t+t' {B}

{a}t{B} {B}t {7}
{a} tt' {r}

a—ao {&}t{8'} B/ —p3
{a}t {5}

IfE = {z =t;|z € Vg} is a pure
system and z € Vg, then

IEVE}
Vy e Ve

{ay} t, {8,)

{a.} <z|E> {B:}

Table 3: The proof system H

13
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{busy} p, {busy}  {busy} p, {busy} co ey
{busy} p, + py {busy}  {busy} co {final} PT s
in {7n {busy} (p, + py)co {final} {busy} pr{final}
{final} in {busy} {busy} (pg + py)co + pr{final}
{final} in((p, + py)co + pr) {final} _{final-={finaly st fnad
{final} in((p, + py)co + pr)z {final} {final} st{final}
{final} in((p, + py)co + pr)z + st {final}
init — final {final} U {final}
{init} U {final}

Figure 2: A derivation in H

So we have for instance S |= init — final with init and final denoting the associated predicate symbols.

Let aZ be short for the assertion —stop,(v) Aa(v) — B(effect,(v)). In figure 2 we display a derivation
of
bus bus bu. b . na nal - - ..
{Pa b:s: 1 Pp bua: ) €O ﬁn‘a‘;l pr _ﬁ‘:::l ) 1 fm; ) 8t gnali nit — ﬁn'ﬂ} F {‘n“} U {ﬁn‘al}

by which we conclude Trg & {init} U {final}. (end ezample)

5.3 The proof system H is complete

We first prove that H is sound, and then split up H in a countable number of subsystems which will
all be proven complete by an inductive argument.

Lemma 5.3.1 The proof system H is sound.

Proof. Induction on the length of derivations. We check the soundness of rules III and V (the other
cases are straightforward). Let S, L be fixed and 7 an interpretation of £ in S.

1. Suppose Trs, @ F {a}t {8} and Trs,®' | {8}t {7}. We have to show that
VE[SEr®'(p) = Sz{a}tt'(®) {7}

for any @’ D ® U ®'. Let P be such that S =1 ®"(%), then S =7 ®(p) and S =1 ¥'(7). By
induction we have S 7 {a} t(p) {8} and S |z {8} t'(F) {1}- Now assume S k=71 «afs] and
(tt(p),s) —» (V/,§'). By decomposition (see lemma 3.2.1) we have (¢(p),s) —» (4/,s"”) and
(t'(P),s") —» (/,5'), s0o S k=1 B[s"] and therefore S =1 v[s'], by which the soundness of rule
III is proved.

2. Suppose E = {z =t |z € Vg} is a pure system over © and Trs U & contains the hypotheses of

{{az}z {8} | = € Vg}
Yy € Vg :

{ay} t-y {8y}
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so Trg,®,{{a=}z {8} | = € Vg} t {ay} ty {By} for all y € Vg. By the induction hypothesis we

have
VE[SkEz U {{az}z{B:} |z € Ve}(B) = Sz {ay}ty(?) {6}
for all y € Vg. Let ® D @ and z € Vg. We have to show

VPISEz® () = Sle1{e:}<z|E>(p) {B:}]-

Because <z|E> is a closed process expression it is sufficient to show S =1 {a;} <z|E> {B:}-
Let B! = {x =t |z € Vg'} be the system obtained by removing all brackets in the expressions
t. as suggested by distributivily in lemma 4.2.5 (so Vg = Vgr). It follows that

VE[SkEr®U{{az}z{B:} |z € Ve }(®) = Sz {ay}ty(p){5}]
for all y € Vg:. For a start we prove that S =1 {a;} m(<z|E'>) {B;} foralln € N,z € VE:

n =0: By lack of an effect rule introducing the wp—operator it follows that no expression

(m0(p), s) can reduce to (v/,.), so 8 k=1 {{az} mo(<z|E'>) {8} | = € Vi }.

n+ 1: Suppose that for some zo € Vg we have S =1 a[s] and (mat1(<z0 | E'>), s) —>» (v/, §).
Let ¢, = 3 piyi + _q;, where p;, gq; are closed process expressions and the y; are in Vgr.
At least one of the following cases must hold:

o (Tni1(9s0),8) = (v/, ') for a summand gj, of t,, because (gj,,5) —=» (/,5").
o (Tut1(<Pig¥is | B'>),5) =% (y/,s') for a summand py,yi, of £, because

(Trs+1(<PioYio | B'>), 5) —2» (Tm(<yi, | B'>),5") —» (v/,5') for some m < n, s’ € §
and pr=o0.

In both cases we may conclude that (¢, ( ma(<z|E’'>)),s) —Z» (4/,5'). By the induction
hypothesis we have S =1 {{@z} Ta(<z|E'>) {8z} | z € VE-}, so by supposition we have in
particular that S =1 {az,} th,( Ta(<z|E’>) ) {8z, } and thus Bz, (s") holds. We conclude
S 1 {{ee} Tas1(<z|E'>) {B:} | = € Vo' }.

Next we show that if Va € IN(S =z {a} 7n(p){B}), then S =1 {a}p{B} for all p € P*. Suppose
S k1 als] and (p,s) —» (+/,s'). By inspection of the effect rules for the m,—operators it
follows easily that for n sufficiently large (7n(p),s) — (v/,§'), s0 S =1 B[s'], which shows that
S k=1 {a} p {B}. Now we may conclude S =7 {{a:}<z|E'> {8} |z € Vgr}. By inspection of
the effect rules for recursion it follows that S =z {{ac}<z|E>{B:} | z € Vg}, so in particular

S 1 {az} <z|E> {8}
by which the soundness of rule V is proved. (]
‘We now turn to the issue of the (relative) completeness of H. We introduce the following abbreviations:
e Hj denotes the proof system containing rules I — IV; obviously Hj is associated with £g.

e H;;, denotes the proof system H with the applicability of rule V restricted to pure systems over
;. So H;.i is associated with the signature ¥;4;.

We will prove that H is complete by showing that Hy is complete, and that the completeness of H;
leads to the completeness of H;y ;.

Lemma 5.3.2 The proof system Hy is complete.
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Proof. Let S be a fixed structure. Because H is sound (and therefore Hy as well), we only have to
prove

SkE{a}p{f} = Trst™ {a}p{B}

for all p occurring in partial correctness assertions derivable in HO. Recall that P, the set of closed
process expressions over Lo, is specified inductively (see section 2.1). Therefore we apply induction
on the structure of p.

p=a€ As: Now —stop,(v) A a(v) — B(effect,(v)) € Trs for, if S |= —stop, A a[s], then S |= B[s(a)]
by supposition, and therefore S = B(effect ,(v))[s]. By the axiom I we derive Trs H7° {a}a {B8}.

p=gq+r: Note that S = {a} ¢ {8} , S = {a} r {8}. By the induction hypothesis and rule II we
derive Trs F¥° {a} ¢ +r {8}

p = gr : By decomposition (see lemma 3.2.1) and the definition of L5 there must be an assertion +y
such that S = {a} ¢ {7} and S |= {7} r {8}. By the induction hypothesis and rule III we derive
Trs F%° {a} qr {8} a

This is the basis for an inductive proof of the completeness of H. Before proving the completeness of
H., we take a closer look at a statement S |= {a} <z|E> {8} with E a pure system over £;. In the
following lemma we show that such a statement implies Trs FH+: {a} <z |E> {8}.

Lemma 5.3.3 Let S = (A, S, action, effect) be some structure, E = {z = t.|z € Vg} a pure system
over &; and ¢ € Vg. If H; is complete, then

S {a}<zo | B> {8} == Trs ¥+ {a} <ao|E>{B}.

Proof. Let E' = {z =t |z € Vg:} be the system obtained by removing all brackets in the expressions
t. as suggested by distributivity (see lemma 4.2.5), so Vg = V. It follows that S = {a} <z | E'>{8}-
We construct weakest preconditions for all constants <z | E'> and 8. For any ¢ € Vg let the assertion
@, be as follows:

S |= az[s] <= There are s' € §,0 € A* such that (<zo|E'>,s') —Z» (<z|E'>,s) and S | afs'].

Observe that S = o — a2, and S = {a,,} <zo | E'> {#}. We first prove that for all y € Vg
Trs,{{a=} 2 {8} | = € V' } ™ {a,} £, {8).

Define © as Trs U {{az} z{B8}|z€ VEr} and fix z; € V. We distinguish two cases:

1. For any summand pz of ¢, (z € V) we have © ¥+ {a }pz{B} : We show that S |= {a, }p{a:}
and because p is a closed process expression over ; we conclude by the completeness of H; that
Trs F% {ag,} p {@.} and thus © i {a, } pz {8}. Assume S |= g, [s] for some s € S
and (p,s) —» (v/,8"). We derive (<z1 | E'>,s) —» (<z|E'>,s"). By construction
of ag, there is an s' € § such that § |= ofs'] and (<z¢ | E'>,s') —» (<z; | E'>,s). So

(= 77

(<zo| E">,s") —» (<z|E'>,s"), by which we conclude S |= o, [s"].

2. For any summand g of t; we have © F¥ {a; } ¢ {8} : We show that S = {a., } ¢ {8} and
conclude that © ¥+ {a,,} q {8} by completeness of H;. Assume S E a., [s] for some s € S and
(g,8) —> (+/,s"). We derive (<z; | B'>,s) —» (v/;s"). By construction of a,, there is an
s' € § such that S |= a[s'] and (<zo | E'>,s') —» (<z1|E'>,s). So (<zo | E'>,s") 28 (/,s").
Because S |= {a} <z | E'> {8} we have that S |= 8[s"]. We conclude S = {az,} ¢ {8}.
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By the complete_ness of H; and distributivity we may conclude © F¥: {a,}¢t, {8} for all y € Vi, which
is just the premiss for an application of the recursion rule in Hiyy, s0 Trs ¥ {ag,} <zo | E> {8}
T'Beca:use o~ oy, € Tf:,s we derive Trs 7+ {a} <z¢| B> {8}, which completes our proof. Note that
if @ is the empty predicate the lemma still holds. u}

Theorem 5.3.4 If the proof system H; is complete, then the proof system H;., is complete.

Proof. The soundness of H, and thus of H;y; is proved in lemma 5.3.1. In the proof of lemma
5.3.2 we showed that the proof system Hg was complete by induction on the structure of the process
expression p involved in a partial correctness assertion {a} p {B}. As the set P;;; is also specified
inductively, we only have to check one more ‘basic clause’ than in the proof of lemma 5.3.2, namely

p = <z|E> with B = {z = t, |2 € Vg} a pure system over £;. This has just been done in lemma
5.3.3. O

Corollary 5.3.5 The proof system H is complete.

5.4 Guarded systems and the proof system H

The notion of ‘guardedness’ is mostly defined more strictly than is done here in section 2.2 (see e.g.
[2] and [3]). In order to discuss this restricted notion we will refer to it as follows: We call a recursive
specification E = {z = t, |z € Vg} strictly guarded if each variable in the expressions t, is preceded
by an atomic action @ € A. Let £, denote the restriction of £ obtained by considering only strictly
pure systems, and P, denote the corresponding set of closed process expressions. We define H, by
restricting the applicability of rule V of H to systems which are strictly pure. Of course H, is still
sound, as it is a subsystem of H. Since H contains no rules which decompose the process expression
involved in a correctness formula, it follows that

Trs ¥ {a} p{B} == Trs " {a}p{B}

for all p € P,, so H, is also a complete proof system.

We further show that if we extend © with constants for the solutions of all guarded systems, then
the proof system H with rule V applicable to all guarded systems, is not complete any more (and
neither is H,). If H is not sound with respect to this extension this is the case by definition. So
assume that H preserves soundness. We show by an example that H cannot be complete:

Example. Consider the structure & = {{a, b, c}, {s, s'}, action , effect } with the functions action and
effect defined as follows: All atomic actions are inert with respect to the function action,

def def

(b) = s(c) = s.

s@)Es() L' s’ and  s'(a)

déf 3!
Let o and o' be assertions such that o is only satisfied by s and ¢ only by s’. Consider the guarded
system E = {X = aXb+c}. Now it is not difficult to see that S |= {0} X {o}. Suppose that H is
complete, and thus Trs F {0} X {c}. We may assume that the last two rules applied are V respectively
IV (rule IV is the only rule not adding complexity to the process expression involved). So there must
be a,3 such that

Trs,{{a} = {B}} F {«}azb+c {B} (1)

c—a,f— o€ Trs. (2)

Now (1) implies that Trs F {a}c{B} and by (2) we derive Trs I {o}c{B}. By the assumed soundness
of H we conclude that ¢ — 8 € Trs, so by (2) we have

ﬁHJETf‘s. (3)
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Also Trs,{{a} = {8}} F {a} azb {B}, so there must be 71,72 such that {a}a {m}, {m}= {72} and
{72} b {B} are derivable from TrsU {{a}z {8}}. From the derivability of {m1} {72} we conclude

B— 7 € Trs (4)

and from the derivability of {72} {8} and the soundness of H we conclude by (3) that y2 — o’ € Trs,
so by (4) we have
B — o' € Trs. (5)

Now (3) and (5) are contradictory, so the proof system H is incomplete with respect to all guarded
systems. (This holds as well for H,, since E is a strictly guarded system.) O

6 Some extensions

6.1 Involving all guardedly specifiable processes

As shown in section 5.4 we cannot add constants for all guardedly specifiable processes to ¥ without
losing completeness of H. A solution to this problem is presented in [10]. The idea is to use a number
of algebraic laws concerning the equality relation on process expressions. It can be proved that all
structures considered respect these axioms, and any guardedly specified process is the solution of some
pure system. By adding a proof rule substitution, which permits interchangeability of (algebraically)
equivalent process expressions in partial correctness assertions, one can prove a completeness result
for all guardedly specifiable process expressions.

6.2 Involving silent actions

The constant 7, representing unobservable action, can be added to ¥ without invalidating our com-
pleteness result. This is proved in [10]. The following semantical rules:

T—laws: (a,s) «“ (7, s(a)) (if a(s) # 6)

(z,5) — (¥,5") (¥,5') — (z,5")  (z,5) — (3,5") (¥,5") = (+/»5")

(z,8) = (2,5") (z,8) = (v,5")

(2,8) == (3,8) (1,8) = (2,8")  (2:8) = @:5) @,5) — (/>s")
(z,8) = (2,5") (z,8) = (V")

take care that 7 satisfies the ‘r—laws of Milner: ot =z, Tz +z = 7z and a(7z +y) = a(rz +y) +az
(see [7]). We demand that T is inert with respect to all structures considered. It should be mentioned

that the definition of the effect rules for the 7, —operators in table 2 should be slightly changed, in
this case.
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