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Non-linear Multigrid in 2-D Semiconductor Device Simulation:
the Zero Current Case
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The non-linear Poisson equation, encountered in semiconductor device simulation, is discretized by the
mixed finite element method. Two non-linear relaxation methods are presented to solve the discretized
equations; both minimize appropriate functionals. One of them, a 5-point Vanka-type relaxation is used in a
multigrid algorithm. Numerical results are given for simple diode problems.
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1. INTRODUCTION

A steady state semiconductor device can be modelled by a non-linear Poisson equation, if it is
assumed that the electron and hole current densities vanish (see [1]). A simplified version of this
equation is introduced in section 2.

In section 3 the Poisson equation is discretized by the mixed finite element method for rectangular
grids. The continuous and discrete problems can be reformulated as minimization of appropriate
functionals (section 4).

SCHMIDT AND JACOBS [2] constructed a superbox-relaxation method for linear problems (with Neu-
mann boundary conditions), based upon a variational principle. We extend their algorithm to the
non-linear case, and to more general boundary conditions (section 5). It is shown that also the
Vanka-relaxation can be seen as minimization of a functional, provided that the discrete equations are
lumped. The usefulness of these two relaxation methods for semiconductor device simulation is exam-
ined by numerical experiments (section 6). In section 7 we show results of a multigrid method using
Vanka-relaxation for a simple test problem. In the final section conclusions are summarized.

2. THE PROBLEM
We consider Poisson’s equation for the electrostatic potential y in a semiconductor device, given by

—div(egrady) = f(§)+D, @)
with ¢, the positive (constant) permittivity, and D, the known dope function.
The total charge density of electrons and holes, is given by
SW) = —2n;q sinh(ay), 22)
where n;qg, the intrinsic charge density, and a™!, the thermal voltage are constants.
At the contacts of the device, space charge neutrality is required:
fWp)+D =0. .3)
In this paper we take (2.1) as point of departure, f{y) is an arbitrary analytical function, and it is
required that

_dW
T 2.4)
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The domain Q is bounded in R?; the boundary conditions are either homogeneous Neumann or Diri-
chlet on parts of the boundary

W) = g, xedfp, @5)
Ha=o  xeomy, @)
80, U 8Qy = 89, X))
GQD N SQN = g. (2.8)

3. MIXED FINITE ELEMENT DISCRETIZATION
The mixed finite element method is used to derive discrete equations for (2.1). For an abstract treat-
ment of the linear case, see GIRAULT-RAVIART [3].

We start by writing (2.1) as two first order equations

divu—fy) = D (312)
utegrady = o} n &, (3.1b)
un =0, on 60y, 3.1¢0
V=g on 50p, (3.1d)
with u as a new variable.
Let L,(f2) be the space of square integrable functions on 2 with inner product
W), = ‘{ ¢ dQ, (3.2)
and the induced norm |||l ,.
H(div, Q) is defined by
H(div, @) = {ulue(L,(Q))%, divueL, (), un = 0 on 82y}, 3.3)
with norm
Il = luli,y + Idival,. (3.4)
With introduction of the product space A=L,(2)X H(div, ), the weak formulation of (3.1) is
find (Y, u)€A, such that V(¢,v)eA
(div u—f), ¢) = (D, 9), (3.52)
e '@ V)—@ divy) = —(g Vs, (3.5b)
with (g, V)sg = [ gvdn (3.6)
s

In order to discretize (3.5) we take lowest order Raviart-Thomas elements on grid rectangles as basis
for the approximating subspaces.
On every block ©; of the grid, define the indicator function ¢; € L,(2)

0, xeﬂi,
4 = {1, xeg, @)
For every side E; of some block £;, not part of the Neumann boundary, introduce e; e H(div, £) by

a +Bx

ej(x) =




with (a, B, v, 8) such that
ej'¢; = 8§, on interfaces E;. (3.9)

The spaces spanned t;y {€;} and {e;} are called L§(Q) and H(div, Q), respectively. Also, there is the
product space AY=L§(Q)X HY(div,Q2). The discrete approximation of the unknowns is

‘Pd = 2 ‘I;'. €, (3.10)
i
= > uj e @3.11)
J
Summation in (3.10) is over all blocks £;, and in (3.11) over all sides E; of blocks (E; Z 5Qy).
REMARK 1. The Neumann boundary conditions are automatically satisfied by functions in H%(div,).
REMARK 2. y is approximated by a piecewise constant function, u by a piecewise linear vector func-
tion, of which the normal components are continuous at block interfaces.
The selection of the discretization method and the set of basis functions is based on the expectation

that u will be much smoother than y in semiconductor device simulation.

To discretize (3.5a-3.5b) take $=¢; and v=e;, respectively, and integrate in order to obtain

Suidi— i) = D (3-12a)
J
and
Duw— Ddi = —g;. (3.12b)
k i
D;, f; and g; are defined by
D; = [Ddq, 3.13)
o
fi = [f@hHae (3.14)
&
and
g = [gerdn (3.15)
30
The elements of the matrices wy; and dj; are given by
wiy = € ! [e,-e;dQ (3.16)
]
and
+hj, if E; is a positive side of £;,
di = {—h;, if E; is a negative side of Q;, 3.17)
0, otherwise,
with h; the length of side E;. Notice that (3.12a) implies that the conservation law is satisfied for
every l';lock £;. Equation (3.12b) is obtained for all interfaces E; not part of the Neumann boundary.

It is known that with the above MFEM-discretization the Jacobian of the whole system is not a
M-matrix. A remedy is to use lumping, or, equivalently to use a suitable quadrature rule for the
evaluation of wy;. If we apply the trapezoidal rule wy; is approximated by



¢! f ece; dQ ~ 1 S ex(x)eix,), (3.18)
Q 4 v=14

where the summation is over the vertices of ; (with area g;). This quadrature approximates wy; by a

diagonal matrix.

4. VARIATIONAL FORMULATIONS
In this section two variational formulations for (3.5) are derived. For the linear case and Neumann
boundary conditions SCHMIDT AND JACOBS [2] showed that the solution of (3.5) minimizes a quadratic
functional, with (3.5a) as an auxiliarly condition. This idea is extended to non-linear problems and
more general boundary conditions.

On the other hand, it is also possible to define a minimizing functional for (3.5), when (3.5b) is
used as auxilary condition.

We start by defining subspaces of A in which the minima are to be found

A = (@, weA | [divu—f{),9)=(D,9), VoeLy(Q)} 4.1a)
and
Ay = {(,u)eA | %(u,v)—(\p,divv)=—(g,v)m, VeH((div,2)}. (4.1b)
The minimizing functionals are defined by
F@.v) = [ (4'2% + R,(9))d2 + (g, V) (4.2a)
]
and
Fy,v) = [ (% + Ry(¢)—D¢)dQ, (4.2b)
]
with
R, _ _ @)
s ¥ ade (4.3a)
and
Ry _ _ 4.3b

The variational principles are now stated in two theorems.
THEOREM 1. (Y, u) is a solution of (3.5) if and only if F, has a local minimum in A, for ({, w).

PrROOF. Let (Y, u) be the solution of (3.5) then (Y, uw)eA,.
If (J+Ap,u+Av)eA, in the neighbourhood of (¥, u), then, using a Taylor expansion for 0<A<<1
and (4.1a), we obtain

2 2
@van, ) = (U1, 9 = o + L9 + 00w

A Taylor expansion for R, yields

2 2
RH-ROD = G2 + &, YD) 1 0Ga)
- W& oL EL, M) 1 0e)



2
- @van, D H5) + 0w 3
Using (4.5) and (4.2a)
E(4+ M, A D=F ) = @A V) + 5 wA W) + Re@+A0)—Ro(@), 1)
+ @AV = T@AY — @A) + & Avx
1 & Qe
+ 2 QAN S55) + 009))

Due to (3.5b) and (2.4) F, has a local minimum in A,. On the other hand, if (, u)eA,, and F,(y, u)
has a local minimum for all perturbations (A¢, A v) such that (y+2A¢, u+A v)eA,, then

%(u, AV)—@,divAy) + (g, Av)eg =0
for all ve H(div, ), and hence (3.5b) holds. O
THEOREM 2. (Y, u) is a solution of (3.5) if and only if F, has a local minimum in A, for (i, u).

PrROOF. Let (, u) be the solution of (3.5) then (Y, w)eA,.
If (y+A¢, u+A v)eA, in the neighbourhood of (, u), then (4.1b) implies

Lav,w) — O, dive) = 0 @
Using (4.2b) and (4.7) yields

Fr+M, utAv) = Fythw) = T@AY) + 5-A A %) + @@+ 29) — Re(¥), D
— (D, Ad) = (divu, A¢) — (f(¥), Ad) — (D Ap)
1 _(4 09’ 3
+ 2't(J\VJ\V) (dll" 2 ) + O((Ad)) 4.8)
This shows that F, has a local minimum in A, for (y,u). It also shows that, if F, has a local
minimum, then (3.5a) must hold. 0O

Like the continuous case, the problem of solving (3.12) can be seen as minimization, viz. of

FiW,wy = [ (oot + Ry#)df + (g, w'dsa

= Sy + @D + 3 gy @.93)
and
FiW,w) = [ (oot + Ry@) — Dyfag
= S uemy s + R@HD =S¥, 49b)
in respectively the subspaces

Af = {(¢, w)eA!| Sudy—fi¥)=D;, Vi) (4.10a)
J



and
= {4 u¥)eA’| %ukwk,—gd,,.‘pi: ~g, Vj}. (4.10b)

Discrete versions of theorem 1 and 2 can now be stated.
THEOREM 3. (Y#, W) is a solution of (3.12) if and only if F2 has a local minimum in A2 for (¢, u®).
ProoF. Let V%, u?), @ +A¢?, w? +A v¥)eA? then

= Wdi — (i M%) — ) = 0, Vi (4.11)
Using (4.9a),l (4.5) and (4.11) yields (0<A<<1)

Fi@/+M7, v +A v) — Fi@, ') = 2 uewighv; + 3 [ R +A¢")—RWH)AQ

lﬂ‘

AZ
+ gy + 2 2 ViWiiV; = A 3 (2 wewi;— X Yidji +gj)v;
G . G :

+ "—22 g; VWiV — 2 (¢? j 4 dQ) + O((\$)>). 4.12)
Together with (2.4) and tlie positive definiteness of the matrix wyj, (4.12) proves the theorem. [J
THEOREM 4. (Y*, w?) is a solution of (3.12) if and only if F§ has a local minimum in A§ for (J#, u®).
PrROOF. Let (Y7, u?), W +A¢?, u?+A v¥)eAf, then
§k; VWi — 2:, d;i ¢; = 0. 4.13)
Using (4.9b), (4.13) and (4.3b), we find
FiW +M%, v +A v) — FIgA o) = 3wy wygdv; + 2 f (Re(? + A7) — Ry(¥*))d2

kj

2
'—AEDI‘E 2 VeWgjv; = 2 ukwijvj + EM f Di)¢l 2(

kj

2
* —EWV + 008 = S M wdy—fi=D) = W;') [ —Ldn

l

)2

+ 7 S viwigy; + O(Ae)). (4.19)
kj
As before, (4.14) proves the theorem. [

5. RELAXATION METHODS

The two variational formulations of the discrete equations can be used to construct two non-linear
relaxation methods. The superbox-relaxation (section 5.1) is similar to a method developed by
ScHMIDT and JACOBS [2]. For this relaxation, the functional F2(y, u) is minimized in small relaxation
subspac&s, while (3.12a) remains valid everywhere in . Provided that the lumped form of the equa-
tions is used the 5-point Vanka-relaxation [4] (section 5.2) can be seen as minimization of F¥(y, u)
over A{.



3.1. Superbox-relaxation

Extending Schmidt and Jacobs’ approach for Dirichlet boundary conditions and for f0, the follow-
ing relaxation subdomains in @ are defined:

i.  four blocks with a common vertex (fig. 5.1),

ii. two blocks with a common vertex, on the Dirichlet boundary (fig. 5.2),

iii. a corner block, where two Dirichlet boundaries meet (fig. 5.3).

NNW NNE
WNW| NwW N NE ENE
A\ E
WSW SW S SE ESE
SSwW SSE
FIGURE 5.1.
w E N
S w E
S
FIGURE 5.2. FIGURE 5.3.

In the first case FZ is minimized over the degrees of freedom inside the four blocks, whereas the fluxes
through the external interfaces unng, - . . ,uyyw are kept fixed; thus ensuring that (3.12a) remains
true outside the relaxation subdomain. Minimizing F? means solving (3.12a) and (3.12b) inside the
subdomain. This leads to four equations (3.12a) for the blocks, and four equations (3.12b) for the
internal interfaces. This yields a set of 8 equations for the unknowns uy, . . . ,uy, and Yng, . . . , Yyw-

Because (3.12b) is linear, the fluxes u are easily eliminated, leaving four non-linear equations for y.
This set of equations is solved by Newton iteration.

The Jacobian matrix J can be written as the sum of a diagonal matrix and a singular matrix



'hN’*‘hE - hE 0 - hN
—hg hst+hg hg 0
J= 0 - hs hs+hW - hW

_hN 0 - hW hN+hW

(—f'NEANE o
—f'sease
+ —f'swasw , (5.1.1)
o —f'nwanw
where
f’NE = %I‘Pﬂl’ etC.,
aNg = hNhE’ etc.,
and
3ehy
= > etc.,
b = G thy ©©
in the non-lumped case or
2ehy
= Py t e
b= 5 Th,

in the lumped case. The Jacobian is symmetric and diagonally dominant (due to (2.4)), but this dom-
inance gets weaker if the meshsize decreases. Numerically, the Jacobian can become singular. In the
numerical experiments given in section 6 we used as a criterion

S lafil<107’. (5.1.2)
i=14
In this case the right-hand side is projected onto the range of the columns of J and the solution of the
resulting system is determined for which

Yne + ¥sg + ¥sw + Yyw = constant. (5.1.3)

This is similar to the way Schmidt and Jacobs [2] treat the special case f=0.

If a relaxation subdomain consists of two blocks only, this can be seen as a special case of the pre-
vious one. E.g. in the case given in fig. 5.2, meshsize Ay equals zero, and yyy and Yy are prescribed
by the boundary conditions. We replace the equations for Yy and Yy accordingly, and eliminate
the fluxes at the Dirichlet boundaries. The Jacobian matrix of this system is non-symmetric and non-
singular.

The third case (fig. 5.3) is quite simple. After elimination of the fluxes at the Dirichlet boundaries,
there is only one equation for y, which is solved by Newton iteration.

After having minimized the functional inside a relaxation subdomain, the newly calculated values
are substituted, and we proceed to a next subspace. This is done in some order equivalent with lexico-
graphical ordering. Thus we obtain a Gauss-Seidel type of relaxation. Since, by the equations, all
blocks are only related with their direct neighbours, the Gauss-Seidel sweeps can be identified by their
diagonal direction (as in the case for simple 5-point schemes). So, we identify the different sweeps of
Gauss-Seidel relaxation by NE —SW etc., and symmetric Gauss-Seidel sweeps by NE —SW — NE etc.



3.2. Vanka-type relaxation

In the 5-point Vanka-relaxation the relaxation subdomain consists of 5 blocks (see fig. 5.4). In the
step of the relaxation procedure that corresponds with cell C, F{ is minimized with yc, uy, . . . , up
as degrees of freedom; all other variables are kept fixed.

Notice that, if the equations are lumped, (3.12b) gives a relation between u at interface E ; and ¢; in
the two neighbouring blocks; so changing Y only affects uy, . . ., up. Minimizing F§ in the sub-
space, means solving one equation (3.12a) and four equations (3.12b). Hence, after relaxation in the
subdomain, (3.12b) still holds everywhere in 2. Again Newton iteration is used to solve this non-
linear system of 5 equations. We took a straightforward approach with respect to the boundary con-
ditions. Neumann boundaries are treated by replacing the equation (3.12b) by

U Neumann = 0. (5.2.1)

Dirichlet boundary conditions are handled by introduction of dummy blocks with zero area at the
boundary.

FIGURE 5.4. Relaxation subdomain for Vanka-relaxation
6. NUMERICAL EXPERIMENTS

6.1. A linear problem
In this section we first consider a simple boundary value problem, defined on the unit square
2=[0,1]X[0,1]
—div(grady) + A%y = 0, on Q,
Yp =y, y =0Vy=], 6.1)
un =0, x =0Vx=],
with A a constant parameter. The functionals F¢ are given by (4.9) with
dR,  dR,

b2
v -y A% 6.2
The exact solution for ¢ is
_ sinhQ\zz-
Ux,y) inh(\) (6.3)

The cases that large variations in y result in small variations of F4(y,u) are of special interest; con-
sider the case A=0. If we take y=0, u=0, as starting values, the superbox-relaxation fails to con-
verge on a 2X2 grid (see fig. 6.1).
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FIGURE 6.1. Superbox relaxation on 2X2 grid.

This can be seen as follows. If we take any of the three relaxations subdomains the fixed fluxes
through the external interfaces are zero. Due to (3.12a) and the symmetry of the problem, the fluxes
u at the internal interfaces of a relaxation subspaces must be zero. So all fluxes remain zero, which is
obviously not the solution of the discrete equations. Now what happens if A? is small?
To estimate the convergence rates of the two relaxation methods we use the sup-norm of the residu-
als d” and df” of 3.12a and 3.12b, respectively, after n symmetric Gauss-Seidel sweeps
3)

Psp =5 IOBW (6.4a)
and
1, dD
py =5 log 0 (6.4b)

Table 6.1 gives the convergence rate pgp for superbox-relaxation on a 16X 16 grid and different values
for A%; starting values for ¢ and u are 0. Table 6.2 gives the convergence rate py for Vanka-relaxation
for the same problem.

TABLE 6.1.
The experimental convergence rate for superbox-relaxation

A2 psp lumped  pgp non-lumped

10% 0.403 0.439

10! 0.080 0.082

10° 0.037 0.037

107! 0.032 0.032

1072 0.031 0.032
TABLE 6.2.

The experimental convergence rate for 5-point Vanka-relaxation
A2 pylumped py non-lumped

10? 22357 1.5110
10! 0.8045 0.7254
10° 0.6475 0.6368
107! 0.6317 0.6278

1072 0.6301 0.6269
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From table 6.1 we see that the convergence rate of the superbox-relaxation is small, if A2<1, or
equivalently, if the functional F3 is only weakly dependent on . The convergence rate of the Vanka
relaxation is much larger and less dependent on A2.

Lumping appears not to have a strong influence on the convergence rates of both methods.

6.2. A diode problem
As a more relevant testproblem we consider a simple diode (see fig. 6.2). Poisson’s equation for the
electrostatic potential in this device is

—div(egrady) + 2mqgsinh(ay)=D, on [0,1074]X[0,1074],
2n;q sinh(ay)=D, y =0Vy =104, (6.5)
un=0, x=0Vx=10"%,

+ qDg, y > 0.5X1074,
D(x) = 0, y =0.5%X1074, (6.6)
— gDy, y < 0.5X107%,
Numerical values for the constants appearing in (6.5) and (6.6) are
e= 1.036X10712, ‘

n; = 1.22X10',
g = 1.60X1071,
a = 38.683,
Dy = 1.0X10'%,

FIGURE 6.2. Configuration of a simple diode.

The minimizing functionals F are given by (4.9) with

L 2n; gay cosh(ay), (6.7a)
ay
b .
v sinh(ay), (6.7b)
Ro(#) = mg(@— e (D)™,
2n,~q

Ry) = —_ = cosh(ay). “ (6.8b)
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For the above problem we have:
2mga = 1.51X1077. 6.9

Notice that if we want to compare (6.7a) and (6.2), the values in (6.7a) have to be divided by e. So
from (6.9) we conclude that for the superbox-relaxation, no convergence problems are to be expected
which are caused by weak dependence of F3 on .

However from (6.7) we see that the dependence of F4@y,u) on ¢ varies strongly throughout the
domain. In the following tables we study how this influences the convergence rates.

Table 6.3 gives values for pgp for different grids. In all cases an initial guess was obtained by inter-
polation from an approximate solution on a coarser grid.

Table 6.4 shows similar data for the Vanka-relaxation method.

TABLE 6.3
The experimental convergence rates for superbox-relaxation

grid psp lumped  pgp non-lumped

8 X 8 0.0199 0.0046

16 X 16 0.0003 0.0007

32 X 32 0.0001 0.0006
TABLE 6.4

The experimental convergence rates for Vanka-relaxation
grid py lumped  py non-lumped

8§ X 8 0.3394 0.2330
16 X 16 0.1209 0.0804
32 X 32 0.0693 0.0710

From table 6.3 and 6.4 we see that the convergence rate for Vanka-relaxation is much larger than for
superbox-relaxation.

In our experiments with superbox-relaxation we observed that the residuals were locally very large
inside the depletion layer between n-type and p-type material. For an explanation of this slow conver-
gence behaviour consider fig. 6.3.

+ | - |+

+ | - |+

FIGURE 6.3. Dependency of functional F3 on .

Suppose that the minimizing functional F; depends weakly on y in the middle two cells (indicated by
"), and strongly in the other 4 cells (indicated by ‘+°). If the left and middle cells are relaxed, the
value of y in the middle cells can change considerably, because the functional depends weakly on it;
thus leaving a large residual on the interfaces between the middle and right cells. By the same rea-
soning we find a large residual on the interfaces between the left and middle cells, if the middle and
right cells are relaxed. In our diode experiment we observed this wiggling behaviour.

A natural remedy against such behaviour is to use larger relaxation subspaces (e.g. line relaxation)
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7. A MULTIGRID METHOD

In order to speed up the convergence of the S-point Vanka-relaxation we use a Full Approximation
Scheme (cf [5]). The advantage of this multigrid method is, that the convergence rates may become
mesh-independent. For the relaxation method the convergence rates detoriate on finer meshes (cf.
Tables 6.3 and 6.4). In this section some details of our multigrid method are given, and its conver-
gence behaviour is studied by a numerical experiment.

Both pre- and post-relaxation steps in the FAS-algorithm consist of one symmetric Vanka-sweep.
The grid transfer operators used, are similar to those given by SCHMIDT and JACOBS [2]. The prolon-
gation, which transfers a solution from a coarse grid to a finer one, is a piecewise constant interpola-
tion for Y/, and linear interpolation for w’. The restriction of the right hand side is defined as the
transposed of the prolongation. The restriction of the solution is the weighted average of the fine grid
solution.

FIGURE 7.1. Quarter circle diode.

To investigate the convergence behaviour of this multigrid method we use a quarter circle diode
(see fig. 7.1). The doping profile is defined by
+4¢.10%, x|l > 0.5x1074,
D(x) = 0, lixll = 0.5x1074, (7.1
—q.10', [Ix|l < 0.5%107%.

The boundary conditions are
un = 0, if x=0,
x=1074,
x>025X10"4Ay=0,
2n,q sinh(ayp)=D, if y=10"4,
x<025X1074Ay =0.

The physical constants are as given in section 6.2. The coarsest grid is an uniform 8X8 grid and the
coarse grid solution is obtained by relaxation.

Figures 7.2 and 7.3 show the convergence history on different grids for V-cycles, if the discrete
equations are lumped, or not lumped, respectively. In both cases we find grid independent conver-
gence, and satisfactory convergence rates.
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17— s — 3232

-19 -

log (lldlls) 21

Number of FAS-sweeps

FIGURE 7.2. Convergence history for the quarter circle diode, lumped equations.

-16 |-

181
log (lldpll o)

Number of FAS-sweeps

FIGURE 7.3. Convergence history for the quarter circle diode, non-lumped equations.
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8. CONCLUSIONS :
In this paper we have presented two non-linear relaxation methods for a non-linear Poisson equation,
with Dirichlet and Neumann boundary conditions. Both relaxation methods are based on minimiza-
tion of a functional, thus ensuring convergence (cf. SCHMIDT and JACOBS [2]).

In numerical experiments we observed that, in the presence of Dirichlet boundary conditions, the
superbox-relaxation converges slowly if the functional depends weakly on the solution, or if this
dependence varies strongly throughout the domain. The Vanka-relaxation gave good results for a sim-
ple diode problem. When used as a smoother in a FAS-algorithm we obtained good, grid-independent
convergence rates. In the test-problems we studied, lumping was not necessary.
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