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We show how domain equations may be solved in the category of complete metric spaces. For five exam-
ple languages we demonstrate how to exploit domain equations in the design of their operational and deno-
tational semantics. Two languages are schematic or uniform. Three have interpreted elementary actions
involving individual variables and inducing state transformations. For the latter group we discuss three
denotational models reflecting a variety in the language notions considered. A central theme Is the distinc-
tion, within the nonuniform setting, of linear time versus branching time models. Throughout, fruitful use is
made of the technique of obtaining semantic mappings, operators etc. as fixed points of higher order func-
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1. Introduction

Concurrency semantics is concerned with the mathematical modelling of parallel behaviour. A parallel
computation induces some form of simultaneous or interleaved execution of the elementary actions
from the constituent (parallel) components. Accordingly, it is to be expected that the mathematical
description of such a computation involves a detailed modelling of its intermediate steps - rather than
just its input-output behaviour, as is mostly sufficient in a sequential setting. The collection of inter-
mediate steps may be said to constitute the history of the computation. Two histories py,p, are close
together if their first difference is exhibited only after many steps. This observation is at the basis of
the metric approach to concurrency semantics:. We introduce distances d such that
(*): d(p\,p2)=2 ", where n=sup{k:p[k]=palk])}, with p[k] a trunctation of p after k steps. It is
the aim of our paper to make this idea precise, and to illustrate how it may be exploited in the design
of semantic models for a variety of concurrency phenomena.

Section 2 introduces a rigorous setting for the metric space techniques to be applied subsequently.
The category @ of complete metric spaces is introduced, and it is shown how metric spaces (P,d), or P
for short, can be specified as solutions of domain equations P =F (P), for a variety of functors
F: @-C. In the formation of these F, several composition operators such as X (cartesian product), U
(disjoint union), — (function space), & (powerset of), ctc., are used. The main result of this section is
the following: Provided a rather natural condition is satisfied for the recursive occurrences of P in the
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expression F(P) (which condition ensures a kind of contractivity of F in P), the equation P = F(P)
can be solved, and its solution is unique. The first application of metric techniques in order to obtain
domains as solutions of such equations was described in [BZ82], a paper in turn inspired by Nivat’s
general metric approach to semantics (e.g. [Ni79]). The ideas of [BZ82] were generalized (to also
cover equations of the form P= ---(P—-F|(P))- -+, a case missing in [BZ82]) and put in a
category-theoretic framework in [AR88]. Since the latter reference provides full mathematical details,
including complete proofs, we restrict the treatment in section 2 to a more concise one, not repeating
these proofs, but with sufficient information to make the present paper self-contained. Independently
of [AR88], the question as to how to extend the ideas of [BZ82] was also investigated by Majster-
Cederbaum ([Ma88, Ma89, MaZe90]); in these references the issues of the existence and uniqueness of
solutions of the equation P = F(P) are as well investigated in a category-theoretic framework.

Section 3 constitutes the main body of our paper. For five example languages L;, i =0, .. .,4, we
introduce operational (9,) and denotational (%);) semantic models, where 0; is a mapping L,—R;, and
¢); a mapping L;—P; (here we neglect one refinement to be discussed later), i =0, .. .,4. Determined
by the range of programming concepts in the language L,, we shall design a corresponding range of
operational domains R; and denotational domains P;, i =0, . . . ,4, each time as solution of a (pair of)
domain equation(s) geared to the construction of an appropriate model capturing the notions con-
cerned. Of the languages L to L4, two are what we like to call uniform (the elementary actions are
just symbols), cf. [BMO87, BMOZ88, BKMOZ86]. The other three are nonuniform: the elementary
actions refer to individual variables, and we encounter states, assignments etc. Therefore, the models
for L, to L4 mention states and state transformations, or, put in mathematical terms, the correspond-
ing functor F now has occurrences of the function space constructor. There are somewhat subtle (and
not yet fully understood) differences between P,, P3 and P4. Using a terminology mostly reserved
for the uniform case, viz. of the contrast between linear time (models with sets of sequences) versus
branching time (models with trees or tree-like entities), cf [BBKM84)], we might say that the domains
P, and P; are (nonuniform and) linear time, whereas P, is (nonuniform and) branching time. Under-
standing the difference between P, and P; requires further study. The introduction and associated
analysis of P, to P4 appears here for the first time. In earlier work, we always used P4 (or nonessen-
tial variants), and for some time we did not see how to design a satisfactory nonuniform model with
the linear time flavour. The domain P, was then proposed as a candidate to enable us to design a
Sfully abstract D,(with respect to the O, to be given in section 3). In the meantime it has been shown
by E. Horita ((Ho89)) that a certain extension P,’ of P, (P,’ ignores details present in P,) indeed
allows us to define a fully abstract denotational %,” (with respect to O, as to be given). For L3, we do
not know whether a similar result holds. For L4, we do know that %, is not fully abstract with
respect to 0.

In general, the material in section 3 is organized in such a way that it brings out the unifying effect
of the metric approach. At least the following definitions and proof techniques all follow the same
pattern (for i =0, .. . ,4):

- introduction of the transition systems T; (as in Plotkin’s Structured Operational Semantics) and
definition of the associated O; as fixed point of a contracting ¥;;

- introduction of the domains R,, P;, and definition of the various semantic operators (such as o,||),
for the P; setting, in terms of fixed points of contracting ., £;;

- introducing the denotational semantics ); as fixed point a contracting ®;;

- relating O, and ; through abstraction mappings abs;, themselves obtained as fixed points of con-

tracting 4;;

- establishing that O, =abs.%,, by introducing an intermediate semantics 9;: L;—P; (with denotational
codomain P;, but obtained from the transition system 7)), deriving that $,=¢; (as in [KR88,

BMS88]) and then proving that abs;°$; =0;, once more by a fixed point argument.

In case the reader is not satisfied by the elementary character of L to L4, we emphasize that these
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languages have been selected for didactic reasons. Elsewhere we have demonstrated how the metric
techniques described in the present paper may be exploited in the treatment of substantially more
complicated language notions. For the case of object-oriented programming languages, we refer to
[ABKR86, AB88, AR89, R90]; for a treatment of parallel logic programming semantics, we mention
[B88, BK88, BK90]. Earlier introductory or overview presentations of metric concurrency semantics
were given in [BM88, B89].

The last section of the paper is devoted to a slightly more special topic. It is well known that the
notion of bisimulation (cf. [Pa81]) is a central tool in concurrency semantics, and the question arises
whether it may be related to results about domains in the style of Pg to P4. For a simple case (Pg
only), we prove the following theorem: Let 5,5, be two states (here used as abstractions of the state-
ments as introduced in section 3) from a set S. We have: s is bisimilar to s, (with respect to a given
labelled transition system 7) if and only if Mes}=9s,], where IM: S— P, is obtained from T in a
manner which is the same as the way in which § (from section 3.2) is obtained from T. Let us also
draw attention to the fact that this result depends critically on the branching -*ructure for Pq.

We conclude this introduction with two remarks about possible extensions of the reported results.
In [R89b], a beginning has been made with the exploration of a technique which ‘automatically’ infers
a denotational semantics 9 from a given transition system T (of course obeying the compositionality
requirement on D). A bonus of this automatic inference is, in particular, the possibility to avoid
repetitive "ad hoc’ equivalence proofs for 0=abs°®. A second important topic which we want to
address in future work is the design of a fully abstract model for a language with process creation.

2. Metric spaces and domain equations
As mathematical domains for our operational and denotational semantics we shall use complete
metric spaces satisfying a so-called reflexive domain equation of the following form:

P = F(P).

(The symbol = should be read as “is isometric t0” and is defined below.) Here F(P) is an expression
built from P and a number of standard constructions on metric spaces (also to be formally introduced
shortly). A few examples are

P=AU(BXP) M
P=AU9 (BXP) #))
P=~AU(B—P), 3

where A and B are given fixed complete metric spaces. De Bakker and Zucker have first described
how to solve these equations in a metric setting ([BZ82]). Roughly, their approach amounts to the
following: In order to solve P=F(P) they define a sequence of complete metric spaces (P,), by:
Py=A and P, =F(P,). for n >0, such that PoC P, C - --. Then they take the metric completion
of the union of these spaces P,, say P, and show: P=F(P). In this way they are able to solve the
equations (1), (2), and (3) above.

There is one type of equation for which this approach does not work, namely,

P=AU(P->'G(P)), 4)

in which P occurs at the left side of a function space arrow, and G (P) is an expression possibly con-
taining P. This is due to the fact that it is not always the case that P, CF(P,).

In [ARB88] the above approach is generalized in order to overcome this problem. The family of
complete metric spaces is made into a category C by providing some additional structure. (For an
extensive introduction to category theory we refer the reader to [ML71].) Then the expression F is
interpreted as a functor F:2—C which is (in a sense) contracting. It is proved that a generalized ver-
sion of Banach’s theorem (see below) holds, i.e., that contracting functors have a fixed point (up to
isometry). Such a fixed point, satisfying P==F(P), is a solution of the domain equation.



We shall now give a quick overview of these results, omitting many details and all proofs. For a full
treatment we refer the reader to [AR88]. We start by listing the basic definitions and facts of metric
topology that we shall need.

We assume the following notions to be known (the reader might consult [Du66] or [En77]): metric
space, ultra-metric space, complete (ultra-) metric space, continuous function, closed set, compact set.
(In our definition the distance between two elements of a metric space is always bounded by 1.)

An arbitrary set 4 can be supplied with a metric dy, called the discrete metric, defined by

0 ifx=y
daCor) = 41 if xsty

Now (A4,d,) is a metric, even an ultra-metric, space.
Let (M,, d,) and (M3, d;) be two complete metric spaces. A function f: M,—>M, is called non-
expansive if for all x,y eM

day(f (o). f N <di(x,).

The set of all non-expansive functions from M, to M, is denoted by M 1—»'M,. A function
f:M—M, is called contracting (or a contraction) if there exists €€[0,1) such that for all x,y e M,

dZ(f (X),f (Y))gcdl (X,}').

(Non-expansive functions and contractions are continuous.)

The following fact is known as Banach’s Theorem: Let (M,d) be a complete metric space and
f:M—>M a contraction. Then f has a unique fixed point, that is, there exists a unique xeM such that
fx)=x.

We call M, and M, isometric (notation: M, = M) if there exists a bijective mapping f:M,—>M,
such that for all x,y eM,

dy(f )f (W) =di(x,p).

DEFINITION 2.1

Let (M, d),(M,d,), . . . ,(M,.d,) be metric spaces.

(a) We define a metric dr on the set M —M, of all functions from M, to M, as follows: For every
S1.foeM —>M; we put

dF(fl ’fZ) =SUPxeM, {dZ(fl (x)!fZ(x))}'

This supremum always exists since the codomain of our metrics is always [0,1]. The set
M ,—'M; is a subset of M;—>M,, and a metric on M —'M, can be obtained by taking the res-
triction of the corresponding dg.

(b) With M, U --- UM, we denote the disjoint union of M,, ..., M,, which can be defined as
{(1}XM U - - - U{n} XM, We define a metric dy on MU - -+ UM, as follows: For every
xyeM U - UM,

di(x,y) f x,ye{j}XM; 1<j<n
du(x.y) = {I otherwise.

If no confusion is possible we shall often write U rather than u.
(c) We define a metric dp on the Cartesian product M| X - - - X M,, by the following clause:
For every (xy, . . ., Xn), ("1, - - -, VW) EM X - - - XM,
dp((x1, - - -, Xn) (1, - - - pa))=max, {d;(x;,y) }-

(d) Let @, (M)={X:XCMAXis closed}. We define a metric dy on ¥,(M), called the Hausdorff dis-
tance, as follows: For every X, Y €2 (M),



dH(Xs Y): max{sup.x eX{d(x) Y)}, SUP)-e)'{d(}’, X)} }a
where d(x,Z)=inf. _z{d(x,z)} for every ZCM, xeM. (We use the convention that supd =0
and inf@ =1.) The spaces F,(M)={X:XCMAX is compact} and ¥, (M)= {X:XCMAX is
nonempty and compact} are supplied with a metric by taking the restriction of djy.
(e) For any real number ¢ with ¢€[0, 1] we define
id (M,d)) = (M,d’),

where d'(x,y) =ed(x,y), for every x and y in M.

PROPOSITION 2.2. Let (M,d), (M\,d), . ..,(M,,d,), dr, dy, dp and dy be as in definition 2.1 and sup-
pose that (M,d), (M ,dy), . .. ,(M,,d,) are complete. We have that

(M —M,,dr), (M{—'My,dp), (@
(MU - - UM,,dy), (b)
(M X - -+ XM,,dp), ©
(Fu(M),dy), (Bo(M),dn), (Fn(M),dy), )
id (M, d)), (e

are complete metric spaces. If (M,d) and (M,,d;) are all ultra-metric spaces, then so are these composed
spaces. (Strictly speaking, for the completeness of M1—M; and M — M, we do not need the complete-
ness of M. The same holds for the ultra-metric property.)

Whenever in the sequel we write M| —>My, M —'M;, MU --- UM,, M X -+ XM,, F,(M),
P (M), F,.(M), or id (M), we mean the metric space with the metric defined above.

The proofs of proposition 2.2 (a), (b), (c), and (e) are straightforward. Part (d) is more involved. It
can be proved with the help of the following characterization of the completeness of (?.(M),dy).

PROPOSITION 2.3. Let (P M),dy) be as in definition 2.2. Let (X,); be a Cauchy sequence in P (M).
We have:

lim, o X; = {lim,_, . x;|x; €X;, (x;); a Cauchy sequence in M}.

Proofs of proposition 2.2(d) and 2.3 can be found in (for instance) [Du66] and [En77]. The proofs are
also repeated in [BZ82]. The completeness of the Hausdorff space containing compact sets is proved
in [Mi51].

We proceed by introducing a category of complete metric spaces and some basic definitions, after
which a categorical fixed point theorem will formulated.

DEFINITION 2.4 (Category of complete metric spaces). Let € denote the category that has complete
metric spaces for its objects. The arrows ¢ in C are defined as follows: Let M, M be complete metric

l
spaces. Then M| —'M; denotes a pair of maps M z2M, satisfying the following properties:
i
(a) iis an isometric embedding,
(b) j is non-distance-increasing (NDI),
(© Joi=idy,.
(We sometimes write (i,j) for t.) Composition of the arrows is defined in the obvious way.

We can consider M| as an approximation of M,: In a sense, the set M, contains more information
than M, because M can be isometrically embedded into M. Elements in M, are approximated by
elements in M. For an element m,eM, its (best) approximation in M is given by j(m;). Clause
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(c) states that M, is a consistent extension of M .

DEFINITION 2.5. For every arrow M —*‘M, in € with t=(i,j) we define

0() = dpg,om,(i%),idpg J(= SUPpy, e M, {dp,(icj(m3),m2)}).

This number can be regarded as a measure of the quality with which M is approximated by M;: the
smaller 8(z), the better M, is approximated by M.
Increasing sequences of metric spaces are generalized in the following

DEFINITION 2.6 (Converging tower).

(a) We call a sequence (D,,t,), of complete metric spaces and arrows a fower whenever we have that
VneN [D,—»"D,,,€C].

(b) The sequence (Dp,t,), is called a converging tower when furthermore the following condition is
satisfied:
Ve>0INeN Ym>n=N [8(,,)<e€], where,, =t,_1°** o4 D,—>D,.

A special case of a converging tower is a tower (Dy, (,), satisfying, for some € with 0<<e<Cl,
VneN [8(t, +1) < €8(s,)).
(Note that
8tmm) < 8(t)+ < -+ +8(tm 1)
< 8(y)+ - +em 18(k)

< - 8())
1—¢

We shall now generalize the technique of forming the metric completion of the union of an increas-
ing sequence of metric spaces by proving that, in G, every converging tower has an initial cone. The
construction of such an initial cone for a given tower is called the direct limit construction. Before we
treat this direct limit construction, we first give the definition of a cone and an initial cone.

DerFiNiTION 2.7 (Cone). Let (D,,,), be a tower. Let D be a complete metric space and (v,), a
sequence of arrows. We call (D,(y,),) a cone for (D,,t,), whenever the following condition holds:

VneN [D,=>"DeCAY, = Yn+1%)

DEFINITION 2.8 (Initia[ cone). A cone (D,(y,),) for a tower (D,,¢,), is called initial whenever for
every other cone (D’,(Y,),) for (D,,t,), there exists a unique arrow ©:D—D" in € such that:

VneN [©y, = v,].

DEFINITION 2.9 (Direct limit construction). Let (D,,,),, With ¢, = {i,,j,), be a converging tower. The
direct limit of (D,,1,), is a cone (D,(y,),), with v, ={g,.h,), that is defined as follows:

D= {(X,,),,lVﬂ?O[X,, EDn Ajn(xn+l) = xn]}
is equipped with a metric d:D X D—[0,1] defined by: d((x,)n.(vn)n)= sup{dp (xu,yn)}, for all (x,),

and (y,), €D.
gn:D,—D is defined by g,(x)=(x,)x, where

jin(x) if k<n

X = 4x if k=n
Lu(x) if k>n;



h,:D—D, is defined by A, ((xx)x)=X,.

LEMMA 2.10. The direct limit of a converging tower (as defined in Definition 2.9) is an initial cone for
that tower.

As a category-theoretic equivalent of a contracting function on a metric space, we have the follow-
ing notion of a contracting functor on C.

DEeFINITION 2.11 (Contracting functor). We call a functor F:C—C contracting whenever the following
holds: There exists an ¢, with 0<<e<<1, such that, for all D—'E €,

S(F(1) < €d(v).

A contracting function on a complete metric space is continuous, so it preserves Cauchy sequences
and their limits. Similarly, a contracting functor preserves converging towers and their initial cones:

LEMMA 2.12. Let F:C—C be a contracting functor, let (D,,1,), be a converging tower with an initial cone
(D, (Yn)»)- Then (F(D,),F(t,)), is again a converging tower with (F(D),(F(Yn))n) as an initial cone.

THEOREM 2.13 (Fixed-point theorem). Let F be a contracting functor F :0—C and let Dy—"F(Dg)eC.
Let the tower (D,,t,), be defined by D, . =F(D,) and v, . =F(t,) for all n=0. This tower is converg-
ing, so it has a direct limit (D,(Yn),). We have: D=F(D).

In [ARS8S] it is shown that contracting functors that are moreover contracting on all hom-sets (the
sets of arrows in © between any two given complete metric spaces) have unique fixed points (up to
isometry). It is also possible to impose certain restrictions upon the category € such that every con-
tracting functor on € has a unique fixed point.

Let us now indicate how this theorem can be used to solve the equations (1) through (4) above. We
define

F(P)=AUid,(BXP) 5)

Fy(P) = AU (B Xid .(P)) ©

F3(P) = AU (B—id (P)). M
If the expression G(P) in equation (4) is, for example, equal to P, then we define F, by

F4(P) = AUid,(P—'P). 8)

Note that the definitions of these functors specify, for each metric space (P,dp), the metric on F(P)
implicitly (see Definition 2.1). These metrics all satisfy equation (*) given in the introduction (Section
1) for a suitably defined truncation function.

Now it is easily verified that F|, F,, F,, and F, are contracting functors on C. Intuitively, this is a
consequence of the fact that in the definitions above each occurrence of P is preceded by a factor id .
Thus these functors have a fixed point, according to theorem 2.13, which is a solution for the
corresponding equation. (In the sequel we shall usually omit the factor idy in the reflexive domain
equations, assuming that the reader will be able to fill in the details.)

In [AR88] it is shown that functors like F; through F, are also contracting on hom-sets, which
guarantees that they have unigue fixed points (up to isometry).

The results above hold for complete ultra-metric spaces too, which can be easily verified.

In the next section, we shall encounter pairs of reflexive equations of the form

P=FP Q) O=0GP Q)
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where F and G are functors on €X¢. This kind of equations can be solved by a straightforward gen-
eralisation of the above theory.

3. Concurrency semantics

3.1. Introduction

In this section we demonstrate how (solutions of) metric domain equations can be exploited in the
design of semantics for languages with some form of concurrency. Altogether we shall be concerned
with five languages, and for each of them we shall develop operational (0) and denotational (D)
semantics, and discuss the relationships between © and 9. The first two languages (Lg,L,) are what
may be called schematic or uniform: the elementary actions are uninterpreted symbols from some
alphabet, and the meanings assigned to the language constructs concerned will have the flavor of for-
mal (tree) languages. Next, we shall discuss three nonuniform languages (L3,L3,L,), where the ele-
mentary actions are (primarily) assignments. These have state transformations as meanings, and the
domains needed to handle them involve state transforming functions in a variety of ways.

The domains employed to define the gperational semantics for L to L4 are comparatively easy. For
Ly, L, we introduce the domain of streams, i.e., of finite or infinite sequences over the relevant alpha-
bets. Finite sequences end in ¢ (8) signalling proper (improper or deadlock) termination. Meanings of
statements in Ly, L, will be (nonempty compact) sets of such streams, and the corresponding domains
will be denoted by Ry,R,. In order to bring out the (dis)similarities between the operational and
denotational models, the stream domains R, R are defined here as well through domain equations.
(At this stage, the reader may want to refer to the table in Section 3.7, surveying all domain equa-
tions.) For L, to L,, the operational semantics domains (R, to R4) are functions from states to sets
of streams of states. Altogether, all operational models have streams as their basic constituents, and
they may collectively be called linear time (LT) models.

The situation is rather different for the various denotational models. For Ly, L, we use (purely)
branching time (BT) models, i.e., we use the domain of ‘trees’ over some alphabet. ‘Trees’ are not just
ordinary trees: they are commutative (no order on the successors of any node), what may be called
absorptive (nodes have sets rather than multisets as successors), and compact (for this we omit a pre-
cise definition, since we use the technical framework of Section 2 anyhow). These properties taken
together ensure that the domain of ‘trees’ does indeed fit into the general domain theory of Section 2.
From now on, we use the term ‘processes’ (elements of a domain P solving P =~ F(P)) rather than
‘trees’. (For a discussion concerning the relationship between the process domains and the class of
process graphs modulo bisimulation we refer to [BeK89], where, under some mild conditions, isomor-
phism of the two structures is established.) The processes in Py and P, serving as models for L, and
L,, have as special elements the nil process {¢} and the empty process @ (the empty set). Again,
these model proper and improper termination. For the languages L, to L4, we introduce domains of
processes (P, to P4) which in some manner involve function spaces. Domain P, is the simplest of
these: it consists of all nonempty compact subsets of a domain Q,, where Q, is tuilt recursively
from itself and constant domains using the operators —, X, and U, but without the use of the power
domain operator. Though slightly different from P,,P, shares with P, the property that the power
domain operator does not appear in a recursive way. Only when we define P, do we have that the
power domain operator occurs combined with recursion. Since this kind of combination constitutes
the essence of a domain being branching time, we are justified in calling P, a nonuniform BT model,
whereas P,,P; are, though nonuniform, more of the LT variety.

(In previous papers such as [BZ82, BMOZ88, BM88, B89] we have always considered, for the
nonuniform case, only domains which are fully BT (such as P,). The present models P,,P; are new
for us. A major motive for their introduction is our desire to better understand full abstractness
issues. Domains which are fully branching time are likely to provide too much information to qualify
as fully abstract. We shall return to these matters below.)

We use five languages to illustrate the use of domains as outlined above. For our present purposes,
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the languages themselves are not our primary concern. Our first aim is to present a representative
sample of the variety of domains one may employ in semantic design. Secondly, we want to
emphasize the resemblance between the definitional tools. Throughout, (unique) fixed points of (con-
tracting) higher-order mappings play a central role. Let, for f a contracting mapping on a complete
metric space, fix f denote its unique fixed point (which exists by Banach’s theorem, cf. Section 2).
For the operational semantics definitions we shall, for i =0, ...,4, define O,=fix\F,, for suitable
operators ¥;. In the definitions of the ¥;, we shall make fruitful use of transition systems in the sense
of Plotkin’s SOS (structured operational semantics, from [HP79, P181, PI83]). In the denotational case,
we put 9, = fix®;, i =0, .. .,4. Here @; is defined (on appropriate domains) using semantic opera-
tors such as sequential (°) and parallel (/) composition. In the definition of those operators as well,
use is made of the definitional technique in terms of higher-order mappings. In four out of the five
cases considered, 0, is not compositional. That is, in these cases we do not have that, for each syntactic
operator op,,, there exists a corresponding semantic operator op,., such that, for all s,,s,,
@llslopsynSzll=®|[31]0psem®|[321|. (E.g., for L, and Ly, || violates this condition.) In order to obtain
compositionality, we have to add information to the codomains concerned: in going from ¢; to %@, we
replace R; by P;, and P; is more complex than R;. In this way we manage to define ); in a composi-
tional way, but we have lost the equivalence 6,=¢;, i =1, .. .,4. Rather, we shall apply abstraction
mappings abs;: P,>R,, i =1, . ..,4. These mappings delete information from the P;, and they enable
us to establish that (x): ©;=abs;*D;, i =1, . ..,4. The question concerning the full abstractness asks
whether these (,,abs;) are the best possible (in a sense to be defined precisely below). Not much is
known on this question. Apart from a few negative results (; is not fully abstract on the basis of
known facts) essentially all we have to report here is a few open problems.

We conclude this introduction with a listing of the programming notions appearing in the languages
Ly to Ly

Lo,L, (the uniform case). Both have elementary actions, sequential composition, nondeterministic
choice and guarded recursion. Guardedness is a syntactic restriction reminiscent of Greibach nor-
mal form for context free grammars. It is imposed to ensure contractivity (of an operator
corresponding with (the declarations of) the program). Moreover
o Lg has parallel composition
o L, has process creation and (CCS-like) synchronization

L,,L4,L, (the nonuniform case). Each language has assignment, sequential composition, the condi-
tional statement, and (arbitrary) recursion. In addition,
o L, has parallel composition
o Ly has process creation and (a form of) local variables
o L4 has parallel composition and (CSP-like) communication.

In each of L to L4, a program consists of a (main) statement s and a set D of declarations. This set
‘declares’ procedure variables x with corresponding bodies g (the guarded case) or s (the general case).
These declarations are (therefore) simultaneous and they may involve mutually recursive constructs.
Note that we do not utilize some form of p-notation (in the form of ux[s], say) to syntactically intro-
duce recursion. The simultaneous format has technical advantages here (the interested reader may
want to compare the technicalities of [KR88] versus those of [BM88]).

3.2. L,: a uniform language with parallel composition

Our first language, L, is quite simple. It is introduced for the purpose of illustrating the definitional
techniques on an elementary case. We shall design linear time operational, and branching time deno-
tational models for L,. The motivation for using a BT model for L, is solely didactic: we want to
explain the somewhat complicated machinery of BT models first for a very simple language (for which
even the operational semantics 0, is already compositional, thus obviating the need for a more
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complex domain for ).

(From now on we employ the terminology ‘let (x €)M be . . . to introduce a set M with variable x
ranging over M.) Let (a€)A4 be an alphabet of elementary actions, and let (x €)Pvar be an alphabet of
procedure variables. We introduce the language L, and its guarded version L§ in

DEFINITION 3.1. (s €)Lg, (g €)L§ and (D €)Decl, are given by

a. s 5= alx|sy;salsy +salsills,

b. g = alg:slgitgaigilga

c. A declaration D consists of a set of pairs (x,g) and a program consists of a pair (D,S).

REMARKS.

I. We find it convenient not to worry about the ambiguity in the syntax for Ly(L§)—and the other
languages that we shall define in the sequel. If required, the reader may add parentheses around
the composite constructs, or assign priorities to the operators.

2. In a guarded g, each occurrence of a procedure variable x is ‘guarded’ by a sequentially preced-
ing occurrence of some g €A.

We proceed with the definitions leading up to the operational semantics Oy for L. Let E be a new
symbol (not in 4 or Pvar) with as connotation ‘the terminated statement’, and let (re)Ly =LyU{E}.
Transitions are fourtuples of the form (s,a,D,r), with seLy, a€A, D eDecl, relg . A transition

relation ‘=’ is any subset of L,XA4 XDeclyXLq . Instead of {s,a,D,r)e— we rather write s 5pr.
a
From now on, we shall suppress explicit mentioning of D in our notation. E.g., we shall use s —»r

rather than s 5pr, and, at later stages, we use O[s] rather than O[(D,s)], etc. We feel free to do so
since D is in no way manipulated in our considerations. Each time, where relevant, some fixed D may
be assumed.

As next step, we introduce a specific transition relation —; in terms of what may be called a formal
transition system T, (consisting of some axioms and rules):

DEFINITION 3.2. — is the least relation satisfying the following system Ty:

a. aSgE

b. IfsSgrthen 1. s5;55¢r:s
2. slsSerls
3. Sls Be5lr
4. s+355gr
5. S+s5¢r

c. If g 5¢r then x 5y r, where (x,g)eD.

REMARK. In clause b we use the convention that (in case r =F) E:s= E|s=5||F =5.
We now introduce the operational domains (r€)R,, (4 €)So, and show how to define 0y: Lo—Ry.

DEFINITION 3.3.
a. R0=("Pnc(S0)v S0=(A XSO)U{89(}
b. Let (Fe)My=Lg —R, and let ¥4: Mq—M, be defined as follows:

Vo(F)E) = {€)
Wo(F)(s) = {{a,u): s Sor and ueF(r)}
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if this set is nonempty

= {8}, otherwise

C. 00 - ﬁX ‘I’o.

REMARKS.

1. In clause a, € and & are new symbols with as intended meaning proper and improper termination,
respectively.

2. By the definition of —, {8} will never be delivered in clause . We have included this case for
consistency with later definitions, where the set {{a,u): - - -} may well be empty.

3. For each F and s, ¥(F)(s) is a nonempty compact set (this follows from the definition of T).
Moreover, ¥, is a contracting operator (on the complete metric space M,). This depends essen-
tially on our convention (see the remark following Theorem 2.13) that in a domain equation such
as that for S, recursive occurrences are implicitly proceeded by the id,,, operator.

EXAMPLES.

1. Ofi(ay;az)+asl={{a1,{az.€)), {ase€)}

2. Ol((x (a;x)+b), )=

{¢a,4a, - - N}V{{a,<a,....(bye) -+ -))i=0,1, -}
w times g i times a
(In a less cumbersome notation, we would write {@“}Ua"b.)

We continue with the denotational definitions for Ly. We shall, here and subsequently, follow a

fixed pattern, in that we first introduce the denotational domains, then define the necessary semantic
operators, and finally define a higher-order mapping ®; which has the desired °D; as fixed point.

DEFINITION 34.

a.

b.

Poz@co(QO)U{{‘}}

Qop=AXP,

Let (¢e)P,=PyXPy—P,. The operator + P, is defined by p +{e}={e}+p =p, and, for
pu,p27-{€}, pr+p2 is the set-theoretic union of p, and p,. Also, the operators © and || are
defined by o= fix Q., || = fix ,, where ©,,2: P;—P, are given by

(WP 1.p2) = pa. if pr1={¢}
= {(a, $(p")p2)): (a.p"yep}
if p17%{€}
Q@@ 1,p2) = L@@ 1L,P2)+L(D)P2.P1)

Let (Fe)Ny=Ly—P,, and let &5: Ng—N; be given by
(for geLf)

Dy(F)a) = {{a,{})}

Do(F)(g:s) = Po(FXg)F(s)

Po(F)g1+g2) = Po(F)g1)+Po(F)g2)

Do(F)g1llg2) = Po(F)gDIPo(F)(g2)
(for seLy)

Dy(F)@) = {{a,{})}
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Bo(F)(x) = Do(F)g), Wwith (x.g)eD
D (F)(51352) = Po(F)s 1 )oPo(F)s2)
and similarly for s +5,, 5lls3.

d. Let 6D0=ﬁx q)o.

EXAMPLES.

1. (processes in Pj). We use an abbreviated notation: we write ap for (a,p), we omit final -{¢}, and
we write ¢ +¢q,+ - - - for process p (5{e}) with elements g,,4,,.... Examples of elements in P
are 2, {¢), (a;ay)+(ai-as), a,{a,+a;), a(ayas+asaz)+tasza;a, and the processes
p.p".p" defined by

p’ = limp’, p' = {€ pliv1i = ap’;
p’ = limp/, po" = () Pie1= ap/+b
PIH fd Iiml Pilll’ PO”I — {c}’ P:,;-l = a'p,l,/.

2.  Putting [_=8.Cl), we have pillp2=@1Lp)+@2lLpy). Also,
(a-ay)llas=a,((a,-a3+ayaj)tasaya,. Moreover, S+p=p+@ =p, Qop=@2 (but
pe2 =@ only if p={€} or p=@). Also, for p’,p”,p"”" as in 1, we have, for any p, p’sp =p’,
pllop zapll+b.p’ and PIIIOP ___.pll/.

3. Wlayi(a;t+a3z)l=a,(a;+as)

Doll(ay;ay)+(@:a)l=(aaz)+(aras)
Dlar;az)llasl=a-(ay-a3)+(azay))+aszaa;
Dol ((x,a ;x),x)]=p’ (as in I)

Dol ((x,a:x +b),x)]=p” (asin 1)

Dol((x,a;x +b;x),x)1=p" (asin 1)

REMARK. Well-definedness of @, follows by induction on the complexity of, first g, then any 5. Con-
tractivity follows, essentially, from the way we have defined ®,(F)(g;s), together with the fact that,
for d the metric as determined by the definitions in Section 2, we have that d(peop,,pep;)
<%d(py,p3), for p7(e}.

We now discuss how to relate Oy and 9y, using the abstraction mapping absy: Po—R(. We shall

define abs, in such a way that each process p is mapped onto the set of all its ‘paths’. For compact p,
we have that absy(p) is indeed a nonempty compact set, hence abso(p) is a well-defined element of
Ry. (We refer to [BBKM84] for a discussion including full proofs of these issues.)

DEFINITION 3.5.

a. Let(me)PRy=Py—Ry, and let Ag: PRy—PR, be given by
Ao(m)(2) = {8}
Bo(m({e}) = (¢}
Ay(m)(p) = {(a,u): (a,p’)ep and uemn(p’)}
for p#£a,{¢}
b. Letabsy=fix Ay
EXAMPLES.

abso((a-a;)+(a-az))=absg(a,(a; +as3))={{a,{(a;,€)), {(a,{as,€))}. Also, abso(2)={8}.

. We need one slight extension to 9, before we can relate %y and @,. Let GADO: Ly —P be given by:
DlE]={€}, DlsT=Dpls]. We have
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THEOREM 3.6. Oy =abs 00650.

PROOF (outline). First we introduce an intermediate operational semantics 4: L§ —P,, defined as fol-
lows: let (Fe)Ng =Lg —Pg, and let ¥;: Ny -Ng be given by

V(F)E) = {¢)
Y (FXs) = {a,F(r)): sSyr)

def - ~ -
let 9= fix¥,. Following [BM88, KR88] we may show that =%, by establishing that ¥(Dy) =D, (fol-
lowed by an appeal to Banach’s theorem). Next, we have, by the various definitions,

YolabsogoF)r) = abso(Ws(FXr)).

Hence ¥ o(abs oo9)(r) = abs o (¥ s(9)(r)) = (abs yo9)(r). Thus, abs0°§=abs0°6‘bo is a fixed point of ¥,, and
abs oD, =0, follows. [

3.3. L,: a uniform language with process creation and

synchronization
We next consider the language L, embodying two important variations on L. Firstly, the construct
of parallel composition is replaced by that of process creation (here ‘process’ refers to a programming
concept, and not to a mathematical process p in some domain P). Secondly, we add a notion of
(CCS-like) synchronization. We now take the set of elementary actions A to consist of two disjoint
subsets (b €)B and (c €)C, where the actions in B may be taken as independent. Moreover, for each ¢

in C we assume a counterpart ¢ in C (where ¢ =c¢), with the understanding that execution of ¢ in
some component has to synchronize with execution of ¢ in a parallel component (and then delivers a
special action 7 in B as result). Process creation is expressed through the construct new(s): its execu-
tion amounts to the creation of a new process which has the task to execute s in parallel to the execu-
tion of the already existing processes (each with its already associated task). In addition, we stipulate
that termination of a number of parallel processes requires termination of all its components. This
brief description of the meaning of new(s) (many details are given in [AB88]) is elaborated in the for-
mal definitions to follow.

DEFINITION 3.7. (s€)L,, (g €)L§ and the auxiliary (h €)L} are defined in

s:ii=alx|sy;sy|s ) +52|new(s)

g::=hlgi:g2lg1 +82(new(g)

h::=alh;slhy+h;

A program is a pair (D,s), where D consists of pairs (x,g).

o oR

REMARK. Using only g eL§ (and no heL%) would lead us to the definition g:: =alg;s|g| +g2|new(g).
Then new(a);x would qualify as guarded, which is undesirable since this will obtain the same effect as
the L,-statement a|lx (which is unguarded since it may start with execution of x).

We proceed with the definitions for the operational semantics 0;.

DEFINITION 3.8.

a. (re)L; is given by r::=E|s;r (r may be seen as a syntactic continuation). (p€)Par, is given by
pii={ry,ra, . .., 1y, n=1. We shall identify (r) and r. Concatenation of tuples p;,p, will be
denoted by p;: p;.

b. Transitions are written as p; >, p,, where — is the smallest relation satisfying the formal system
T, given by

c. a;rSr
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If s;r%,p then 1. (s+5)ir5,p
2. 5+s)rSip

If g.r-5| p there x;r 5 p, where (x,g)eD
If s1:(52:7)5 p then (sy:5,2);r S1p
If (r,s;E)-5,p then new(s);r 5 p
If py 5, p; then L. pipy 5, pip,

2. pripSipip
If py 5, o and p, 5 p” then py:p, 1 90"

We next present the definition of (the domain for) ¢;:

DEFINITION 3.9.
a. R{=%,(51), Si=(BXS)U{d,¢}
b. Let (Fe)M,=Par,—R,, and let ¥;: M,—-M, be given by

¥ (F)p) = {€}, for p=(E,...,E)

Otherwise
¥\ (F)p) = {{a,u): p-5>,¢', ucF(p’) and a B}

if this set is nonempty
= {8}, otherwise.
C. @1 =ﬁx ‘I’l .

EXAMPLES.
1. 01[b;E] = O[new(b);E]={<b,¢)}
O0b1;b2;ER={(b1.{b2,€))}
O1[new(d);b2:E]={({b1,{(b2,€)), (b2,{b1,€))}
2. Oilc:E}=0,lc;E]1={8}
O,[{c;E, ¢:EY]= (7}

3. O,[new(c);b;new(c);b,;El=
{(b1,{1,{b2,€))),{b1,{b2,{T,€)))}

4. (‘)ll[(b,;b2)+(b,;c)]|={(b.,(bz,c))),(bl,ﬁ)}-

From the examples we see that O; is not compositional (example 1 shows this with respect to
example 2 for *’). We remedy this as follows: in order to handle ‘:* we introduce the BT domain P,
(refining R ). P, is the same as P, from the previous section, but now its branching structure is
indeed exploited. Process creation (and the ensuing problems with “;’) is dealt with in a different way,
viz. by using the technique of so-called semantic continuations: We shall define ®,: L, —(P—P)),

rather than just 9,: L;—P . Details follow in

DEFINITION 3.10.
a. P1=Py 0:=0,.

b. Let (¢)P;=PXP,—P,. We define +ecP, and Q.: P,»P, as in Definition 34. Also,
Q: PP is given by Q)(9)p1,£2)= L(@)p1,p2) + L@@ 2,p 1)+ L($)p1,p2), Where

QD) 1.p2)= (£’ .p"M: {cp’yEP1,{c,p") EP2 ).
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Let || = fix .
c. In the definition of ®, we use an extra argument (from P,), viz. the semantic continuation. Let
(FE)N[ :Ll—)(Pl—)P]), and let ®l: N|—>Nl be given by

(for heLh)
o \(F)a)p) = {<a.p))}
O (F)(h;s)p) = PUFYR)F (s)p)
® (F)(h+h)p) = O (F)h)P)+1(F)h)P)
(for gelf)
@, (F)(h)p): as above
®,(F)E1:g2)p) = PuF)Ng P 1(F)E2)P))
®,(F)g1 +£2)() = 21 )P)+ Pi(PEP)
&, (F)mew(®)(p) = ®.(HE)(Dllp
(forsel,)
o (F)(x)p) = ®1(F))p), where (x,g)eD
@ (F)mew(s))p) = @ 1(F)s)X{eDllp
the cases s =a, §,;55, §{+5 are similar to the above
d. D =fix ®,.
EXAMPLES.
1. D[cl(p)={{c,p))}, and, using the abbreviated notation for processes in Po(=P1) from the previ-

ous section, D, [new(c); cl({e})= cc+cc+7.
2. D[new(b); balp)={<b1,{<b2,p)>}), (b2, {<b1,{eD}p)}.

We see that 9; makes more distinctions than does ©;: O,[c;El= {8}=0,[c;;E}, whereas
Dy lc i=Ap-{¢c1,p)}FNp-{(co,p)} =Dyl ). Also, Oi[6;ER={(b, {€}>} =01Inew(b);E], whereas
Di[61= Ap-{<b,p) )7 Ap({<b, {e})}llp)= D1 [new(b)}(p)-

We next introduce the abstraction mapping abs,: P;—R, which will be used to relate 9, and 9.

DEFINITION 3.11. Let (me)PR; =P —R), and let A;: PR,—PR, be given by

Ay(m)({€})) = {e}
and, for p#{e},

Ay(m)(p) = {a,u): (a,p'yep,ucn(p’) and acB)}

if this set is nonempty
= {8}, otherwise.
Let abs = fix 4.
REMARK. abs (p) yields the set of all paths from p which involve no c-steps.
Since not only the codomains, but also the domains of ©, and %, differ, we first introduce an auxi-

liary semantic mapping &;, and then relate ¢, and &,. We define &,: Par;—P; by putting
& [E1= (e}, &,Ls:r1= D, [sU&1[r]), and &,[¢ry, . . ., rDI=6\lr Bl - - - 16,[7,]. We have
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THEOREM 3.12. O, = abs °6;.

ProOF (sketch). First introduce an intermediate operational semantics %, (in the style of the § of the
previous section), and show that 4, =&, (the reader may consult {BM88] for this). Then prove that
%y =abs °%; by an argument as in the proof of Theorem 3.6. [

We conclude this section with a few remarks concerning the question whether %, is ‘best possible’
with respect to O;. In technical terms, we ask whether @, is fully abstract with respect to 0. Recall
that we added information in the denotational domain P (as compared to R;) in order to make %,
compositional. In principle, it may be envisaged that more information has been added than is neces-
sary to achieve this purpose. For a language with parallel composition (rather than process creation)
and synchronization this is indeed the case: A so-called failure set model (which preserves less infor-
mation than the full BT model) suffices. See [BHR84] for the notion of failure set model; in [R89a] a
theorem from [BKO88] stating that this model is fully abstract is translated into a metric setting. This
result makes it likely that, for L as well, we do not have that 9, is fully abstract with respect to O.
A rigorous formulation of this fact (see [R89a] for alternative formulations and further discussion) is
the following: We expect that it is not true that, for each s;,5,€L,, the following two facts are
equivalent:

L s J=Difs,]

2. For each ‘context’ C[. ] we have that O,[C[s{]1=6,[C[s,]].

Here a context C[. ] is a text with a ‘hole’ such that C[s], the result of filling the hole with s, is a
well-formed element of Par,.

Clearly, it would already be of some interest to investigate these questions for a language L’; with
only process creation (and no synchronization).

3.4. L,: a nonuniform language with parallel composition

We now engage upon the discussion of a number of languages of the nonuniform variety. In the first
(L,) elementary actions are replaced by assignments v:=e, with v elvar, the set of individual variables,
and (e €)Exp, the set of expressions. We also introduce the set (be)Test of logical expressions. We
assume a simple syntax (not specified here) for e,b. ‘Simple’ ensures at least that no side effects or
nontermination occurs in their evaluation. Furthermore, we introduce a set of states (o6€)E=1Ivar—V,
where (a€)V is some set of values. It is convenient (for later purposes) to postulate that V' C Exp. For
oeX, aeV, velvar, the notation o[a/v] denotes a state such that o[la/v] (v))=if v =V then a else
o(v)fi. Finally, remark that for nonuniform languages we shall not distinguish guarded recursion from
the general case. (Contractivity of the operator corresponding to the program will be ensured by
(semantically) proceeding each call of a procedure by the equivalent of a skip statement.)

The syntax for L, is given in

DEFINITION 3.13.
a. (se)L, is given by
s 1:= vi=e|x|s(is,| if b then s else 5, fi |s¢lls;
b. Declarations D are sets of pairs (x,s), and a program is a pair (D,s).
The operational semantics 0, is given in terms of a relation —,: transitions are now of the form

(s,0)—2(r,0’), with 0,0’€Z, seL,, rel; =L,U{E}, and —, the smallest relation satisfying the
transition system T', given in

DEFINITION 3.14.
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(v:=e, 6)—,(E, o[a/v]), where a={[el(o)

{x, 8)—>7(s, 6), where (x,s)eD.

If (s, 6)—>,(r,0’) then 1. (s5:5,0)—,(r;s,0')
2. (slls,0)—24rlls,0")
3. (slls,0) = (sl 0%,

with the convention that E;s=E|ls =5||E =5.
If (s, 0)—>,{r, 0’) then

1. if [p1(o)=tt then { if b then s else s, fi,0)—,(r, ¢)
2. if [b](o)=/ff then ( if b then 5| else s fi,0)—,(r, 0").

The operational domains and semantics are given in

DEFINITION 3.15.
a. R 2= 2—)@"0(52)

S, =(EXS)U{d,¢}
b. let (Fe)M,=L3 >R, and let ¥,: M;—>M; be given by

¥y (F)E) = Aa(€)
¥, (F)(s) = Ao-{{0",u): (5,0)—,(r,¢’) and ueF(r) o)}
if this set is nonempty
-{8}, otherwise
c. O,=fix ¥,.

EXAMPLE. 0,0v:=0;v:=v +11=0,[v:=0, v:=1]=Xo:{{0[0/v], {o[1/v],€))}, but
0,[(v:=0; v:=v+ DIp:=2)]£0[(r:=0; v:=Dl(v:=2)].

From this example we see that 0, is not compositional. We therefore add information to the
domains R,, S, obtaining P,, Q3, in such a way that @, is indeed compositional. The definitions are
collected in

DEFINITION 3.16.

a. Pzz@nc(QZ)
0, = E(EXQ))U{e)

b. let (pe)P;=P,XP,—P,. The operator + P, is defined by: {€¢}+p =p +{e}=p, and, for
p1,p27{€}, p1+p2 is the set-theoretic union of p, and p,. The mappings Q., 2: P,—>P, are
given by

Q@)@ 1p) = U ($g1@2): §1€P1,26p2}
#eXg) = (g}, and, for g 7%

#g1(q2) = {g: Volg(0)edg1(9))g)N)}
#(0,9"Xqg) = {<0.7>: Fed{g'N{g))-

Also Q‘l(‘l’)(PhPZ)ZQu(‘P)(PI,P2)+Qu(¢)(P2_P l)’ o::ﬁx Qo, and ll:ﬁx Qll’
c. Let(Fe)N,=L,—P;, and let ®,: N,—>N,, be given by
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D, (F)(v:=e) = {Ao(olasv]e)}, a=lel(o)

®,(F)(x) = {Ao-(o,€)}oF(s), (x,s)eD

D, (F)(s1;52) = PoF)s1)°P2(F)(s52)

and similarly for |

@, (F)(f b then 5| else s, fi)=

(Ao [51(0) then g (o) else g3(0)fi: g, €B,(F)(s1), g2 €02(F)s2))
d. Dy=fix &,.

We conclude this section with the introduction of the abstraction operator abs,: P;—R,;.

DEFINITION 3.17 (the structure of this definition slightly deviates from the previous abstraction
definitions).
a. Let (me)Q2S,=0:;—(E—S,). We define A’;: 0Z5,—-QZS, by putting

Ay (m)(€) = Aoe, and for g5~
Ny (m)(g) = Ao-m(g(o))
#(¢0,9) = (o, 7(g)0))
b. Letabs’; = fix A’,. Let abs,: P;—R; be given by
abs,(p) = Ao-{abs’,(g)(0): gep}
if this set is nonempty
{8}, otherwise.

We have (putting 5Dﬂ[E]] ={Ao€}, ":Dz[s]l =D, fs):
THEOREM 3.18. 0, =abs 5%, .

The proof is a nonessential variation on previously given proofs (in turn relying on [KR88] and
[BMS88]). For the intermediate semantics definition we use the clauses

Y(F)E) = {Aoe)}
W(F)(s) = {q: Yolg(o)e{(0",q): {5, 0)—>3{r,0") and geF(r)}]}.
As before, we have the issue of full abstractness: is it true that, for all sy,s;, D,[s,1=2D,[s,] iff, for

all contexts C[. ], ©,IC[s,]1=06,IC[s,]1? It has been shown by E. Horita that the answer to this
question is negative.

3.5. L,: a nonuniform language with process creation and
locality

We continue with the treatment of the language L; which has process creation (as for L, but this
time without some form of synchronization) and the notion of local declaration of an individual vari-
able. We find it convenient to discuss only initialized declarations (cf. [B80, Chapter 6]). Our first aim
with this section is to motivate a type of domain of the form P;=Z2Z-%,.(Q3), rather than the previ-
ous P,=%,(Q;): the elements of P; are (apart from special cases) of the form
Ao-{ - --,{0",q"), - - - }, where the ‘resumptions’ ¢’ depend, in general, on the argument o. With L;
we intend to illustrate the need for this type of constructions.
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The syntax of Lj is given in
DEFINITION 3.19.
a. (se)L;is given by
s 1= vi=e|x|s;5,|if b then s, else s, fijnew(s)|
begin int v: =e ;s end, where v does not occur ine
b. Declarations and programs are as usual.
The operational semantics domains for L, are the same as those for L,. We again (cf. the section on
L,) introduce (pe)Par;, where p=<(ry, ... ,r,), n=1 (and where we identify (r) and r). Also,
r(eLy)is given by r::=Els;r.

The transition system T3 employs transitions of the form (p,6)—;{p’,0’), where —; is the least
relation satisfying

DEFINITION 3.20. (T3, —3). {(v:=e;r, 6)—3(r,ola/v]), where a=[el(o) {(x:r, 6)—>1{s;r, o), where
(x,s)eD.
If (s15(52:r),0)—>3{p,0") then {(s:52);r, 0)—>3(p,0")
If ¢{(s:E, r),0)—1{p,0’) then (new(s);r, 0)—3{p,0")
If (v:=e;5;v:=0(v);r, 6)—3{p,0’) then (begin intv:=e;send;r, 0)—3(p,0")
if - - - fi: omitted
If ¢py,01Y—3{p2,02) then 1. (p;:p,01)—3(p2:p,02)
2. (p: p1,01)—3(p: P2,02)-
0, is obtained from T3 in the usual manner:
DEFINITION 3.21.
a. Let (Fe)ParRy=Par;—R3, and let ¥3: ParR3—ParR; be given by
VA(FY(E, . . ., E)) = Ao-{¢)
and, for p5%=(E, ... ,E),
¥3(F)p) = Ao-{(d",u): {p,0)—3(p’,0’) and ueF(p)(¢")}
if this set is nonempty
-{8}, otherwise
b. 0,=fix ¥,

EXAMPLE. ©;[begin int v: =0; begin int v:=1;v": =vend; v': =v end; El=
)\o~{(o[0/v],(o[l/v],(o[l/v][l/v’],(o[O/v][l/v’], (o[0/v][0/v'], )},

0, is not compositional (cf. the discussion for 0,), and we resort to a more complex domain for the
denotational semantics. In the remainder of this section we shall employ the following

NOTATION. Let f: A—@(B) be a function from A4 to the subsets of B. We then put
f' = (g: A-BValg@ef @)

The denotational definitions are collected in
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DEFINITION 3.22.
a. P3 = Z-9,(0Q3)
Q3 = @X(E-03)U{¢}
We shall use X to range over 9,.(Q3), and £ to range over 2—Q3.
b. Let (p€)P3=P3XP;3—>P3, and let 2., ;: P3P be given as follows

)@ 1,p2) = Aod(p1(0)(p2)

#0P) = U {9(@p): g=X)

Hep) = {(0,£): 02 and £ep')

#(0,0)(p) = {(0,): EesAo-(£@)))P)')

2, $)P1.,2)©) = L@ 1,p2)0) UL(H)P2.p O

Let o=fix ., || = fix Q.
c. Let(Fe)N3=L;3—»(P3—P3), and let @3: N3—>N; be given by

O (F)(v:=e)(p) = Ao-{(o[asv],&): £ep’), where a=[el(o)
®3(F)(x)(p) = Ao-{{0,£): £cF(s)(p)!), where (x,s)eD
D3(F)s1:5)p) = P3(F)(s NP3(F)(s2)(p))
Q3(F)Af - - - fi)(p) = Ac-iflb](o) then ®3(F)(s1)(p)(o)
else O3(F)(s,)(p)(o) fi
O3 (F)(new(s))p) = B3(F)s)Mo-{e})llp
D3(F)(begin int v: =e¢;s end)(p) =
Ao-®3(F)(v : = &35 )Ae-{{(Blo(v)/v],€): p))(o)
d. Let Dy=_fix @, and let &;3: Par;— P, be obtained from 9; similar to the definitions of &, for L,
(where 63 E] =Ao{¢}).
We finally relate ©; and &; in the usual manner through the abstraction function abs:
DEFINITION 3.23.
a. Let(7e)QS3;=0Q3;—S;, and let A’y: 0S3—>0S; be given by
Ny = €
&’3(m)((0,€)) = (o,m(§(0)))
b. Let abs’y=fix A’3, and let abs;: P3—R; be given as
abs(p) = Ao-{abs’3(q): gep(0)}
if this set is nonempty

-{8}, otherwise.

We have the, by now familiar, result
THEOREM 3.24. O3 =abs 306;.

We do not know whether &; is fully abstract with respect to 0.
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3.6. L,: a nonuniform language with parallel composition
and communication
The language L, is an extension of L, in that now (CSP-like) communication over channels
c(€ Chan) is added. A send-statement has the form cle, a receive-statement has the form c¢?v, and
synchronized execution of these (in two parallel components) amounts to the execution of the assign-
mentv:=e.
The syntax for L, is given in

DEFINITION 3.25.
a. (se)L, has as syntax
s 1= v:=e|x|s;sy| if b then 5, else 5 fijs||s2|cv|cle

b. Declarations and programs are as usual.

The operational semantics for L, employs the sets
(ye)T = {c¢?: ceChan, velvar}U{c'a: ceChan, acV}
(ne)H = ZUL.

Transitions are of the form (s, 0)—4{r, 1), with reLy =L4U{E}. The transition system T4 is given
in

DEFINITION 3.26.
a. {(v:=e, 6)—4(E, ola/v]), a as usual
{c, 6)—>4{E,cv)
{cle, 0)—>4(E,cla) , a asusual
b. ‘The rules for x, ;, if - - - fi, || are as those in T (with —4 replacing ;). For || we have in addi-
tion the rule
c. If (s1,0)>4¢r", ¢) and (s3,6)—>4(r", cla) then (slls2,0)—4{r'|Ir",0{a/v]).
(We assume the usual convention that Ellr =r||E =r.)

The operational domains and semantics are given in

DEFINITION 3.27.
a. R 4= 2_)@"0(54)
S4s=CEXSHU{d,¢}
b. Let (Fe)M4=Lj —Ry, and let ¥,: M4—M, be given by

Vy(FXE) = Ao+{€)
W, (F)(s)=Ao-{(s",u): (s,0)—>4(r,0’) and u eF(r)(s")}
if this set is nonempty
-{8), otherwise
c. O4=fix ¥,.

REMARK. Note that, in the definition of ¥4(F)(s)}0), no contributions are made by steps
(s,0)—>(r, 7).

Once more 0, is not compositional. The denotational definitions assume a domain P, which combines
the BT structure of P, with the nonuniform structure of Pj:
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DEFINITION 3.28.
a. Py = (E-%,(Q))U{{e})
Q4 = BUD)XPy
Let X range over 9,,(Q4).
b. Let(¢c)Py=P4XP4—P,4, and let Q.,Q,: P4—P, be given by

QD@ )P = p2 if pr={¢}
= Ao9(p 1 (o)(p2), if pr7E{e)
9P = {$g)p): g€X)
H(mp'NP) = (n,9()(P))
2 (PP 1,22) = Ao R.(D)(p 1,p2)(0) UL ()P 2,p 1 )(0) UL ()P 1,p2)(0)) Where
Q(D)p1,p2)o) =
Ao-{{ola/v],¢(p)p")): (cMvp’')Epy,{cla,p")Ep, or vice versa)}

o=fix Q., ||=fix ;.
c. Let (FE)N4=L4-—)P4, and let ®4Z N4~—9N4 be given by

B4(F)(v:=¢e) = Ao-{{olasv],{€}>}, a asusual
DY(F)c ) = Ao-{{c, {€})}
D4(F)(cle) = Ao-{{cla,{€})}, a as usual
5 = §1.52, §llsp, if - - - fi: omitted
®4(F)(x) = Ao-((0,F(s))}, (x,5)eD
d. let D4 = fix @4

We conclude with the abstraction mapping between 0, and 9;:

DEFINITION 3.29. Let (we)PR,=P4—R,, and let Ay: PR4—PR, be defined as follows:
Ay(m({€}) = Ao-{€}, and, for p+(e},
Ay(m)p) = Ao {m(g): g <p(0)}
if this set is nonempty
{8}, otherwise
7((o,p)) = {(0,9): gET(P)(©))
7(v.p)) = &
Let abs 4= fix A4.

We have (for GAD4 similar to EDZ)
THEOREM 3.30. 0, =abs 4o%,.

As to the question of full abstractness, since 9, is (probably) not fully abstract with respect to 0; (cf.
the discussion for L,), there is no reason to expect %, to be fully abstract with respect to 0. Rather,
it should be investigated whether a nonuniform version of the failure set model may be developed
here.
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3.7. Conclusion
We conclude with a table which surveys the domain equations encountered in Sections 3.2 to 3.6.

operational denotational
uniform
L RO = g’nc(SO) PO = @ca(QO)U{{(}}
0 | Sg = (AXSU(de} | Qo = AXPy
L Rl - uj)m.'(Sl) Pl = @co(Ql)U{{(}}
1Ll S, = BXS)U{d¢} | @1 = (BUOYXP,
nonuniform
L, R, = E")‘:’Pnc(SZ) P, = éPm.'(QZ)
S, = (EXSHUS,e) | Q2 = C>EXQNU{e)
L, R; = R, Py = 2-%,.(Q3)
$3 =5, 03 = EXE-023)U{e}
L Ry =R, Py = (-2, {{e}}
41 84=8, Q4 = BUD)XP,

4. Labelled transition systems and bisimulation

In this section we shall use the domain P of the previous section to give a general model for bisimu-
lation equivalence ([Pa81]), a well known notion in the theory of concurrency. (The same result holds
for P,. For the domains used for the non-uniform languages some further study is still needed.) It is
based on the basic notion of labelled transition system.

DEFINITION 4.1 (LTS). A labelled transition system is a triple @=(S,L, —) consisting of a set of states

S, a set of labels L, and a transition relation —CS XL XS. We shall write s 55’ for (s,a,5")e—.
Following the approach of the previous section, we assume the presence of a special element E€S
that syntactically denotes successful termination. A LTS is called finitely branching if for all s€S

{(a, s"): s s’} is finite.
Every LTS induces a bisimulation equivalence.

DEFINITION 4.2. Let @=(S,L, ) be a LTS. A relation R CS XS is called a (strong) bisimulation if it
satisfies for all s,7€S and ae4:

(SRt As5s)=3AWeS[tS5t' A s'R']
and
(Rt At 51) = 3s’eS [sSs" As'R')

We require that ERs or sRE implies s = E. Two states are bisimilar in @ notation set, if there
exists a bisimulation relation R with sRt. (Note that bisimilarity is an equivalence relation on states.)
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Next we define, for every LTS @, a model assigning to every state a process in Py.

DEFINITION 4.3. Let @=(S,4,—) be a finitely branching LTS. Here we have taken for the set of
labels the alphabet A of elementary actions used in the definition of Py. We define a model

%{ZS—)PO by
Mels] = {¢a, Mls'D): s = 5")
if s = E, and by MGIEY = {e}.
We can justify this recursive definition by taking 9, as the unique fixed point (Banach’s Theorem)
of a contraction ®:(S—'P)—>(S—'P), defined by
O(F)(s) = {{a,F(s)): s 55’}

if s %= E, and by ®(F)(E) = {€}. The fact that ® is a contraction can be easily proved. The com-
pactness of the set ®(F)(s) is an immediate consequence of the fact that @ is finitely branching.

As an example we can take in the above definition the LTS of Definition 3.2. We then obtain the
function § given in the proof of Theorem 3.6.

This model is of interest because it assigns to bisimilar states the same meaning. This we prove
next.

THEOREM 4.4. Let < CS XS denote the bisimilarity relation induced by the labelled transition system
@=(S,A,-). Then:

Vs,teS st « Mls] = Mele] ]
PROOF.
Let s,z €S.
=
Suppose Myls]=M,[¢]. We define a relation =CS§ XS by
s'=t' & Muls'T=Mel?’].
From the definition of 9 it is straightforward that = is a bisimulation relation on S: Suppose s'=t’

and s’5s"”; then (a,Mls"D>e Myls']=MGlt’]; thus there exists t”eS with ¢ 51" and
Mels”] =[], that is, s”=¢". Symmetrically, the second property of a bisimulation relation holds.
From the hypothesis we have s=t. Thus we have s1.

=

Let R CS XS be a bisimulation relation with sRt. We define

e= :’s}}gs{d(")n«l[s’]], Mel#]): s’Re’).
We prove that ¢=0, from which 9,[s]=M¢] follows, by showing that e</:-e. We prove for all

s’, 1’ with s’Rt’ that dOW,[s’T, M 0t'Y) < €. Consider s,t’€S with s'Rt’. From the definition of
the Hausdorff metric on P it follows that it suffices to show

d(x, MAr'D) < %€ and d(y,M,ls'Y) < €
for all x eMy[s’] and y €M le’]l. We shall only show the first inequality, the second being similar.
Consider (a,Mu[s”1) in OM,[s’] with s’ 5 s”. (The case that My[s’] = {€} is trivial.) Because s’R¢’

and 5’5 s” there exists t” €S with r 5 ¢ and s”Rt”. Therefore

d(¢a, Mels”D), Mele'D) = d(a, Mels"D), {@MIDY: * 51))
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< [ we have: d(x,Y) = inf{d(x,y):yeY} ]
d({a, Muls"D), (a, MGt D))
= 1%dgls"1, Mle"D

< [ because s”Rrt” ] e .

(The proof above makes conveniently use of the Hausdorfl metric on P. It was first given in [R89b].
An alternative proof can be found in [GR89].)
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