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1. INTRODUCTION
In this paper we consider time invariant linear systems represented by

okt = A& + Bu
y = Ct + Du. : (.1

Here o denotes differentiation or shift, depending on whether one works in continuous or discrete time.
The representation (1.1) is called a descriptor representation ( D representation). The domain of the
mappings E and 4 will be denoted by X, (descriptor space), the codomain will be written as X, (equa-
tion space). When the matrix E is invertible, (1.1) can be rewritten in standard state space form

ox = Ax + Bu
y =Cx + Du. (1.2)

Here A is a linear mapping from X to X where X is the state space. Needless to say, standard state space
representations have been studied extensively in the past. In this paper we are primarily concerned with
results on so-called ‘external equivalence’ (see [13]). Systems are called externally equivalent if their
induced ‘behaviours’ are the same. Here the behaviour of a system consists of the time trajectories of the
input and output variables (the ‘external variables’) that arise from the system representation. For a
more extensive treatment on external equivalence the reader is referred to [11, 13, 14]. The state space
representation (1.2) is called minimal under external equivalence if dim X is minimal among all represen-
tations that are externally equivalent. In the following theorem it is stated that observability is a neces-
sary and sufficient condition for minimality under external equivalence.

THEOREM (J.C.Willems [13]) A4 state space representation (A,B,C,D) is minimal under cxternal equival-
ence if and only if [sIT — A T "' has full column rank for all s < C.

It should be noted that controllability is not required for minimality under external equivalence. This is
due to the fact that the set of time trajectories of the output variables that are not influenced by the input
variables (the ‘uncontrolled behaviour’) remains invariant under external equivalence. This constitutes
one of the main differences between external equivalence and so-called transfer equivalence where the
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invariant is the transfer function instead of the behaviour. At this point we remark that the notion of
external equivalence as used by Aplevich in [2, 3] is different from the notion used here. His notion bears
closer resemblance to the notion of transfer equivalence; for example, the systems y = u and y = u are
equivalent in the sense of [3] but not in the sense of this paper. = _

Two state space representations (4,B,C,D) and (4,B,C,D) are called isomorphic (or ‘Kalman
equivalent’) if there exists an invertible mapping T such that 4 = TAT ™!, B=TB, C = CT"! and
D = D. The following theorem can be considered as a state space izomorphism theorem for external
equivalence.

THEOREM (J. C. Willems [13])_Let (4,B,C,D) be a minimal representation in state space form. A minimal
state space representation (4,B,C, D) is externally equivalent with (A,B,C,D) if and only if it is isomorphic
to(4,B,C,D).

By this theorem, the transformation group for minimal state space representations, i.e. the group of
transformations under which minimal state space representations are externally equivalent, coincides
with the group of isomorphisms.

When using a standard state space representation for a linear time-invariant system it is implicitly
assumed that a transfer function exists and that this transfer function is proper rational: the polynomial
matrix s/ — A is invertible and the matrix C(s/ — 4)~'B + D is proper. However there are situations in
which the transfer function either doesn’t exist or is non-proper. In these situations the choice of inputs
and outputs is fixed for some reason. Examples can be found in circuit models [10], econometric models
[8] and system inversion [4]. The previously mentioned descriptor form (1.1) can be used for representing
such systems. The existence of a transfer function is then related to the invertibility of sE — 4 and the
matrix C(sE — A)™'B + D is not necessarily proper.

In the literature, D representations have received a lot of attention. Results have been derived that
use transfer equivalence, rather than the concept of external equivalence that was introduced into sys-
tems theory quite recently. In [12] Verghese, Lévy and Kailath consider D representations for which
sE — A is invertible. Defining minimality in terms of the rank of E they find that, under transfer equival-
ence, a D representation is minimal if and only if it is strongly irreducible. Here a representation is called
strongly irreducible if it is reachable and observable at both finite and infinite modes:

[SE — A B]has full row rank foralls e C

- [E B]has full row rank

- [sET— AT CM" has full column rank for all s € C
[ET CT]" has full column rank.

In [5] Grimm takes D representations into account for which sE — A is square but not necessarily
invertible. In that case transfer equivalence is no longer defined and instead he defines a concept of
equivalence in terms of the ‘input-output relation’ of the system. In comparison with the work of Ver-
ghese et al. a perhaps more obvious notion of minimality is used: a D representation (E, 4, B, C, D) is
called minimal if the size of E is minimal among all equivalent representations. In [5] a D representation
is then found to be minimal if and only if it is strongly irreducible and in addition free from so-called
‘non-dynamic’ variables:

Alker E]CimE. (1.3)

In an attempt to define a concept of equivalence for D representations that comes close to ‘Kalman
equivalence’ as defined for standard state space representations, Rosenbrock introduced ‘restricted sys-
tem equivalence’ in [9]. However, in his definition the non-dynamic variables that can be present in a D
representation were not treated in a satisfactory way. Verghese ef al. introduced a modified version of
restricted system equivalence which they termed ‘strong equivalence’. The definition of strong equival-
ence that is given in [12] involves the introduction of certain operations on the system matrix of a D rep-
resentation which we repeat here (it should be noted that in [1] a more concise definition of strong equiv-
alence is given):
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DEFINITION 1.1 The modification of the system matrix

g

to the form

sSE—A4 0|—B
0 110
c 01D
is called a trivial augmentation. The reverse process, corresponding to the deletion of trivial variables, is
called a trivial deflation.
DEFINITION 1.2 The D representations (E, 4, B, C, D) and (E‘, ,:i, E, é‘, 1.~)) are related by operations of
strong equivalence if there exist matrices M, N, X and Y with M and N invertible such that
{M O] [sE—4 —B N Y

B 5 (1.4)

si’-—;{ —B
X 1 C D 0o Iy

DEFINITION 1.3 Two D representations are called strongly equivalent if one can be obtained from the
other by some sequence of operations of strong equivalence and/or trivial augmentations and/or trivial
deflations.

It is shown in [12] that for strongly irreducible representations the transfer function is a complete invari-
ant under strong equivalence. This implies that representations with the same transfer function that are
strongly irreducible (and therefore minimal with respect to the rank of E) are strongly equivalent. Analo-
gous results are given by Grimm in [5): representations with the same input-output relation that are
minimal with respect to the size of E are shown to be related by operations of strong equivalence. One
may consider these results as versions of the state space isomorphism theorem for D representations.

In this paper we will consider D representations without making any assumptions on sE — A being
square or invertible. For that reason our definition of minimality is formulated in terms of three indices:
the rank of E, the column defect of E (dim ker E) and the row defect of E (codim im E). We define a D
representation to be minimal if each of these three indices is minimal within the set of D representations
that correspond to the same behaviour. In analogy with the standard state space case, one would expect
that some kind of observability is required for a D representation to be minimal under external equival-
ence. Indeed, observability turns out to be a necessary condition. However, more conditions are needed
to characterize minimality under external equivalence. In this paper we derive four conditions that are
necessary and sufficient. In proving this, a prominent role is played by the so-called pencil representation
( P representation):

oGz = Fz
y = Hyz
u=H,z (1.5)

Here F and G are linear mappings from Z to X, where Z is the space of internal variables and X is the
equation space. The pencil form is suited as well for representing systems for which a transfer function
doesn’t exist or is non-proper. The representation is called minimal if both dim Z and dim X are
minimal. It is shown in [6,14] that a minimal P representation can be realized directly from the
behaviour of the system in a natural way.

In the existing literature, minimality under external equivalence has been characterized in terms of
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the matrices F, G, H,, and H, and the transformation group for minimal P representations has been
derived. In these results the pencil representation is defined in a slightly different way by taking the input
and output variables together as a vector w of so-called ‘external variables’. The vector w takes its values
in the space of external variables, denoted by W (= Y ® U). A P representation is then given by

oGz = Fz
w = Hz (1.6)

Before summarizing the existing results, we remark that there are other possibilities of representing
a system in general first order form. In [15, 16] Willems introduced representations of the form:

oEx + Fx + Gw = 0. .7

A first order representation of this form has the property that the variable x is a state variable. It should
be noted that this is not true for the variable z in our P representation: the variable z consists of state
variables as well as so-called ‘driving variables’ (see [14]).

We now summarize the existing results on P representations in the following propositions, which
can also be found in [6, 13].

PROPOSITION 1.4 A P representation given by (F,G,H) is minimal under external equivalence if and only if
the following conditions hold:

(i) G is surjective

(i) [GT HT"is injective

(iii) [GT—FT H T]T has full column rank for all s € C.

PROPOSITION 1.5 Two minimal P representations (F, G, H) and (I~’, é, H ) are externally equivalent if and
only if there exist invertible matrices S and T such that
S 0][sG—F) [sG—F

0o I|| H i

In [6] it is shown that a close connection exists between a P representation and a D representation:
an algorithm is given for rewriting a P representation in descriptor form in such a way that minimality is
preserved. In the next section we present an algorithm with a similar property for rewriting a D represen-
tation in pencil form. Both algorithms are used for deriving minimality results for D representations in
section 3. The connection between a P representation and a D representation is further exploited in sec-
tion 4 to derive the transformation group with respect to external equivalence for minimal D representa-
tions.

2. ALGORITHMS

In this section we present algorithms for obtaining a D representation from a P representation and vice
versa. These algorithms will be used in the next section where we derive results on the minimality of D
representations by using the known results for P representations that were mentioned in the introduc-
tion. For that reason it is important that both algorithms preserve minimality. There is a trivial way to
rewrite a P representation in descriptor form. Starting from the P representation (F, G, H,, H,), we
obtain an equivalent D representation that is given by '

o[gle= |mpe+ [O]r
y=H¢ 2.1

However when (F, G, H,, H,) is minimal, the representation (2.1) is not necessarily minimal. For exam-
ple, as a starting point one could take a minimal standard state space representation in pencil form, i.e.



G=[I 0], F=[4 B), H,=[C D]and H,=[0 ], which yields the D representation

"[0 0} [g; =lo 1|la|* [—1]“
y=Ic DI\, @2)

In this case, (2.2) is clearly not a minimal representation. The following algorithm, which already
appeared in [6], does a better job at preserving minimality properties.

ALGORITHM 1 Let a P representation be given by (F,G, H,H,). Decompose the internal variable space
ZasZ,DZ,DZ, where Z, = ker G N ker H,, and Z, D Z, = ker G. Accordingly, write

G=[Gy, 0 0, F=[Fy, F; Fy]
HVZ[HOO HOI HOZ]: Hu:[HuO 0 HuZ]' (23)

The matrix H,,, has full column rank, and by renumbering the u-variables if necessary, we can write

Hm=[zﬂ, Hﬂ=[§g .4

where H , is invertible (or empty, if ker G C ker H,)). Define descriptor matrices by
Gy, O F, F, 0 F

E:[O 0]’ A=I—{]0 0 B= -1 Hy|

c= [1_100 HO,], D= [0 1—102] @.5)
with

Fy = Fy— F;Hp'Hy

Ho = Hop — HpHyn'Hy

Hy = Hy— HypHyp'Hy

F, = F,H3! 26)

Hy = HpH3'

Hy, = HpHy'

The essence of the above construction is that as many z-variables as possible are replaced by u-variables,
while at the same time a minimum number of y-variables is introduced as ‘descriptor state variables’. In
the following lemma we make precise how certain properties are transformed under the algorithm. Later
it will become clear that these properties are actually minimality properties.

LemMa 2.1 Let (E, A, B, C, D) be a D representation that results from applying Algorithm 1 to a P repre-
sentation, given by (F, G, H,, H,). Then the two representations are externally equi-alent, and furthermore
the following holds:

(i) rank E =rank G

(i) dimkerE = dim(YNH[ker G]) + dimker[GT HT|".
(ili) codimim E = codim (Y + H[ker G]) + codimim G
(iv) dimker[ET CT" = dimker[GT HT|

(v) codimim[E B]< codimimG



Moreover we have the following implications:

(vi) G issurjective=[E B]is surjective

(vii) [GT HT)"isinjective= [ET CT|" is injective

(vii)) [sGT — FT H™|" has full column rank foralls eC = [sET — AT C"|" has Sull column rank for
alls eC.

Proor The only operations that are involved in Algorithm 1 are:

- choosing another basis for the internal variables

- reordering u-components

- multiplying an equation from the left by a constant invertible matrix.

It is therefore immediate (see [11]) that the resulting D representation is externally equivalent with
(F,G,H,,H,). Further, equality (i) is trivial while (ii) follows from

dim ker E = dim (ker GN ker H,)
= dim (ker GN ker H) + dim (Y N H[ker G))
= dimker[GT HT" + dim (Y NH[ker G)). @
Denoting the number of rows of H;, by m; we have
codimim £ = codimim G, + m,
= codimim G + codim (Y + H[kerG)). (2.8)
This implies (iii). Equality (iv) is again trivial while (v) follows from
Go, 0 0 F,

dimim[E B]= codimi —
codim im [ ]= co im 0 0 -1 Hy

codimim[G F,H%'] < codimim G. 2.9

The implications (vi) and (vii) follow immediately from (v) and (iv) respectively. Implication (viii) can be
easily verified by considering the matrix equality

SGO—FO _Fl
'-ﬁ]() 0
Hy Hy |
0 0
I 0 0 0 SG—FO _Fl Fz
00 -1 o0 Hyp Hy, Hy, 1 0
“lo 1 o o Hy 0 Hy ° 1. (2.10)
—H»'H 0
0 0 o0 1 Hy 0 Hy 2 Hy

Next we present an algorithm for obtaining a P representation from a D representation:

ALGORITHM 2 Let a D representation be given by (E, 4, B, C, D). Decompose the descriptor space X
as X;,®9X,, where X;; =ker E. Decompose the equation space X, as X, ®X,,®DX,; where
X,y =imEand X, ®X,; =im[E B]. Accordingly write



I 0 Ay An B,
E=10 0 , A= AZI A22 ’ B = B2 N C= [Cl C2] (2.1])
0 0 An Ay 0

The matrix B, is now surjective. By renumbering the u-variables if necessary, we can write

B, By,  Bp
B,| = |By Bypn|, D =[D; Dj] (2.12)
0 0 0

where B, is invertible. Define pencil matrices as:

I 0 O Zu A En - =
- [O 0 O]’ =14y 45 o BT G D)

H, = —0 —-O —-I (2.13)

Ay Apn By
with

Ay = Ay — BpByp'dy

Ay = Ay —BypBp'Ay

By = By — B;By'By,

Cy = C,— D3Byp'4y _

C, = C,—DyBj'4y (2.14)

D, =D, —D;By'By

Ay = —Bp'Ay

Ap = —Byp'dy

By = —B3'By.

LEMMA 2.2 Let (F, G, Hy, H,) be a P representation that results from applying Algorithm 2 to a D represen-

tation, given by (E, A, B, C, D). Then the following equalities hold:

(i) rank G = rank E

(i) codimim G = codimim[E B]

(iii) dim ker G = dim ker E + dim B " '[im E]

@iv) dimker[GT HT|T = dim (ker E N ker C N 4~ '[im E])

Moreover we have the following implications:

(v) [E B]lissurjective = G is surjective

(i) kerENkerC N A~ '[imE] = {0} = [GT H"|" is injective

vii) [sET — AT C"|" has full column rank for all s e C = [sGT — FT H™|" has Sfull column rank for
alls eC.

ProoF The external equivalence of the two representations follows from the same argument as in the
proof of the previous lemma. Next, the equalities (i) and (ii) are immediate. Denoting the number of
columns of B,; by m, equality (iii) follows from:



dim ker G = dimker E + m,
= dimker E + dim U — dimim[B;; By]
= dimker E + dimker[B,; B]

= dimker E + dim B '[im E]. 2.15)
Equality (iv) follows from:
dim ker [](-H = dim ker ZE;
= dim ker (I) __D;?jz‘ 5222
= dim ker 5222
= dim (ker E N ker C N4~ '[im E)). (2.16)

The implications (v) and (vi) follow immediately from (i’) and (iv) respectively. Implication (vii) can be
easily verified by considering the matrix equality

rSI“ZU —/_112 _Ell

—Ay Ay 0

El E'2 Bl =

0 0 I '

ZZ] Z22 EZI

I —-BpBp' 0 0 O)|sI—4y, —Ap —By

0 0 I 0 0f| —4y —Ay —By
=0 D,Bp' 0 I 0| -4 —Aj 0 .17
0 0 0 0 I C, C, D,

0 By! 0 0 0 0 0 I

3. MINIMALITY

In this section we derive necessary and sufficient conditions for the minimality under external equival-
ence of a D representation (E, 4, B, C, D) that are stated completely in terms of the matrices E, 4, B, C
and D. In [6] we considered minimality in a polynomial setting. There we assumed that the system is
represented by a set of autoregressive equations:

Rl(o)y + Rz(ﬁ)u =0

where R (s) and R;(s) are polynomial matrices. Denoting the sum of the minimal row indices of the
matrix [Ry(s) R,(s)] by n, we gave the following characterization of minimality which involves an
invariant subspace W° C W.

THEOREM 3.1 ([6]) Let a D representation be given by (E, A, B, C, D). The representation is minimal under
external equivalence if and only if
(i) rank E =n



(i) dimker E = dim (YN W?)

(iii) codimim E = codim (Y + W?).

Intuitively speaking, the subspace W is spanned by the minimum number of “driving variables’ of the
system; when W?° coincides with the input space we are dealing with a system with a strictly causal
input-output structure. A formal definition of W? in terms of the behaviour of the system is given in
[6, 14]. As already mentioned in the introduction, a P representation (F, G, H) can be obtained directly

from the behaviour. It is therefore not surprising that W° can be easily expressed in terms of the
matrices F, G and H. In[6] we proved the following proposition:

PROPOSITION 3.2 Assume that a P representation, given by (F, G, H), satisfies the following conditions:
(1) G is surjective
@) [GT HT"isinjective.
Then we have
w° = Hlker G]. @3.D
Using the above proposition together with the properties of Algorithm 2 as expressed in Lemma 2.2 we
are now able to express W in terms of the matrices of a D representation.
LEMMA 3.3 Assume that a D representation, given by (E, A, B, C, D), satisfies the following conditions:
(i) [E B]issurjective
@ [ET cTis injective
(iii) A[ker E] C im E.
Then we have
YNW? = Clker E] (32
ayW° = B [imE]. (3.3

PrROOF Application of Algorithm 2 to our D representation yields a P representation that, according to
Lemma 2.2, satisfies the conditions of Prop. 3.2. We may therefore conclude that

C, D;—D;By'By
Wo=im | 0 I , 34
0 —B»'By,

where the matrices are partitioned as in Algorithm 2. It now follows immediately that ¥ N W° = C[ker
Eland 7y, W° = B~ ![im E].

In [6] we showed that conditions (i) and (ii) of the above lemma are necessary conditions for the
minimality of a D representation. We now prove that this also holds true for condition (iii).

LEMMA 3.4 If the D representation, given by (E, A, B, C, D), is minimal under external equivalence, then
the following holds:

Alker E] Cim E. 3.5

PROOF Suppose that the condition is not fulfilled, while (E, 4, B, C, D) is minimal. Then, by a suitable
choice of coordinates, we can represent the system as:

0§ = Ané + 416 + Bu (3.6)

0= A& + A& + Byu 3.7

y = Ci§ + Créy + Du (3.8)
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I 0
We now have 4 ,, = 0 and without restrictions we can assume that 4 5, is of the form [0 0] .

Equation (3.7) then splits into two equations:

0=Aé +& +Byu (39)
0= Azlzgl + Bzzu. (3.10)

~ o~ e o~ .

equivalent D representation (E, 4, B, C, D) for which
dimkerE'ZdimkerE—rankAzz (3.11)
codim im E = codim im E — rank 4 . (3.12)
Since we supposed that rank A, >0 this contradicts our assumption on the minimality of
(E, 4, B, C, D).
REMARK 3.5 In [12] a D representation (E, 4, B, C, D) is defined to contain non-dynamic modes if
there exist invertible constant matrices M and N such that
SE—A 0
M[sE —A]IN =

0 I (3.13)

where I is an identity matrix of appropriate size. It is not difficult to show that a D representation con-
tains non-dynamic modes if and only if it does not satisfy the condition of the above lemma. Grimm also
made a remark on this in [5].

REMARK 3.6 In the literature (see [7] and references therein) various definitions of observability and con-
trollability/reachability at infinity for D representations were given. It is easy to see that these definitions
coincide when there are no non-dynamic modes.

In order to derive the main theorem of this section we will use the characterization of minimality
for P representations that was mentioned in the introduction. As stated before, the algorithms of section
2 will be used for that purpose and it is therefore important that they preserve minimality. In [6] we
already showed that this is the case for Algorithm 1. We now prove that the same property holds for
Algorithm 2.

LEMMA 3.7 Let (F, G, H) be a P representation that results from applying Algorithm 2 to a D representation
that is minimal under external equivalence. Then (F, G, H) is also minimal under external equivalence.

Proor From Lemma 2.2 it follows that G is surjective. Furthermore the minimality of rank G follows
immediately from the minimality of rank E since in both Algorithm 1 and Algorithm 2 we have

rank G = rank F.

In order to conclude that the P representation is minimal we still have to prove that dim ker G is
minimal. Using Lemma 3.3 together with Lemma 2.2, we have

dim ker G = dim ker E + dim B~ ![im E]
= dim Clker E] + dim B~ ![im E]
= dim (Y N W?°) + dim (7 W)
= dim W°. (3.14)

From [6] we may now conclude that dim ker G is minimal and moreover that the P representation
(F, G, H) is minimal.

We now present the first main result of this paper:
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THEOREM 3.8 Let a D representation be given by (E, A, B, C, D). The representation is minimal under
external equivalence if and only if the following conditions hold:

(@) [E B]issurjective

(i) [ET CMVis injective

(iii) A[ker E] C im E

Gv) [sET— AT M has Sfull column rank for all s € C.

PrOOF From Lemma 3.4 and the remark preceding it, it follows immediately that for a minimal D repre-
sentation the conditions (i), (ii) and (iii) should hold. In order to prove (iv) we apply Algorithm 2 to the
representation. According to Lemma 3.7 the P representation (F, G, H) that is obtained in this way is
minimal. This implies that [sGT — FT HT]" should have full column rank for all s € C (Prop. 1.4).
Condition (iv) now easily follows from matrix equality (2.14). Conversely, when Algorithm 2 is applied
to a D representation for which conditions (i)-(iv) hold, Lemma 2.2 yields that the resulting P representa-
tion satisfies the conditions of Prop. 1.4 and is therefore minimal. From this it follows that rank E is
minimal. Furthermore since conditions (i) and (ii) are assumed to be satisfied we can use Lemma 3.3 to
derive

dim ker E = dim Clker E]
= dim YN W° (3.15)
and
codimim E = codim B~ '[im E]
= codim 7, W°. (3.16)
By Theorem 3.1 this proves that the D representation is minimal.

4. TRANSFORMATIONS

In [5] Grimm proves that minimal D representations that have the same input/output relation are related
by operations of strong equivalence. In this section we present a similar result in our context of external
equivalence. We first prove that strong equivalence is a stronger concept than external equivalence.

PROPOSITION 4.1 Let (E, A, B, C, D) and (E, A, B, C, D) be D representations that are strongly equivalent.
Then the two representations are externally equivalent.

PROOF 1t is clear that ‘trivial augmentations’ and ‘trivial deflations’ do not affect the behaviour of the
system. Furthermore multiplying the system matrix from the left by

M 0

0 I
can be considered as a ‘reformulation of constraints’ in the terminology of [11] and this proves that the
resulting representation is externally equivalent to the original one. In the same way, right multiplication
by
N Y
0 I

where EY = 0 can be considered as a ‘change of internal variables’ (see again [11]). Finally, left multi-
plication by

-
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where XE = Qs a trivial operation: multiplying the equation

oE§, = A§ + B, @.1n
from the left by X gives:

0 = XA¢ + XB¢,. 4.2
This can of course, without affecting the system, be added to the equation

y = Ct + Dé, @3)
yielding

y = (C + XA), + (D + XB)§,. 4.4

From the above we can conclude that (E, 4, B, C, D) and (E, A4, B, C, D) are cxternally equivalent.

Before presenting the main theorem of this section we need the following lemma:
LEMMA 4.2 Let a minimal D representation be given by (E, A, B, C, D). Decompose the equation space X
as X1 @ X, where X| = im E. Decompose the input space U as 7 W' U,. Accordingly write
By, By

B= 1B, By

Then B, is invertible.
PROOF Since (E, A4, B, C, D) is minimal, Theorem 3.1 yields that
codim im E = codim 7, W?°, @.5)

From this it follows immediately that B,; is square. Next we prove that By, is injective. Let u € U; be
such that Byyu = 0. Then Bu e im E, sou € B~ [ im E]. Using the equality

B '[im E] = w ,W?° (4.6)

(Lemma 3.3) it follows that u = 0 from which it can be concluded that B, is injective. This proves that
B, is invertible.

~ ~ o~ o~ o~

THEOREM 4.3 Let (E, A, B, C, D) and (E, A, B, C, D) be D representations that are minimal under external
equivalence. Then the two representations are externally equivalent if and only if they are related by opera-
tions of strong equivalence.

ProoF The ‘if’ part follows immediately from the above proposition. In order to prove the ‘only if part,
it should be noted that we can arrive at D representations of the form (2.11) by using operations of
strong equivalence. For that reason we can assume that our D representations (E, 4, B, C, D) and
(E, 4, B, C, D) are already of that form. Next apply Algorithm 2 while using the decomposition of U
from the above lemma. This yields externally equivalent P representations (F, G, H) and (F, G, H) that
are minimal by Lemma 3.7. We can now use existing knowledge on the transformation group for exter-
nally equivalent minimal P representations. According to Prop. 1.5, there exist invertible matrices S and
T such that

S 0][sG—F] [sG—F

0 1 H |~ | g @.7
Writing this in further detail gives:

s 0 o o]|f —BuBx' 0 0|pI-4y -4y, —By

0 I 0 0/[|0 D;By I 0| —4y 0 —By

0 0 I o0]]|0 0 0 I C, C, D, |

0 0 0 1I|]o B! 0 0 0 0 1



I
0
0
0

~ -
—BBn
~ o~
D;By
0

By

S O~ ©
O ~N O O

It now follows immediately that
Tl = S’
T2:T3:T7:T8:0,

Ty =1,
and T's is invertible. It is easily checked that this implies that also
s o o]|f —BuBy' 0| sI-4y, —Ay
0 I 0f|0 D,B3! Il| —A45 0
0 0 I|j|g 32—21 0 C, c,
I _élzéz_zl O SI“A 1 _/.ilz _é“
=10 52&{21 I _1“1 21 0 “52]
0 By' of| ¢ C, D,
Multiplying from the left by
_ . - 3
I —BuBy 0 I 0 By
0 D,By Il =10 0 By
0 B, 0 0o I -Db,
yields:
S —SBpBy' +BpBn' O [s1—4, -4,
0 BBy 0| | —4y, 0
0 D,B3' — D,B3! 11| Ci C,
' - - - - 1rs 0
I1—A —A -B —B
S - 11 12 7 11 > 12 T, Ts
= | —4n 0 —By  — By 0 0
C C, D, D, [|o o
Defining
S “‘SB ]2B2—21 + 51232—21 S
M = ~ 1 s N =
0 By»Bn Ty
-1 _pn_p=l 0 0
X=[0 D;Bp —D;By;'] andY = Ty 0

we see that M and

N are invertible and

sI—Ay  —Ap
—Ay 0
C, C,
0 0

~
(=)
~ o © o

—By

N O O O

4.8)

4.9

@.11)

4.12)

4.13)
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M 0
X I

sE—4 —B
C D

o ol 4.14)

sE—A —B|[N Y
C D

This proves that the representations are related by operations of strong equivalence.

5. CONCLUSIONS

In this paper we have characterized the minimality of a descriptor representation in terms of the matrices
E,A,B,C and D. The conditions that are necessary and sufficient for minimality under external equival-
ence can be summarized as:

- absence of non-dynamic modes
- controllability and observability at infinity
- observability at finite modes.

These conditions coincide with the conditions for minimality under input-output equivalence that were
derived by Grimm in [5] except for the fact that controllability at the finite modes is not required in our
case. This is to be expected since the main difference between external equivalence and input-output
equivalence is the way in which the uncontrollable modes are treated; the uncontrolled behaviour, i.e.
the set of time trajectories of the output variables that are not influenced by the input variables, remains
invariant under external equivalence whereas it can be removed under input-output equivalence.

Next we have obtained the transformation group for minimal descriptor representations. We
found that the transformations under which minimal descriptor representations are externally equivalent
coincide with the operations of strong equivalence as introduced by Verghese et al. Combining this result
with the results of our previous paper [6] we can conclude that the realization procedure of [6] leads to a
minimal descriptor representation that is unique up to operations of strong equivalence.

The basic tool that we used in this paper was the pencil representation. Results on minimality and
transformations for pencil representations wete exploited. It should be noted that the transformation
group for minimal pencil representations consists of isomorphisms, while more complex operations,
namely those of strong equivalence, constitute the transformation group for minimal descriptor repre-
sentations. The pencil form, that also appeared as a natural result of our realization procedure of [6], is
therefore perhaps a more convenient first order form than the descriptor form to describe linear time
invariant systems.
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