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We address the problem of scheduling n independent jobs on a single machine so as to minimize
multiple criteria. We consider three types of problems. The first one involves the minimization of an
arbitrary nondecreasing function of total completion time and an arbitrary nondecreasing minmax
cost function. We present an O(n3min{(n, log n +log pmax }) time algorithm, where p ., is the max-
imum job processing time. The algorithm can be improved to run in O(n®) time for the special case
that the second objective is the maximum lateness. The second problem is to minimize a nonde-
creasing linear function of total completion time and maximum earliness. We prove that this prob-
lem is solvable in O(n*) time if the total completion time outweighs the maximum earliness. The
third problem involves the minimization of a nondecreasing linear function of maximum earliness
and maximum lateness, where preemption is allowed. We present an O(nlog n) time algorithm for
this problem.
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1. INTRODUCTION

A single-machine job shop can be described as follows. A set of n independent jobs has to be
scheduled on a single machine that is continuously available and that can process at most one
job at a time. Each job J; (i = 1, .. ., n) requires an uninterrupted positive processing time p;
and has a due date d;. Without loss of generality, we may assume that the processing times and
due dates are integral. A schedule o defines for each job J; its completion time C; such that the
jobs do not overlap in their execution. A performance measure or scheduling criterion associates
a value f (o) with each feasible schedule 6. Well-known measures are total completion time
2C;, maximum lateness L .y, defined as max; <; <, (C;—d;), and maximum earliness
Enax, defined as max;<;<,(d;—C;). In addition, we define 7yp.x as
Ymax = MaX] <; < »Yi(C;), where v; is an arbitrary regular cost function forJ;, i = 1,...,n.
A performance measure is regular if it is nondecreasing in the job completion times; total com-
pletion time and maximum lateness are of this type. A schedule ¢ is optimal for a given perfor-
mance measure if f (6") =min, c g f (o), where  denotes the set of feasible schedules. Note
that in case of a regular performance measure, there is an optimal schedule such that no job
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can start earlier without affecting the start time of any other job. This implies that we can res-
trict ourselves to schedules that do not contain idle time. Therefore, a sequence or permutation
of the n jobs defines a unique schedule.

Since the beginning of machine scheduling research more than thirty years ago, most
research has been concerned with single performance measures. Recently, the notion gains
ground that real life scheduling has to take several performance measures into account. Basi-
cally, there are two methods to cope with multiple criteria. If the objectives are subject to a
hierarchy, the objectives are considered sequentially in order of relevance. An example hereof is
the problem of minimizing maximum tardiness subject to the minimum number of tardy jobs
(Shanthikumar, 1983); the primary criterion is to minimize the number of tardy jobs, and sub-
ject to this, the maximum tardiness is minimized.

This paper, however, is concerned with the simultaneous optimization of several criteria. In
this alternative approach, the performance measures, specified by the functions
S (k =1,...,K), are transformed into one single composite objective function F:{ — R.
With each schedule ¢ we associate a point (f1(0),..., fk(s)) in RX and a value
F(f1(0),...,fk(0)). In the remainder, the terms schedule and point are used interchange-
ably. The associated problem, from now on referred to as problem (P), is formulated as

minoEﬂ F(fl (0), .. afK(o))> (P)

where F is nondecreasing in each of its arguments. Minimizing the number of tardy jobs and
maximum tardiness simultaneously (Nelson et al., 1986) is an example of this method.

A natural question is whether problem (P) is solvable in polynomial time for a given func-
tion F. In fact, we can solve this problem in polynomial time for any function F that is nonde-
creasing in its arguments if we can identify all of the so-called Pareto-optimal schedules in poly-
nomial time.

DEFINITION 1. A schedule 6 € Q is Pareto-optimal with respect to the objective functions
f1s - - -, fx if there is no schedule 7 € @ such that f(7) < fy(o) forall k = 1,...,K, and
Ji(m) < fi(o) for at least one k, k = 1, ..., K(cf. Figure 1).

THEOREM 1. Let F: 06— F(f1(0),...,fx(0)) be a composite objective function that is nonde-
creasing in each argument fy for k = 1,...,K. Then there is a Pareto-optimal schedule with
respect to the performance criteria f1, . . . , fx that solves problem (P).

Once the Pareto-optimal set (i.e., the set of all Pareto-optimal schedules with respect to the
functions (f1, . . ., fx) has been determined, problem (P) can be solved for any function F
that is nondecreasing in each of its arguments. As a consequence, if each Pareto-optimal
schedule can be found in polynomial time and if the cardinality of the Pareto-optimal set is
bounded by a polynomial in n, then problem (P) is polynomially solvable.

An interesting subclass of (P) is one in which the composite objective function is linear. The
associated problem, hereafter referred to as problem (P,), is formulated as

min ,eqF (o) = Min,egTX_ | axfio), ®p)

where a = (a3, . . ., ag) is a given vector of real nonnegative weights. In analogy to problem
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FIGURE 1. The set of Pareto-optimal points.

(P), we are interested in the set of schedules that contains an optimal solution to problem (P,)
for any weight vector a = 0. We may restrict ourselves to a subset of the Pareto-optimal set,
which we define as the set of extreme schedules.

DEFINITION 2. A schedule 6 €{ is efficient with respect to the objective functions f7, . . ., fx
if there exists a real vector a = (ay, . . ., ag) = 0 such that F  (0) << F () for all schedules
a e :

DEerINITION 3. The efficient frontier is the shortest curve that connects all efficient points (cf.
Figure 2).

DEFINITION 4. A schedule 0 € { is extreme with respect to the objective functions f71, . . ., fx
if it corresponds to a vertex of the efficient frontier.

THEOREM 2. Let Fo:0—>3K_ 04 Jx(0) be a linear composite objective function, where all

weights ay, . . . , g are nonnegative. Then there is an extreme schedule with respect to the perfor-
mance criteria f1, . . . , fx that solves problem (P,).
Once the set of extreme schedules with respect to the objective functions f1, . . ., fx has been

identified, problem (P,) can be solved for any given a = 0.

Throughout the paper, we adopt and extend the notation of Graham et al. (1979) to classify
scheduling problems with multiple criteria. For instance, 1| | F(ZC;, L p,«) denotes the prob-
lem of minimizing an arbitrary nondecreasing function of total completion time and maximum
lateness on a single machine, while 1| | @) 2C; + ay L 5 denotes its linear counterpart.

In Section 2 we present some fundamental algorithms and notation. In Section 3 we consider
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FIGURE 2. The efficient frontier.

the general 1| | F(2C;,Ymax) problem. We establish that Van Wassenhove and Gelders’ con-
jecturedly pseudo-polynomial algorithm (Van Wassenhove and Gelders, 1980) is in fact poly-
nomial: 1| | F(ZC}, Ymax) is solvable in min{O (n 4, 0(n3 (logn +1ogp max))} time, where
Pmax = Max; p;, and 1| | F(EC;, L pax) is solvable in O (n 3) time. These results make the
branch-and-bound algorithms proposed by Sen and Gupta (1983) and Nelson et al. (1986)
obsolete.

In Section 4, we consider 1|pmin | F(2C;, E 1,4 ); the notation pmin signifies that job split-
ting is allowed, that is, the execution of a job can be interrupted and resumed later. The main
results are that 1| nmit, pmin J‘aIEC,- + o E pax and 1| nmit | o) 2C; + ay E o, the latter if
aj = qy, are solvable in O (n”) time, where the notation nmit denotes that no machine idle
time is allowed.

Gupta and Sen (1984) and Tegze and Vlach (1988) present branch-and-bound algorithms for
1| | oy L pax + @2 E max. Hoogeveen (1990) shows that 1| | F(Lpnax, Emax) is solvable in
O 2log n) time, if machine idle time is forbidden or if F (L pax, £ max) is linear. In Section 5,
we consider the preemptive problem 1|pmin | &) L nax + a3 E nax and prove that it is solvable
in O (nlogn) time.

In a subsequent paper (Hoogeveen and Van de Velde, 1990), we show that the algorithms for
1| |ag2Ci+tapLax, 1] |2Ci+aE pa, and 1|pmin |ay Ly +aEpy, can be
applied to find a lower bound for 1| | 2C; + L ax + E oy that dominates than the one pro-
posed by Sen et al. (1988). '

We start by stating a few basic algorithms for single-machine single-criterion scheduling
problems and introducing some notation.

2. FUNDAMENTAL ALGORITHMS AND NOTATION
There are four single-machine single-criterion scheduling problems related to the bicriteria
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problems we consider. These involve the minimization of 2C;, L pax, E max, and Ypmax, Tespec-
tively. The first three problems are solvable by arranging the jobs in a certain priority order,
which can be specified in terms of the parameters of the problem type.

THEOREM 3 (Smith, 1956). ZC; is minimized by sequencing the jobs according to the shortest-
processing-time (SPT) rule, that is, in order of nondecreasing p;.

THEOREM 4 (Jackson, 1955). Ly, is minimized by sequencing the jobs according to the earliest-
due-date (EDD) rule, that is, in order of nondecreasing d;.

THEOREM 5. E 1, subject to no machine idle time is minimized by sequencing the jobs according
to the minimum-slack-time (MST) rule, that is, in order of nondecreasing d; —p;.

The fundamental argument that validates each algorithm is the following. Suppose that there is
an optimal schedule with two adjacent jobs that are not scheduled according to the indicated
priority order. The interchange of the jobs will possibly improve, but certainly not worsen the
objective value. An improvement contradicts the claimed optimality, and in the other case, by
repetition of the argument, we obtain a schedule with equal objective value that matches the
priority order.

THEOREM 6 (Lawler, 1973). ypax is minimized as follows: while there are unassigned jobs, assign
the job that has minimum cost when scheduled in the last unassigned position in that position.

The optimal objective values for these single-machine scheduling problems will be referred to
as 2C;, Lax, Emax, and Ymaxs respectively. Furthermore, 2C;(0), L 1,ax(0), E nax(0), and
Ymax () denote the values of the performance measures in the schedule 6. In analogy, C;(0),
L;(0), E;(0), and v;(0) denote the respective measures for J; (i = 1, ...,n). Whenever (o) is
omitted, we are considering the performance measure in a generic sense, or there is no confu-
sion possible as to the schedule we are referring to. The schedules that minimize 2C;, L a4,
and E ,, are referred to as SPT, EDD, and MST, respectively.

3. MINIMIZING TOTAL COMPLETION TIME AND MAXIMUM COST

Let v;: € — R denote a regular cost function for job J;, i = 1,...,n, and let v;(C;) accord-
ingly denote the cost incurred if job J; is completed at time C;. In addition, let
Ymax = Max; v;(C;). We prove that the 1||F(ZCi,Ymax) problem is solvable in
min{ O (n Y, 0(n 3(logn +10gp max))} time, with p . = max; p;, for any function F that is
nondecreasing in both 2C; and yp,«. Note that 1| | F(2C;, L p,x) corresponds to a special
case of 1| | F(ZC}, Ymax)-

In Theorem 6, we recalled Lawler’s O (n?) time algorithm for the 1| | ymax problem. An
extension is provided by Emmons (1975), who considered the hierarchical problem of minimiz-
ing =C; subject to minimum maximum cost Y qy, that is, the 1|Ymax < Ymax | =C; problem.
Once Ypax has been determined by Lawler’s algorithm, Emmons’ algorithm requires 0 (n?)
time to minimize total completion time subject to minimum maximum cost. Observe, however,
that an upper bound on y;(C;) induces a deadline d; on the completion of J;. Each deadline
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can be determined in O (log(2p;)) time by binary search over the O (Zp;) possible comple-
tion times. Note that d; is computed in constant time if y; has an inverse. Once the deadlines
have been computed, the problem in the second phase is to minimize total completion time
subject to deadlines, 1|d; | 2C;, which requires only O (nlogn) time (Smith, 1956).

We state the algorithm for 1|yp,x <vy|ZC;, where v is some upper bound on the cost of
the schedule.

ALGORITHM I (Smith, 1956)

Step . T« 2Zp;;J «—{Jy,...,Ju}. _

Step 2. Compute for each job J; the deadline &; induced by v;(C;) <'.

Step 3. Determine U « {J; €J | d; < T}, which is the set of jobs that are allowed to be
completed at time 7.

Step 4. Let J; be such that p; = max;, ¢ yp;; in case of ties, choose J; with the least y;(T).

Step5.J «J\{J;}; T« T —p;; U T >0, go to Step 3, else stop.

THEOREM 7. Algorithm I determines a Pareto-optimal point with respect to 2C; and Y-

Proor. It suffices to show that the algorithm generates a schedule o that solves the
1| Ymax <7Y|2C; and the 1|2C; < ZCi(06)|Ymax problem simultaneously. Evidently, o
solves 1|Ymax << Y| 2C;. Assume that not ¢, but 7 is optimal for 1|ZC; < ZCi(0) | Ymax-
This implies Ymax(7) < Ymax(0) <7y, and hence, 7 is also feasible for 1|ymax <7v|ZC;.
Therefore, we have 2C;(m) = ZCj(0). Compare the two schedules, starting at the end. Sup-
pose the first difference occurs at the kth position, which is occupied by jobs J; and J; in 6 and
T, respectively. Since Ypmax(7) <<y and because of the choice of job J; in the algorithm, we
have p; = p;. If p; > p;, then 7 cannot be optimal: the interchange of these jobs in 7, which is
feasible, would decrease the total completion time. Hence, it must be that p; = p;, and because
of the choice of job J; in the algorithm, v;(C;(0)) < v,(C;(7)). This means, however, that the
jobsJ; and J;; can be interchanged in the schedule 7 without affecting the cost of the schedule.
Repetition of this argument shows that 7 can be transformed into ¢ without affecting the cost,
thereby contradicting the assumption that Yy, (7) < Ymax(6). Therefore, the schedule o also
solves the 1| 2C; < ZCi(0) | Ymax problem. Hence, o is Pareto-optimal with respect to 2C;
and Ypax- U

It is obvious that the maximum cost of each Pareto-optimal schedule ranges from Ymax tO
Ymax(SPT), where for the SPT-order ties are settled in order to minimize maximum cost. The
next algorithm, which is similar to Van Wassenhove and Gelders’ algorithm, exploits this pro-
perty for finding the Pareto-optimal set.

ALGORITHM 11

Step 1. Compute ¥ max and Ymax(SPT); Let k «1.

Step 2. Solve the 1| Ymax << Ymax(SPT) | 2C; problem. This produces the first Pareto-optimal
schedule 6V and Pareto-optimal point (ECi(6"), Ymax(60)).

Step 3. If Ymax (6%)) = Ymax, stop. Else k «— k +1;
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Step 4. Solve 1|ymax < Ymax(©@* D) | 2C;. This produces the kth Pareto-optimal schedule
o) and Pareto-optimal point (EC,-(G(")),ymax(o(k) )). Go to step 3.

THEOREM 8. Algorithm II determines all Pareto-optimal points with respect to 2C; and Ypax .

PrOOF. The proof follows immediately from Theorem 7 and the observation that the cost of
each optimal schedule ranges from Y mux 10 Ymax (SPT). U

A crucial issue is the number of Pareto-optimal points generated by Algorithm II. In the
remainder of this section, we prove that there are O (n 2) such schedules, thereby establishing
the polynomial nature of the algorithm.
Let S;(o) denote the start time of job J; in schedule 6. We define
1if S,'(O) < SJ(G) and Pi >pj’

8"1'(0) - {0 otherwise,

and A(o) = Z,; ; §,;(0). Note that if §;}(0) = 1, the interchange of the jobs J; and J; will
decrease the total completion time. In that respect, 8;;(6) = 1 signals a positive interchange.
Observe that A(SPT) = 0 and A(6) < 3n(n — 1) for any 0 € Q. In addition, we define a neu-

tral interchange with respect to o as the interchange of two jobs J; and J; with p; = p;.

LEMMA 1. If the schedule 7 can be obtained from schedule 6 through one positive interchange, then

A(m) < Ao).

PROOF. Suppose that J; and J;, with p; > p;, are the jobs that have been interchanged. The
interchange affects only the jobs scheduled between J; and J;. For some job J; with
Si(0) < §)(0) < Sj(o) itis easy to verify that §;(0) + 8;(0) = 8(m) + §;(w). U

THEOREM 9. Consider two Pareto-optimal schedules o and m. If 2Ci(6) <<ZCi(m) then
A(o) < A(m).

PRrROOF. We show that schedule o can be obtained from schedule 7 by using positive and neu-
tral interchanges only. Compare the two schedules, starting at the end. Suppose the first differ-
ence between the schedules occurs in the kth position; J; occupies the kth position in 6, while
job J; occupies the kth position in 7. Because of the choice of J; and J; in Algorithm I, we
have p; = p;; the interchange of J; and J; in 7 is therefore positive or neutral. We proceed in
this way until we reach schedule 6. As 2C;(0) << ZCj(7), at least one of the interchanges must
have been positive. Lemma 1 yields the desired result. [J

THEOREM 10. The number of Pareto-optimal schedules is bounded by wn(n —1)+1, and this
bound is tight.

PrOOF. The first part follows immediately from Theorem 9. For the second part, consider the
following instance of the 1| | F(2C;, L pax) problem: there are n jobs with processing times
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pi =n—2+iand due dates d; =27 ~;p;+ n —i, fori = 1,...,n. This example generates
+n(n — 1)+ 1 Pareto-optimal schedules.

CoROLLARY 1. The 1| |F(2Ci,Ymax) problem is solvable in min{O(n Y,
O (n3(logn +10gp nax))} time.

ProOF. Emmons’ algorithm requires O (n 2 time to solve 1 | Ymax =< Y| 2C;. An alternative is
to determine the induced deadlines, which requires O (log(Zp;)) time, and to apply Smith’s
algorithm subsequently. There are O (n2) of such problems to be solved. [

COROLLARY 2. The 1| | F(ZC}, L pax) problem is solvable in O (n 3) time.

ProoF. First, note that an upper bound L on the maximum lateness induces a deadline
d; = d; + L, which is determined in constant time. Furthermore, in view of Smith’s algorithm,
it suffices to sort the deadlines only once, since a value-change of L does not affect the order of
the deadlines. Once the processing times and deadlines have been sorted, Algorithm II can be
implemented to run in linear time. [J

4. MINIMIZING TOTAL COMPLETION TIME AND MAXIMUM EARLINESS

In this section, we consider the 1| | F(2C;, E ) problem. As E p,, is a nonregular perfor-
mance measure, we additionally assume that all jobs are scheduled in the interval [0, 2p;],
without machine idle time.

It is evident that in each Pareto-optimal schedule o we have
Enax < E pax(6) < E pax (SPT), and 2C; < ZC;(0) < SC{(MST). The ties in the SPT
and MST schedule are settled in order to minimize slack time and processing time, respec-
tively. Observe that an upper bound E on E ,, induces for each job J; a release time
r; = max{0,d; —p; — E}. The associated value of ZC; can then be computed by minimizing
total completion time subject to release times and no machine idle time. Lenstra et al. (1977),
however, prove that 1|r;,nmit | 2C;, where nmit denotes the no-machine-idle-time restriction,
is NP-hard in the strong sense (Garey and Johnson, 1979).

Therefore, we make the additional assumption that preemption of jobs is allowed. This is an
important relaxation, since the 1|pmin, r;| ZC; problem is solvable in O (nlogn) time by
Baker’s algorithm (1974): always keep the machine assigned to the available job with minimum
remaining processing time. Note that this algorithm always generates a schedule without
machine idle time if E = E 5.

The introduction of preemption has also a less convenient effect. Any value of E 5, in the
range [E taxs E max (SPT)] is now attainable, and therefore corresponds to a Pareto-optimal
point. Since En,x(SPT) — E ax <2 Pi, there is a pseudo-polynomial number of Pareto-
optimal schedules. These O (Zp;) Pareto-optimal schedules are generated by the following
algorithm.

ALGORITHM III
Step 1. Let ED « E 1, (SPT) and k «1.
Step 2. Solve 1| pmtn, r; = d;—p;— E® | £C;, giving the kth Pareto-optimal schedule o®.



Step3. k—k+LE® « EC"D 1.1 E® = EL . g0 10 Step 2, else stop.
COROLLARY 3. The 1| pmitn,nmit | F(ZC;, E pyx) problem is solvable in O (n Z p;log n) time.

The next theorem stipulates that the problem is not solvable in polynomial time, unless
P=NP. The proof follows from a reduction from the Hamiltonian Cycle Problem due to
Schrijver; see Hoogeveen (1990).

THEOREM 11. The 1 |pmtn,nmit | F(ZC;, E 1, problem is NP-hard.

In the remainder of this section, we investigate the linear variant
1| pmitn,nmit | a1 ZC; + ay E 1, . As we will see, the linearity of the composite objective func-
tion brightens the situation. We have to determine only the extreme points in the range
[Emaxs Emax(SPT)]. We define o(E) as the schedule obtained by Baker’s algorithm for the
1|pmin, E . < E | 2C; problem.

LEMMA 2. An upper bound E on E , can only correspond to an extreme point with respect to the
criteria E ,, and 2ZC; if there are two jobs J; and J; such that S(6(E)) = Cy(o(E)), while
Si(o(E —1)) < G (o(E —1)).

PrROOF. Let o(E) be the schedule corresponding to the extreme point (E, 2C;(6(E))). Com-
pare the schedules 6(E — 1) and o(E). Define a complete interchange as an interchange of two
jobs Jy and J; such that S)(6(E)) = Cx(o(E)) and Sy(6(E — 1)) < Cx(o(E — 1)). Suppose
that no complete interchange took place in o(E) in comparison with 6(E — 1). Furthermore,
suppose that 2C;(6(E — 1)) — 2Cy(o(E)) = A. As no complete interchange took place, we
must have that 2C;(o(E)) — ZC;(o(E +1)) = A. From this, it follows that 6(E) cannot be
an extreme schedule. [J]

Note that, if the first job J; in the schedule o(E) is preempted and if E is increased by A,
where A is no more than the length of this portion of job J;, then Ci(6(E +A)) = C;(o(E)).
Furthermore, the portion of the schedule 6(E) between times A and C;(o(E)) is identical to
the portion of the schedule o(E +A) between times 0 and_C;(6(E)) — A. This observation is
used in Algorithm IV, which computes the smallest value £ > E that may correspond to an
extreme point, where E is a given value of E ,, and o(E) is the corresponding schedule.

ALGORITHM IV

Stepl.Let T«-0andgj< oo forj=1,...,n.

Step 2. Let J; be the job that starts at time 7. Consider the following two cases:
(a) J; is a preempted job. Then g; is equal to the length of this portion of J;. Let J; be
the first job that starts after time C;(o(E)) with p; = a;. Set T « Sy(o(E)).
(b) J; is not a preempted job. Then g; «<—min{d;—p;—E —S,(o(E)) | J; €J},
where J denotes the set of the jobs for which d; —p; —E > S;i(o(E)) and p; > p;. If
J = &, then @; « 0. Set T « C;(o(E)).

Step 3. If T < Zp;, go to Step 2.
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Step 4. Put E « min;{a;} + E. Stop.

THEOREM 12. All values E that may correspond to an extreme point (E , 2C;(0(E)) are generated
by the iterative application of Algorithm IV.

PROOF. Let E be the E pyy-value of an extreme point. From Lemma 2, it follows that the
increase in maximum earliness from the previous extreme point to £ must have led to the com-
plete interchange of some job J; with some job J;. Suppose Algorithm IV initialized with
E| < E generates E; > E. This implies that the start time of J; in o(E) was not considered
in Step 2. This could take place in Step 2(a) only if J; was scheduled between the first and the
last portion of some preempted job J;. In this case, as we have observed before, the inter-
change of J; and J;; could not have taken place. [

We prove that the number of values E of E y,, generated through Algorithm IV is polynomi-
ally bounded, thereby establishing that 1|pmin,nmit | a) ZC; + ay E 1,4 is solved in polyno-
mial time. We define for a given schedule o

1 if Si(O') < SJ(O) and Di >P],

3;j(0) = {O otherwise ’

and A(0) = Z; ;6,;(). In addition, an interchange of job J; with either J; or a portion of J 25
a positive interchange if p; < p; and if the interchange is complete. An interchange is neutral if
either p; = p; or if the interchange is not complete.

THEOREM 13. Let E| and E, be two E p,x-values generated through Algorithm IV. Then
2Ci(o(E 1)) < ZCi(o(E?)) implies A(o(E 1)) < A(o(E?)).

ProoF. We show that schedule 6(£ ) can be obtained from the schedule o(E ) through posi-
tive and neutral interchanges only. Compare 6(E ;) and o(E;) with respect to each unit of
time, starting at time zero. Suppose the first difference occurs at time T';. Let job J; be exe-
cuted from time 7'j to time 7' in schedule o(E ;). Adjust schedule 6(E,) by applying inter-
changes such that 6(E ;) is identical to 6(E ;) from time 0 to time T;. Since 6(E1) and o(E3)
were obtained by Baker’s rule, the processing time of J; is smaller than or equal to the remain-
ing processing time of each job J; that is processed from time T’y to time T’ in 6(E;). There-
fore, the interchanges needed to adjust schedule 6(E ) are either positive or neutral.

This argument can be repeated until o(EF;) and o(E,;) are identical. As
2Ci(a(E 1)) < ZCi(o(E,)), at least one of the interchanges must have been positive. Applica-
tion of Lemma 1 yields the desired result. [

COROLLARY 4. If preemption is allowed, then the number of extreme schedules with respect to
E nax and 2C; is bounded by 5n(n —1)+ 1.

PrROOF. The maximum number of possible positive interchanges is +n(n — 1). Theorem 13
then gives the desired result. It is yet an open question whether this bound is tight. [J
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COROLLARY 5. The 1 |pmin | a1 ZC; + oy E 1, problem is solvable in O (n*) time.

THEOREM 14. If a; = ay, then there exists a nonpreemptive schedule that is optimal for the
1|pmin |1 2C;+ 0y E oy problem. If oy >ay, then any optimal schedule for the
1|pmin |a;2C; + oy E 1 problem is nonpreemptive.

PROOF. Suppose the optimal schedule contains a preempted job. Start at time 0 and find the
first preempted job J; immediately scheduled before some nonpreempted job J;. Consider the
schedule obtained by interchanging job J; and this portion of job J;. If the length of the por-
tion of job J; is A, then E; has been increased by A, while C; has been decreased by A. As
ay = o, the interchange does not increase the objective value. The argument can be repeated
until a nonpreemptive schedule remains. In case a; > ay, then such an interchange would
decrease the objective value contradicting the optimality. []

COROLLARY 6. If ) = oy, then the 1| | a1 2C; + ay E o problem is solvable in O (n*) time.

5. MINIMIZING MAXIMUM LATENESS AND MAXIMUM EARLINESS

The analysis of the 1| | F (L pax, E max) problem is beyond the scope of this paper. Hoogeveen
(1990) shows that 1|nmit |F(Lpax,Emax) and 1| |e1Lpax +aE pax are solved in
O(n 2log n) time. Instead, we consider the situation in which the jobs may be preempted, that
is, the 1|pmitn | F(L pax, E max) problem. As E ,, is a nonregular performance measure, we
impose again the additional restriction that all jobs are processed in the interval [0, 2 p;].

Observe now that each Pareto-optimal schedule must have a maximum lateness that ranges
from L.y to L pnax, Where Ly is the outcome of the 1| pmin, E oy < Epax | L max prob-
lem. As seen before, the condition E oy << Emax induces a rclease date for each job J;. This
problem can then be solved by Baker’s algorithm (Baker, 1974) for the 1|pmin, r; | L pax
problem. The algorithm always keeps the machine assigned to the available job with the smallest
due date.

In the same fashion, the maximum earliness of each Pareto-optimal point ranges from E max
to E max, Where E .« is the outcome of the 1|nmit,pmin, L,y < Liax | Emax problem.
Since this problem reduces to 1|nmit,pmin, d; | E nay, it is solved by the rule to keep the
machine assigned to the available job with the largest value of d; —p;, working from time Z p; for-
ward.

We give a simple algorithm to generate all Pareto-optimal schedules for the
1| nmit,pmin | F (L pax, E max) problem.

ALGORITHM V

Step 1.Solve the 1|nmit,pmin, L, < Lomax | Emax problem, which produces the value
E pax- _

Step 2. Let ED « E 5 and k1.

Step 3.Solve 1 |pmin, E oy <E *)| L nax. This produces the kth Pareto-optimal schedule
o) and associated Pareto-optimal point (L max(067), E max (o).

Stepd. k< k+1, E®  EC-D_1HE® > E,*nax, go to Step 3, else stop.



12
COROLLARY 7. The 1| nmit,pmin | F (L a5, E max) problem is solvable in O (nZ p;logn) time.
THEOREM 15. The 1 | nmit,pmtn | F (L pax, E max) problem is NP-hard.

PrROOF. We assert that the proof proceeds along the same lines as the proof for
1| nmit,pmin | F(ZC}, E pay). U

THEOREM 16. Each Pareto-optimal schedule o® generated through Algorithm V satisfies
Lk + Bk = Ermax +Lonax.

PrOOF. Consider the 1|pmin, Emax <E|Lyg, and the 1|pmitn, Epyy < E +1| Ly
problem for some value E, with Epx <E < E ax- Let the optimal schedules be ¢ and 7,
respectively. Evidently, we have L 1,,(6) = L 5 () — A for some A = 0. We show A=1 for
any value of E within this range. Consider the schedule o and let J; be the first job in ¢ with
Li(0) = L 1ax(0). As L pax(0) > L o (EDD), there must be a job scheduled before J; with
greater due date. If E is increased to E + 1, then J; is completed one unit of time earlier.
Furthermore, a portion of length one of some job Jy, having dj > d; and starting before J; in
o is transferred to a position after J; in m. Now consider Cy(w). It is obvious that
Cy(m) = Cy(0), where J; is the last job in ¢ with d; << dy, or, if Jj is already preempted in ¢
and followed by some job J; with dj, = di, then Cy(m) = Cy(0). In both cases we have
L (1) < L pax(0). If there are more jobs in ¢ with lateness equal to L ,,(0), then the above
procedure can be repeated. [

Theorem 16 implies that all Pareto-optimal points lie on a straight line. Hence, the
1 __[nmtt,pmtn |y E max-i—aszax problem has only two extreme pomts namely,

(L max» max) and (Lmax, max)-

COROLLARY 8. The 1| nmit,pmin | ay E y0x + & L i problem is solvable in O (nlogn) time.
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