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In software reliability theory many different models have been proposed and investigated. A number of
important models are completely characterized by their intensity function. In this paper a rather general
class of intensity functions is considered. Sufficient conditions are given under which some important
asymptotic properties of the model and of the maximum likelihood estimators for the model parameters can
be proved. An application to software reliability theory is presented.
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1. Introduction

Computer systems have become more and more important in modern society. The problem of
estimating the reliability of computer software has therefore, over the last two decades, been receiving
a great deal of attention. For this purpose a considerable number of models has been proposed [21].
There are now more than 40 in existence. Each of these statistical models, based on certain assump-
tions, is a simplification of reality which we want to describe or understand better. The development
of so many different models, which are all supposed to describe the same thing — the evolution of the
failure behaviour of a piece of software undergoing debugging — is largely due to a lack of agreement
among modellers about how nature works.

When one wants to predict the reliability of computer software on the basis of past failure data, how-
ever, one needs more than just a software reliability model. The model parameter inference procedure
and the incorporation of the results in prediction are also very important. In this paper we will study
some important asymptotic properties of the maximum likelihood estimation procedure. We will
derive, for a general class of counting processes, conditions on the intensity function, that are
sufficient for these asymptotic properties to hold. We will further show that the intensity functions of
some fairly well-known software reliability models, namely the models of Musa and Littlewood,
satisfy these conditions.
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Let be given a counting process n(t), which counts up to an unknown value n(0)=N, N <oo, which
will be regarded as one of the model parameters. Only during a specific time interval [0,7], jumps of
the counting process n(f) are observed. Its associated intensity function will be denoted by
A(Z;N,Y), t€[0,7], NEN, Y€V, Y CRP™! for an integer p. Let Ny and yy be the true parameter
values. We want to obtain estimates for Ny and iy, and we are particularly interested in the
behaviour of the parameter estimation when N is large. Therefore we introduce a series of counting
processes n,(¢), t €[0,7],»=1,2,... by defining their associated intensity functions:

AEvY) = My +4LY), »=1,2,., ()

where [.] stands for Ent(.) and ¢€J[0,7], YER™, YEV. If the real-life situation has »=N,, then
Yy=vo=1 and y=1y. We know from the theory of counting processes, that

t
m,(t;7,¥) 1= n,(@)— {A,(s svsWds, v=12,.., (1.2)

are local square integrable martingales. We define for »=1,2,... the stochastic process x,(¢) by:
x,(t) := v~ n,(f), t€[0,1]. 1.3)

In most practical situations, as we soon will see, this stochastic process converges uniformly on [0,7]
in probability to a deterministic function xo(f) as »—o0.

We will assume that the maximum likelihood estimator (¥,,%,) for (yo,¥o) exists. Typically, Gooty) is
a root of the likelihood equations

d
—— logL,(v,¥;7) = 0, »=12,.., 14
sy oL g a9
where the likelihood function L,(y,y;?) is given by (see Aalen [1]):

L,(v¥5t) := exp | [log A, (s;v,4) dn,(s)— {?\,(szv,tlf) ds|. (1.5)
0 .

An important observation is the fact that information obtained for the asymptotic behaviour of ¥, can
be transformed back directly to N, the estimator of most interest. More precisely:
Va>0: P(ﬁ,—yO |=a) -0, » >

A

= Vb>0: P(|%—1|>b)—>0, N > (1.6)
and
" D
Vo3, —v0) = MO,0%), ¥ - o

- N(%—l) imo,-;‘-i-), N > oo. a.7
0

In the next section we will give for intensity functions A, of a special form sufficient (and weak) con-
ditions under which we have consistency, asymptotic normality and efficiency of the maximum likeli-
hood estimators (MLE) and local asymptotic normality (LAN) of the model. In the third section of
this paper we will discuss an application of the results in software reliability theory. Finally, in the
fourth and last section a few concluding remarks are given concerning the possibility of weakening
some of the conditions. We mention some results from recent simulations, as well as some plans for
the future.



2. Asymptotic properties

We consider a sequence of models (\,,m,,x,),»=1,2,... as defined by (1.1)-(1.3) in the previous sec-
tion. For reasons of notational convenience we take 0:=(y,9)T €6, O CRP for some integer p. In
the sequel of this paper we will assume that the intensity function A, is of the following form:

A(2:0) = vB(,0,x,), @D
for an arbitrary non-negative and non-anticipating function B: [0,7]X8 XK — R™. Non-anticipating
means, that B(¢,0,x,)=B(,0,x,|p,)- On K:=D([0,7]), the space of cadlag functions on [0,7], we

put the usual supnorm. The likelihood function L,(f,r) now becomes for €0, t€[0,7] and
y=12,..: '

t t

L,(6,1) := exp | [log vB(s,0,,x,)dn,(s)—» [ B(s,0,,x,)ds . 22
0 0

Furthermore, we define for €8, ¢ €[0,7], i,j,k € {1,2,...p} and »=1,2,...:
C,(0,r) := log L,(0,2), 2.3)
U@, := %C,(O,t), (score function) 249
@ . . . .
1,00 := 30.00. 6,36, C,(6,t), (minus information matrix) 2.5)

9 Ci
R ®.1) = 53000,

Wherever we use limits, convergence is always meant to be in probability as »—>oco under §=6,. Con-
sider the following global conditions:

C,(0,1). (2.6)

(GC1) For all x €K and for all €0 the intensity function 8 satisfies:

f\ép B, 0,x) < oo. 2.7

(GC2) (Lipschitz-continuity) There exists a constant L, not depending on #, such that for all x,y €K
and all 7 €[0,7]:

|B@6,x) — B(t,6,y)| < Lsup |x(s) — y(s)]. 2.8)

Under the global conditions (GC1)-(GC2) the stochastic process x,(¢), as defined in (1.3), converges
uniformly on [0,7] in probability to xo(f) as »—co, where xo € D ([0,7]) is the unique solution of

t
x(@©) = [Bs b0,x)ds. @9
0

This is proved by Kurtz [18]. Moreover, we consider the following local conditions:

(LC1) There exist neighbourhoods 6, and K, of fp,x, respectively, such that the function B(, 0,x)
and its derivatives with respect to 6 of the first, second and third order exist, are continuous
functions of # and x, bounded on [0,7] X 0y X K.

(LC2) The function B(z,6,x) is bounded away from zero on [0, 7] X 8y X K.

(LC3) The matrix == {0;;(f;)} is positive definite, with for i,j €{1,2,..p}, § €6y:

d 9
——ﬁ(sa 0,XO)“"—B(S, 01x0)
a9,

"3,
°®=[ BG.Ox0)

ds. (2.10)
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We are now able to formulate the main result of this paper. The proof of this theorem will be given in
Appendix A.

Theorem 1:

Given a counting process with intensity function A(t;;N,{), (N,¥) an unknown p-dimensional parameter.
As in section 1 ((1.1)-(1.3)), we can define an associated sequence of experiments by letting v—>c0. Let
0o=(Y0,¥0) the true value of the parameter. Assume that for all v the intensity function A,(t;0) in the v-
th experiment is of the form (2.1) for a certain function B satisfying conditions (GC1)-(GC2) and (LCI)-
(LC3). Then we have:

@ Consistency of ML-estimators: With a probability tending to 1, the likelihood equations

—%—103 L6 =0 »=12,. @.11)

have exactly one consistent solution 9,. Moreover this solution provides a local maximum of the
likelihood function (2.2).

(i) Asymptotic normality of the ML-estimators: Let ?9, be the consistent solution of the maximum
likelinood equations (2.11), then

. D
Ve (@,—8,) - MO,Z"Y), r—ooo, .12
where 2 is given by (2.10) and can be estimated consistently by —1I ,(3,,,7)/ v.

@iii)  Local asymptotic normality of the model: With U, given by (2.4), we have for all h ERP:

4P, _%hTU Lyrsn 2.13
dpoo-—v ,,+-2-hh—->0, y—00, (2.13)

log
_1 _1 D
where ,=6y+v *handv U, - M0,2).
(iv)  Asymprotic efficiency of the ML-estimators: b,, s asymptotically efficient in the sense that the
limit distribution for any other regular estimator 0, for 0, satisfies:
lim %, (Vv@~0)] = 4, * im % [Vv@,~0) 2.14)
y—>0 »—>00

Jfor some distribution #, .

An immediate consequence of this result on the asymptotic distribution of the ML-estimator @, is the
fact, that the Wald test statistic
- (0, - 00)TI,(0,,T)(0, - 00) (2-]5)

is asymptotically chi-squared distributed with p degrees of freedom under the simple hypothesis
H, : 0=60y. The Rao test (or score) statistic

- Uy(ao:"')TIr(Oo,‘")— ! Uv(ooyT) (2~16)
and the Wilkes test (or likelihood ratio) statistic
2 [Cv(bn'r)-cv(oo"r)] (2.17)

have the same asymptotic distribution as the Wald test statistic. The equivalence of these tests is
shown by Dzhaparidze [8]. In (2.15)-(2.17) C,,U, and I, are given by (2.3)-(2.5).



3. An application to software reliability theory

Several statistical models are proposed in order to estimate the evolution in reliability of computer
software during the debugging phase. In this section we will discuss two of these models; namely the
Musa model [21] and the Littlewood model [19]. Both models concern the following experiment.

A computer program has been executed during a specified exposure period and the interfailure times
are observed. The repairing of a fault takes place immediately after it produces a failure and no new
faults are introduced with probability one. By using the information obtained from the experiment
one can estimate the parameters of the underlying model, especially the total number of faults in the
software. Maximum likelihood estimation will be used for this purpose.

We will need the following definitions. Let N the unknown number of faults initially present in the
software. Let the exposure period be [0,7] and let n(¢), ¢ €[0,7], denote the number of faults detected
up to time t. Define To = 0 and let T}, i =1,2,..,n(7), the failure time of the i-th occurring failure,
while ¢; := T;,—T;_,, i =1,2,..,n(r), denotes the interfailure time, that is the time between the i-th
and the (1 —1)-th occurring failure. Finally we define #,(;)+1 : = 7— Ty (5.

The Musa model:

In the Musa model, Musa introduced in 1972, the failure rate of the program is at any time propor-
tional to the number of remaining faults and each fault makes the same contribution to the failure
rate. So if (i —1) faults have already been detected, the failure rate for the i-th occurring failure, A;,
becomes:

N = b0 [No=G-D), @)

where ¢ is the true failure rate per fault (the occurrence rate) and N is the true number of faults ini-
tially present in the software. In terms of counting processes we can write:

NO) = o [No=n(t-)), ~ 32)

where A(?), ¢ €[0,7] denotes the failure rate at time 7. The interfailure times ¢; are independent and
exponentially distributed with parameter A; given by (3.1) As in section 1 we let the true number of
faults N =»y conceptually increase and we see that the corresponding sequence of intensity functions
can be written in the standard form (2.1):

A 0) = vBMY(t,0,x,), (3.3)
where 0=(y,9), x, is given by (1.3) and

B s ) = ¢ [y=x(-) (34)
is defined on [0,7] X (8 X K), where

OXK := {(v,$x)ERT XRT XD([0,7]) : O<x()<y }- 3.5
The Littlewood model:

The main difference in the Littlewood model, introduced in 1979 by Littlewood, with respect to the
Musa model is the fact that each fault does not make the same contribution to the failure rate A(z).
Littlewood’s argument for that is that larger faults will produce failures earlier than smaller ones. He
treats ¢;, the failure rate of fault j, as a stochastic variable and suggests a Gamma distribution:

6;~T(@0,bo), J =1, . (3.6)
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Defining the expected occurrence rate of faults not occurred up to time ¢, as

o) 1= E{¢;| T;>t}, (€N))
with

¢ ~ T(ao,bo), 3.8

Tj|$j=¢ ~ exp(), 39
a simple calculation yields:

¢;|T;>t ~ T(ag,bo+1) 3.10
and hence:

ao
o) = ot (3.1

An application of the so called Innovation-theorem (Aalen [1]) now shows, that the failure intensity of
the software at time ¢ is given by:

gy {No—n(t—)]

A(t) - bo+t

(3.12)

Letting N = »y conceptually increase as usual, we see that the corresponding sequence of intensity
functions can again be written in the standard form (2.1):

A(:0) = vB™Y (1:0,x,) (3.13)
where 6=(y,a,b), x, is given by (1.3) and
LW, oy = aly—x(—)
B (t;v.a,b;x) P (3.19)
is defined on [0,7] X (B X K), where
OXK := { (,abx)ER* XR* XR* XD([0,7]) : 0O<x()<y } (3.15)
By a simple reparametrization, namely:
-1 b
pP="r BT (3.16)
we get from (3.14):
v orx) = Y=X@ )
B ;Y1 p5%) PR (3.17)
defined on [0,7] X (© X K), where
OXK :={ (V,p,x) ERT XRT XRXD(0,7]) : p+pr>0, 0<x()<y } (3.18)

Actually this is an extension of the Littlewood model, including also small values of p<<0. Note that
when p=0 we are dealing with the model we discussed earlier, namely the Musa model. We can
therefore treat the Musa model as a special (limit-)case of the Littlewood model.
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As an application we will show that the results of theorem 1 hold both for the Musa and the Little-
wood model.

Theorem 2:
Let 7>0. We assume that the failure data are generated by the intensity function B in (3.17) with true
parameter value 6y: = (yo, b, Po) satisfying Yo > 0 and po~+por > 0. If we define for t €[0,7]

—1/
Yo [ 1-e " ] ’ ifp() = O)
xo(?) := 3.19
1 Mo Ve s if Po # 0,
T Ho + pot

then B satisfies conditions (GC1)-(GC2)&(LC1)-(LC3) and hence:

® With a probability tending to one, the likelihood equations have exactly one consistent solution )
(i) A consistent solution 8 is asymptotically normal and efficient.
(ili)  The model satisfies the LAN-property.

The proof of theorem 2 will be given in appendix B. We will show there, that the following choice of
6, and K will be appropriate:

8 := [e,M,] X [, M,] X [,,M,], (3.20)
Ko := {x€K: |lx—xollup <&} 321
where
0<';_[Yo+xo(")]<€~,<70 <M,, (3.22)
0<e, <po<M,, (3.23)
~B <q<m<M, withe, < 0 < M, (324)
and
1
0<e, < —2-[70 —xo(MD) (3.25)

4. Concluding remarks, future investigations and open problems.

As stated in appendix A, theorems 1 and 2 remain valid if we replace (GC1)-(GC2)&(LC1)-(LC3) by
the weaker set of conditions (C1)-(C4). Conditions comparable to these ones are also given by Cra-
mer [6] and Kulldorff [17], using classical statistical techniques to prove consistency and asymptotic



8

normality of maximum likelihood estimators.

Nowadays modern methods have been developed by among others Ibragimov & Has’minskii [13],
Jacod & Shiryaev [14] and Dzhaparidze & Valkeila [7] leading to the same results (and even more),
without requiring the existence of higher derivatives of the intensity function and so weakening condi-
tion (LC1) (and (C2)) considerably. In [13] the parametric case is considered, but no theory for
counting processes is developed, while in [14] and [7] only binary experiments for counting processes
are studied. Also the work of Gill [11] and Van der Vaart [22] should be mentioned here. Therefore it
seems very plausible that such methods can be applied also in our case. Indeed, the assumption of
existence of the third derivative of B with respect to @ can be abandoned (and for consistency even
the existence of the second derivative!). Other conditions on B, - maybe weaker, but harder to verify -
will replace them. In practical situations, however, the intensity functions tend to be very smooth and
determining the existence of derivatives (w.r.t. ) is relatively easy.

Recently, we have made a beginning with the study of the behaviour of the ML-estimators in practice,
computed from simulated data generated by the Musa model. The simulation results, which are to
appear soon, confirm the asymptotic theory as derived in this paper. They also show on the other
hand, that the convergence in distribution is rather slow and that for small values of N, the distribu-
tions of N and ¢ can be very skew. With use of the Wilkes likelihood ratio test statistic (2.17), how-
ever, we were able to build confidence intervals for the model parameters that are very satisfactory.
Moreover, we think we can improve the construction of confidence intervals by making use of
parametric bootstrap methods. The validity of the bootstrap method will follow by standard argu-
ments on contiguity, regular estimators and the Skorohod-Dudley-Wichura almost sure representation
theorem (see Gill [12]).

Furthermore, another topic of future investigation will be the study of goodness of fit tests. We intend
to follow the martingale approach of Khmaladze [15]. See also Geurts et al. [10].

Of course, our ultimate goal will be to study more realistic models, incorporating imperfect repair and
software growth. We have recently constructed such a model and are now investigating, whether this
model fits in the theory developed so far.

Finally, we note that theorem 1 doesn’t claim that the maximum likelihood equations have a unique
solution. It only states that with a probability tending to one, among all these solutions, only one of
them will be consistent. Moek [20] developed an easy criterion for the existence of a unique solution
of the ML equations for the Musa model. The problem in case of the Littlewood model, however, is
much harder and in fact still an open question. Finding such a criterion in the Littlewood case or
developing an algorithm in order to determine the consistent one from a set of solutions from the ML
equations — probably with use of compactification theory (see Bahadur [3]) — certainly will be an
important topic in future investigations.

Acknowledgement:
I would like to thank Richard D. Gill and Kacha Dzhaparidze for their many helpful comments.



Appendix A: Proof of theorem 1.

One can easily check that (GC1)-(GC2)&(LC1)-(LC2) are sufficient for the alternative set of condi-
tions (C1)-(C3) to hold (see Borgan [5]):

(&)

)

(8%))

The function B is continuous with respect to 8, and strictly positive.

There exists a non-negative deterministic function xo €K and neighbourhoods 6y,K, of 6,
and x respectively, such that the derivatives of B8(¢,8,x) with respect to @ of the first, second
and third order exist and are continuous functions of 8, on [0,7] X0y X K,. With x,,»=1,2,...
the stochastic process given in (1.2), xo €KX has to satisfy for all i,j €{1,2,...,p} as v—o0:

T 30 B(S 00’ y) 80 B(S 00’ v) P T 80 B(S 00,)60) B(S 00,)60)
'(/)‘ B(S ’00’ v) —)f .B(S;ao,xo)

ds < o0 (A1)

2

Y 2 2 P T 2
{[a;:aoj logB(s ;Go,x,,)] B(s;00,x,)ds — { [60?60,- IogB(s;Go,xo)] B(s;0p,x0)ds < 0. (A2)

There exist functions G and H and neighbourhoods ©y,K of 6, and x, respectively, such
that for all ¢ €[0,7] and x €EK:

o3 .
‘)sggo | 20,0 0;‘ 20, B(t:0,x)| <G (t,x),' (A.3)

83
osggo | YR 9,- 20, logB(t,0,x) | <H (t,x), A4

and moreover the functions G and H satisfy as »—oo0:

fG@xmbijC@JQ&<w, (A5)

0 0

T P T

{H(s,x,)ﬂ(s, OO)XD)CB - fH(S,XQ)B(S, 00,x0)ds‘<oo, (A.6)
0

{Hz(s)xv)ﬁ(s’ 00axv)ds i {Hz(saxﬁ)ﬂ(sa 00,.760)(15‘ <co. (A-7)

In the proof of (i) and (ii) we will follow the lines of Borgan [5].
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(i) Consistency of ML-estimators:
By a Taylor series expansion we get for any §€0:

Un(6:) = in(oo,'f)‘*‘2(91—0]'0)5:7(00,"')

1% $0-000—00Ru00), a8
] k=1
where 8, =0, (0) is on the line segment joining § and §,. We shall show that:
P
Uvi(aoyf) - 01 (A.9)
P
v~ ,;(8,7) > —0;;(60), (A.10)
tim P (|~ Ry@rr)| <M = 1, (A1)

for all i,j,k €{1,2,...p} , all €8, and a certain finite constant M, not depending on 6. From (A.9)-
(A.11) the statement (i) in the theorem will follow by a standard argument (see Billingsley [4], pp. 10-
16).

Let us first prove (A.9). From (1.2) we get that (2.4) evaluated at the true parameter 6, equals:

Un‘(ao,t) = _é_aaT [{logvﬁ(s, ao,xv)d’l ,(S)" ‘({VB(S, 00’xv)ds]

t

f.é%_ [logp(s’ Ho’xv)] d [m,,(s, 00)+ {vﬂ(u, 00)xv)du} - V{%B(S, 00,x,.)ds‘

0
' B(s bo,x,)
'({ B(S 00’ v)

Because B is a non-anticipating function, it follows that U,;(fy,?) is a stochastic integral of a predict-
able process w.r.t. a local martingale and hence a local square integrable martingale. Its variance pro-
cess equals

dm, (s, 0p). (A.12)

d
t %B(S, 00,)6,,) 2

< Uvi(OOa ')! Ul‘i(ao’ .)>(t) = f m—)——
0 ’ b 0 4

vf(s, 6, , )ds. (A.13)
By condition (C2), v~ 1<U,i(6y,"),U,i(8p,)>(7) converges in probability to some finite quantity as
v—oo. Therefore, an application of Lenglart’s inequality (see Andersen & Gill [2]) gives that for all
8,1>0 we have

8

P( sup 157 U0, >n] < —5 4P (72 <U(00,), U, )> (>0 A14)
" T n

which proves (A.9).
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To prove (A.10), note that by using (1.2):

_ ~ 32 T T
1 — 1
4 Ivij(GOaT) =7 60,30] [{logvﬁ(s, 00’xv)dn ,,(S) - _{{"B(S: 00)xr)dg]

1y @ y
—_ 1
= { 2,00, logB(s, 6y, x,)d [m»(s, bo)+ { vB(u, 0o,x,)du]

T az
‘({ 80,80] B(s’ HO,xll)dg

@
— 1
4 ‘{80,60] 1083(5, oﬂyxv)dmv(sr 00)

T

02 92
+‘£ B(S: 00’x v)wlogﬁ(& 00,.76,)'— Wj—ﬁ(s’ 00:xr)} ds

PR
= 1
g ‘(l; 30;30j logB(s, 6o, x,)dm,(s, 6o)

d d
T 30' B(s’ 00)xl0) aa] B(S’ 00’xﬂ)

- ds. A.15

‘({ B(S, 00:xv) ( )
That the first of the last two terms in (A.15) converges in probability to zero follows by condition
(C2) and an application of Lenglart’s inequality similar to (A.14). By (2.8), (A.10) is an immediate
consequence.

Finally to prove (A.11), we note that (A.3)&(A.4) in (C3) give for all i,j,k €{1,2,...p } and all 6 E6y:

[v“R,,-,-k(o,ﬂ

_ 63 ) b T
1 —
gy 5,00, [ ](; logrB(s, 0,x,)dn ,(s) { »B(s, 0, x ,,)ds]

< V_IZ Wlogﬂ(s, 0,x,) dn,(s)-i-z EW:;WB(S’ 0,x,)\ds
<! ZH(t,x,)dn L&)+ ‘ZG(t,x,)ds. (A.16)
By another application of Lenglart’s inequality we get for all 8,7>0:
P té‘il D, D‘IZH (5,%,)dn (s)— v"!:'H(s,x,)VB(s, 0y, x,)ds >n]
< n% +P v“zsz(s,x,)vB(s, ﬂo,x,)ds]. (A.17)
So (A.6)&(A.7) in (C3) yield
v_‘:{H (s,x,)dn (s) - ‘:/;H (s,x)B(s, Gy, x)ds (A.18)

in probability as »—o0. Combining this with (A.5) in (C3) and with (A.17) , we get (A.11) and hence
the consistency of the ML-estimators.
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(ii) Asymptotic normality of the ML-estimators:

Let 3, be the consistent solution of the likelihood equations (2.11). Taylor expanding U ,,-(a,,'r) around
0, gives:
_1 .
0=» 2U,@,")
1

1,
= 2 U0+ 97 B0 1,565,7), (A.19)
j=1

where 8. =6.(8,) is on the line segment between 8, and 8. Therefore, the statement (ii) in theorem 1
will follow by an argument in Billingsley [4], if we can prove that for all i,j €{1,2,...,p} and for any
random 6,, such that 8, -8, in probability as »—co:

v 2U,(0,7 -l-)) M0O,2) (A.20)

P
v I ,ij(O:,T) — —0;i(6p)- (A2])

Let us first prove (A.20). By (A.12) and condition (C2)
1 1

<v 20,600,070 2 U, 60,)>()
= [-2 108815, B0,,) - LogB(s, B0, x,)BLs, B0, x,)ds
! "6; 26

9 0
aai B(s’ 00!xl') aa] B(s’ OO)XP)

- { B(SaGO’xv) a
pT 'é%:ﬁ(syoo:x)‘é%;ﬁ(&oo:x) A2
- ‘(l). B(S, 00,X) ds ( ’ )

as v—oo for all i,j €{1,2,....p}. Furthermore condition (C2) and dominated convergence give that for
all j€41,2,...p} and all €>0 as »—o0:

2
[} d
v | 2 B 60,%,) 3, 6, 60,%,) »
[|—=———| "BG.00,x)I{ |—F——|>¢€tds - 0 (A23)
v 2 B(S, 003xv) ”2 B(S, 00sxv)

in probability as »—>c0. From this (A.20) follows by an application of the martingale central Limit
theorem (see Andersen & Gill [2]).

Let us return to (A.21). By a Taylor series expansion we have when 9,€0:

U0 = 2 L@+ S O 00Rup @) (A29)
where R,;;(6,?) is defined in (A.5) and 8,=0,(6;) is on the line segment joining 8, and 6. By (A.10)
and (A.11), the first term in the right hand side of (A.24) converges in probability to —0;;(6p) as

»—>o0, while the second term is bounded in probability by pM |8, — 6, |, for some finite constant M
not depending on 6. This proves (A.21) and thus the asymptotic normality of the ML-estimators.
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(iii) Local asymptotic normality of the model:

For sake of convenience, we introduce some notations. For a function f: R? — R, which is at least
three times differentiable, we write:

3 \
——‘-’————f|x=xo] : (A25)

63
~——5f(x0) :=
3 Ax:
ox 0x;0x 0 1<k

the (three-dimensional) p Xp Xp matrix of third order partial derivatives, evaluated in x,. Further-
more, for a (three-dimensional) p Xp Xp matrix ¥ = (y;%), and a p-vector g =(g;), we define:

P P P
gTYg=*>:= 2 3 3 ggigwip- (A26)
i=j=1lk=1
We define for h €6:
_1
0,(h) = 6y+v *h, »=12,.. (A27)

For fixed h and », using the fact that A\, =»B, we have that the log likelihood ratio for 6,() against 6,
is:

dPg(/,)
,h) = lo .
Q,(h) 2 dP,,

= IOg dpP 6,(h) —log dpP 0,

= [ flogh,(s, 0, (h))dn,(s)— [A, (s, 6,(1))ds] — [ [logh,(s, Bp)dn,(s)— [A,(s, o)ds]
0 0 0 0

= C,(6,(h),7) — C,(0p,7), (A.28)
where C, is given by (2.3). Of course Q,(0)=0, and because
B o=y 2
o o,m=v 2, (A29)
the first, second and third order derivatives of Q, with respect to 4 are:
1
a —_——
# 20 = v UGG, (A.30)
9% -1
ah—zQ,(h) = v L(6,()), (A.31)
_3
y 2

I

33
3;3—Q,(h) R,(0,(h),7), (A.32)
where U,,I, and R, are given by (2.4)-(2.6). Hence we get the Taylor expansion:

-1
Qv(h) = v 2 hT U,(00,7)

+ —v T 1,(6,,7) h

-3
2

+ =» 2hT R,0,,) h=*>, (A33)

where 6, is somewhere on the linesegment between 6, and 6,(k).
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We have already proved (see (A.20)&(A.10)) that:

_1
VT Uyl > MO, (A34)
v~ 11,(6,) i -3, (A35)

as »—00. We see that we will have the local asymptotic normality (LAN) property (2.13), if only we
can show that

-3 P
v 2 R,0,7 - 0, (A36)

as »—o0, for all sequences (6,) converging to . But this follows directly from (A.11).

This proves part (iii) of theorem 1.

(iv)  Asymptotic efficiency of the ML-estimators:

In (ii), the proof of the asymptotic normality of 5,, we found that:

_1 D(,)

vy U, > #0>3), (A37)
. _a D@

Ve@,—8) — =" U, +op(l) — MO,Z7H). (A.38)

Moreover, the LAN-property of the model, proved in (iii), gives us by using (A.37):

dPo’ _1 1 DG, 1
log = v 2RTU, — —h"Zh + 0p(1) — M—=h"=hhT=h). (A.39)
dPg, 2 2
Hence:
Ve(6,—6p)| b6 0 ="'
> N , . (A.40)
dPy, _Lyrsy| | AT hTZR
log 2
dPy,

From Le Cam’s third lemma (see Van der Vaart [22], pp. 180-181), we can now conclude the con-
tiguity of Py and Py and we have:
A D)
Vr@,—0) - MhZY) (A4l)
and thus
! D@)

Vr(@,-6,) = Vv@,—@+r *h) — MO,Z7Y). (A.42)
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Combining (A.38)&(A.42), we see that for all # €0:
lim £, (\/:7 (b,—a,)] = lim %, [\/; @, —00)] ; (A43)
y—>00

y—>00

this means by definition the regularity of the maximum likelihood estimator b,. Now we use an
appropriate version of the well-known convolution_theorem (see [16] or [22]), which states in our case
that the limit-distribution of any regular estimator 6, of 6, satisfies:

lim [\/;(é,—ao)] = MOZY) * A, (A44)
y—>0
Because (A.38) implifs that for 5,: =5, we get # 4 =1 in (A.44), we have proved that the maximum
likelihood estimator 8, is asymptotically efficient.

Theorem 1 is now completely proved. O
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Appendix B: Proof of theorem 2.

We will prove that the intensity function 8 of the model, given by (3.17)-(3.19), satisfies the conditions
(GC1)-(GC2)&(LC1)-(LC3).

(GC1) Boundedness:

For all ¢ €[0,7], 6 €0 and x €K, we have:

supBs, 0,x) = s?ﬂ———@—ﬂl < m %, ®B.1)
because x>0 and p+ pr>0. This proves (GCI).

(GC2) Lipschitz-continuity:

For fixed 0€© define a constant L:=[min (g,p+pr)]~'. Then for all x,y €K and all ¢ €[0,7] we

have:

y—x@—) y—y@—)
ntpt u+pt

yE—)—x@—)
pt+pt

[x(t—)—y@ )|
min (g, p+ pr)

| B(t, 0,x)—B(,0,y)| =

A

< L sup|x()=y ). (B2)

This proves the Lipschitz-continuity.

Hence x,(f)—x(f) uniformly on [0,7] in probability. The deterministic function x, €KX is the unique
solution of the integral equation:

t
x(6) = [Bls,00,% (s —))ds. (B.3)
0
Equivalently we can solve the Dirichlet differential equation:
d _ Yo—x(—) _
dtx(t) = et x(0)=0. B4

One can easily find that the unique solution of (B.4) is given by (3.19).

(LC1) Differentiability of B w.r.t. 6:

Let us consider B for fixed ¢ €[0,7] as a function of § and x only:

B(v,p,p,x58) = yox() (B.5)

u+pt
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The function B itself and all its derivatives with respect to @ of the first, second and third order are of
the form:

k !
H s P, ;t :_Mt__n_’ B.
(v, 0, 51) T . (B.6)

where c€Z, k€{0,1,2,3}, 1€40,1} and m€{1,2,3,4}. This rational function is for fixed ¢ €[0,7]
obviously continuous in § on ® and even Lipschitz continuous in x on K with respect to the supnorm.
To overcome boundedness-problems, however, we have to restrict ourselves to the neighbourhood 8,
of 6, given by (3.20). We have uniform in x €K and ¢ €[0,7] for all §E8y:
| ¢ | max(1,7)M,

[, +e,D]™

| H(a,b,y,x;t)| < (B.7)

This proves (LC1).

(LC2) B bounded away from zero:

With 6, and K, defined in (3.20)-(3.21) we have uniform in ¢ on [0,7] X 8y X K:
= Y=x(@=)
B0z = L2
c11-"[3‘0(“ —)+€x]
T MMy

%['Yo‘*'xo(’f)] = xo(®) — “;'[Yo—xo("‘)]

>
M,+M,7

= 0. ' (B.8)

Hence B is bounded away from zero on [0,7] X8y X K.

(LC3) The matrix X is positive definite:

Using (LC1)-(LC2), we see that the coefficients of the matrix = are well-defined and can easily be
computed. Writing

Oyy Ouy Opy
2= [0y Oy Opl, (B.9)
%y Oup Opp
Yo
= , B.10
¢ ot poT (B.10)
we find in case py5=0:
0, = @ V" —1], (B.11)
Yo
_ Yo 2+1/p,
= —=5—075I[1-0 I8 (B.12)

(1]
o ud@pe+ 1)
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_Q2+l/p°]:!,

_ Yo —1/p, 1+1/p 1
o = — |[1-Q 1= [1 Qo 1+ /1
LI [ 1+ 200
Oy = Opy = F:Po [1-9Q],

1

Op = Oy = ;(z;[l—Q+log 2l

e = Yo |1 o Va1 52+ Ua
GRS [lhooll ¢ ] 1+290[1 e ]]'

(B.13)

(B.14)

(B.15)

(B.16)

It is easy to verify that the limits of these coefficients exist when py—0; the resulting matrix Z in case
po=0, is given by:

1, = --= e
e -1] 3 o
s = _Lz Y—g[l—e_i] 1(—0[1—(1+L)¢_i] . (B.17)
Ko Ho to
7 - -
—_— Yo T ~ T Bo
2 —[1-(1+—) * 2y[l=(zz+—+De ]

In both cases, it is possible to show that 2 is positive definite for all >0, using a well-known
theorem in linear algebra (see Gantmacher [9], pp. 304-308), which states that a real, symmetric
n Xn-matrix A4 is positive definite if and only if the successive principal minors D, . . ., D, are all
strictly posmve The verification of this requires some long and tedious computations and is therefore
omitted in this appendix. We have found that 2 is positive definite and hence non-singular for all
7>0.

We have shown that the conditions (GC1)-(GC2)&(LC1)-(LC3) are satisfied. Hence we can apply
theorem 1. This proves theorem 2.
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