

























































































































































































60 Some algorithms on addition chains and their complexity.

Are there other algorithms which use less memory and produce shorter chains ?
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12. APPENDIX 1: EXAMPLES.

For some of the algorithms we give an extended example. We consider the vector
addition chain for [385, 455, 715, 1001]. These numbers do appear in an cryptological
application, (in the calculation of X 11/ 13X21/ d 1X31/7X41/5). We copied an example
of the Small- and Large- window Algorithm from [BoCo89]. We consider the number
a= 26235947428953663183223 with binary representation 1011000111001000000---
---11101001010011101010000001011110000011111001100101110111.

12.1. THE SUBTRACTION ALGORITHM OF M ORAIN AND OLIVOS.

We have
a= 101100011100100000011101001010011101010000001011110000011111001100101110111
M*Y= 110000100000100000100001001010100001010000001100000000100000010000110000000
M= 100000100000000000100000000000100000000000000010000000001000100000001001
Hence
#elements
(i) the numbers n for which n/2 is in the chain 74
(ii)  additions for M* 16
(iii) additions for M~ 8
(iv)  subtraction 1
TOTAL: 99

12.2. THE SMALL WINDOW ALGORITHM.

We consider windows of length 3:

101 10001110010000001110100101001110101000000101 11100000111 11001100101 110111
51 71 31 5 7 5 5 1 i3 3 53 1

We distinguish, as in Section 7.1, 3 types of elements in the addition chain
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#elements

(i) the elements 2, 3, 5 and 7. 4
(i)  the numbers n for which »/2 is in the chain 72
(iii) numbers which are the sum of a number of (i) and a number of (ii) 16
TOTAL: 92

12.3. THE LARGE WINDOW ALGORITHM.

We consider this algorithm with n = 6. (In [BoCo89] we did not consider the number
of windows, but we considered the length of the largest window). However the length
of the sequence for the six windows is equal to the length of the sequence in
[BoCo89], the sequence itself differs, since this sequence was produced by Algorithm

I, instead of Makechain Algorithm described in [BoCo89]. The algorithm works as
follows:

101100011100100000011101001010011101010000001011110000011111001100101110111
5689 933 117 47 499 375

The addition sequence yielding the first part is:
12356 7 14 21 23 24 47 52 59 65 117 234 351 375 434 499
933 1866 3732 3823 5689

We get the chain as in the Small Window Algorithm. In this case we find the length
by:

(i) length of the sequence for the 6 windows. 24
(it)  the numbers n for which »/2 is in the chain 62
(iif)  numbers which are the sum of a number of (i) and a number of (i) 3

TOTAL: 91

This result is better than the result of the Small Window Algorithm.

12.4. ALGORITHM I.

On the following page of this report we give an application of Algorithm I on the vector
[385, 455, 715, 1001]. We find /;[385, 455, 715, 1001] = 22.
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addition chain graph operations vector addition counter
chain
f, — 1001 - 286 LD1 [0, 0, 0, 1]
1
f; — 715 - 260 ADD 2 [0, o, 1, 1] 1
l
f, — 455 — 170 ADD 3 [0, 1, 1, 1] 2
d
fi — 38 - 9 ADD 4 (1, 1, 1, 1] 3
l
1001 —» 286 — 26 ADD 1 STO 1 (1, 1, 1, 2] 4
4
715 > 260 — 62 ADD 2 STO 2 (1, 1, 2, 3] 5
d DBL 2, 2, 4, 6] 6
385 > 99 — 29 ADD 4 STO 4 3, 3, 5 7] 7
d
455 —» 70 — 8 ADD 3 STO 3 [3, 4, 6, 8] 8
&
260 » 62 — 4 ADD 2 STO 2 [4, 5, 8, 11] 9
3 DBL [8, 10, 16, 22] 10
9 —» 29 — 3 ADD 4 STO 4 [11, 13,21, 29] 11
4
286 > 26 > 8 ADD 1 [12, 14, 22, 31] 12
- 2 ADD 1 STO 1
AR DBL [24, 28, 44, 62] 13
70 - ADD 3 [27, 32, 50, 70] 14
26 > 8 ADD 1 [39, 46, 72, 101] 15
dob DBL [78, 92,144, 202] 16
62 > 4 - 1 ADD 2 STO 2 (82, 97,152, 213] 17
4
29 5 3 -5 1 ADD 4 STO 4 [93,110,173, 242] 18
l
26 — 2 ADD 1 [105,124,195, 273] 19
e DBL [210,248, 390 ,546] 20
4 - ADD 2 [292,345,542,759] 21
3 -5 1 ADD 4 [385,455,715,1001] 22

Figure 12
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12.5. THE GENERALIZED ALGORITHM OF FIAT.

We consider as in the Algorithm of Yao the binary representation of 385, 455, 715 and
1001. We define the numbers c, ... , ¢4 by

C0=129, Cz=256, Cg=64, Cg=2, 6‘11=4, 612=520, Cl4=32.
The other numbers c; are zero. We find the relations
385=cp+cp
455 = cot ot Ccgt+ Cgt+ C1q
715 = Cot cgt Cgt Crp
1001 = Cot Crt Ccgt CiptC1g

We get the following sequence:

{1,2,4,8, 16, 32, 64, 128, 129, 256, 385, 449, 453, 455,
512, 520, 584, 586, 715, 969, 1001}.

We find the following reverse vector addition chain for [385, 455, 715, 1001]:

Lg[385, 455, 715, 1001] = {[0, O, 1, 1], [0, 1, O, 11, [1, 1, O, 1], [1, 1, 1, 2],
1,1, 2,31, (1,1, 1, 1], [2, 2, 3, 4], [3,3, 5, 7], [6, 6, 10, 14], [6, 6, 11, 14],
[6.7.11, 15), [12, 14, 22, 30], [12, 14,22, 311, [24, 28, 44, 62],
[48, 56, 88, 124], [48, 56, 89, 125], [96, 112, 178, 250], [96, 113, 178, 250],
[192, 226, 356, 500], [192, 226, 357, 500], [192, 227, 357, 500],
[384, 454, 714, 1000], [385, 455, 715, 1001]}

and /g[385, 455, 715, 1001] = 23 and mg[385, 455, 715, 1001] = 7.

12.6. THE WINDOW ALGORITHMS OF YAO AND STRAUS.

We apply the Generalized Window Algorithm of Straus on the same example. We
choose k = 1. We write the elements of the argument binary. We have

385 = 110000001
455 = 111000111
715 =1011001011
1001 =1 111101001

For the set {w;} which is in V, we get:

V {[0’ 0’ 1’ 1]’ [1, 1’ O’ 1]’ [l’ 1’ 1’ 1]’ [O’ 1’ 1’ 1]’ [O’ 1’ 1’ O], [O’ 1’ 0’ 1]}‘

We have the following vector addition chain:
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Lgy(1)[385, 455, 715, 1001] = {10, 0, 1, 11, [0, 1, 1, 01, [O, 1, 1, 1], [1, 1, 1, 1],
[o, 1,0, 11, 1, 1, 0, 11, [0, 0, 2, 21, [1,1,2,3], [2,2,4,6],I[3,3,5,7],
(6, 6, 10, 141, [6, 7, 11, 15], [12, 14, 22, 30], [12, 14, 22, 31], [24, 28, 44, 62],
[48, 56, 88, 124], [48, 56, 89, 125], [96, 112, 178, 2501, [96, 113, 178, 250],
[192, 226, 356, 500], [192, 226, 357, 500], [192, 227, 357, 500],
[384, 454, 714, 1000], [385, 455, 715, 1001]}

and Igy(1)[385, 455, 715, 1001] = 23.

For Yao’s Algorithm, we choose k = 2. We write the elements of the argument
binary. We have

385= 1 10 00 00 01
455= 1 11 00 01 11
715= 10 11 00 10 11
1001 = 11 11 10 10 01

For the vectors w; we find:

wo=I1, 3, 3, 11, w1=[0, 1, 2, 2], w,=[0, 0, 0, 2], w3=[2, 3, 3, 3] and wu=(1, 1, 2, 3].
We have the following vector addition chain:

Ly(2)[385, 455, 715, 1001] = {[2, O, 0, 0}, [0, 2, 0, 0], [0; 3,0, 0], [0, 0, 2, 0],
[0, 0, 3, 01, [0, O, O, 2], [0, O, O, 3], [1, 3, 0, O], [1, 3, 3, 0], [1, 3, 3, 1],
[0, 1, 2,01, [0, 1,2, 2], [2, 3, O, O], [2, 3, 3, 0], [2, 3, 3, 3], [1, 1, O, O],
[1,1,2,01, [1, 1, 2, 3], [2, 2, 4, 6], [4, 4, 8, 12], [6, 7, 11, 15],
[12, 14, 22, 30], [24, 28, 44, 60], [24, 28, 44, 62], [48, 56, 88, 124],
[96, 112, 176, 248], [96, 113, 178, 250], [192, 226, 356, 500],
[384, 452, 712, 10001, [38S, 455, 715, 1001]}

and Iy »)[385, 455, 715, 1001] = 30.
12.7. THE BATCH-RS A ALGORITHM.

We apply this algorithm on the vector [385, 455, 715, 1001] as mentioned above. We
get
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(385f +455f 51715 f;+1001f,,5005)

7N

(6f, +13f ,65) (7f +11f A7)

I N

(f4.5) (f,,11) (f,7)
Figure 11.

Using Algorithm I we make vector addition chains for L{[5, 13], Ly[7, 11] and
Lqy[65, 77]. We get [[5, 13] = 6, [{[7, 11] = 6 and I1[65, 77] = 11. Hence
Ig[385, 455, 715, 1001] = 23. For the sake of completeness we give also

Ly 1[385, 455, 715, 1001] = {[0, 0, 0, 2], [1, 0, O, 2], [1, O, O, 31, [2, O, O, 5],
[4,0,0, 101, [5, 0, 0, 13], [0, 1, 1, O], [O, 1, 2, O], [0, 2, 3, 01, [0, 4, 6, 0],
[0,6,9, 0], [0,7, 11, 0], [5, 7, 11, 13], [10, 14, 22, 26], [20, 28, 44, 52],
[25, 35, 55, 65], [30, 35, 55, 78], [60, 70, 110, 1561, [65, 77, 121, 169],
[130, 154, 242, 338], [260, 308, 484, 676], [325, 385, 605, 845],
[385, 455, 715, 1001]}.
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13. APPENDIX 2: LIST OF ALL C ASES IN THE PROOF OF THEOREM 14.

In this section we give a list which is a part of the proof of Theorem 14.

Table XI

cont. fraction impr. cont. fraction k lo! fails for r =
[0, r,...] I(r) +1 r 1,2,3
[0,1,r,...] I(r)y +2 r+1 1,2,3,5,7,11
[0,2,r,...] I(r)+3 2r+1 1
[0,3,r,...] I(r)+4 3r+1 1
[0,1,1,r,...] I(r)+3 2r+1 1

0.1, 2, 1y ] Irn+4 3r+1 1
[0,1,3,r,...] Iry+5 r+1 1,2,3
[0,1,5,r,...] I(r)y +6 6r+1 1,2,3
[0,1,7,r,...] I(r)+7 8r+1 1,2,3,5,7
10, 1, 11,7 o] I(r) +8 12r+1  1,2,3,7
[0,2,1,r,...] I(r)+4 3r+2

[0, 3; L7y v Ir)+5 4r+3

[0,1,1,1, r,...] I(r)y +4 3r+2

10.1,2. 1 P sl In+5 4r+3

[0,1,3,1, r,...] I(r)+6 S5r+4 1,3,7,11
[0,1,3,2, r,...] Ir)+17 Or+4 1
[0,1,3,3, r,...] I(r)+8 13r+4 1

[0,1,5,1, r,...] I(r) +7 Tr+6 1.3.5,7; 11
10. 1,52, 75 sl I(r) + 8 13r+6 1

[0, 1,.5,3, 7; ..} In+9 19r+6 1

[0,1,7,1, r,...] I(r) + 8 Or+8 1,2,3,5,7,11,13,19
[0,1,7,2, r,...] [0,1,8,-1,1, r,...] I(r) + 8 17r + 8

10,1, 7. 3, 75 i) [0,1,8,-1,2, r,...] Irn+9 25r + 8

[0,1,7,5, r,...] [0,1,8,-1,4, r,...] I(ry+10 41r+8

[0,1,7,7, r,...] [0,1,8,-1,6, r,...] I(r) + 11 57r+8

10,1111, 7., I(r) +8 13r+12 1,2,3,5,7,11,13,19
[0,1,11,2, 7, ... [0,1,12,-1,1, r,...] Irn+9 25r + 12

[0,1,11,3, r, ... [0,1,12,-1,2, r,...] Ir)+10 37r+12

[0,1,11,7, r, ... [0,1,12, -1, 6; 7, .. I(r)+12  85r+12

10, 1,8, 1. 1, 1 - Ir+17 9r+5

[0.1,3,1,3, r, . [0,1,4,4, r,...] I(r) + 8 19r +5

[0,1,3,1,7, r,. [0,1,4,-8, r,...] I(r)+9 39r+5

[0,1,3,1,11, r,. [0,1,4,-12, r, ... Ir)y+10 59r+5
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Table XI (continued)

cont. fraction impr. cont. fraction k loy!
[0,1,3,2,1, r, ...] Ir)+8 13r+9
[0,1,3,3,1, r,...] Ir)+9 17r + 13
10.1.5, L, 1, 7 ...} I(r)+8 13r+7
[0,1,5,1,3, r,...] [0,1,6,4, r,...] I(r+9 27r +7
[0,1,5,1,5, r,...] [0,1,6,-6, r, ...] Ir)+10 41r+7
0. 1,5, 1.7, 7 .. [0,1,6,-8, r,...] I(r)y+10 55r+7
[0,1,5,1,11, r, ...] [0,1,6,-12, r,...] I(r) + 11 83r+7
[0,1,5,2,1, r,...] Ir)+9 19r + 13
[0,1,5,3,1, r,...] I(r)y+10 25r+19
[0,1,7,1,1, r,...] [0,1,8,-2, r,...] Ir+7 17r +9
0.1,7, 1,2 #,...] [0,1,8,-3, r,...] I(r)+8 26r +9
[0,1,7,1,3, r,...] [0,1,8,-4, r,...] I(r)+8 35r+9
[0,1,7,1,5, r,...] [0,1,8,-6, r,...] I(r)+9 53r+9
[0,1,7,1,7, r, ...] [0,1,8,-8, r,...] I(r)+9 71r+9
10.1,7; 1,11, #,...] [0,1,8,-12, r,...] I(r)+10 107r + 9
[0,1,7,1,13, r,...] [0,1,8,-14, r,...] I(r)+11 125r + 9
[0,1,7,1,19, r, ...] [0, 1,8,-20, r,...] I(r)+11 179r + 9
[0,1,11,1,1, r,...] [0.1,12,=2; F. ...] I(r) + 8 25r +13
[0,1,11,1,2, r, ...] [0,1,12,-3, r,...] I(r)+9 38r+13
[0,1,11, 1,3, r,...] [0,1,12,4, r,...] I(r)+9 51r+13
[0,1,11,1,5, r,...] [0,1,12,-6, r, ...] Ir+10 77r+13
[0,1,11,1,7, r,...] [0,1,12,-8, r,...] I(r)+ 10 103r + 13
[0,1,11,1,11, r,...1 [0,1,12,-12, r,...] I(r)+11 155r + 13
10.1,11,1,13, ...] 1[0,1,12,-34, . ...] I(r)y+12 181r + 13
[0,1,11,1,19, r,...] [0,1,12,-20, r,...] I(r)+12  259r+13







