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SOME ALGORITHMS ON ADDITION CHAINS
AND THEIR COMPLEXITY
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ABSTRACT.

We consider in this report 12 algorithms, for calculating addition chains, addition
sequences and vector addition chains. Some of these algorithms are new. We compare
these algorithms on two criteria namely the length of the chains/sequences and the
memory usage. To do this we use two new techniques. The first new technique
involves a kind of addition chain graph, which is an important tool for studying the
memory use in more detail. The second new technique concerns a way to split up the
chains and sequences into subsets that can be studied independently. Using number
theoretical tools (especially from ergodic theory) we get some new results on upper
bounds and average values for the lengths of chains and sequences. Finally we
compare these algorithms using some tables. The algorithms are described in detail in
this report and an example is included for most of the algorithms.
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1. INTRODUCTION

Much research is concerned with speeding up RSA calculations. A lot of work has
been aimed at increasing the speed of multiplications. More recently, further
improvements have been achieved by applying so called addition chains. In RSA
applications an exponentiation is done by some modular multiplications using addition
chains. For each element in the addition chain a multiplication is done. Hence RSA
becomes faster if the addition chain is shorter.

For instance, new RSA-applications (cf. [Fia89] and [CBHMS90]) can take
advantage of a generalization called vector addition chains. Using this feature the
RSA application becomes significantly faster. Olivos gave in [Oli81] a description how
such vector addition chains can be constructed. This construction was implemented by
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2 Some algorithms on addition chains and their complexity.

Bos in [Bos90]. Addition chains also have applications in exponentiations of discrete

log based systems [EIG835], exponentiations in GF(2™) (cf. [AMV89]) and factoring
algorithms (cf. [Len86], [Wil82]).

This report considers several algorithms for addition chains and vector addition chains.
Included are the Binary Algorithm, the Window Algorithm (cf. [Knu81]), another
window algorithm (cf. [BoCo89]), the Batch-RSA Algorithm (cf. [Fia89]), the
Continued Fraction Algorithm (cf. [B3D89]), the Generalized Continued Fraction
Algorithm (cf. [Bos90]), some other algorithms based on the continued fraction
algorithm (cf. [B389]), and the Generalized Window Algorithm (cf. [Yao76] and
[Str64]). Apart from these algorithms we consider some new algorithms.

This report consists of 13 sections. In Section 2 we define the notation used in this
paper and in Section 3, we give a review of the literature. The goal of this report is to
compare these algorithms on applicability in RSA, elliptic curves, etc. We distinguish
two criteria. We will consider space complexity and time complexity.

Space complexity will be discussed in Section 5 and Section 6. In Section 5 we will
introduce a new way to draw an addition chain graph which is nearly related to the
addition chain graph in Knuth, but it has some advantages. Firstly the space
complexity can be seen directly and secondly there remains place in the graph to put
some additional information, (e.g. the operations which are used in the computer). We
prove in this section that the only algorithm which uses 1 memory location is the
Binary Algorithm. It is well known that this algorithm does not produce the shortest
chains in general. Another result in this section is that the Generalized Continued
Fraction Algorithm (cf. [Bos90]) uses only n memory locations to produce a vector
addition chain of width n and this is optimal. In Section 6, we calculate the number of
memory locations used by the other algorithms.

Time complexity will be discussed in Section 7 and Section 8. We denote for a set of
positive integers {ay, ... , a,} by lg(ay, ... , a,) the length of the addition
sequence produced by Algorithm ©. Suppose that a; < ... < a,. We want to express
approximations of Ig(ay, ..., a,) in terms of n and a,. A good measure for
lg(ay, ... » ay) is the number pg(ay, ... , a,) which is defined by

lalays 505 Ox)

pe(al’"-aan): . (1)
lng an

In Section 7 we are interested in the upper bound of those numbers pg(ay, ... , a).
In some of the applications the construction of a doubling is much easier than the
construction of other additions. We denote by [Mg(ay, ... , a,) the number of

doublings in the addition sequence produced by Algorithm © and by Ifelag, ..., ap)
the number of other additions. We have the identity
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le(ay, ..., a,) =Felay, ... ,a,) + Feglay, ... , ay). (2)
In a similar way we define
pelay, ..., a,) = Fe(ay, ..., ap)flog; a, (3a)
and
ptelay, ..., a,) =Ig(ay, ... , allog, a,. (3b)

We define the upper bound f)e(a, n) of pg(ay, ..., a,) by

2 le(ai, ..., a
@, ..., a,) log, a, (4)
where the n-tuples (ay, ..., a,) are taken such that o < log; a, < + 1. We will
also consider the numbers p g(a, n) and p*g(a, n).
In Section 8 we consider the average value for pg(ay, ... , a,). We define Be(a, n)
by

z le(ay, ..., a,)

&) log; a,

Pe (a,n) = ; (5)
where the sum is taken over all n-tuples (ay, ... , a,) for which o < log, a,<a +1
and X is the number of those n-tuples (ay, ..., a,). Some of the values Be(a, n)
are calculated using some ergodic theoretical tools. We calculate also the values
of ;_)De(a, n) and T)*e(a, n). In general an arbitrary n-tuples (aq, ..., a,)
satisfies

le(ay, ..., a,) = pel(a, n)logj a,,.

Therefore pg(oz n) is a good measure to compare more algorithms. The upper bound
pe(oc n) is important for calculating running-time approximations in the applications.

In Section 9 we will compare the different algorithms. We make three tables for those
comparisons. One table is for the case of the asymptotical values of a,, a second
table is for the case that we consider addition chains with @ bounded (log a= 512)
and a third table is for the case that we consider vector addition chains of width 32
(n = 32) with log a3,= 80.

In Section 10 we give some topics for further research and some open problems which
are of large interest for developing the theory of addition chains, addition sequences
and vector addition chains.

After the references in Section 11, Section 12 contains an appendix with concrete
examples of the algorithms. The last section consists of one table which should be
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included in Section 7.3.2, but we improved the readibility by moving this table to the
end of the paper.

2. DEFINITIONS AND NOTATION

We use the following notation:

a a vector

f; unit vector [0, ... ,0,1,0,...,0]

[x] largest integer which does not exceed x.

[x] smallest integer which is at least x.

1x[ nearest integer to x.

v(n) the number of ones that occur in the binary representation of n
logn logy n

A(n) [logy n]

Inn log, n

#1 the number of elements of set /.

An addition chain for a positive integer a is the set of positive integers
{bg, ... , b} with the following properties:

(i) by=1,

(ii)  for all 1 < k <[ there exist i, j such that by=b;+bj, for 0 <1, J<k,

(iii) by=a.

We call the index [ the length of the addition chain. We denote a shortest addition
chain by L(a) and its length by /(a). We denote the subset of L(a) of numbers b
for which b/2 in L(a) by LP(a) (the subset of doubles), we denote L*a) =

L(a)\LD(a) (the subset of other additions). An example of a shortest addition
chain for the number 23 is

L23)={1,2,3,5, 10, 20, 23},

which has length 6. We have LP23) = {2, 10, 20}, L*(23) = {3, 5, 23}.

An addition sequence for a set of positive integers {ay, ... , a,} is a set of positive
integers {bg, ... , b;} with the following properties:

(i) by =1,

(ii)  forall 1 <k </ there exist i, j such that bk=b,-+bj, for0<i,j<k,

(iii) forl<m<n:apye€ {by, ..., by}

We call n the width of the addition sequence and / the length. We assume in the

rest of the text that a; < ... < a,. We denote the smallest set {bo, ..., b;} by
L(ay, ... , a,). We denote by LD(al, ... , ap) the largest subset of
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L(ay, ..., a,) which consists of doubles (b/2 is an element of L(ay, ... , a,)) and
L*(ay, ..., a,) =L(ay, ... ,a,)\L"(ay, ... , a,) (the subset of other additions).
An addition chain is an addition sequence of width 1. An example of an addition
sequence is

L(6,59) ={1,2,3,6,7, 14, 28, 56, 59},
which has width 2 and length 8, LY(6,59) = {2, 6, 14, 28, 56} and L*(6,59) =
{3,7,59}.
A vector addition chain for a vector a=[ay, ... , a,] is a set of vectors
{bi_n, ... , by} with the following properties:

(i) b;_, is a unit vector f; for 1 <i <n,
(it)  forall 1 <k <[ there exist i, j such that bk=b,-+bj, for1-n<i,j<k.
(iii)  by=a.
We call n the width of the vector addition chain and [ the length. In order to
a a, a . s
calculate x* =x; '...x, " from x =[xy, ..., x,], we construct a vector addition
chain {by_,, ..., b;} for a= [ay, ... , a,]. In a similar way as above we define L[a],
LP[a] and L*[a]. An example of a vector addition chain is
L[6,59] = {1, 0], [0, 1], [0, 2], [0, 4], [0, 8], [1, 8],
[2, 16], [2, 171, [4, 34], [6, 51], [6, 591},
which has width 2 and length 9 and L"[6,59] = {[0, 2], [0, 4], [0, 8], [2, 16], [4, 34]}

and L*[6,59] = {[1, 8], [2, 17], [6, 511, [6, 59]}. The calculation of X0¥5% from X
and Y can be done via

(X, Y, Y2, Y4 ¥8, xv8 x2y16 x2yl7 x4y34 x6y5! x6y>9).

For more detailed definitions we refer to [Knu81].

We use also the following maps and functions:

Lla] a shortest vector addition chain for [a].

LD[a] the subset of vectors b in L[a] for which b/2 is in L[a].
L*[a] L[a]\L"[a].

L("+k)[a] a shortest vector addition chain containing a;,ay, ..., a,

using only n+k memory locations (k > 0).
Kays @y con s Gy) length of a shortest addition sequence containing
@1y Gss < v 5 Oy

My, a,, ... , a,) #L(ay, ay, ... , ay).
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IY(ay, ay, ..., ay)
[[a]

[a]
IMEY
I(al, By wen 5 Bp)

T{ay s @y <1+ 5 y)

pay, ay, ..., ap)
p(ay, ay, ..., ap)
p*(ay, ay, ..., ap)
1

Hk
7(0L, n)

7(0(, n)
p(at, n)

plo, n)

HET (5 By o0 3 O

length of a shortest vector addition chain for
[ay, ay, ..., apl.

#L[a].

#L¥[a].

is a map discussed in Section 4,

is a map discussed in Section 4,

The maps 7 and T satisfy max(T(a,, a,, ... , a,)) <a,

and L(aq, ay, ... , a,) =L(T(ay, ay, ..., ap) Y

Iay, ay, ..., ap).

l(ay, ay, ..., ap)/ log a,,.

ay, ay, ..., ay)l log ay,

'@y, ay, ... , a,)l log ay,

2P,

e

max {l(a, ... , a,)} such that A (max {ay, ..., a,}) =q,

abbreviated as 1.

mean value of /(a;, a,, ... , a,) such that
A (max {ay, ..., a,}) =q, 7 for short.
max {p(ay, ay, ... , a,)} such that A (a,) = a.. We
abbreviate this notation to B

average value of p(a,, ay, ... , a,) such that A (a,) = a.

We abbreviate this notation to B

We will consider some algorithms. We denote the algorithms by an index. We
distinguish the following algorithms.

Ly(a)

Lyoa (@), Lvog (@)

LK(k)(a)

the addition chain for a constructed by the Binary
Algorithm.

the addition chains for a constructed by the Algorithms of
Morain and Olivos.

the addition chain for a constructed by the k-Window
Algorithm described in [Knu81].



Lw(,,)(a)

Lg(a)

Lii(a, b)

Lg(a, b)

Li(a, b, ¢)
Lia,, ay, ..., a,)

Lplay, @5 v 5 Gy)

LY(k)(al, B we 5 85)

LS[(k)(al, 02, sewiy a,,)

Lglay, a,, ..., a,]

Lgilay, ay, ..., ay,)
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the addition chain for a constructed by the Large Window
Algorithm described in [BoCo89]; n expresses the number
of windows.

the addition sequence which is based on the Addition-
Subtraction Algorithm Lg(a, b).

the addition sequence containing @, b which can be
constructed by Algorithm IL

the addition sequence containing @, b which can be
constructed by an Addition-Subtraction Algorithm.

the addition sequence containing a, b, ¢ which can be
constructed by Algorithm III.

the addition sequence containing a;, a,, ... , a,

constructed by Algorithm I (cf. [Bos89]).

the addition sequence containing a,, a,, ... , a,

constructed by the generalized Algorithm of Fiat (cf.
[Fia89]).

the addition sequence containing a;, a,, ... , a,,

constructed by the Algorithm of Yao (cf. [Yao76]). Here k
expresses the width of the windows.

the addition sequence containing a;, e

constructed by the Algorithm of Straus (cf. [Str64]). Here
k expresses the width of the windows.

the vector addition chain for [ay, ay, ..., a,] constructed
by the Batch-RSA Algorithm of Fiat (cf. [Fia89]).

the vector addition chain for [ay, ay, ..., ay] constructed
by a combination of the Batch-RSA Algorithm in which
Algorithm I is applied.

Related to these algorithms we have some functions and maps. The most important
functions related to algorithm © (® = 0, K(k), W), S, I I, 111, F, Y(k), St(k), B)

are:
le(ay, ..., a,)
lelay, ..., a,]
m@(al, ces g an)

the length of the addition sequence Lg(ay, ..., ap).
the length of the vector addition chain Lelay, ... , a,).

the number of memory locations needed for constructing the



8 Some algorithms on addition chains and their complexity.

related addition sequence Lg(ay, ..., dy).

melay, ..., aul the number of memory locations needed for constructing the
related vector addition chain Lg[a,, ..., a,l.

Be(a, n) Ee(a, n) the definitions are clear.

BDG((Xw n) _‘;De(a’ n)
ptela, n) ptela, n)

For two algorithms ©,, ®, we consider by Algorithm LG,,GZ(‘II’ i 3 Q) THE
algorithm produced by Algorithm ©; in which Algorithm @, is used for producing sub-
chains or -sequences. Algorithm Lpg (la;, a,, ..., a,] is an example of such an
combination of two algorithms. In the sequel we will consider other examples.

Algorithm O is called well conditioned for constructing sequences if there exist
numbers M, such that mg(a,, ... , a,) <M, for each n-tuple (@, ..., ap).
Otherwise the algorithm is called ill conditioned for constructing sequences.
Algorithm @ is called well conditioned for constructing vector addition chains if there
exist numbers M, such that mglay, ..., a,] <M, for each n-tuple (ay, ..., ap).
Otherwise the algorithm is called ill conditioned for constructing vector addition
chains. If no confusion is possible we abbreviate this to well conditioned and ill
conditioned.

For each addition sequence algorithm we define the reverse of the algorithm as the
algorithm which constructs the reverse vector addition chain. This will be explained
in Section 5. The sets Lg(ay, ..., a,) and Lgl[ay, ..., a,] denote the addition
sequence and vector addition chain constructed by Algorithm ©. By the theorem of
Olivos [Oli81] we have that Igla, ..., a,] =lg(ay, ..., a,)+n-1. There does
not exist any relation between mg(ay, ..., a,) and mglay, ..., a,l. While
Algorithm © is well conditioned for constructing addition sequences, it can be ill
conditioned for constructing vector addition chains. By modifying small parts of
Algorithm © it is possible to make Algorithm © well conditioned for constructing
vector addition chains. In order to distinguish the unmodified and modified algorithm
we denote the algorithms by Lg and Lgg. But if no confusion is possible we omit «
and B.

In the case that we consider an addition chain algorithm we also distinguish Lg(a)
and Lg[a]. We denote by Lgla] reverse chain constructed by the reverse of the
algorithm.
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3. A BRIEF REVIEW OF THE LITERATURE

Much is known about bounds for addition chains. For instance, it is known that
log a + log v(a) — 2.13 < l(a). (6)
This bound is from [Sch75]. [Bra39] gives an upper bound of
l(a) <log a +log a / log log a + o(log a / log log a). (7)

This bound is theoretical. In practise we can’t get this bound for larger numbers. The
k-window-method described in [Knu69] and [BoCo89] gives a worse upper bound:

ll@)<loga+ L loga+2F1 1, (8)

which is optimal if K22k = 2-log a/ In 2. Less is known about addition sequences and
vector addition chains. Straus gives in [Str64] an upper bound for vector addition
chains:

lay, ..., ap) <loga, + r loga, +2™ —n—1, (9a)

which is optimal if k2 2mk~ log a,/(nIn 2). In [Yao76] Yao gives an upper bound for
addition sequences:

ay, ... ,ap) <loga, + & loga, +n2k— k-1, (9b)

which is optimal if k2-2K= log a,/ In 2. Here a, is the largest number in the
sequence. Olivos proved in [Oli81] that there exists a relation between the length of a
vector addition chain and the length of the associated addition sequence. This relation
has the following form: the length of a vector addition chain is equal to the length of
the associated addition sequence plus the width of the addition sequence minus one.
In formula we have

lla;, ..., a,) = Kay, ..., a)+n-1. (10)

4. AN OVERVIEW OF THE ALGORITHMS

Before we deal with the algorithms, we will first introduce some functions which are
good tools to describe most of the algorithms, and which will play an important role in
the rest of this paper. Using these functions we will describe L{ay, v »@1y) ON

induction. Suppose that L(a ‘I» ---» a’y) was calculated for all n-tuples
(@, ...,a%) with0 < a’, <a’ <...< a’, <a,. For a special choice of
a?y,...,anwe have L(ay, ... ,a,) =L(a%, ..., af,) v {egs oo 5 cpl
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We introduce for Algorithm © and for 0 < a; < ... <a, the mapping Tg(ay, ...

=(a’y, ..., a’y) with the properties
(i) 0<aj<a)<..<ay<a,

(ii)  a;= 2 T;j a’;, for some non-negative integers ;;,

and the mapping Ig(a,, ... ,a,) = {cq, ... , cp}. The elements of Ig(ay, ...

will belong to Lg(ay, ... , a,). Now we construct Lg(a;, ... , @) on induction:

Le(ay, -.. ,a,) =Leg(Telay, ..., ay) Ulig (ay, ... , ap).

4.1 THE BINARY ALGORITHM. Lg(a), (see [Knu81] pp. 441-442).

, ap)

s )

9)

This algorithm is well-known. For the sake of completeness we will describe this
algorithm. In fact we consider two algorithms which can be derived from each other

using the reverse method (cf. [Knu81], pp. 460-462). We write a = > 27, the binary

representation. For each r; we need besides the doubling an extra multiplication.

The first algorithm (L) reads:

{a} ifa is even,

Towlar=(me] mnd fge () = {{a,a— 1} ifais odd.

We get for a > 2 by the inductive construction:

Lox(@) = Lo (Tox(@)) U Ik (@).

We have, e.g., Lox(23) = Lo (11) U {22, 23} = Lo(5) U (10, 11, 22, 23} =

Lo L (4,5, 10,11, 22,23} = (1, 2,4, 5, 10, 11, 22, 23}.

The second algorithm (Log) reads:

Lop@ = (1,2,4,...,2%@ =221 197, 22T =q).

This algorithm has the disadvantage that it is ill conditioned as will explained in
Section 5. Nevertheless we mention this algorithm since the reverse chain (Algorithm

Log [a]) is well conditioned.

We have for instance Lyg(23) = (1, 2, 4, 8, 16, 20, 22, 23}, and Log[23] = Ly«(23).

Verifying this will be left to the reader (after reading Section 5).
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4.2 THE SUBTRACTION ALGORITHM OF M ORAIN AND OLIVOS.
Lyo(a), (see [MO89)).

This algorithm is worthfull in the case that subtractions are as expensive as additions.
An addition-subtraction chain for a positive integer a is a set of positive integers
{bg, ..., by} which satisfies the properties of an addition chain, but for which in
property (ii) by can be written as by= tb;+ tb;.

We write a number in binary representation. Let a = Za,- 2. Let a_y=a_p=ag.
i=0
= a9 = 0. The algorithms are described in [MO89] completely. We give here only an

abstract.

For the first algorithm we consider the blocks consisting of n 1-’s for n > 2. These
can be replaced by 1 followed up by n—1 zeroes and a ‘~1°. Instead of n additions of 1
we get one addition and one subtraction. Algorithm Ly, reads:

Put (1, 0, 0) in (M, M, M)
Foriin {0 ... s}

If g;=0: Put 2M in M

Ifg;=1: Ifa; 1=0: Ifa;;=0: PutM*+MinM*
Ifaj,1=1:. PuM+MinM
Put 2M in M

Ifg; 1=1: Put2MinM
Ifa;,1=0: PutM*+MinM*
Put M*— M~ in result

In the second algorithm Morain and Olivos also consider isolated 0’s. The addition
which was the result of the block of 1’s before the 0 can be combined with the
subtraction which has to be done in the block of 1’s after the 0. The end of a block is
marked by 00 or 010. We introduce the boolean sb (subtraction-block) which will
indicate wether we are in such a block of 1’s and isolated 0’s. Algorithm Lyiop
reads:

Put (1, 0, 0) in (M, M*, M)
Put FALSE in sb
Foriin {0 ... s}

If sb =FALSE Ifg;=1: Ifa;1=0: PutM*+MinM*
Ifa;,1=1: PuM+MinM
Put TRUE in sb

Ifsb=TRUE  If ;=0: Ifa;,1=0: PutM*+MinM*
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Put FALSE in sb
Ifa, =1 Ifay,=0: PutM*+MinM*
Put FALSE in sb
Ifajp=1: PuM+MinM"
Put 2M in M
Put M*— M in result

An example of this algorithm will be given in Section 12.1.

4.3 THE SMALL WINDOW ALGORITHM. L (@), (see [Knu81] p. 451).

We write a number in binary representation and split it in pieces (windows), in such
a way that each window contains either only zeroes or the window represents an odd

number smaller then 2%, We distinguish again two algorithms. The first algorithm is
well conditioned. The second algorithm is ill conditioned but its reverse (which is the

first algorithm) is well conditioned. In fact Ly(a) = Lg(1)(@).
The first algorithm (Lg()ec) reads:

al2 ifa is even,

Ty (@) = {[a/z"],a—Z" [a/2¥] ifais odd.

and
p (e {a} ifais even,
Ko<\ D =115 [a/2],4-[a/24,...,2 - [a/2*],a}  ifais odd.
We get
L@ =1{1,2,3,5,7, ... 2*-1,a) ifa <2k
Ly yx(@ = Lx oz Tk (yx(@) Y IK ()« (@) if a > 2k,

We have for instance LK(Z)G(IS) = {1, 2, 3, 6, 12, 15}. A more detailed example can

be found in Section 12.2.

For the second algorithm we need the following “window”-representation of a,

namely a = X wj2rf, where 0 < w; < 2k and w; odd. We define, for odd indices i,

&= Z 2". Then we get

Wl-=l

A
LK(k)ﬂ(a) - {132,4’“',2 (a)a---’gl seees 21,8241 +82‘—3,
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2t-1_1 2t-1_1 2¢-1_1 k-1
o D, Bl Y, Jgts Y, 2jgje1> 9, (2= 1)gj-1 =al}.
=1 =1 j=1 j=1

We have for instance Lx2)p(15) = {1, 2, 4, 5, 10, 15}. A more detailed example of
this algorithm can be found in Section 12.2.

Improvement. Let wy be the most significant k-window. If A(wq) < k—1 then we
make an improvement by choosing the first window wg’ = 2hw0, where h =
k-A(wg). We have wqy” = (2¥-1) + (wg” —2F+1). These elements are both
elements of {1, 3,5,7, ... ,Zk—l}.

4.4 THE LARGE WINDOW ALGORITHM. Ly ,)(a), (see [BoCo89]).

In this algorithm n denotes the number of windows and we denote by k the size of
the windows. We have k = r(log a)/n]. The windows are such large that the length
of the chain would be such large that the algorithm should be uninteresting, if all the
numbers 1, 2,3, 5,7, ..., 2K_1 were in the chain. On the other hand we do not need all
those numbers. Only a few are necessary, say wy, ... , w,. The first part of the
addition chain is an addition sequence Lg(wy, ... , w,). There are different ways to
choose the windows. We prefer to choose the windows in such a way that

(i) The number of windows is as small as possible,

(i)  The most significant window represents the largest number,

(iii)  IIw; is minimal.

In [BoCo89] a method is described which finds such windows and which is linear in
log a. In Section 12.3 we give an example of this algorithm.

4.5 ALGORITHM II. Ly(a, b).

The reason why we treat this algorithm is the fact that for this algorithm we can
calculate quite easily the upper bound of the length of the sequence. The proof of this
upper bound will give a good insight how such upper bounds can be calculated.
Nevertheless since this algorithm is ill conditioned for constructing vector addition
chains, it will not find its way into practice. The algorithm can be given by a description
of Ty(a, b) and Ijj(a, b). The Algorithm reads

Lya,b)={1,2,3,4,5,6,7) ifb<8
LH(d, b) = LII(TII(a’ b))uIH(a, b) ifb>8.

For a/b in [0, 1) we distinguish the following cases:
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If 0 <a/b< 0.3 then Iy(a, b)=(2[b/4], 4[b/4], b}
and Tyy(a, b)=(a, [b/4]),
If 03 <a/b< 0.7 then Iy(a, b)={b} and Ty(a, b)=(a, b—a),
If 0.7 <a/b< 0.78 then Iy(a, b)={2(b-a), a, b}
and Tyi(a, b)=(3a-2b, b—-a),
If 078 <a/b< 0.8 then Iy(a, b)={2(b—a), 3(b—a), a, b}
and Tyy(a, b)=(4a-3b, b—a),
If 0.8 <a/b< 084 then Iy(a, b)={2(b-a), 4(b—a), a, b}
and Tyi(a, b)=(5a—4b, b-a),
If 0.84 <a/b< 1 then Ij(a, b)={2[a/8], 4[a/8], 8[a/8], a, b}
and Tyy(a, b)=(b-a, [a/8]).

® © ® 00 O

4.6 THE ADDITION-S UBTRACTION ALGORITHM. Lg(a) and Lg(a, b).

Assuming that subtractions are as expensive as additions (e.g. elliptic curves, see
[MO88]) we can consider algorithms in which appear subtractions. Such an algorithm
is for instance the modified continued fraction algorithm. We get the following
algorithm for width 2. Tg(a, b) = (Ib-ral, a) and Ig(a, b) = {2a, ..., ra, b},
where {2, ..., r} is an addition chain for r constructed by any algorithm and
r = b/a—[b/a+1/2]. Finally we get Lg(a, b) =Lg(Tg(a, b)) U Ig(a, b).
Subtraction is needed each time that b < ra.

In the sequel we use two algorithms Lg(a) which differ in the choice of the algorithm
for constructing the addition chain for r. We call these algorithms Lg o(a) if the
addition chain for r is construct by the Binary Algorithm and Lg g(2)(a) if the
addition chain for r is construct by the Small Window Algorithm. The algorithm
Lg(a) is deduced from Lg(wj, wp), using algorithm Ly (2)(a) (in fact this is
Algorithm LW(Z),s(a)).

4.7 ALGORITHM III. Liy(a, b, c).
This algorithm is comparable to Algorithm I It is a straightforward calculation to find

a upper bound, and the algorithm is ill conditioned. The algorithm can be given by
describing of Tyy(a, b, ¢) and Ip(a, b, c). We have

Lia, b,c)={1,2,3,4,5,6,7} ifc<8

LIII(a’ b, C) = LIII(TIII(Q’ b, C)) () IIII(a’ b, C) if c2 8.

Assuming that a < b < ¢, we distinguish the following cases:
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@ Ia, b, c)={c) and Ty(a, b, ¢)=(a, c-b, b),

@ Im(a, b, c)={2[c/2], c} and Tyyi(a, b, ¢)=(a, b, [c/2]),

® Iyla, b, c)={b, c} and Tyi(a, b, ¢)=(a, c-b, b—a),

@ Iyp(a, b, c)={2[b/2], b, c} and Tryy(a, b, ¢)=(a, [b/2], c-b),
® Ia, b, c)={2[a/2], a, b, c} and Tyy(a, b, c)=([a/2], b-a, c-b),
® Ipp(a, b, c)={2[a/4], 4[a/4], a, b, c} and Tiy(a, b, c)=([a/4], b—a, c-b).

The numbers @ ... ® correspond to the 6 areas in Figure 1. The exact areas can be
obtained from the author.

bic !

@ ® ® |®

Figure 1 shows the area-division of Algorithm IIL.
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4.8 ALGORITHM . Lya,, ..., a,) and Ly[a,, ..., a,l, (see [Bos90] ).

This algorithm is a generalization of the continued fraction algorithm described in
[B3D89]. In that paper only sequences of width 2 were obtained. This algorithm is its
generalization. We distinguish two algorithms. The first algorithm is an addition
sequence algorithm, the second algorithm is the vector addition chain algorithm which
was considered in [Bos90].

The first algorithm reads: Put [a, / a,_1] = r. Then Ti«(ay, ..., a,) =

(@, —ra,_1,ayq, ... » ap_1) and Iy (ay, ... , ap) = {2a,_y, ..., rap_1, a,}, where
{2, ..., r} is a chain for r constructed by any algorithm. To get the algorithm in
[Bos90] we have to choose the Binary Algorithm. In fact this is Algorithm
Lox(@y, - a,), (see Section 4.5).

We get

Lig@ys ... » ap) = {1,2) ifa,<2,

Lyoe(@ys vss 5 Op) = (10)
LiaTia(@ys . » @) O I1(@ys - » ap) ifa,>2.

For the second algorithm, put [a,/a, 1]=r= 201 4 ... +2%, with i< ip<...< if.

Then Itg(ay, ... , @) = (2851, 4y, -, 2%ap 1, a,—(2" + ... +2%)a, 4,
a,~2" + ... +2'%*2a, i,...,a,~2"a,_y1,a,} and Tyg(a,, ... , a,) =
(@, —ra,_1,4ay, ..., a,_1). We get the same construction of Ljg as in (10). A nice

property of Algorithm IB is that the algorithm is well conditioned for constructing
vector addition chains, and more than that: the number of memory locations used in
the algorithm is equal to the width of the vector addition chain. We use the Binary

Algorithm OB for constructing sets I1g(ay, ... , a,). If we use other algorithms to

construct this set then probably the number of memory locations will be larger.
Comparable to Section 4.5, we will consider in the sequel the algorithms

Iipp(ay, .., ap) and Iyg(2)s (@1 vun 5 By
An example of this algorithm will be given in Section 12.4.

Note. It is possible to make some improvements to the algorithm without increasing
the memory usage. For instance the following modification implies in some cases a
smaller sequence: if a, = a;+ajfor some i andj<n then: Iy(ay, ..., a,) =
{a,) and Ty(ay, ..., a,) =(0,ay, ..., a, 1) A disadvantage is that the algorithm

is slower, since each step will contain more comparisons. We will return to this point
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at the end of Section 5.

4.9 THE ALGORITHM OF FIAT. Lg(ay, ..., a,), (see [Fia89)).

In [FIA89] Fiat mentions in the final notes an addition chain algorithm for the width 2.
Here we will discuss the algorithm in its general state. We need some definitions first
(see [Fia89]). We define anb as the bit-wise AND-operation, a’ as the bit-wise
NOT-operation. For the sequence Lg(a, b) we consider ¢ = anb, d = anb’ and

e =a’'Nnb. We geta=c +d and b =c +e. Finally we get Lg(a, b) = {1,2, ...
,2M0) e, .. .d, ..., e a,b). In the general case we construct the numbers ¢
for 0 < k <2"-2 as follows. Let [k; ... X,] be the binary representation of k.

n—1

N, () (0) Q) _ . - ,
Let cx =( 1\61,- ", where a*’ =aanda‘’/=a’. (i.e. ¢ =( \la,-, ¢ =(a;Na, and
1= i= i=1

2n—l

n
Cr-2 = a1 N(a). We geta; = ¢, We getLg(ay, ..., a,) = (1, 2, ...,
1=
j=1
j=Ix,...x,]
x; =0
A
2 (a"), cer s €0y cos s Cof_os oee s AYs o 5 Ap).

An example of this algorithm can be found in Section 12.5.

4.10 THE GENERALIZED WINDOW ALGORITHMS.

The following two algorithms are two examples of addition sequence algorithms based
on division into windows. The Algorithm of Yao is better for small values of A(a,),

while the Algorithm of Straus is better for larger values. For both algorithms we split
a into windows w;. Let D = 2k We construct window coordinates w;j for the
coordinates a; of a by defining
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[l(a,-)/k] '
a; = 2 wi;D’, where 0 < w;;<D and 1 <i<n.
j=0
We define the window vectors w; by w; = [wy, ... , wy] for 0 <j < [A(ap)/k].

Hence a =Y, wj-Dj.

4.10.1 THE ALGORITHM OF STRAUS. Lgyplay, --- » Gy, (see [Str64]).

Using this algorithm, Straus was able to find an upper bound for vector addition chains.
(see Section 3). In fact the algorithm is a generalization of Lk ). We first construct
the set V = {vj} of all vectors v; = [vyj, ... , Vnjl with 0 < v;; <D. Notice that
the vectors w; belong to the set V. We construct the vector addition chain by

- ; k,
LSt(k)[ap eyl = {vl, s vz""’ 2W[7»(a,.)/k]’ ey 2 w[l(a,.)/k]’
k+1
zk‘W[Ma,. Ykl + WiA(a, Y/kI-1> 2 * “Wika, Yk + 2 W\(a, k-1 -+ » ).
In Section 12.6.1 we give an example of this algorithm.

Note. As a natural extension of the Window Algorithm of Straus we consider the
Generalized Large Window Algorithm. This algorithm is comparable to the Large
Window Algorithm. First we calculate an optimal vector addition sequence for the
window vectors {wy, ... , w,}. Then we construct a vector addition chain as above.
We do not consider vector addition sequences in this paper. We did not find a
reference in the literature how vector addition sequences can be constructed optimally.

4.10.2 THE ALGORITHM OF YAO.Lylay, ..., a,l,(see [Yao76]).

This algorithm differs to the Algorithm of Straus only in the construction of the set V.
Nevertheless we give the algorithm since the number of memory locations is smaller.
We consider two algorithms one algorithm which construct an addition sequence and
its reverse which construct a vector addition chain.

2k -1
Let S;= ZD’, for 1 <i<n,1<1!<D. Hence 2 [-S;; = a;. The algorithm

w,-j=l =1

reads:
LY(k)(al: ) an) = {1, 2y 22, cee s 2k.[)\(a”)/k], ) Sl,ls cee s S1,2’ cee Sl,2k—1’
S1,2k—1 +S1,2k—2’ §3 % 0y S1,2k—1 + e F Sl,l’ 2'S1,2k_1 Tt gew T 2'51’2 + Sl,l’

3.Sl,2k—1 + st 3'S1’2+ 2'S1,2+S1’1, e 7y EJSI,]= al, o aisiiy an}.
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The reverse algorithm reads
Lyglay, ..., al = (f1, 261, ..., @1, .o £, 246, o, QD)1
k
[WIO’ w20, 0, s 1§ 0], e s Wy ey W[Ma’l )V/3h 2'W[Mau Vk]s <+ s 2 'W[;"(a’l Yk
1
2k'W[x(a,, Ykt W(k(a, Ykl-1> o "WiA(a, Yk + 2W(A(a, Y15 -+ » A}

In Section 12.6.2 we give an example of this algorithm.

4.11 THE BATCH-RSA ALGORITHM. Lg][ay, ... , a,] (see [Fia89]).

This algorithm has only a special application. Namely a,, ... , a, have to be of the
form E/e; where E =[] e;. In [CBMHS90] we have that situation. The precise
description of the algorithm can be found in [Fia89]. This algorithm constructs a vector
addition chain. In Section 12.7 an example have been given of this algorithm.

Fiat considers a tree. Each node in this tree represents an intermediate result which
either has been built up from two other results, lower in the tree, or was one of the
original inputs. We suppose first that n = 2" We denote with ¢ the level in the tree

where the algorithm runs. At the beginning we have r=0 and at the end r=h. At
each level ¢, the algorithm consists of 2P~! intermediate results. Each couple
intermediate results on one level of the tree will be combined in order to get 2h-t-1

intermediate results at level ¢+1.

(cy + bz, bc) (y,a)
(y,.d) (z,c) (y,a) (0,1)
Figure 2, “crossing over” Figure 3, “crossing over with (0, 1)”

The basic idea used in this algorithm is the “crossing over”, which has been drawn in
Figure 2 above. In one memory location has been put a combination of an intermediate
result and a special chosen scalar. During the crossing over is one pair calculated from
two pairs as has been shown in Figure 2. The algorithm consists of two parts:

(i) Initialization.
Put the pair (f;,e;) in memory location mfor 1 <i < n.
Put O inz.
(ii) Reduction
Repeat (1) divide the 2t pairs (x,a) into couples of pairs {(y,b),(z,c)}.
(2) run the procedure “crossing over” for all the g1 couples of
pairs.
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(3) Putt+lin¢.
Until t=h.

Suppose that n#2" for any h. Then let h = [log nland fill the empty p
locations with the pairs (0, 1) (see Figure 3).

Remark. This algorithm can be made much faster by using Algorithm I for running the
crossing-over procedure. We denote this algorithm by Lpjla, ... , a,]. An example
of this algorithm will be given in Section 12.7.

5. SPACE COMPLEXITY.

We suppose that the producer of the chain/sequence is an addition-chain-machine
with an external memory. This addition-machine has only one memory location (the
accumulator) and is able to double the number in this accumulator or to add a number
to it from the external memory. Figure 4 shows the situation.

AN
— Chain/Sequence
Output

Adder

N
AN ,ﬂ\

Accumulator

l ‘\
/ / t
DOUBLE ADD LOAD STORE

memory locations

ml m2 m3 m4 m5

Figure 4. The addition-chain-machine.
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In the case of an addition chain or sequence, the initialization consists of putting “1”
in memory location m;. In the case of a vector addition chain of width n we put the
vectors f,, ..., f; in memory locations m,, ... , m,, respectively. We distinguish the
following operations

LD k: the number/vector in memory location my, is put in the accumulator

STO k:  the number/vector in the accumulator is put in memory location my

ADD k: the number/vector in memory location my is added to the number/vector in
the accumulator

DBL: the number/vector in the accumulator is doubled.

With a list of these operations we are able to reconstruct the chain or sequence any
time. But this list is also the main tool to calculate efficiently an RSA signature or a
point [#]P on an elliptic curve, etc.

Suppose we want to calculate xla‘... x,,a" from xq, ... , x, and a4, ... , @, using
an RSA-chip. An RSA-chip is only able to square or to multiply two numbers modulo a
given modulus. We put x,, ... , x; in memory locations my, ... , m, respectively.
Then we execute the list of operations which was constructed by the addition-machine
during the calculation of Lglay, ..., a,]. The operations “DBL” and “ADD” must
be replaced by “SQR” (squaring) and “MLT” (multiplication) respectively.

We give an example. If we calculate L[6,59], then we get the following list of
operations: LD 1, DBL, DBL, DBL, ADD 1, ADD 2, STO 2, ADD 1, STO 1, DBL,
DBL, ADD 1, ADD 2 (this will be shown in Figure 8) If we want to calculate X6¥>°
from X and Y, this can be done via the intermediate results. !

LD1 SQR SQR SQR MLT1 MLT2 STO2 MLT1 STO1 SQR SQR MLT1 MLT2
y 2 ¥ v Y x¥ — xy!0 __  x2y20 y4y40  x5p50 y6y59

Of course an important question is to keep the number of memory locations low. This
section and the following section are concerned with memory use. In this section we
give a general overview on memory use and we consider the case of vector addition
chains in more detail. In Section 6 we give upper bounds on the memory requirements
for all algorithms. It is clear that the definitions of well- and ill-conditioned algorithms
are important in order to know whether an algorithm can be used in cases with large
numbers.

We will first consider the case of the addition chain. We start with an example. To get
the chain {1, 2, 4, 5, 9, 18, 23} we need two memory locations. The list of operations
reads

1 In fact the number of calculations can decrease with one if X°Y>° is calculated

in another way. This has been shown in Section 2.
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LD 1, DBL, DBL, STO2, ADD1, STO1, ADD2, DBL, ADD 1.
1 2 4 — 5 — 9 18 23

In this example it is impossible to reduce the number of memory locations to 1 without
increasing the length of the chain. This will be the subject of Lemma 1A.

Lemma 1A. For a number a we get, using only one memory location,

k
l(l)(a) = min {/Z lo(rj)}, where the minimum is taken over all
i=1

a=r,...r,

possibilities of writing a as a product of positive integers.

Proof. We initialize by putting 1 in memory location m;. The first operation is LD 1.
Then we get some DBL- and ADD-operations. If we get the operation STO 1 then the
number r in the accumulator will be stored in memory location mj. This number r is

constructed by Algorithm Occ. After some more DBL- and ADD-operations we have a
number s which will be stored in memory location m. Notice that s is an r-fold. O

Remark. If we use 2 memory locations then the length of the chain is in general much
smaller.

In the case that we want to know the number of memory locations of a chain or a
sequence in general this can be found by a straight on calculation. The situation differs
in the case of vector addition chains.

Before starting the theory of memory usage by vector addition chain algorithms, we
will first introduce a new notation. In fact our notation is comparable to the addition
chain graph notation in [Knu81], pp. 460-462. Our notation is very useful to describe
the relation between vector addition chains and addition sequences. Let
L(ay, ..., ap)={bg, ... , b;} be an addition sequence with 1=by <b; <+ < b,
We write b, ... , by in a column, such that b; is at the top and b is at the bottom.
We draw a vertical arrow between b;,; and b; if this step is a star-step (i.e. by =
b; + by, for some 0 <k <i). We draw a couple of vertical arrows if b;;1 = 2b;. We
call the vertical line by, -+ , by (the vertical arrows included) the spine of the graph.
The arrows at the right side of a number b; are called out-arrows and describe how
b; can be written as a sum of b; ; and b, . The arrows at the left side of a number b;
are called in-arrows and point from the numbers bsj (higher in the spine). The
numbers bsj satisfy the equation bsj =b s-1+ b;. Hence each in-arrow at b;
corresponds to an out-arrow at bsj. In scheme we have an example of a part of an

addition chain graph and a corresponding counter example.
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u u
by, > by o by, 54 > 6
l 4

by, - b - by 59 -+ 3
¢ d

4
dab

2

bi
l

bi 2

s W

Figure 5. The example at the right is a part of Figure 8.

As Knuth we will remove the numbers b; which do not appear in sums bij=b; + by
except the star-step sum. (In terms of arrows: the numbers b; to which only one
arrow is pointing.) In the following scheme we have that cj=cy 2 ¢j_y, and ¢j

appears in the sum Cs; = -+ G
W W
Cs, = Cil - 59 - 6 - 1
\J \J
Cs, - ¢ - ¢ 59 - 3 - 1
W W
Cj—l 2

W W

Figure 6. The example at the right is a part of Figure 8.

In order to construct the vector addition chain from the addition sequence we need the
following theorem

The Reversal Theorem of N. Pippenger. Let 1 = cp<c) <..<cy=abe a set
of numbers which are written in spine-form with the in- and out-arrows. Turn all the
arrows in the opposite direction, replace a by 1 and remove the other numbers Cje
Fill the spine with numbers c;” such that all these numbers c;”(1<i<t) are the
sum of the numbers to which the arrows point. Then the largest element in the spine
will be a.

Proof. See [Knu81, p. 466, ex. 39].
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We mentioned before that the reverse of an addition chain is an addition chain (the
reverse chain). The reverse chain of this second reverse chain is the original chain.
We can also consider the reverse of an addition sequence. In this case we consider in
fact n addition chains which lead to the n different elements in the argument of the
addition sequence. Here is n the width of the addition sequence. We reverse each of
the n addition chains. We conceive the n addition chains as one vector addition chain
of width n. We call the reverse of an addition sequence a reverse vector chain.

The algorithm described in [Bos90] is in fact a combination of Algorithm I and an
algorithm which produces a reverse vector chain. The algorithm has the advantage
that these two algorithms work simultaneously.

Figure 7 and Figure 8 are two examples of the algorithm. We calculate in both cases a
vector addition chain for [6, 59]. We assume that the base {f}, f,} is not saved during
the algorithm. We put f; in memory location mj and f5 in memory location mj. The
number of memory locations which is needed is 4 in the first example (Figure 7) and 2
in the second (Figure 8).

addition chain graph operations vector addition  counter
chain
f, - 59 - 1 LD1 [0, 1]
L DBL [0, 2] 1
29 - 1 STO 3
AR DBL [0, 4] 2
14
ded DBL [0, 8] 3
7 - 1 STO 4
l
fij - 6 - 2 ADD2 STO2 (1, 8] 4
dak DBL (2, 16] 5
6 — 2 ADD 2 (3, 24] 6
R DBL [6, 48] 7
59 - ADD 1 (6, 49] 8
29 - ADD 3 [6, 51] 9
7 5 1 ADD 4 [6, 591 10

Figure 7, example of calculating L[6,59] in an inefficient way.
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addition chain graph operations vector addition  counter
chain
f, - 59 - 5 LD 1 [0, 1]
> 6
l DBL [0, 2] 1
24
s DBL [0, 4] 2
12
N} DBL [0, 8] 3
59 > ADD 1 [0, 9] 4
fi > 6 - 1 ADD2 STO2 [1, 9] 5
4
59 -5 5 5 1 ADD1 STO1 [1, 10] 6
R DBL [2, 20] 7
2
Jl: DBL [4, 40] 8
5 5 ADD 1 [5, 50] 9
6 — 1 ADD 2 [6, 59] 10

Figure 8, example of calculating L[6,59] in an efficient way.

The number of memory locations depends on the number and place of the in- and out-
arrows. One or more out-arrows from one number in the spine imply the usage of one
memory location. We distinguish two kinds of (out)-arrows. Long-arrows are arrows
which point from a number in the spine to the smallest number at the right side of the
spine. We denote these arrows with “—”. In Figure 8 all except the arrow from 59 to
6 are long-out-arrows. Besides those arrows we have short-arrows. These are the
out-arrows from a number to all but the smallest number. We denote these arrows
with “>”. An in-arrow implies that a memory location becomes free if and only if this
arrow is a long-arrow.

At the moment that the algorithm starts, all memory locations are occupied. The
amount of memory locations will increase if at a vertex of the spine a long-arrows
starts and no long-arrow enters. The amount of memory locations will decrease if at a
vertex of the spine a long-arrow enters and there are no out-arrows. In Figure 7 has
been shown how the total number of arrows increases enormously, since most of the
storages are not combined. It is possible to hold the number of memory locations
constant. In Figure 8 such an algorithm has been shown.

Notice that in general the short and long arrows are not invariant if we replace an
addition chain (addition sequence) by its reverse.

Algorithm I uses only n locations. This is the subject of the following theorem.

Theorem 2. my(ay, ... , a,) =n.
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Before we will prove this theorem, we will first prove a simple lemma which plays a
central role in the proof of the theorem.

Lemma 1B. For a number a we get, using only one memory location,

a=r...rn,

k
IMla]l = min { lo(rj)}, where the minimum has to be taken over all
=1

possibilities writing a as a product of some positive integers.

Proof. Consider the following figure.

a * by,
> bs2
> bs’_ .
- bsr = bk
W
b
s
a i by,
b
a B
A
a - bk
Figure 9

The crucial part of the proof is that since the arrow from a to by is a long-arrow, there
will be no more out-arrows between a and by. Therefore the spine between a and

by will contain only doublings. Hence bsj is of the form bsj=bk .29, Finally we find

that a is of the form a=b; - 2 2%, which implies that by divides a. O

j=1
Proof of Theorem 2. We will proof this theorem on induction to n and a,. The proof
of the theorem in the case that n = 1 is given in Lemma 1B. By the induction
assumption we suppose that we proved the theorem for n—1 and for n-tuples
(by, ..., b,) with b, < a,. If a; = 0 then we have in fact a n—I-tuple for which we

proved the theorem. Now we consider l: z ]=r=r0 +2n+ ... +2krk.Let

ap-1
{rips v s r,-s} be the set of bits in r equal to 1. Then Algorithm I predicts the

following addition chain graph.
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1l
f, - a, > 2'a,
i
> 22(1"__1
i
> 23'1a,,_1
- ay—ra, 1
NN
i—1
2° ap
A
a, >
i
2 kan——l
a, >
R
2a,,_1
W
fn—l =3 an-1
l
d
ay - a,7Ta,,
d
Figure 10
By the induction assumption we proved the theorem in the case of the n-tuple
(ap—rap_1, ay, ... , a,_1). Starting the algorithm for the n-tuple (ay, ... , a,) we get

one memory location, since an in-arrow points to a,. The long arrow points to
ap—ray_y. Therefore we cannot store numbers in the memory locations between a,,
and a,_;. This implies that in the part of the spine between a, and a,_; there will be
no out-arrows. The situation is comparable to the situation in Lemma 1B. 0

Some generalizations of Algorithm I. The following generalizations do not influence

the number of memory locations.

® If a long-in-arrow points to a, and a,, is even it is possible to half a,, especially
ifa,>2a,_,.

@ Instead of a,_; we can choose a,_; in Figure 10, if 2a,_; > a,_;.

@ Instead of spine element a,~ra,_; we can choose numbers b of the form
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b=a,,—{ra,,_,- + z a,-.), where a,_; > a,_1/2 as in generalization @. In

a #a,_;

this case it is nece;ls.sary to choose b such that b <a i for all £.

@ As was mentioned before insert the following statement: if @, = a; +a; for
some i and j<n then: I(ay,..., ap) = {a,} and T(a,, ..., a,) =
(0, a5 <>+ » dy 1)

® Instead of the set Ly(r) we can take LM as was described in Lemma 1B.

6. THE AMOUNT OF MEMORY USED BY THE ALGORITHMS.

We saw in Section 5 that mj[a;, ... , a,] = n. In this section we will consider the
other algorithms and the number of memory locations if those algorithms are used.

Lemma 3. We have the following amounts of memory:

(1) @ myx(@ =1, @ myg(a)= max(v(a)-1, 1),
® myglal = max(v(a)-1,1), @ mpglal=1.
(i7) myoa (@) = myog(a) =2
(i) @ mggxl@ =2%" @ mgpp@ =241
® mgp«lal = 26141 @ mgpplal = 2k
(iv) mwyn)(@) =n
() mg(a)=2
i) @® myla, b)=9 ® Lyla, b]is ill conditioned
ii) ® mgla, b)=2 @ mgla, b]=2
(viii) ©® mya, b,c)=6 ® Lyyla, b] is ill conditioned
(ix) @ mypx(@y,....a)=n @ mypglag, ....apl=n
® mx)«la ---,axl=ntl @ myxeplay, ..., ad=n+1
(x) mg(ay, ... , a,) =2"-1
(xi) mgyplag, .- » a,] = [Map)/k] + (2"k—1) (hence ill conditioned)
(xii) @ myg @y, ... » ap) = n(2*-1)
@ myplay, ..., a,l = [A(ap)/k] + n(2k—1) (hence ill conditioned)
(xiii) ® mplay,...,a,]=n @ mpjplay,...,a)l=n
Proof.

(i) @ can be found in Lemma 1A and @ in Lemma 1B. mgg(a)= v(a)-1 since

the fact that if a= ¥ 27 then each term 2'¢ except of the largest term must be
stored. For ® holds exact the same argument as for @ since both chains are
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(vii)
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identical.
We need only memory locations for M and M.

@® We have to store {1, 3, 5, ..., 2"—1}. @ In Algorithm K(k)B we need

k-l memory locations for the numbers g,, ..., g,k_; (see Section 4.3).

Besides these 251 memory locations we need 1 memory location for doubling

27. Since K(k)ox and K(k)B are their reverses @ follows from @ and @
follows from @.

We need » memory locations for the n windows w;. The sequence which
constructs these n windows do not need more memory (see Algorithm I).

The algorithm is based on the combination of the Addition-Subtraction
Algorithm and Algorithm W(2). Both algorithms do not use more than 2
memory locations.

@® We need 7 memory locations for the numbers 1, ... , 7. These numbers
appear in the cases @ and ®. Besides these 7 memory locations we need 2
more for calculating a and b from smaller numbers a” and b’ in the other
cases. @ Almost each time that we pass step D or step ®, a long arrow is
required to one of the numbers 1, ... , 7 which implies an extra memory
location.

The construction using the mappings Ig and Tg is identical to the case of
Algorithm 1. The proof of @ and @ is comparable to the proof of @ and @ in
(viii). We have to warn that the choice of the algorithm which produces the
chain {1, 2, ... , r} must satisfy the same conditions as described in Section
4.8.

We have the same situation as in (v).

The first result can easily be verified using Lemma 1A. The second result was
proved in Theorem 2. We need one memory location more if we use the 2-
Window Algorithm.

We need 2"-1 memory locations for the numbers c;.

We need the memory locations to store the vectors vj for 0 < Vij < 2k—1, 1<
i < n, but we can omit the 0-vector.

® We need n(2k—1) memory locations to build up and store the numbers S;;.
@ We need the memory locations to store the vectors [-f; for 1 </ < 9k {,
1 <i<nandw;for 0 <j<[AMap)/k].

We need the n memory locations for the n vectors f;. At each level the
number of memory locations is reduced. 0
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7. UPPER BOUNDS pe.

In this Section we consider upper bounds for numbers Be(a, n) which appear in

Be(a, n) = max {M}

loga
Aa)=a & n

In the rest of this report we will abbreviate this notation to pg. Besides this upper

bound we consider other upper bounds, namely BDe(a, n) and B+9(a, n), which
were defined in Section 2 and which have to do with the number of doubles and the

other additions respectively.

We will calculate these upper bounds for almost all algorithms. We conjecture an
upper bound for Algorithm I. As mentioned in the introduction of Section 4, the
mappings T(ay, ..., a,) and I(ay, ... , a,) play a main role in this report. We can

construct L(ay, ... , a,) by the recursive formula

Leg(ay, ..., ap) =Leg(Te(ay, ... ,ay) VI glay, ...

Let a’, be max(Tg(ay, ... , a,)). Suppose that Ig(Tg(ay, ...

Then I g(ay, ... , a,) must satisfy

#lg(ay, ... ,ap) < f)e log (ay/a’?,)
We introduce numbers p and p; by
e 21/0’

me=pr.

Inequality (13) can be rewritten as

#l(ay, ... ,ap) =k,

’
a'p S ap My

v ) (11)
,ap) < 69 log a’,.

(13)

(14)

(15)
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7.1 UPPER BOUNDS FOR THE SMALL WINDOW ALGORITHM AND THE
ALGORITHM OF M ORAIN AND OLIVOS.

Worst cases for Lyjp, and Lyjop are the numbers with binary representation

11011...11011 and 10101...10101 respectively. It is not difficult to find that ko, (@)

< F M), Fyvoa (@) £ 3 Ma), Ivop(@) € 3 Ma) and Myop(a) < & Ma).

Notice in the case of the Small Window Algorithm that the length of both L (k)

and Ly )p are the same. Therefore we consider here only Ly )y« We will

consider below the maximal length of the addition chain. We divide the elements of the
chain into three subsets. (cf. BoCo89):

For k > 1 we get:

# elements
(i)  theelements2,3,5,7,...,2%1, 2kl
(i)  the numbers n for which n/2 is in the chain or the
number which is the sum of two numbers of (i) A(a)-k+1
(iii) numbers which are the sum of a number of (i)
and a number of (ii) [Aa) / k]
TOTAL: k(@ < [(1 + VA@)] + 251k + 1

We find IDK(k)(a) < A(a)-k+1 and I+K(k)(a) < [1/kA(a)] + 2k=1 The length
is minimal if k2-2% = 2-log a/ In 2. Hence we find for each € > 0 a number x such that
for each a > x and we have BK(k)(a, 1) =1 + 1/k +€. As a special case of the Small
Window Algorithm we have for k = 1 the Binary Algorithm. We leave to the reader
that [y(a) < 2 A(a), Py(a) < A(a) and I*o(a) < A(a) (cf. [Knu81]). Hence
Pola, 1) =2, pPy(ax, 1) =1 and p*o(ex, 1) < 1. We will use later in this report the

upper bounds IK(2)(a) < %‘ X(a) +1 and ["K(z)(a) < ;— l(a) +1.

7.2 UPPER BOUNDS FOR ALGORITHMS I, II, Il AND W(n).

We will discuss first the Algorithms II and III, and then we will conjecture an upper
bound for Algorithm I.

Theorem 4. For Algorithm 11, we have the inequality

Iy(a,b,c)<194--- logc + 1.

Hence E)H(a, 2) =1.94--- +¢.
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Remark. The algorithm is a bit arbitrary. It is possible to improve Algorithm II, and to
replace the value f)n=l.94- .- by a lower value. But for lower values of BH, Algorithm II

is more complicated, especially if BII <1.9.

Proof. The proof is by induction. We assume that Lyj(a, b) contains the numbers
1,2, ...,7. Now b (in the case that a/b< 3 or a/b> 0.84) can be written as the
sum of 8[b/8] and (eventually) a smaller number in the addition sequence.

The theorem can be verified for b < 8. For b > 8 we use the following induction step.
We search for a number pair (a’, b”) which satisfies

(l) LH(G, b)=Ln(a’, b’)u{cl, R Ck},
(i) k<p log (b/b”).

If we find for each pair (a, b) a pair (a’, b”) which satisfies (i) and (ii) then we
have proved the theorem since

l(a,b) = Iy(@’, b”) + k<plogb’+ 4+ p log (b/b").

In Algorithm II the pair (a’, b”) = Tyi(a,b) and {cy, ..., ¢x} = I1(a, b). We
need only to prove property (ii) in the 6 cases of Algorithm IL. To do this we use the
numbers W and p introduced in (14). Property (ii) can be rewritten as

(ii”) max(a’, b’) < byy.
Suppose that #Iyj(a, b) = k and

a’=c6ja-1;b and b =1,b-0,a ifc; >0,
a’=1:2b—02a and b'=0'1(1—11b ifo, >0.

then the pair (a’, b”) satisfies (ii”) if
max((Ty—H)/02, T1/01) < a/ b < min((Tp/02, (T1+HL)/01).- (16)

B =1.94--- implies that u=10/7. The cases @, ... , ® satisfy for this @ inequality
(16), which follows from the following table.
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Table I
case k o1 T Gy Ty <alb<
® 3 1 0 0 14 0 0.343
@ 1 1 0 1 1 0.3 0.7
® 3 3 2 1 1 0.666---  0.781
@ 4 4 3 1 1 0.7599 0.810025
® 4 5 4 1 1 0.8 0.84802
® 5 18 0 1 1 0.83193 1

We have a comparable bound for n=3.

Theorem S. We have the inequality
I(a, b,c)<3logc+ 1.

Hence BHI((X, 3) =3 +e.

Proof. The proof is comparable to the proof of Theorem 4. We prove the theorem by
induction. The theorem holds for all 3-tuples (a, b, ¢) with ¢ < 4. For a 3-tuple
(a, b, ¢) with ¢ > 4 we search for a 3-tuple (a’, b, ¢) which satisfies

(i) LIII(a’ b, C)=LHI(a’$ b” C’)U{dl, eee y dk}s
(ii)  k<3log(c/c”).

As in the proof of Theorem 4 property (ii) can be rewritten in the form

(ii’) max(a’ b’ c’) < cpy.

p =3 implies that p = /2 (hence pp = 273 = 0.7937; py = 2723 = 0.6300;
Hg = 2743 = 0.3969; Mg = 273 = 0.3150). The cases @, ... , ® cover the simplex
{a,b,cl0 <a<b<c). To see this we divide by ¢ and consider the 3-gon

b b 5
.21 0 <£2£<7< 1). EBach case has some restrictions on £ and 2. These

restrictions are tabled below. The reader verifies that the 6 areas cover the 3-gon
mentioned above.
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Table 1I
case k conditions on £ and .

0 1 1411 € 7 Sy -

@ 2 1<209; 2 <pp 2y
® 2 14y < ¢ ¢ -5,
®@ 3 11y < 7 <2447 2<uy
® 4 1 < 7 ¢ S2U4
® 5 l-us< ¢ 2 <4ps

O

We will now give some arguments for a conjecture about an upper bound for

li(ay, ... , ap). For large n in almost all steps r will be equal to 1. Therefore we
make a fair approximation if we assume that in all steps Ty(ay, ... ,a,) =
(Bgs Bys +»= 3 ap_1), where ay=a,-a, ;. We are interested in an upper bound for p
and therefore in a lower bound for the average quotient u=a,/a, 1. As described in
Theorem 4 we have

B 21/logp
Assume that a/a;_1=H is constant for k =1, ..., n. In that case we get a; = ukao
and especially
—_n-1
ap1=HK" "4
a, = u"ao

Subtracting these two equations leads to
l»ln = Mn—-l +1.
L can be approximated by
u=1+lnn/n.
From [l we can approximate B which leads to the following conjecture.
Conjecture 6. We conjecture that
h(ay, ..., ay) <a log a,,, where E) =1+n/logn.

We verified the conjecture for different cases, 2 < n < 100 and 103 < a, < 10100, and
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in all cases with a, > 2" the conjecture seems to hold.

7.2.1 APPLICATION ON THE LARGE WINDOW ALGORITHM.

Using the conjecture concerning the upper bound of Algorithm I we are able to find a
conjecture for the upper bound for the Large Window Algorithm. As for the Small
Window Algorithm, we divide the elements in three subsets. Notice that w, =
Ala)/n.

# elements

(i) the elements Li(wy, ... , w,) (1+n/log n)log (A(a)/n)

(i)  the numbers n for which n/2 is in the chain (1-1/n)A(a)
(iii) numbers which are the sum of a number of (i)

and a number of (i) n—1

TOTAL: Iwny(@) < (1 + 1/log n)\(a) + n-1

7.3 UPPER BOUNDS FOR Ly(a,b), Ls(a.b), Ly(2)(@) AND Lg(a).

7.3.1 AN UPPER BOUNDS FOR Li(a,b) AND Lyy((a).

Theorem 7. ® Using Algorithm 1 in combination with the Binary Algorithm, we get
Jor sequences of width 2 the upper bound

lip(a, b) <2 log b.
® This upper bound is sharp.

Proof. ® The proof is comparable to the proof of the upper bound of Algorithm II. The
claim can be checked for pairs (a, b) with b < 8. For b > 8 we prove that for each
pair (a, b) that there exists a pair (@’, ") such that

(i) Ly(a, b)=Ly(a’, b’) U {dy, ... , d}},
(ii)  k<2log (b/b").

We distinguish the following cases:

(1) 0 <a/b< 05
(2) 05 <a/b< 0.7
(3) 07 <alb< 1

(1) If a/b < 0.5 then we have Ti(a,b) = (b-ra, a) and Ia, b)) =
{2a, ... ,ra, b} where r > 1. Here the set {1, 2, ..., r} is constructed by the
Binary Algorithm. Property (ii) can be written in the form
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(ii’) #Iy(a, b)<2 log (b/b’).
Since #Iy(a, b) = lo(r) + 1 and b’ = a we get the inequality
ly(r) + 1< 2 log (b/a).

In Lemma 8 the proof has been given that [y(r) + 1 < 2-log r for r > 1, which
implies the inequality.

(2) If 0.5 < a/b < 0.7 then the proof is exact the same as in case (2) of Theorem 4.

3) If a/b > 0.7 then we have T12(a,b) = ((r+1)a-rb, b—a) and I{(a, b) U
I{(T{(a, b)) = {2(b-a), ... , r(b-a), a, b}, in this set {1, 2, ... , r} is the
addition chain constructed by the Binary Algorithm. In this case we have to prove that
Io(r) + 2 < 2log (b/(b—a)). Notice that b/(b-a) 2 r+1. In Lemma 8 the proof
has been given that [o(r) + 2 < 2-log (r+1), which implies the inequality. We get an
equality if r = 2-1.

®@ For proving the fact that this upper bound cannot be improved, we consider the

quadratic number x = [0,1,7] = %(,/ r+4r- r). Lemma 9 predicts that for r = 2k_1
2h
log ;—(,/ r2+4r+r+ 2)

Lemma 8. We have the following inequalities

we have p = Ifh—)ootheniS—)Z.D

(i) lo(nn+1<2logr forr22,
(i)  ly(r) +2 <2-log (r+1) forr=1.
Proof. These inequalities can be proved by induction on r. For r = 2 and 3 the first

inequality satisfies, for r = 1 the second inequality satisfies. Since [y(2r) = lp(n+1
and ly(2r + 1) = [y(r) + 2 the inequalities follow for larger values of r. O

Corollary 9. We find comparable to Section 7.2.1 for Algorithm W(2) the upper bound

lw@2)1(a) < % -log a + 1. (This is the same result as found in Section 7.1.)

If we do not restrict ourselves to use the Binary Algorithm to produce an addition
chain for r, but we allow ourselves to use a more efficient algorithm to produce this
chain, then we find a lower upper bound. Before we give the theorem we need a
definition and a technical lemma.

Definition. We define S, = (lr

Ty(a, b). Namely if [-Zi' =r then T(a,b) = [ S, (Z)]T

(1)) Using this definition it is easy to describe
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Lemma 10. (i) LetHy = [0, oy, ... ,x,] and Hy = [0, &y, ... , a,+1]. The
theory of continued fractions predicts that if n is even then Hy < H( else Hy < H.
Let H be the interval [Hy, Hq] or [H(y, H] depending on n. Let a/b e H.
Then

k(a,b) < _k -log(—b—,)+ll(a’,b’), (17)
log| o | b
a a’ (o] T n
where T(b)=( ,),11‘ =Su, Sa,_, ... S, =(02 12) andk="Y ((a)+1).
i=1

(@) If oy =7 >0 then we have

k b .y
k(a,b) £ : olog(—,)+ll(a ,b"). (18)
log(loy | +571021) b

Proof. (i) Let g=[0, Oty oo s Clpy Opyts ov s Onyx] with k > 0. Then

a’

v [@ns1s s k] . Hence a”7b’e [0, 1). We have lj(a, b)=Ii(a’, b))+ k

where k= X (/(a;)+1). Now we want to find an expression for b/b” It is sufficient

to prove that b/b” 2 lol. This can be seen as follows. Since det S, = —1 we have
T2 -T1

det T = (-1)*. Hence T ! = (—1)"-( ) Notice that (-1)"-6; > 0 and
—02 O)

—(-1)"-05 2 0. Finally we find

b= (-1)"(-0pa’+01b’) = (Io5la’ + lo1-b”) 2 Io1'b”. (19)

’

- s 1 1
(i) The condition o, = r > 0 implies that — < a < —. Now apply (19).
r+1 b r [
Now we have the tools for proving the following theorem. The upper bound in the
theorem seems not to be much better then the bound given in Theorem 7. However

this bound is only an indication. Using a computer the upper bound can be improved.

Algorithm K(2) which appears in the theorem below is only an example. We leave the
proof to the reader to replace K(2) by another algorithm.

Theorem 11. / x(2)(a, b) < 1.96:1og b.

Proof. The proof is comparable to the proof of Theorem 7. We proof the theorem on
induction. We can verify the theorem for small values of a, b (@ £b £ 16). For
larger values of a and b we apply Lemma 10(i). We will prove for all values a/b in

k
[0,1) that there exists a pair (a’, b*) such that the quotient ﬁ—l satisfies the
0g| 01

inequality
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k
log| oy |

Using the theory written in the introduction of Section 7 the theorem can be derived.
We have only to verify the cases for which inequality (20) holds. These cases can be

<p. (20)

derived from the table below. Using IK(2)(r) < 3— ‘A(r) +1 (see Section 7.1) we
find that this inequality is true for r > 2iE D), (Here is g1 = k — Ig(2)(r).)For the

9
numbers r < 2® "1 we have to verify the inequality by a calculator.

Table IIT
. k "
cont. fraction k loql r such that ——— >p
log| o |
o, r,...] I(r)+1 r 1,2
[0,1,r,...] I(r)+2 r+1 1,3,7
[0, 2,7 s..] Ir)+3 2r+1

[0,1,1,r,...] Irn+3 2r+1
[0,1,3,r,...] I(r)+5 4r+ 1
[0,1,7,r,...] I(r)+7 8r+1
[0,1,3,1, r,...1 I +6 S5r+4
[0,1,7,1, r,...1 Ir)+6 Or+8

L

[

Improvements on Theorem 11. The number BI,K(z) = 1.96 of the theorem can be
improved. But there are restrictions. Table IV shows that BI,K(2) > 1.904.... But in

practice the proof for numbers 51,K(2) between 1.904 and 1.96 is rather hard. Before we

give Table IV we will give a technical lemma which is useful to verify the results of
Table IV.

©o

- P,
Lemma 12. Let x =[0,0,,,0,,...,0,]. Let {—} be the set of convergents of x
s=1

C; T
.. Sa, —(0_2 12) . Then we

withP—°=O. Let S, = (

r 1
and T =Sy - Sq
o L o) -

n-1"'

have lim h(P;,Q,) =p-log Q; where p = = (ll(ai;+ :
§—> 00 Tlog

0= ;_(0'1 +T, * \/(c, +175)% - 4(—1)"). Here the *-sign must be chosen such that
0<6<1.

Proof. Notice that det T = (-1)".x is a quadratic number which satisfies
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TG) = 2’;()1() such that § = ;—(0'1 +1, 2 /(0 +1,)% - 4(—1)"). (See [Per29]). The
value of x follows easily, but is of no interest for our purpose. Let a/b be the

a

tn+v—th convergent of x. Let T(b)=(Z')' Then a’/b’ is the (t—1)n+v-th

convergent of x. We construct Ly(a, b) as follows. Let gg = P,, ¢; = Q, and let

Qr+1 = Q4 + qi—1- Then we have a = G4y, b = Gupyyi1, @7= G 1)pays
b= 4(t-1)n+v+1- (See [Kra90], [Per29]). Notice that /j(qy, qrs1) =

I1(@k-1, 90) + o) + 1. Hence I1(a, b) = Iy(a’, b’) + 3, (Ko)+1). In order

P
n
to prove the theorem we have to prove that Y, (o) +1) = li(a, b) — Iy(a’, b”)
i=1
= p.log(b/b”). Hence we must show that b’/b — 0 if 1 — oo, This is clear since
alb — x if t — o, hence b’/b converges to £ and 6 = €. ]

Note. The number § is in fact the number i, of formula (14).

In Table IV we give some related coefficients p, in the cases that n=1 and n=2. This
table can be interpreted in the following way. Let (a, b) be an integer pair such that
a/ b is a convergent of x.
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Table IV.

cont. fract. (x)

alg. expr. (x)

num. value (x)

alg. expr. (p)

num. value (p)

[0,1]
[0,2]
[0,3]
[0,4]
[0,5]
[0,6]
[0,7]
[0,11]

[0,1,2]
[0,1,3]
[0,1,4]
[0,1,5]

[0,1,6

—

(0,1,

~3

]
[0,1,11]

|

[0,2,7]

HW/5-D)
J2-1
1/13-3)
J5-2
1(y/29-9)
J10-3
L(y/53-7)
L(5¢/5-11)

J3-1
L(y21-3)
2/2-2
1(3y/5-5)
J15-3
Y777
1/165-11)

}(/63-7)

0.62---
0.41---
0.30-+-
0.24--
0.19---
0.16--
0.14--
0.09--

0.73»
0.79+
0.83
085+~
0.87---
0.89---
0.92¢++

0.47-

1
log(+/5/2+1/2)
2
log (+/2+ 1)
-3
log(+/13/2+3/2)
1
log(+/5/2+1/2)
4
log(+/29/2 + 5/2)

4
log(+/10+3)
5

log(v/53/2+7/2)
6

5log(4/5/2+ 1/2)

3
log(V3+2)
4
log(v21/2+5/2)

2
log(v2+1)

5

41l0g(V5/2+ 1/2)

5
log(V15+4)
6

log (V7772 +9/2)

1.44---
1.57---
1.74--
1.44---
1.68--
1.52---
176

1,72

158~
1.7 7 =
1.5F
1.80-~
1.68---
1.904:--

7
log(J165/2+ 1312) 1.896°"

7
log(f6_3+8)

1,75~

Note. From Table IV we deduce that P*; = 1.44---, which is the case if a is a

convergent of x = [0,1] = ;—(\/3- 1) . We conjecture P+I = 1.44---. As a consequence

we find that Pty g1 2 072+ .

7.3.2 UPPER BOUNDS FOR Lg(a,b) AND Lg(a).

In the case that subtractions are allowed, we can decrease the upper bound. This
bound will be given in Theorem 13. We need some definitions and a technical lemma

before.
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Definition. We consider the generalized continued fractions:

€
[8,81(11 »€200, 0-'] = 8 Fi——,
o +

oa,+...

where 8 =0 or 1, €; =+ 1 and o; are positive integers (cf. [Kra90], [Jag85]). Each

r -1

) 0). Now we can

€; < 0 corresponds to a subtraction. We define S_, by S_, =(
define Ts(a, b) (see Section 4.6) by

[S,(:)]T if r< 5 <r+

a\T 1 U b
[S"(b)] if r—5<;<r.

Lemma 13. We have the following identities:

(i) LenoP,..d=[..,0+l,-1,B1,..]for p=2,
(i) [.oo1,p,..0=L..,0+l, —B-1,..],
(i) [0, 1,B, 1,7, ..0=[..., a+], -B-2, -1, ...].

Proof. The identities are a consequence of the matrix products (cf. [Kra90, p. 79])

2

|

Ts(a,b) =

SBSo = Sp-1S_1'Sa+ 1,
Sp-S1-Sq = S_B-1-So+1s
SyS1SpSiSa =SS prSat-

Theorem 14. (i) I5 o(a, b) <2 log b.

(ii) lS,K(z)(a, b) <1.86 lOg b.

Proof. (i) This proof is analogue to the proof of Theorem 7.

(ii) This proof is comparable to the proof of Theorem 10. We need to distinguish 58
cases. The interested reader can consider Table X in the appendix in Section 13. We
use the identities of Lemma 13 (i) in the cases that (&, B) = (7, 2), (7, 3), (7, 5),
(7,7), (11, 2), (11, 3) and (11, 7) and the identity of Lemma 13 (ii) in the cases that
(@, B)=(3,3), 3,7, 3, 11), (5 3), (5, 5), (5. 7), (5, 11), (7, 1),(7, 2), (7, 3), (7, 5),
7,7, (7, 11), (7, 13), (7, 19), (11, 1), (11, 2), (11, 3), (11, 5), (11, 7), (11, 11),
(11, 13) and (11, 19). 0

The upper bound B= 1.86 is just an indication. We can improve this bound. As shown

in Table IV and Table V, we will probably be able to find improvements for B > 1.74
(x = [0,73]).



42 Some algorithms on addition chains and their complexity.

Table V. Lower upper bounds using the Subtraction Algorithm.

cont. frac. equiv. expr. improvement  alg. expr. num. value
_ — . 5 s

[0,7] [0,8,-1,6] 0 10 1og(/53/2+7/2) 1547+
— - n,.____ 6 0

[0,11] [0,12-1,101 12 2 Swglsnetm 15T

- ; 7. 4

[0,1,3] [0,1,4,-4] 3 8 log(V21/2+5/2) 1 S5
I - P B

[0,1,5] [0,1,6,-6] 26 10 4108(/5/2+1/2) 1.62:-
_ — 4.5

[0,1,6] [0,1,4,78] 3 vy 1.34..-

- 3.6

[0,1,7] [0,T,8,8] i g 155
— _ 11 7

[0,1,11] [0,1,12,-12] f 14 " op(J1652+132)  1.62:+
o . . T

[0’2,7] [0’2':8’_1’1] T T 10g(1/-6—§+8) 1.50---

Corollary 15. We have the upper bound /g(a) < 1.43 log a+ 1.
Proof. See Corollary 9.

7.4 THE UPPER BOUND FOR THE BATCH-RSA ALGORITHM.

Before starting this section we will define E” and give an approximation for this
number in the case that this algorithm will often be used. Suppose e¢; > e, > ...>¢,.

Let F(r) = 1 max(b;, ¢;), where the product is taken over all Pl crossing-over

pairs at level z. Notice that F(¢) consists of a product of [ % (n+1)_| factors e;. Let
[3(n+1)]

E’= max F(t). We approximate E”“by E’ = H e;. We want to express E” in
1<t<h i=1

terms of E. In general this is impossible. Therefore we make the following
assumption.

Assumption 1. log E’= % log E + 8n, where 5 <8 < 1.

n

Assumption 2. log E < ;=7 log a,,.

Motivation for the assumptions. In one of the applications of the algorithm (see
[CAB...90]) the numbers e; are prime numbers. Suppose that e; = Pin-i+1 ,the

( % n-— i+1)'th prime number. If we make the raw approximation

e; = ( % n —i+1)log( % n —i+1) then we find
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log E = z log(;—n+i)+z loglog(;—n+i)z%n-log% n—%n-log;—n
i=1 i=1
and

log E’ = 2 log( % n+i)+ 2 log log( % n+i) = %— n-log % n—n-log n.
i=Z(n+1) i=31(n+1)
Hence log E’— 1 log E =~ > nlog 2+ Inlog 3 =dn.

For the second assumption observe that e,<E Ur Hence an=E/en>E(”‘1)/".

Lemma 16. We have under the assumption given above
(i) Ilglay,...,a,0< ;— o .ﬁog n-l-log a, +2rlog n-l,

(ii) Igjlay, ..., a, < 725 [log n'llog a, +2n{log n] 4+l log nl

Proof. (i) We assume that n= 2". We need # steps. During step ¢ we have to do
2h~t “crossing-overs”. For each crossing-over we need a chain for both scalars b
and ¢ (see Figure 2). In step # we need chains of lengths /(b), I(c) and we need

1 element to sum bz and cy . Using the remark of Section 7.1 we can approximate

I(b) < 2 -log(b). Finally we have

h
Iglay, ... ,a1 < Y, (3 log E + 2" = 2 [log nlog E+ ollognl

=1
With similar technics as written in Section 7.1 we find for b > 2°12 that I(b) £
1.2-log b. The second assumption yields Lemma 16 (i).
(ii) Instead of constructing two addition chains for b and ¢, we construct a vector
addition chain for [b, c]. This can be done with 2 log ¢ elements. We make a fair
approximation by saying that during each step t we need ¥ I[b, c]= 2 log E’
elements where E’ was defined above. Using the approximation given in the
assumption above, we get

h
Ipilay, ..., a < Y, (2log E’+ 2" <[log nl(log E +2 ny+ 218 1 -

t=1

Note. Using the conjecture at the end of Section 7.3.1 we find that B+B,K(2)
=7 - 27 Tlog nland P*5 1> 0.72 10g n].

7.5 THE UPPER BOUNDS FOR THE ALGORITHMS OF STRAUS AND YAo.

We will first consider the Algorithm of Straus. As in Section 7.1 we divide the
elements of the chain into three subsets. The first subset contains the set V. But we
have to omit the vectors f; and the 0-vector.



44 Some algorithms on addition chains and their complexity.

# elements

(i)  the set V of vectors v @™%_n-1)

(ii)  the vectors u for which u /2 is in the chain k-[A(ap)/k]
(iii) vectors which are the sum of a vector of (i)

and a vector of (ii) [A(a,) / k]

TOTAL: Isqiylay, - apl < (k+1)[A(a,)/k] +2m_p_1

We find Igyglay, - » anl < [M(@p)/k] +27%-2n-1.

In the case of Yao’s Algorithm, we only consider the upper bound of the length of a
vector addition chain.

# elements

(i)® the vectors [}, n(2k-2)
(iY@ the vectors W, (n-1)([A(a,)/k]+1)
(ii)  the vectors u for which u /2 is in the chain k-[A(a,)/k]
(iii) vectors which are the sum of a vector of (i)

and a vector of (ii) [A(a,) / k]

TOTAL: Iylaygs - » a,] <( n+k)[AMa,)/k] + n2*_1-n
We have I+Y(k)[a1, oo s @pl S nlA(ay)/k] + n2k-1-2n. We leave to the reader
the proof that Iy (ay, ... , @) =lywlay, - a,] — n+l.

7.6 THE UPPER BOUND FOR THE ALGORITHM OF FIAT.

For Fiat’s Algorithm we have the following calculation of the length of the addition
sequence.

# elements

. . . AMa,)
(i) chain with the numbers 1, ... ,2 " Aa,)
(i) chaintocy,...,cn_; May) +1-(2"-1)
(iii) chainstoay, ..., a, p e
TOTAL: lelay, ... , a;] <2\(ay) +2"-2n

Ad (iii): In principle we need n(2"-1) elements. But this number can be reduced
using some addition-“tricks”.
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8. AVERAGE VALUES pg.

Let Be(a,n) be defined by
_ 1 ay, ..., a,
folam= L. Y k@ ), (5)

L . e loga,

where the sum is taken over all n-tuples (ay, ..., a@,) with A(a,) = o and X is the
number of those n-tuples (ay, ..., a,). We call Be(a,n) the average value of
sequences/chains of width n . We will abbreviate this notation to 69. We will now
study approximations of the form

Iy, ..., a,) = pgloga,.

We will also consider the average values BDQ((I, n) and 5*9(0(, n).

8.1. ERGODIC THEORETICAL BACKGROUND

We will now give an approximation of the average value —5 in the case that we use
Algorithm I for n=2 .We have the following theorem.

Theorem 17. We have the following average value using the Continued Fraction
Algorithm

p1o(®,2) =1.60810:--
and
p*10(a,2) =0.87586--.
Hence Iy o(a, b) ~ 1.60810--- log a, and Iy (@, b) ~ p*1glog ay.

Proof. Let Ly, I1,Ty, be as defined in Section 4.8. Hence for positive integers a, b
we can express the addition sequence in terms of /1 and Ty by

n(a,b)
La,b) = U I (a,b).

Here is n(a,b) the number such that T7"@%)(a,b) = (0,1). Instead of the pair
(a,b) we will consider the quotient a / b. We consider the mapping

T;:[0,1) —> [0,1)  which is defined by Ty(x) = 1—[1]. We have
X X
5 @ b b_ ’ n(a,b) .
Ti(2) =2 -r=""Z =2 Notice that b=] 1/7(a/b) and
b a a b o
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n(a,b)

Wab) =Y, ((F (a/)])+1). We calculate p by

k=0

h(ab) _ S/ @) +1_  13E1 (/7 (0] +1
log(h)  logITX@Y1/T;*(a/b) et ~Llsr T (x)/ln 2

p=

In the last step we put the number x instead of a / b. Ergodic theory shows how the
numerator and denominator can be calculated. In general Ergodic theory says that
under certain conditions we have

1
1 1 J(x)
,}L“lZ,; 1 @) = In2 Jo Tex

The denominator is well known. We have

1
I . =k 1 In 3
IS nitm=L | Mg T
nig-1 In 2 5 1+x 12In2

(cf. [Knu81] or [Bil65]). We get for the numerator a less pleasant expression:

dx =

lim - z (/T ()] +1= i T tx

ne M=y

1 (" b1/ +1
2

J; LUELD N —1+——Zlo(n)(1n(1+1) -In(1+57)).

1 1+x

Using the identity
Y fn)(g(n) —g(n+1)) = f(Dg(1) + Y gm)(f(n) ~f(n—1)) 1)
n=1 n=2

we can evaluate the sum in the expression above in the following way:

Zto<n>(1n(1+‘) In(1+57)) = Z”O(”) (= 1)a(* =)

n=

We define two functions p(n) and gi(n) as follows.

{1ifn=2m,m21,
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lif n=2m+1)2*, m21,
g (n) =<{-1if n=2m+2)2*, m>1,
Oelse.

We can express the difference /y(n) — lo(n-1) as
A(n)
lo(n) =lo(n=1) =p(n)+ Y, qi(n). A calculation gives
k=0
A(n)

- n+1 - n+1
D —b(n-1)I{ 2~ )= Y T
n==2(10(n) Ih(n—-1)) n( - ) n=2[l’('l)+k 04/;(”)) ( " )

il & F% | il (2m+1)2"+1) ((2m+2)2"+1)}
= 1] el e Y St e
;m( 2* )+Za ,,.21{ ( Cm+1)2t )\ 2me)2

S

k=0{ m=1(m+l+2_k_l)(m+;—)

1 e TT(2+27%7)
- 1
ZH ( )F(Z)F(%+2"‘")

1o (. e  TC(+27%Y
= — 1+2
m{zg\( ¥ : F(z+27*%-1)

Here we will use the duplication formula for the I'-function (cf. [AS70], p..256). In
particular we have for z= 1/2 + 27%1.

22"1“@ +2"‘“)r(1+ Rl T8 'O +2"‘)1‘G).

Using this result we get

1 - k-1 r(%‘)r(1+2’k'l) had ( k-1 r2(1+2—k—1)) 3 o
- 1 2 =2 1+2 —_— =7 .
2,&(( - ) r(L+25 1) ;E) (1+ ) T(1125 kzlr(2+2 )

Another result expresses a I'-function in a sum of -functions (cf [AS70], p. 256).

(-D"

m

(E(m)-1)2".

InI'(2+2) =2z(1-v) + i
m=2

where ¥ = 0.57--- is Euler’s constant. Using this result we get

e a1 THTA+27% 1 - (-1)"(L(m)-1)
In< - 1+2 =In2 - s
{2H[( PO TRy T L

k=0 1)
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Finally we find for B the expression

= 1+]nl—22:=1(10(n)-10(n—1))1n("—:l) 12102 /1 _y 4 1n 4+ 2 (=D"(C0m) - }: 1.60810... .
72/12 (In 2)° m(2"-1)

m=2
We evaluate the numerator of equation (22) as follows. Since El(a, 2) = BDI((X, 2)

+ E*’I(a, 2), we will calculate BEII((X, 2). Notice that?'jo(a) = [log a]. Hence

~o_10u(ab) _ Tk 1 [log(1/F; N1
log(b) o ~Lyr  Infy (x)/In2

For the numerator we have

2—”
log(1
tim 23 [log(1/7; (x))]-—l—J 0B/ 4 ZJ ——dr =
0

n—> N1 2 1+x 1n2n0 1+x
=—l—in(ln(1+2_")—1n(1+2_"'1)) =—l—i1n(1+2—")
11'12":0 111271:1

Using identity of formula (21) we have

oo . o0 1)k+1 8 (_1)k+l
Z:lm(nz ) = Zg kgjk-(2"—1)'

Finally we get

—  — — 12In2
pr=p-p = {

72

D" Em -1 & (<"
- 4 =
. +”.Z m2"— 1) mglm-(z"‘—l)}

12In2 (=D"%m) | _
2 {m4 ¥4 2 1 )} 0.87586... .

O

Next, in this part of the section we determine the average value ES,O (see Section
4.6). We assume that the computer is able to insert new elements in the
chain/sequence by subtracting. We define for x € R : Ix[=[x+ ;— ]. Our Theorem is
a bit more general because we assume that one subtraction can be done with the
costs of s additions. The final expression for BS,O is an expression in which s
appears. If s=1 then we get the value of ES,O which expresses that the costs of
additions and subtractions are equal.

Theorem 18. The average value BS,O is BS,O = 1.44902--- + 0.17861:-- s where s
expresses the number of additions which can be done in the same time as one
subtraction. (If s=1 we get ES,O = 1.62763---).

Proof. Let Lg, I5,Tg, be as defined in Section 4.6. We can describe the addition
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sequence which produces a and b by

n(a,b) k
Ls(a,b) = kk=Jl IsT5"(a,b).

Here is n(a,b) the number such that Tg"b)(a,b) = (0,1). Instead of the pair
(a,b) we will consider the quotient a / b. We consider the mapping

- - 1 71
Ts : [0,3) —> [0,1) which is defined by T5 (x) = —-}[ . We have
X X
= a b b-ra a na,b) k
Is(-) = —-ri = = — . Notice that b= 1/T5 (a/b) and
b a a b k=0

n(a,b)
-k -k
Is(a,b) = z (lo (]UTS (a/b)[)+o‘(Ts (a/b))). Here we have
k=0
Lif -J{=20 - : =
olx) = , where s is the number of subtractions. We calculate p
s if F-J<

by
z:‘:bb’to<]1/is*<a/b)[> +0(Ts"(a/b))

log(b) log [T 1/Ts"(a/b)

,,1—12:';:0lo<]1/i‘s*(x)[)+c(i§*<x))
= lim é

Roe Ly InTt(x)/In 2

n+1

In the last step we put the number x instead of @ / b. The ergodic theory predicts
how the numerator and denominator can be calculated. In general the ergodic theory
says that under some circumstances we have

N -y 1 : f(x) | f(x)
lim - T: = CASLA i
- §=lf( s (x)) . L { 4 }dx

R 2-x T+x

Especially the denominator is well known. We have

n - 2
12 In 75 *(x) = —— InG) @4 =
N Int ) 2-x THx 12Int

(cf. [Rie79], [Jag85] or [Kra90]). We get for the numerator two expressions. The first
expression can be calculated in the following way:
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N

R L SR Y o(Ts‘x) | o(fs ()
ZZ’IG(TS (x))_ﬁ,;:oo (TS (x))_lntjo{ Pox | t4x &

i 2
e AL T P (ln(t—)+s-ln(z)).
nt ), 2-x T+x Int 2 T

The other term is less pleasant:

1§m@@)MW@
5 e [ 4220 40,
0
o0 M (n) 1 1
{tz-x 1:+x}dx+,,2=“3[0(n)J {12-x+t_;}dx

1 J
In T
m(n)

o M (n)
1 1 1
“Int J {1:2-—x t+x}dx+g’3(10(n) ~h(z=1) )J {12—x+m}dx]

0

=

ﬂ%—ZWMbmn>% fJ

Here is g= —1— ,m(n) = —1— and M(n) = —}— We define the functions p(n) and
2T n+ 2 n-— 7

qr(n) as in section 1 and we express the difference [g(n) — lg(n-1) as
A(n)
lo(n)=lk(n—1) =p(n)+ 2 qx (n). A calculation gives

k=0
s n+g

/ - —1))In
Zg(o(n) lo(n—1)) (n+g—l)

oo Z.(n)
+ 5
=Y |p(n) + qmm(" ]

< 2%+g o 2m+1)2k+g )_ 2m+2)2*+g¢
- 2m(2k+g—l)+z 2 {ln((2m+l)2"+g—1 1n((2m+2)2"+g—1)}

( 2*+g )‘” d ( +1—+g-2"‘)(m+1+(g—1)'2"‘)}

esimei (m+ L4 (g=1)-27) (m+1+g-27)
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p 1+g-27%"1  T(3+(g-1)- 275 (2+g-27%)
=i ] k-1 13 “k & |
Pl T(G+g-2"r@2+(g-1)-27%

1+(g-1)-2
Here we use the duplication formula for the I'-function (cf. [AS70], p. 256). In

particular we have, forz= 5 — g2‘k,
22"3' 2* . F(%+g 2_") . F(2+g 2-k) = r(3+g 2'“1)1"(5).

Using this result we get

[ 1+g- 27t T(G+(g-1)-27T(2+g-27)
i=1(1+(g-1)- 277" TG +g27"r@2+(g-1)-27%

_q 132D r(2+<g-1>-2-"+‘),{ [(2+g-27%) }2
- 1+l 3 T@+g-27%+1) T(2+(g—1)-2°%)

rQ+g-27*

_4(1+g T(1+g) ﬁ( r(2+g-2* )= 4 1‘:‘1( )
245 T(2+g) F2+(g-1)-2*) 2+4g ;. \FQ+(g-1)-27*)

We express the I'-function in a sum of -functions (cf [AS70], p. 256). We get

Fr@+g-2* |_,_ Em-1) (-p"-(1-9"
m{gr(zﬂg—l)-rk} -1 3 60 71

m=2

And finally we find for E the expression

FYREE SRS PINEE Bl b DS G T Y, (2
{1+m[§(10(n) Ih(n-1)) ln(n+g_1)+ln(2)+s m(r)}}

p_nz/(12ln2-ln‘c)
_12In2 Cm -1 ("-(1-9"  (?) (2
= {lnt+1 y+ln(2+g) z 71 (2)+1n(t)s}

(e 2 m
12In2 Em-1) (-9"-(1-g"
B n? { 'y+1n4+z m 2"-1 ln(T)s}

= 1.44902...+0.17861... s

At the moment of writing this paper we were able to > apply the ergodic theory on

Li(ay, ..., a,) and to calculate the average value pI(oz n). The reader who is
interested has to inform the author.
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8.2 APPLICATIONS OF THESE AVERAGE VALUES TO Lyy2y(a) AND Lg(a).

The way to find these average values is comparable to the upper bounds mentioned in
Corollary 9 and 13. We mention only the results.

Corollary 19. We have—lw(2)(a, n) = T)w(2) -0 and-;s(oc, n) = T)S o
where BW(Z) =1.30405--- and pg = 1.31382:--. For the number of additions we have
pw(2) =0.43793---.

8.3 OTHER AVERAGE VALUES.

This section contains the average value calculations of the Small Window Algorithm,
the Generalized Window Algorithm of Yao and the Batch-RSA Algorithm. We do not
have an apart subsection for the Generalized Algorithm of Fiat, since the calculations
in the general case are very hard and the generalization can only be applied in a
reasonable way for sequences and chains which have a width smaller than 6. In
[Fia89] Fiat gives the average value Ig(a, b) = 1.75 log b.

8.3.1 UPPER BOUNDS FOR THE SMALL WINDOW ALGORITHM AND THE
ALGORITHM OF MORAIN AND OLIVOS.

In the case of the Subtraction Algorithms of Morain and Olivos the average values can

be calculated using Markov Chains (cf. [MO89]). We give the results:

hioa(a) = 0@, 'moa(a) = §A@), Ivos(a) =3 Aa) and ["Mop(a)

= % Aa).

The average length of a chain produced by the Small Window Algorithm is in general a

bit smaller than the upper bound predicts. As in Section 7.1 we consider 3 subsets.

Only the number of elements in subset (iii) will decrease in general. This number
corresponds to the number of windows (which is at most [A(a,)/k] + 1). We expect

after each window v zeroes with probability 27k if k > 0 and O zeroes with

probability ;— . On average we have 1 zero after each window. Hence the number of
windows is [A(a,)/(k+1)] + 1. Hence we have the following scheme for k > 1.
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# elements
(i)  theelements2,3,5,7, ..., 251, gl
(ii)  the numbers n for which n/2 is in the chain or the
number which is the sum of two numbers of (i) A(a)—k+1
(iii) numbers which are the sum of a number of (i)
and a number of (ii) [A(a) / (k+1)]
TOTAL: k@@ = [ + Yk+1))A@)] + 281k + 1

Hence I+K(k)(a) = [ 1/(k+1)A(a)] +251_k. For the Binary Algorithm we find
Ip(a) = -;— A(a) and ly(a) = ;— A(a) (cf. [Knu81]).

8.3.2 THE UPPER BOUND FOR THE BATCH-RSA ALGORITHM.

Lemma 20. We have under the assumption given in Section 7.4

(i) IB,K(Z)[al’ o a,,] = % . ﬁ -log a,,-log n+ n.

n

(ii) Igilay,...,a,]=0.8--- ;=7 lognloga, + 1.6:-- dnlog n+n,fora

number 3 <8 < 1.

Proof.(i) We get in each step by approximation that the number of calculations is
2 lkpy(a) = % log E. Using the fact that the number of steps is about log n, we
get

n

IBx@lay, ..., a) < 5 - 727 lognlogE +n.

Now apply the approximation given in the assumption of Section 7.4.
(i) We use the average value found in Theorem 17. Hence we get in step ¢ by

approximation ¥ [/{[b,c] = 1.608--- log E’ where E’ is as defined in Section 7.4.
Using the approximation given in the assumption of that section, we get

Igilay, ..., a,]<0.8---lognlog E+n(l+1.6---8logn+1). B

Note. We have p*gla, n] = -;— log n and B*B’I[oc, n] = 0.43793--- - log n.

8.3.3 THE ALGORITHM OF STRAUS AND YAO.

In the case of the Generalized Window Algorithm of Yao it is more complicated. There
is a possibility that /-f; does not appear in a window or that wij = 0. Both situations
decrease the length of the vector addition chain.
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@ [-f; does not appear in the windows w;; (i.e. w;; # Ifor 0 < j < [A(ay,)/k]).

The probability that this happens is (1—2"‘)[)‘(‘1" I

A(a,)/k]l+1

. Hence the probability
that / appears is 1 — (1-27%)
@ w; = 0. The probability that w;; # 0is 1 —27F,

Using these modifications we have the following scheme

# elements

()@ the vectors I, n2*2).(1 - (12 @ /Ty

())® the vectors w; (n-1)(Map)/k+ 5 )-(1-275)

(ii)  the vectors u for which u /2 is in the chain A(a,) — ;— k
(iii) vectors which are the sum of a vector of (i)

and a vector of (ii) Map) k-

TOTAL.: IY(k)[al, wws y Byl

We use an approximation for k£ which was mentioned in Section 3, namely
May) = k*-2kIn 2. (22)
Using this approximation for k we find for large values of a,, for expression ())®
# vectors M; = n(2%-3), (23)

Ma, )k In 2-k2% o 2k

since (1-27%) = (1-27% = 27k, Approximation (23)

follows since (1—2"‘)(2"—2) ~2k_3, Using these approximations we find

# elements
()@ the vectors I-f;, n(2k—3)
()@ the vectors w; (n-1)(Map)/k+ 3 —kIn 2)
(ii)  the vectors u for which u /2 is in the chain A(a,) - ;— k
(iii) vectors which are the sum of a vector of (i)
and a vector of (i) Aay) / k- ;—
TOTAL: lylay, - » az] = (1 + 2 )May)+n2* 5 n—knin2

We did not make the calculations in the case of Straus’ Algorithm.
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9. COMPARISON OF THE ALGORITHMS.

9.1 THE TABLES.

In the following tables we will compare the algorithms. We distinguish 6 columns. The
first three columns give the name of the algorithm, the place in the text where we
defined the algorithm and the notation of the algorithm respectively. The fourth column
gives the number of memory locations used by the algorithm (mg(ay, ... , a,)).

Table VI gives the values for me, Be and pg in the asymptotical case (i.e. ap—> o).
In Table VII we compare also p e and p* @- Table VIII gives the values for mg,

19(512 1) and a average value 1 e(512, 1) . Table IX gives those values in the case
of vector addition chains of width 32, with log a3, = 80. In Table IX we did not
consider the Algorithms of Straus and Fiat, since their memory usage was too large
for normal applications. (In theory > 4-10°.)
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Table VI, the asymptotical case

Name Ref. Notation # mem. loc. Be Pe
Binary 41 Lya) 1 2 1.5
Morain-Olivos 42  Lyoa(@) 2 1.6666- - 1.375
Morain-Olivos 42  Lyog(a) 2 13 1.3333---
Small Window 43  Lgp)a) 2 1.5 1.3333--
Large Window 44  Lw)(a) 2 1.5 1.3040---
Small Window 43  Lgp(a) k-1 1+1+ 1+ oy
Large Window 44  Lyq(a) n 1+ T ?
Continued Fractions 4.8  Lpg(a, b) 2 2 1.6080:--
Continued Fractions 4.8 Ly(a, b) 3 1.96 ?

Fiat 49  Lg(a, b) 3 2 1.75
Subtraction 46 Lgg(a,b) 2 2 1.6273---
Subtraction 4.6 LS,K(2)(a, b) 3 1.86 ?
Algorithm II 45 Lyla, b) 9 1.94.-- 1.58.--
Algorithm III 47  Lya, b, c) 10 3 ?
Algorithm I 48 Liay, ..., ay) n Iages | 9§

Fiat 49  Lg(ay, ..., ay) A 2 22"
Straus 4101 Lgglay, .. .a) @™ 1+5 1+ 1
Yao 4102 Lyg(ay, ...ap  n@-1)  1+% 1+12
Batch-RSA © 411 Lpgplay,....ad n sl Tlognl 5p2yy logn
B+19© 4.11 Lgjlay, ..., a,l n 2 [logn] 228580 Jogn

+: This result is given as a conjecture
t:  This result is determined from experiments
@ : This algorithm holds only in special cases
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Table VII, the additions

Algorithm Pe Pe P'e P e
Lo(a) 2 1.5 1 0.5
Lyioa (@) 1.6666: - 1.375 0.6666- - 0.375
i () 1.5 1.3333.-- 0.5 0.3333
LK(Z)(a) 1.5 1.3333--- 0.5 0.3333
Lyw(2)(@) L5 13040+ 0.72+- 0.4379
Ly k) a) 1++ 1+ 0t L - N
Lw(k)(a) 1+ lo;n ¥ ? ? ?
Ly(a, b) 2 1.6080--- 1.44... 1 0.8758
Ly(a, b) 1.96 ? 144..- T ?
Lg(a, b) 2 1.75 1 0.75
Lg o(a, b) 2 1.6273--- ? ?
LS,K(2)(‘1’ b) 1.86 ? ? ?
Ly(a, b) 1.94-.- 1.58.-- # ? ?
LIII(a’ b, C) 3 ? ? ?
Lay, ... , ay) 1+imy | 9 ? ?
Lr(ay, ..., ay) 2 2= 1 1-27"
Lst(k)(al, Sees an) 1+ ,1‘— 1+ % % ;—
Ly(k)(al, e g a,,) 1+ % 1+ 7‘"— % 2—

Ly x@lay, ..., a,] ¢ 2(3f1) {log n] 3(::'1) log n 2(:—1) Tlog n1 3(:—1) log n
gy gty s s 5 85] '@ -2 [log n] 2 0.8040... .jogp 2002 [lognl T %25 -logn

t: This result is given as a conjecture
$: This result is determined from experiments
@ : This algorithm holds only in special cases
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Table VIII, the case A(a) = 512.

Name Ref. Notation # mem. loc. 79(512, 1) -1-8(512, 1)
Binary 4.1 Ly(a) 1 1024 768
Morain-Olivos 42 Lyoa (@) 2 854 704
Morain-Olivos 4.2 Lyog(a) 2 769 683
Small Window 4.3 Lg2)(a) 2 769 683
Large Window 44 Lw2)(a) 2 768 668
Small Window 43 Lg(s)(a) 16 626 609
Small Window 43 Lk 6)(@) 32 624 614
Large Window 44 Lwae(@ 32 645 1 ?
Bos-Coster [BoCo89] - 32 610 * 605 *

+: This result is given as a conjecture

t: This result is obtainned from experiments
Table IX. Vector addition chains in the case that n=32 and log a,, = 80.
Name Ref. Notation # mem. loc. 79[80,32] 79[80,32]
Algorithm I 48  Lyay, ... ,az) 32 502 1 ?
Yao 4.10.2 Lyg)lay, ... , a3l 224 1133 1030
Yao 4.10.2 LY(4)[a1, iy (132] 480 1199 1026
Batch-RSA © 411 Lglay, ..., a3l 32 652 590 *
B+19 411 Lgjlay, ..., a3l 32 605 458

t: This result is given as a conjecture
t: This result depends on the choice of  (see Section 7.4)

@ : This algorithm holds only in special cases

9.2 COMPARISON OF THE SMALL AND LARGE WINDOW ALGORITHM.

In approximation both algorithms have the same properties: they use the same
amount of memory , while the lengths of the chains are equal. This can be seen when

we put n = 2%
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9.3 COMPARISON OF ALGORITHM I AND YAO.

Table I1X compares for several values of width n which algorithm produces the
shortest vector addition chain given A(a,). It is clear that for small numbers A(a,)
Algorithm I is better and for large numbers A(a,) Yao’s Algorithm wins. In the third
column is written for which number of bits of a, the two algorithms are comparable.
The second column indicates the number of memory locations for Algorithm I. The fifth
column gives the optimal window size for Yao’s Algorithm. The last column indicates
the number of memory locations for Yao’s Algorithm.

Table X
n my(a,, ... ,a,) equal k my) @y, --. » ap)
2 2 =40 3 27
4 4 =40 3 41
8 8 = 175 4 164
16 16 = 625 5 621

10. FURTHER WORK AND OPEN PROBLEMS.

Finally we finish with some open problems.

@® How many memory locations are neede at least to produce a shortest chain
L(a), a shortest sequence L(ay, ... ,a,) and a shortest vector addition chain
Llay, ... ,a,]?

What is the theoretical asympthotical upper bound and average for
Kaj, ... , ap/log a, given the restriction on the number of memory locations?

Which is the smallest pair (a, b) such that l(a, b)<l(m)(a,b) where m
indicates that only m memory locations were used?

@
®
@ It would be interesting to find a proof of Conjecture 6.
®

As was mentioned in Section 8.1, we made recently progression in
calculating pI(a n) for arbitrary numbers o and n. These values are important

to compare Algorithm I with other algorithms. Another interesting thing is to
compare this average value with the upper bound.

® In this report was suggested that the upper bounds pI Kk@)(a, 2) and PS K@) (o, 2)
in Theorem 11 and Theorem 14 respectively could be decreased. What are the
lower bounds of these upper bounds ?

@ Is it possible to improve the value of pPs(a, 2) which was found in Section 8.1 using
the identities of Lemma 13.
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Are there other algorithms which use less memory and produce shorter chains ?
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12. APPENDIX 1: EXAMPLES.

For some of the algorithms we give an extended example. We consider the vector
addition chain for [385, 455, 715, 1001]. These numbers do appear in an cryptological
application, (in the calculation of X 11/ 13X21/ d 1X31/7X41/5). We copied an example
of the Small- and Large- window Algorithm from [BoCo89]. We consider the number
a= 26235947428953663183223 with binary representation 1011000111001000000---
---11101001010011101010000001011110000011111001100101110111.

12.1. THE SUBTRACTION ALGORITHM OF M ORAIN AND OLIVOS.

We have
a= 101100011100100000011101001010011101010000001011110000011111001100101110111
M*Y= 110000100000100000100001001010100001010000001100000000100000010000110000000
M= 100000100000000000100000000000100000000000000010000000001000100000001001
Hence
#elements
(i) the numbers n for which n/2 is in the chain 74
(ii)  additions for M* 16
(iii) additions for M~ 8
(iv)  subtraction 1
TOTAL: 99

12.2. THE SMALL WINDOW ALGORITHM.

We consider windows of length 3:

101 10001110010000001110100101001110101000000101 11100000111 11001100101 110111
51 71 31 5 7 5 5 1 i3 3 53 1

We distinguish, as in Section 7.1, 3 types of elements in the addition chain
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#elements

(i) the elements 2, 3, 5 and 7. 4
(i)  the numbers n for which »/2 is in the chain 72
(iii) numbers which are the sum of a number of (i) and a number of (ii) 16
TOTAL: 92

12.3. THE LARGE WINDOW ALGORITHM.

We consider this algorithm with n = 6. (In [BoCo89] we did not consider the number
of windows, but we considered the length of the largest window). However the length
of the sequence for the six windows is equal to the length of the sequence in
[BoCo89], the sequence itself differs, since this sequence was produced by Algorithm

I, instead of Makechain Algorithm described in [BoCo89]. The algorithm works as
follows:

101100011100100000011101001010011101010000001011110000011111001100101110111
5689 933 117 47 499 375

The addition sequence yielding the first part is:
12356 7 14 21 23 24 47 52 59 65 117 234 351 375 434 499
933 1866 3732 3823 5689

We get the chain as in the Small Window Algorithm. In this case we find the length
by:

(i) length of the sequence for the 6 windows. 24
(it)  the numbers n for which »/2 is in the chain 62
(iif)  numbers which are the sum of a number of (i) and a number of (i) 3

TOTAL: 91

This result is better than the result of the Small Window Algorithm.

12.4. ALGORITHM I.

On the following page of this report we give an application of Algorithm I on the vector
[385, 455, 715, 1001]. We find /;[385, 455, 715, 1001] = 22.
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addition chain graph operations vector addition counter
chain
f, — 1001 - 286 LD1 [0, 0, 0, 1]
1
f; — 715 - 260 ADD 2 [0, o, 1, 1] 1
l
f, — 455 — 170 ADD 3 [0, 1, 1, 1] 2
d
fi — 38 - 9 ADD 4 (1, 1, 1, 1] 3
l
1001 —» 286 — 26 ADD 1 STO 1 (1, 1, 1, 2] 4
4
715 > 260 — 62 ADD 2 STO 2 (1, 1, 2, 3] 5
d DBL 2, 2, 4, 6] 6
385 > 99 — 29 ADD 4 STO 4 3, 3, 5 7] 7
d
455 —» 70 — 8 ADD 3 STO 3 [3, 4, 6, 8] 8
&
260 » 62 — 4 ADD 2 STO 2 [4, 5, 8, 11] 9
3 DBL [8, 10, 16, 22] 10
9 —» 29 — 3 ADD 4 STO 4 [11, 13,21, 29] 11
4
286 > 26 > 8 ADD 1 [12, 14, 22, 31] 12
- 2 ADD 1 STO 1
AR DBL [24, 28, 44, 62] 13
70 - ADD 3 [27, 32, 50, 70] 14
26 > 8 ADD 1 [39, 46, 72, 101] 15
dob DBL [78, 92,144, 202] 16
62 > 4 - 1 ADD 2 STO 2 (82, 97,152, 213] 17
4
29 5 3 -5 1 ADD 4 STO 4 [93,110,173, 242] 18
l
26 — 2 ADD 1 [105,124,195, 273] 19
e DBL [210,248, 390 ,546] 20
4 - ADD 2 [292,345,542,759] 21
3 -5 1 ADD 4 [385,455,715,1001] 22

Figure 12
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12.5. THE GENERALIZED ALGORITHM OF FIAT.

We consider as in the Algorithm of Yao the binary representation of 385, 455, 715 and
1001. We define the numbers c, ... , ¢4 by

C0=129, Cz=256, Cg=64, Cg=2, 6‘11=4, 612=520, Cl4=32.
The other numbers c; are zero. We find the relations
385=cp+cp
455 = cot ot Ccgt+ Cgt+ C1q
715 = Cot cgt Cgt Crp
1001 = Cot Crt Ccgt CiptC1g

We get the following sequence:

{1,2,4,8, 16, 32, 64, 128, 129, 256, 385, 449, 453, 455,
512, 520, 584, 586, 715, 969, 1001}.

We find the following reverse vector addition chain for [385, 455, 715, 1001]:

Lg[385, 455, 715, 1001] = {[0, O, 1, 1], [0, 1, O, 11, [1, 1, O, 1], [1, 1, 1, 2],
1,1, 2,31, (1,1, 1, 1], [2, 2, 3, 4], [3,3, 5, 7], [6, 6, 10, 14], [6, 6, 11, 14],
[6.7.11, 15), [12, 14, 22, 30], [12, 14,22, 311, [24, 28, 44, 62],
[48, 56, 88, 124], [48, 56, 89, 125], [96, 112, 178, 250], [96, 113, 178, 250],
[192, 226, 356, 500], [192, 226, 357, 500], [192, 227, 357, 500],
[384, 454, 714, 1000], [385, 455, 715, 1001]}

and /g[385, 455, 715, 1001] = 23 and mg[385, 455, 715, 1001] = 7.

12.6. THE WINDOW ALGORITHMS OF YAO AND STRAUS.

We apply the Generalized Window Algorithm of Straus on the same example. We
choose k = 1. We write the elements of the argument binary. We have

385 = 110000001
455 = 111000111
715 =1011001011
1001 =1 111101001

For the set {w;} which is in V, we get:

V {[0’ 0’ 1’ 1]’ [1, 1’ O’ 1]’ [l’ 1’ 1’ 1]’ [O’ 1’ 1’ 1]’ [O’ 1’ 1’ O], [O’ 1’ 0’ 1]}‘

We have the following vector addition chain:
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Lgy(1)[385, 455, 715, 1001] = {10, 0, 1, 11, [0, 1, 1, 01, [O, 1, 1, 1], [1, 1, 1, 1],
[o, 1,0, 11, 1, 1, 0, 11, [0, 0, 2, 21, [1,1,2,3], [2,2,4,6],I[3,3,5,7],
(6, 6, 10, 141, [6, 7, 11, 15], [12, 14, 22, 30], [12, 14, 22, 31], [24, 28, 44, 62],
[48, 56, 88, 124], [48, 56, 89, 125], [96, 112, 178, 2501, [96, 113, 178, 250],
[192, 226, 356, 500], [192, 226, 357, 500], [192, 227, 357, 500],
[384, 454, 714, 1000], [385, 455, 715, 1001]}

and Igy(1)[385, 455, 715, 1001] = 23.

For Yao’s Algorithm, we choose k = 2. We write the elements of the argument
binary. We have

385= 1 10 00 00 01
455= 1 11 00 01 11
715= 10 11 00 10 11
1001 = 11 11 10 10 01

For the vectors w; we find:

wo=I1, 3, 3, 11, w1=[0, 1, 2, 2], w,=[0, 0, 0, 2], w3=[2, 3, 3, 3] and wu=(1, 1, 2, 3].
We have the following vector addition chain:

Ly(2)[385, 455, 715, 1001] = {[2, O, 0, 0}, [0, 2, 0, 0], [0; 3,0, 0], [0, 0, 2, 0],
[0, 0, 3, 01, [0, O, O, 2], [0, O, O, 3], [1, 3, 0, O], [1, 3, 3, 0], [1, 3, 3, 1],
[0, 1, 2,01, [0, 1,2, 2], [2, 3, O, O], [2, 3, 3, 0], [2, 3, 3, 3], [1, 1, O, O],
[1,1,2,01, [1, 1, 2, 3], [2, 2, 4, 6], [4, 4, 8, 12], [6, 7, 11, 15],
[12, 14, 22, 30], [24, 28, 44, 60], [24, 28, 44, 62], [48, 56, 88, 124],
[96, 112, 176, 248], [96, 113, 178, 250], [192, 226, 356, 500],
[384, 452, 712, 10001, [38S, 455, 715, 1001]}

and Iy »)[385, 455, 715, 1001] = 30.
12.7. THE BATCH-RS A ALGORITHM.

We apply this algorithm on the vector [385, 455, 715, 1001] as mentioned above. We
get
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(385f +455f 51715 f;+1001f,,5005)

7N

(6f, +13f ,65) (7f +11f A7)

I N

(f4.5) (f,,11) (f,7)
Figure 11.

Using Algorithm I we make vector addition chains for L{[5, 13], Ly[7, 11] and
Lqy[65, 77]. We get [[5, 13] = 6, [{[7, 11] = 6 and I1[65, 77] = 11. Hence
Ig[385, 455, 715, 1001] = 23. For the sake of completeness we give also

Ly 1[385, 455, 715, 1001] = {[0, 0, 0, 2], [1, 0, O, 2], [1, O, O, 31, [2, O, O, 5],
[4,0,0, 101, [5, 0, 0, 13], [0, 1, 1, O], [O, 1, 2, O], [0, 2, 3, 01, [0, 4, 6, 0],
[0,6,9, 0], [0,7, 11, 0], [5, 7, 11, 13], [10, 14, 22, 26], [20, 28, 44, 52],
[25, 35, 55, 65], [30, 35, 55, 78], [60, 70, 110, 1561, [65, 77, 121, 169],
[130, 154, 242, 338], [260, 308, 484, 676], [325, 385, 605, 845],
[385, 455, 715, 1001]}.
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13. APPENDIX 2: LIST OF ALL C ASES IN THE PROOF OF THEOREM 14.

In this section we give a list which is a part of the proof of Theorem 14.

Table XI

cont. fraction impr. cont. fraction k lo! fails for r =
[0, r,...] I(r) +1 r 1,2,3
[0,1,r,...] I(r)y +2 r+1 1,2,3,5,7,11
[0,2,r,...] I(r)+3 2r+1 1
[0,3,r,...] I(r)+4 3r+1 1
[0,1,1,r,...] I(r)+3 2r+1 1

0.1, 2, 1y ] Irn+4 3r+1 1
[0,1,3,r,...] Iry+5 r+1 1,2,3
[0,1,5,r,...] I(r)y +6 6r+1 1,2,3
[0,1,7,r,...] I(r)+7 8r+1 1,2,3,5,7
10, 1, 11,7 o] I(r) +8 12r+1  1,2,3,7
[0,2,1,r,...] I(r)+4 3r+2

[0, 3; L7y v Ir)+5 4r+3

[0,1,1,1, r,...] I(r)y +4 3r+2

10.1,2. 1 P sl In+5 4r+3

[0,1,3,1, r,...] I(r)+6 S5r+4 1,3,7,11
[0,1,3,2, r,...] Ir)+17 Or+4 1
[0,1,3,3, r,...] I(r)+8 13r+4 1

[0,1,5,1, r,...] I(r) +7 Tr+6 1.3.5,7; 11
10. 1,52, 75 sl I(r) + 8 13r+6 1

[0, 1,.5,3, 7; ..} In+9 19r+6 1

[0,1,7,1, r,...] I(r) + 8 Or+8 1,2,3,5,7,11,13,19
[0,1,7,2, r,...] [0,1,8,-1,1, r,...] I(r) + 8 17r + 8

10,1, 7. 3, 75 i) [0,1,8,-1,2, r,...] Irn+9 25r + 8

[0,1,7,5, r,...] [0,1,8,-1,4, r,...] I(ry+10 41r+8

[0,1,7,7, r,...] [0,1,8,-1,6, r,...] I(r) + 11 57r+8

10,1111, 7., I(r) +8 13r+12 1,2,3,5,7,11,13,19
[0,1,11,2, 7, ... [0,1,12,-1,1, r,...] Irn+9 25r + 12

[0,1,11,3, r, ... [0,1,12,-1,2, r,...] Ir)+10 37r+12

[0,1,11,7, r, ... [0,1,12, -1, 6; 7, .. I(r)+12  85r+12

10, 1,8, 1. 1, 1 - Ir+17 9r+5

[0.1,3,1,3, r, . [0,1,4,4, r,...] I(r) + 8 19r +5

[0,1,3,1,7, r,. [0,1,4,-8, r,...] I(r)+9 39r+5

[0,1,3,1,11, r,. [0,1,4,-12, r, ... Ir)y+10 59r+5




13. Appendix 2: List of all Cases in the proof of Theorem 14.

Table XI (continued)

cont. fraction impr. cont. fraction k loy!
[0,1,3,2,1, r, ...] Ir)+8 13r+9
[0,1,3,3,1, r,...] Ir)+9 17r + 13
10.1.5, L, 1, 7 ...} I(r)+8 13r+7
[0,1,5,1,3, r,...] [0,1,6,4, r,...] I(r+9 27r +7
[0,1,5,1,5, r,...] [0,1,6,-6, r, ...] Ir)+10 41r+7
0. 1,5, 1.7, 7 .. [0,1,6,-8, r,...] I(r)y+10 55r+7
[0,1,5,1,11, r, ...] [0,1,6,-12, r,...] I(r) + 11 83r+7
[0,1,5,2,1, r,...] Ir)+9 19r + 13
[0,1,5,3,1, r,...] I(r)y+10 25r+19
[0,1,7,1,1, r,...] [0,1,8,-2, r,...] Ir+7 17r +9
0.1,7, 1,2 #,...] [0,1,8,-3, r,...] I(r)+8 26r +9
[0,1,7,1,3, r,...] [0,1,8,-4, r,...] I(r)+8 35r+9
[0,1,7,1,5, r,...] [0,1,8,-6, r,...] I(r)+9 53r+9
[0,1,7,1,7, r, ...] [0,1,8,-8, r,...] I(r)+9 71r+9
10.1,7; 1,11, #,...] [0,1,8,-12, r,...] I(r)+10 107r + 9
[0,1,7,1,13, r,...] [0,1,8,-14, r,...] I(r)+11 125r + 9
[0,1,7,1,19, r, ...] [0, 1,8,-20, r,...] I(r)+11 179r + 9
[0,1,11,1,1, r,...] [0.1,12,=2; F. ...] I(r) + 8 25r +13
[0,1,11,1,2, r, ...] [0,1,12,-3, r,...] I(r)+9 38r+13
[0,1,11, 1,3, r,...] [0,1,12,4, r,...] I(r)+9 51r+13
[0,1,11,1,5, r,...] [0,1,12,-6, r, ...] Ir+10 77r+13
[0,1,11,1,7, r,...] [0,1,12,-8, r,...] I(r)+ 10 103r + 13
[0,1,11,1,11, r,...1 [0,1,12,-12, r,...] I(r)+11 155r + 13
10.1,11,1,13, ...] 1[0,1,12,-34, . ...] I(r)y+12 181r + 13
[0,1,11,1,19, r,...] [0,1,12,-20, r,...] I(r)+12  259r+13







