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1. INTRODUCTION

In the 1980’s we have witnessed successes of polyhedral combinatorics for a variety of com-
binatorial optimization problems. The traveling salesman problem is the subject of several such
success stories (see e.g. Lawler et al. 1985). Machine scheduling is a recently discovered chal-
lenge for polyhedral techniques (see e.g. Balas 1985, Queyranne and Wang 1988). In view of
this, there is renewed interest in the formulation of machine scheduling problems in terms of
0-1 programming. However, the number of variables and constraints needed is a heavy burden
for bringing polyhedral techniques into effect. In spite of the initial optimism, polyhedral tech-
niques have not yet been shown to be effective, let alone efficient, beyond the simplest and
smallest single-machine scheduling problems.

Lagrangian relaxation, on the other hand, is a conventional technique for lower bound com-
putation, that has proved its merits for many types of combinatorial optimization problems.
An excellent introduction to Lagrangian relaxation theory and a survey of its applications has
been given by Fisher (1981). In the area of machine scheduling, however, Lagrangian relaxa-
tion theory is still underdeveloped. The few publications fall into two classes, according to the
mathematical formulation applied for the disjunctive constraints that reflect the capacities of
the machines.

The first category covers machine scheduling problems that formulate the disjunctive con-
straints explicitly. These applications, however, suffer severely from the number of variables
and constraints. Fisher (1976), for instance, introduces a pseudo-polynomial number of con-
straints that require that the machine processes at most one job in each unit-time interval.
Hariri and Potts (1984) and Potts (1985) use decision variables xj; that take the value 1 if job
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J; completes before job Ji, of which there are O (n 2) if there are n jobs involved. In this case,
however, there are O (n%) transitivity constraints needed. On the other hand, the Lagrangian
relaxation of each of these formulations is provided with an iterative scheme, tailored after the
characteristics of the problem at hand, to find multipliers that solve the Lagrangian dual to
optimality or near-optimality.

The second class concerns formulations that present the disjunctive constraints implicitly, in
which the job completion times are the decision variables. Examples are given by Hariri and
Potts (1983) for minimizing total weighted job completion time in the presence of release dates,
Potts and Van Wassenhove (1984) for minimizing total weighted completion time with dead-
lines, and Potts and Van Wassenhove (1985) for minimizing total weighted tardiness. In each
of these applications, however, no scheme is proposed to solve the Lagrangian dual. Instead, a
specific single pass method is proposed to make an intelligent choice for the multipliers. A not-
able exception is found in Van de Velde (1988), where the Lagrangian dual is solved for minim-
izing total completion time in the two-machine flow shop.

This paper is concerned with the second class of formulations for single-machine scheduling
problems with minsum criteria. For this class, it is possible to develop a duality theory that
serves as a framework for the design of both approximative and enumerative methods. In Sec-
tion 2, we demonstrate this by considering the problem of minimizing total weighted comple-
tion time subject to precedence constraints. We consider its Lagrangian relaxation, and pro-
pose a method to solve the Lagrangian dual. In addition, we analyze the optimal dual solution
and derive some useful properties that we exploit in the design of an approximation algorithm
(Section 3) and in an attempt to decompose the primal problem (Section 4). Directions for
extensions and future research are given in Section 5.

2. SINGLE-MACHINE SCHEDULING
A single-machine job shop is described as follows. A set $ = {J/4,...,J,} of n independent
jobs has to be scheduled on a single machine that can handle only one job at a time. The
machine is continuously available from time zero onwards. Each job J; (j = 1, . . ., n) requires
a given positive uninterrupted processing time p;. In addition, each job J; has an associated
weight w;, that expresses its urgency relative to other jobs. Without loss of generality, we may
assume that the processing times and weights are integral. A schedule is a specification of the
job completion times, denoted by C; (j = 1, .. .,n), such that the jobs do not overlap in their
execution. The scheduling objective we consider is the minimization of total weighted comple-
tion time 37 w;C;.

This problem, hereafter referred to as problem (P), is formulated as follows. Determine a set
of job completion times that minimizes

n
> w;C; ®)
j=1
subject to

Ci=Ct+p; or C<Cr—pg forj=1,...,n—Lk=j+1,...,n, )
Ci—pi=0 for j=1,...,n 2
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Conditions (1) ensure that the machine processes no more than one job at a time, while condi-
tions (2) reflect that the machine is available from time zero onwards.

PROPOSITION 1. Problem (P) is solved in O (nlogn) time by Smith’s shortest weighted processing
time rule (Smith, 1956), which schedules the jobs in order of non-increasing ratios w; / p;.

This rule is easily validated through an interchange argument.

Now, suppose there are precedence constraints between the jobs. Following the notation of
Graham et al. (1979), we refer to the problem of minimizing Zw;C; subject to precedence con-
straints on a single machine as 1|prec | 2w;C;. The precedence constraints are represented by
an acyclic directed graph G with vertex set {J1, ...,J,} and arc set 4, which equals its transi-
tive reduction. A path in G from J; to J; implies that J; has to be executed before Ji; J; is a
predecessor of Ji, and Jy is a successor of J;. In case there is an arc (/,Jx) € 4, then J; is said
to be an immediate predecessor of Ji; J; is then an immediate successor of J;. We define ¥; and
§; as the set of immediate predecessors and immediate successors of J;, respectively
G=1,...,n).

The presence of precedence contraints between jobs makes the problem 91¥-hard (Lawler,
1978, Lenstra and Rinnooy Kan, 1978). This justifies the development of approximative and
enumerative algorithms. Morton and Dharan (1978) proposed several heuristics, and Potts
(1985) presented a branch-and-bound procedure, based on Lagrangian relaxation of a zero-one
programming formulation of the problem. In contrast to Potts, we formulate the precedence
constraints in a concise manner. Note that the precedence constraints imply

Ck = C] +Pk for each (Jj,Jk) e A. (3)

The 1|prec | Zw;C; problem can be regarded as an easy-to-solve problem complicated by con-
ditions (3). Therefore, we introduce a vector A € R that contains a Lagrangian multiplier
Ajx =0 for each arc (J},Jy) € 4 and put the constraints (3), each weighted by its multiplier,
into the objective function. For given multipliers, the Lagrangian relaxation problem, referred
to as problem (Ly), is to find L(A), which is the minimum of '

n

2w+ 3 A= 2 MG+ X Appo), @™y
j=1 J €S, I EY, J, €5,

subject to conditions (1) and (2).

In analogy to Problem (P), Problem (L,) is evidently solved by sequencing the jobs in order
of non-increasing values (w;+2;, es, Ak — 2, €9, M)/ p;. In the remainder, we call these
values the relative weights of the jobs. From standard Lagrangian theory, we know that L(}) is
a lower bound for the 1|prec | Zw;C; problem. In that respect, we are interested in finding
values Ay that maximize L (A). This is the dual problem of 1|prec | Zw;C;, referred to as prob-
lem (D): maximize

LX) ()
subject to

A =0 foreach (J;,Jx) € 4.
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Problem (D) can be transformed into the problem of maximizing a linear function subject to a
finite number of linear constraints. There are at most n! feasible sequences involved, and we
can represent each of these by a vector of completion times (C{,C5,...,Cy), t=1,...,T,
where T <n!; the superscript ¢ refers to the t-th feasible schedule. Problem (D) is then
equivalent to the following problem, referred to as problem (D’): maximize

v

subject to

n
—_ 5 —
V<< 21((W]+21k ESj Ajk sz E‘?j }\kj)C] + ZJ" ESJ Ajkpk) fOl' t= 1, cooy T,
]:

Aje =0 for each (J;,Jy) € 4.

PROPOSITION 2. Problem (D) is solvable in time polynomial in n through Khachiyan’s ellipsoid
method (Khachiyan, 1979).

ProOF. Let K = {(») ERXR4 |y < 2 Wi+ 3 Ap— 3 MHCi+ 3 Appp) for
J, €5, J €9, J, €5,
=1,...,T, Ay =0, foreach (J;,Jy) € A } To prove the proposition, it suffices to show that
the followmg separatlon problem for K is solvable in polynomial time (see Grotschel, Lovasz,
and Schrijver, 1981, and Padberg and Rao, 1982): given (¥,A) € @ XQ*, decide whether
(v,\) € K: if not, give a separating hyperplane, that is, an inequality aTA + av < B, such that

(nA) EK=aT\ + av < B, and
aTA + av > B.
Observe now that for given (v, }\) we determine the value L(?\) and the corresponding vector

(C 1 C 2y e n- ,,) of job completion times by solving problem (Ly), which can be done in
O (nlogn) time. If L(A) =, then (v,A) € K; if L(A) <V, then (v,A) & K, and

7> 3+ 3 A 3 Ak,)C DR D)

j=1 J, €S, J € J, €S,

is a separating hyperplane. [J

Nonetheless, we propose a different method to solve the dual problem. It follows from the
transformation that the function F: A— L(}) is a concave step-wise linear function in A.
Hence, problem (D) is a convex programming problem that can be solved through an ascent
direction technique. For given values of the Lagrangian multipliers, we need to determine
which component to perturb, i.e. the direction, and by how much, i.e. the step size, in order to
increase the value L(A). We have solved the dual problem if no such direction exists. The next
algorithm is an ascent direction method that solves problem (D).



ASCENT DIRECTION ALGORITHM
Step 0. Set A, = 0 for each (/;,Jx) € 4, solve (L»), and compute the job completion times.

Step 1. For each (J,J;) € 4, put A = 0 and do the following:
if C; > Cy, though (J;,J¢) € 4, compute A such that

wWi+tA+ 3 A= 3 N)/pi=wm— A+ T A~ 3 A)/pi;

J, €Sy JEY, J, €S, AT
if C; < Cy, Uj,Jx) € 4, and A > 0, compute the largest value A such that
Aje —A =0, and
w—A+ 3 Ni— 2 A/pp=wt A+ 3 Ag— D Ap)/pr

J, €S, JLEY, J ES, JEY,
In case A >0, adjust A, as follows: if C; > C, increase Aj by 4; if C; < Gy, decrease Ay by
A. Accordingly, solve (L) and compute the job completlon times.

Step 2. If no multiplier adjustment has taken place, then stop: we have attained the optimal
solution. Otherwise, go to Step 1.

PROPOSITION 3. The procedure described above is an ascent direction method that solves problem
(D) in a finite number of steps.

ProOF. First, suppose that C; > Cy though 5, Jx) €EA. Let A > 0 be the step size that is com-
puted as prescribed in the ascent direction algonthm In addition, let ! and A* denote the
Lagrangian multiplier before and after the adjustment of A, respectlvely Hence, the two vec-
tors differ only in one component; for this component we have ?\ 7\ + A. This means that
the relative weight for J; is increased, the relative weight for Jj 1s decreased, and the relative
weights for the remaining jobs stay the same with respect to problem (Ly1). Let the optimal
sequence  associated with problem (L) be 1T 15Sk S 415 - - - »
Ji—1:7jJj+1s - - - »Jn); we have reindexed the jobs according to increasing completion times.
Consequently, the optimal schedule for problem (L)) can be written as
(J],.. Jk I:Jk+1:~- JI’J,Jk’JI+1a---,J]—lr]]-i—l,-- n) for some _]Ob JI with
k+1<I<j—1. We will now demonstrate that L@A?) > LY. The vector (Cy,...,Cp)
refers to the job completion times in the first schedule; the job completion times for the second
schedule can be expressed in terms of this vector and the job processing times. In addition, we
let for brevity u; = w; +2;, ¢ gi)\},, -3, E“J’f}‘llu‘ foreachi,i = 1, ...,n. Then, we have

k-1 n l Jj—1
LAY=3IwuC+ 3 mC+ 3 wm(C—p)+ 3 m(Ci+pp+

i=1 i=j+1 i=k+1 i=l+1

! i —1 n
—DCetp+ 3 p)+@+AC—p— S pd+ 3 S Aupw + A

i=k+1 i=l+1 i=1l, €S

=LA+ 2 (mpj—ppi) + 2 (mcp, pipr) + mp;— Pk +
) i=Il+1 i=

—1

J !
A(Ci=pr— 2 p)—(Cetpi+ X pd)| + Ak
i=l+1 i=k+1
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Since J; and J; are adjacent in the second schedule, we have that

j—1 !
Ci—p— 2 p)—(Cetpi+ X p)= —pr

i=l+1 i=k+1
This implies that
j=1 I
LAY =LAY+ S wpj—wp)+ 3 (@api—wpi) + pap;— 1k
i=1+1 i=k+1
! j=1
=LA+ 3 (w/pe—m/pdpip + 3 Wi/pi—w;/p)pip; + Wi/ pr—1/Py)P;Pr-
i=k+1 i=1+1

Since py / pr > pi/pjs i/ pi </ py for each i, i = k+1,...,1 and p;/p; > p;/p; for each i,
i=1I1+1,...,j—1, we have established that LAY >LEAY. Suppose now that C; < C,
j»/r) €4, and Ay > 0. If now A, computed as described, is greater than 0, then we can per-
form a similar analysis as above to show that L% > L(\"). For that reason, this part of the
proof is omitted. Finally, the ascent direction method solves problem (D) in a finite number of

steps, since the problem (D) is a linear convex programming problem. [

Notice that

Cj = Ck = (Wj‘f‘ 2 }\ﬂ - 2 Alj)/_p_] < (Wk+ 2 )\kl - 2 }‘Ik)/Pk-
J,ES; JEY, J ES: J €9,
For each arc (J;,J¢) € 4, we need only constant time to determine the ascent direction, if there
exists one. Hence, there is no need to solve (L)) and update the completion times in Step 1 of
the ascent direction procedure. Since the associated step size is computed in constant time, too,
it takes O (|4 |) time to verify whether a given set of multipliers solves the dual problem (D).
If we have attained the optimal set, then we need O (nlogn) time to compute an optimal dual
schedule, the corresponding job completion times, and the optimal dual objective value.
Hence, the algorithm runs in O(I-|4 | +nlogn) time, where I is the number of iterations.
Since I cannot be bounded by a polynomial in » and |4 |, the ascent direction method is
presumably not polynomial. However, from an empirical point of view, it is a fast simplex-like
algorithm in the sense that it traverses the edges of the polytope to find the optimal solution.
Consider the 10-job example that is taken from Potts (1985) for which the processing times,
weights, and precedence graph are found in Table 1 and Figure 1, respectively.

| /v Ja I3 T4 Js Js J1 Js Ty Ju
6 9 1 3 9 5 7 7 6 2
2 5 9 6 5 4 9 3 8 5

TABLE 1.

If there were no precedence constraints, which concurs with the problem (L,) with A equal to
the null vector, the optimal schedule is (/3,7 10,J 4,7/ 9,7 7,7 65/ 2,J 5,/ 8,J 1), having total cost
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FIGURE 1. Precedence graph.

1055. This schedule is not feasible for the original problem; for instance, J g is executed before
J ¢ though (J¢,J 19) € 4. Accordingly, we compute A as prescribed in the ascent direction algo-
rithm; this gives A=17/7, and hence we put Mg =17/7. This yields
3, 4,4 9,7 7,7 6,4 10>/ 2,7 5,7 8,J 1) as an optimal schedule for the current Lagrangian problem
with L (A) = 1106. Proceeding along these lines, we find that the optimal value for problem (D)
is 1526.69. In contrast, Potts’ procedure, which requires at least 2(n*) time, produces 1519 as a
lower bound, while the so-called tree-optimal-heuristic developed by Morton and Dharan gen-
erates a schedule with cost 1530, which is the optimal value. Hence, the duality gap is only
331.

DerINITION. The job set % C§ is called a block if

wi+ X A= 2 Mg)/p;=c foreach J; €%,
J €S, JLEY,

where c is some positive real constant.
Note that the jobs in a block may be interchanged without affecting the dual objective value.

For any set of Lagrangian multipliers, the job set ¢ is decomposed into B blocks B, ..., %3,
indexed such that

wi— 3 A+ 3 Mg)/pj=cp, foreach J; €B,,
A=Y J €9,

with ¢; > - - - > ¢p > 0. The blocks that are associated with the vector of optimal Lagrangian
multipliers (denoted by A*) display an agreeable structure.
PROPOSITION 4. The optimal Lagrangian multipliers decompose the job set ¢ into B blocks
B1, ..., Bp, such that if (J;,Jy) € A and J;, € By, then:

Ji €EBU - UBy,

>\; =0 iijE%IU"' UBy —1.



8

Proor. If one of these claims were not true, then we could still identify an ascent direction.
This contradicts the optimality of the vectorA”. O

In our example, we obtain three blocks: B, ={J3}, B, ={J3,J4}, and
By ={J1,I5,J6,J 7,8, 9,10}, With¢1 =9, ¢, =11/12, and c3 = 6/7, respectively.

3. APPROXIMATION
For the optimal Lagrangian multipliers, the decomposition of the job set ¢ into blocks
b, ...,Bp and the properties possessed by these blocks are useful for developing an attractive
approximation algorithm. We refer to this decomposition of the job set as the dual decomposi-
tion. In addition, we speak of primal decomposition, if the set of jobs can be decomposed into
subsets such that the 1|prec | Zw;C; problem can be solved to optimality by minimizing total
weighted completion time subject to precedence constraints for each subset separately. The
issue is how to find such a primal decomposition, since there is no guarantee that the dual
decomposition concurs with a primal decomposition. However, the dual decomposition sug-
gests a primal decomposition; in this section, we develop an approximation algorithm that is
based upon this decomposition. In Section 4, we investigate to which extent the dual decompo-
sition really coincides with a primal decomposition.

Recall that the optimal Lagrangian multipliers decompose the set of jobs into blocks such
that for each (/;,J;) € 4 we have

Jk E%b:)‘]j E%IU Tt U%b.

If Sp denotes a feasible sequence for the jobs in block ®;, then the schedule S obtained as
S =(S1,82,--..,Sp) is a feasible solution to the overall problem. Note that we would obtain
an approximate solution that is at least as good if for each ®;, S, would be a sequence for the
jobs in B, that minimizes the total weighted completion time subject to the precedence con-
straints that exist between the elements of ®,. Of course, minimizing Zw;C; for the block B is
as hard as the original problem, but it is of a smaller dimension. For small instances of
1|prec | Zw;C;, a dynamic programming based algorithm with a compact labeling scheme as
suggested by Schrage and Baker (1978) and Lawler (1979) is highly efficient. In the approxima-
tion algorithm we propose, we minimize 2w;C; for a block if less than 15000 labels are needed.
Otherwise, we take our resort to the tree-optimal-heuristic developed by Morton and Dharan
to generate a feasible sequence for this block. This heuristic has proven to be a very effective,
but rather time-consuming approximation algorithm (Morton and Dharan, 1978, Potts, 1985).
Our hope is then that the dual decomposition concurs with a primal decomposition, or at least
leads up to a promising decomposition, and that the blocks are amenable to dynamic program-
ming.

In the example, the optimal sequences for the first two blocks are trivial: S| = (J3), and
Sy =(3,J4); by dynamic programming (with maximum label 68), we find
S3=1,J7.J5,J9,J6,J/8,J 10), the same sequence as we would have found with the tree-
optimal-heuristic. By  aggregation of the three sequences, we obtain
S = (J3,J2,J4,J1,J7,J5,J9,J6,J8,J 10) with total cost 1530.

We tested the approximation algorithm on problems with 20, 30, .. ., 100 jobs. The process-
ing times were drawn from the uniform distribution [1,100]; the weights were generated from
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the uniform distribution [1,10]. The precedence graph was induced by the probability P with
which each arc (J;,Jx) with j < k was included. The graph generated in this way was then sub-
sequently squashed to its transitive reduction. We generated problems for P = 0.001, 0.02,
0.04, 0.06, 0.08, 0.10, 0.15, 0.20, 0.30, and 0.50. For each combination of n and P we generated
five problems; hence, for each value of P, we generated 45 problems. This procedure parallels
Potts’ procedure to generate instances.

In Table 2, we present the computational results. As Potts already pointed out, the relative
difficulty of an instance is more related to the density of the precedence matrix than to the
number of jobs n. Therefore, we have classified the results according to the value P rather than
the number of jobs. For each combination of P, we give the proportional deviation between
upper bound and lower bound for both the tree-optimal-heuristic and the dual-decomposition
approach. Within brackets we indicate for how many problems (out of 45) the upper bound
equalled the lower bound, that is, for how many problems we touched upon an optimal solu-
tion. As can be seen from this table, the dual-decomposition approach outperforms the tree-
optimal-heuristic approach on the average for any problem class. In addition, we found that
out of 450 instances, the tree-optimal-heuristic produced only 16 better solutions than the
dual-decomposition based algorithm, each of which was only marginally better.

Potts points out that both small and large values for P tend to generate relatively easy prob-
lems. For small values there are only few precedence constraints involved, for large values most
disjunctive constraints seem to be settled. For small values, this claim is unconditionally sup-
ported by our results: the duality gap is very small. As Potts also reports that the tree-optimal-
heuristic is a robust procedure for varying values of P, it must be that the duality gap widens if
P increases, rather than that the dual decomposition approach subsides.

P Tree-Opt-Heuristic | Dual Decomposition
0.001 0.007 (42) - 0.007 (42)
0.02 0.074 (15) 0.069 (15)
0.04 0.516 (8) 0.248 (10)
0.06 1214 (2) 0.675 (2
0.08 1.446 (1) 1.076 (1)
0.10 2.040 (2) 1.518 (4)
0.15 2.252 (0) 2.024 (0)
0.20 2.551 (0) 2.113 (2)
0.30 4.111 (0) 3733 (2)
0.50 4334 (2) 4.116 (3)

TABLE 2. Experimental results.

The tree-optimal-heuristic requires O (n>) time, and is therefore sensitive to instances with a
large number of jobs. The running time of the dual decompositon approximation algorithm
mainly depends on the number of calls on the dynamic programming algorithm and the max-
imum label number. We have coded both algorithms in the computer language C; all
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experiments were conducted on a Compaq 386/20 Personal Computer. For n <40, the tree-
optimal-heuristic generally needed a few seconds at the most. Though for these values for n our
approximation required only slightly more computation time on the average, there were occa-
sional peaks as a result of a relatively high labels in the dynamic programming subroutine. For
n = 60, we found out that the tree-optimal-heuristic needed about twice or thrice as much
computation time as the dual-decomposition algorithm; even the peaks for the latter remained
below the average of the former.

4. PRIMAL DECOMPOSITION

The dual decomposition only suggests a primal decomposition; however, there are instances
that demonstrate that the dual decomposition may eliminate the optimal solution. In this sec-
tion, we derive sufficient conditions to establish to which extent the dual composition coincides
with a primal decomposition. If the dual decomposition excludes any optimal solution, then
there must be at least two jobs belonging to different blocks for which the processing order
should be reversed. Consider the jobs J; € B, and J; € B+, (m > 0) for which there is no
path in 4 from J; to J;. Suppose that J; preccdes J; in any optimal schedule. This would 1mp1y
that the arc (Jk,J ) could be included in the arc set A without impunity. Let now ()]
denote the optlmal Lagrangian multiplier for problem (Dy;), which is the dual problem with
respect to the set 4 augmented with the arc (Ji,J;). Accordmg.ly, LA\ (%, j)) is the optimal
obJectlve value for the problem (D,c )- Since J; and J; belong to different blocks, we must have
that LA™ (k, ])) >LA\).IfLA (&, ])) > UB — 1, where UB is the currently best solution to the
1|prec| Zw;C; problem in hand, then we know that in any solution with cost less than UB, if
such a solution exists, J; must be executed before J;.. Based upon this observation, we have the
following result.

PROPOSITION 5. If for each pair of jobs J; €By and J; € Bpim D=1,...,B—1, m=
1,...,B —b, such that
(i) there is no path in A fromJ; toJy,
(ii) J; has no successors scheduled in By U -+ U Bp 4y 1, and
(iit) J i has no predecessors scheduled in By 1 U -+ U Bp 1,
we have that L(\"(k,j)) > UB — 1, then the dual decompositon is a primal decomposition.
Accordingly, if the dual decomposition induces a primal decomposition in the sense of Pro-

position 5 and if UB is associated with the schedule that is composed of the optimal schedules
for each block separately, then UB is the optimal solution value to the 1|prec | 2w;C; problem.

CoROLLARY 1. If for some block B, each pair of jobs J; €Dy and Jy € Byip, m =
1,...,B —b, such that

(i) there is no path in A fromJ; toJy,

(it) J; has no successors scheduled in By U --- U By p, 1, and
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(iii) Jx has no predecessors scheduled in %y 11 U -+ U Rp 4,

satisfies L(\*(k,j)) > UB —1, then the set § can be primally decomposed into the subsets
G.Bl U--- U%band%b_ﬂ u--- U%B-

In this case, we say that the dual decomposition concurs partly with a primal decomposition.
From the next proposition, it follows that A" (k, ) is conveniently computed from A™.

PROPOSITION 6. We have that

A*(k?])lh :)\t*h lfeitherJ,- OI'Jh e%b - U%b%'m-

Proor. The introduction of the arc (J,/;) only affects the jobs in the blocks By, . . ., Bp +m-
Hence, we can only have that X" (k, /)i A, if both J; and J, €B, U -+ U By ypy. O

Nonetheless, the verification of Proposition 5 demands the solution of O (n2) reoptimization
problems. It is conceivable that if J; and J; belong to blocks that lie far apart from each other,
there is no need to go through the entire reoptimization procedure. It may suffice to perform
only the first step in the ascent direction procedure. This very first step can be conveniently
computed; this is stipulated in the next proposition, where P is defined as P, = 2;, ¢ g, p;-

PrOPOSITION 7. If there are two jobs J; €®By and J; €EBpypm b=1,...,B—1, m=
1,...,B —bsuch that there is nopath in A from J; to J} for which

l b+m—1
L)+ (Cb_cb+m)]7]pk + 2 (Cb_ci)Pin + 2 (Ci—cb+m)PiPk > UB—1,
i=b+1 i=l+1

where 1 is the largest index with ¢; = (pjcy + piCy+m)/ (P tpj), then J; precedes Jy in any
optimal solution to the 1 |prec | Zw;C; problem.

Proor. The validation of this proposition, which requires the same logic as applied in the proof
of Proposition 3, is left to the reader. [J

We now work out the effects of these propositions on our example. To decompose the jobs
into ®; on one side and %, U B3 on the other, we need consider only the pairs (J3,/,) and
(/3,4 1) according to Corollary 1. If we include (/,,J 3) in 4, then it suffices to execute only one
step in the reoptimization procedure. The application of Proposition 7 yields that
LA+ (c;—c)pops=1526.69+(9—11/12)-1-9 > 1529, as a result of which we conclude that
J 3 precedes J, in any schedule with cost less than 1530. Similarly, if we include (J,J3) in 4,
then, according to Proposition 7 (where we have / = 1), we must check if

L)+ (e —c3)p1p3 +(c2—c3)Pypy > UB—1.

It is easy verifiable that this is true; hence, J 3 must precede J;, which implies that we may
decompose the job set into subsets ®; and %, U ®;. We must consider the pairs (J4,J 1),
(4,7 5), and (J4,Jg) to separate the blocks B, and B3. For the associated reoptimization
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problems more than one step is required. Since L(A*(1,4)), LA’(5,4)), and L(\"(8,4)) are
greater than 1529, we conclude that the dual decomposition induces a complete primal decom-
position. Furthermore, as the schedule with value 1530 was obtained from the optimal
sequences for the individual blocks, it must be an optimal schedule.

The propositions that are presented in this section are applicable in a preprocessing phase in
conjunction with any existing branch-and-bound algorithm. Their main purpose is then to
derive additional precedence constraints and to primally decompose the problem in order to
reduce the size of the branch-and-bound tree.

5. CONCLUSIONS

Dual theories similar to the one discussed here for the 1|prec |Sw;C; problem can be
developed for other single-machine scheduling problems with minsum criteria functions pro-
vided that the Lagrangian problem reduces to problem (P). However, the effectiveness of the
dual decomposition approach depends on the nature of the relaxed constraints. In this respect,
the two most eye-catching and likely applications are the problems of minimizing the total
weighted completion time subject to deadlines and minimizing the total weighted tardiness.
For the latter problem, for instance, it would be interesting to see to which extent the multi-
plier adjustment method presented by Potts and Van Wassenhove (1985) could be integrated
with or replaced by our approach. In addition, the various approximation algorithms for this
problem evaluated by Potts and Van Wassenhove (1988) ask for a comparison with the dual
decomposition method.
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