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where 

By definition, 

Let a be a class of atomic nets, i.e. a class of transition symbols. 

A net formula in the algebra AFP O over basis a is defined as follows: 

1) each symbols of a is a formula; 
2) if A and B are formulae, then (A II B), (A; B) and (AvB) are formulae. 

Remark 3. 
To be more precise we should distinguish the denotation of SAFP2 and AFP o operation. 
If it is necessary, we will write: ll2, ;2, v2 for operations of SAFP2 and Jlo, ;o, 'vo for 
operations of AFP 0 • 

It is easy to note, that the nets described by AFP O formulae form a subclass of elementary 
net systems [Th87]. The nets of this subclass generate only finite behaviours. 

3.2 Occurrence nets as the net-processes 

The net behaviour can be characterized by the set of occurrence nets [Pet77], represent­
ing concurrent processes. 

Occurrence nets (or 0-nets) are acyclic nets with a unique token in each of their head 
places, which additionally satisfy the following restriction: 

i.e. every internal net place has only one input and output transition. 

Let us consider a net N = ( P, T, F) specified by AFP O formula. 

A net N' = (P', T', F') is called a subnet of the net N = (P, T, F)(N' N) 
iff 



P' ~ P, T' ~ T, F' ~ F n ( P' x T' U T' x P') 

The net N' is called an O-subnet of the net N, if 

1) N' is a subnet of N, 

2) N' is O-net, 

3) Vt ET': {p E PlpFt} ~ P' and Vp E P': F'(p, t) = F(p, t), 
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i.e. transition t in the O-subnet N' has the same set of input places and the same set 
of arcs connecting t with its input places as in the net N. 

We will call an O-subnet N' of the net N maximal iff 

1) there is no O-su bnet N" of the net N such that N' ~ N" and N' =/= N"; 

2) all the head places of N are head places of N', i.e. H(N') = H(N). 

Remark. 
The maximal O-subnet N' = (P', T', F') may have in the structure some absolutely 
isolated places (i.e. places {pl p· = ·p = 0} ), because of the requirement 2) in the 
definition of maximal O-subnet. 

If the tail places of the maximal O-subnet N' are not among the tail places of the initial 
net N then we supply (label) them by special failure symbol b, stressing by this the 
unsuccessful (failure) termination of the net N functioning. 

The set of all maximal O-subnets of net N forms the set of all possible concurrent 
processes generated by this net. 

Examples. 

1) Let us consider net N1 = ( avb) II ( bvc) in Fig. 2a. 

a) b) 

C 

Pt~Qp3 

P2~Qp4 

Figure 2. 

c) 

The set of its maximal subnets is shown in Fig. 2b,c 

a 

Pl 0--+--0 p3 

P2 0---+-0 P4 

C 
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2) Let us consider the net N2 = (av(b; e))ll(dv(c; e)) shown in Fig. 3. 

a 

b Ps 

~ 
P2 0 -c 1'

4 d 

Figure 3. 

Its set of maximal O-subnets is shown in Fig. 4a, b, c, d. 

a) b) c) d) 

P1 a Ps 

o-1-6 
Ps 

P1 b p3 : S) 
0---1-0 el 

~~~ p, 
C 

P2 Figure 4. 

P1 a Ps 

o-f-o 
o-1--o 
P2 C p4 

P1 b p3 

o-f--o 
o+o 
P2 d P6 

3) For the net N = ajj(avb)llb shown in the Fig. 5a the set of i ts maximal O-subnets 
is represented in the Fig. 5b,c. 

a) b) c) 

a a 

P1~ p4 P1 0--;1-o p4 P10 

N3: ::QP, P, ✓ "-op, P2 0 b QPs ~,/ 
p3 0 p3 0/ "'0 P6 b P6 

Figure 5. 

Thus, in occurrence nets, we have, sometimes, isolated places, which have neither input 
transitions, nor output transitions. 
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3.3 Semantics for AFP O nets: algebraic approach 

Since we consider the nets defined by the AFP 0 -formulae, the set of concurrent processes 
(i.e. the set of maximal O- subnets) can be also defined by means of AFP O operations. 

Let us denote by 'D0 [N] the set of concurrent processes (i.e. the set of maximal O­
subnets) associated with the defined by AFP O formula N. 

The semantics D 0 [N] is defined as follows: 

1. 'D0 [a] = a, 
i.e. the set of maximal O-subnets associated with the net defined by the AFP 0 

formula a coincides with the initial A-net a. 

To define a semantics of next operations, we introduce the following notions. 

Let N1 = (A, T1, F1) be O-net. The O-net N2 = (A, T2, F2) is called a prefix 
of N1(N2 = pref (Ni)) iff 

1) A ~ A, T2 ~ T1, F2 ~ Fi and Fi n ( A x T2 U T2 x P2) = F2 

2) VxEAUT2VyEAUT1: (y,x)EF1===}yEP2UT2and(y,x)EF2. 

3) H(Ni) = H(N2 ), i.e. the sets of the head places {pj·p = 0} for N, and N2 
are the same. 

In addition, if N2 is a proper prefix of N1 (i.e. N1 =J N2) then the tail places 
of N2 i.e. the places {pjp· = 0} are supplied by special label 8 specifying failure 
(noncomplete) termination of initial O-net N1. 

Let N1, ... , Nn be the O-nets. 

Then 

n 
~ 
U {Ni} = {Ni }?=1 IV j1,h(l ~ j1 =J h ~ n) : Ni1 <le Ni1 and Ni2 <le NiJ. 

i=l 

i.e. the modified union U absorbs among the set of O-nets such O-nets which 

are prefixes of the others ones. 

We will call two nets N1 = (A, T1, Fi) and N2 = (P2, T2, F2) ) are coherent iff 
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We will call two nets N 1 = (Pi, T1 , Fi) and N2 = (Pi, T2 , F 2 ) ) are coherent iff 

2. Let TAB be a set of transition symbols which is common for the formulae A and 
B (i.e. TAB = a(A) n a(B)). Then 

'.Do[A II BD = 0. { < (A; II Bj) > I A; E '.Do[A], Bj E '.Do[B]}, 
s,J 

where 

< (Ai II BJ>= {(Ai II Bi) I Ai= pref (Ai), Bi= pref (Bj), and 
a(AD n TAB = a(B;) n TAB, and 
Ai and Bj are maximal coherent prefixes with such a 
property }, 

i.e. composite process (A II B) consists of 

(i) either completely independent subprocesses Ai and Bi (if a(A;) n TAB = 
a(Bi) n TAB = 0) 

(ii) or correctly "synchronized" parts of the subprocesses A; and Bi (if a(A;) n 
TAB -:f 0 and a(Bi) n TAB -/- 0). 

If a(Ai)nTAB = a(Bj)nTAB i 0, then< (Ai II Bi)>= (Ai II Bi) and it means that 
Ai and Bi can successfully terminate their executions, synchronizing executions 
of common transitions in Ai and Bi. 

If a(Ai) n TAB -:f o:(Bj) n TAB, it means that there exists a tr ansition t, for 
example in O-net Ai, which have to be synchronized by its common execution in 
A; and Bj (in according with requirement: t E TAB), but it is impossible, because 
t rf:. ( a( Bi) n TAB). Therefore, in this case to terminate execution of Ai successfully 
is also impossible, and only (noncontradictory) prefix of Ai can be executed. 

if the tail places of Ai have a 
special label 8 of failure termination 
otherwise. 

1.e. composite process (A; B) consists of 

(i) either successfully terminated subprocess A; after which Bi is executed 
(ii) or only subprocess A; if it has a special label of failure termination, which, 

in other words, means that some tokens stuck in internal places of A and, 
in this case, an execution of B is impossible. 
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4. Do[AvB] = Do[A] U Do[B], 
i.e. the set of maximal O-subnets associated with the net (AvB) consists of the 
maximal O-subnets defined by the formulae A and B. 

Remark. 
As it has been defined earlier, (A; B) and (AvB) are AFP 0 -formulae under the condi­
tion that formulae A and B do not contain the same transition symbols in both A and 
B (i.e. a(A) n a(B) = 0). 

By definition an O- subnet can contain several different places incident to the same set 
of transitions. For example, the O-subnet shown in Fig. 5b contains two different places 
p1 and P2 incident to the same transition a. 

~ Let N be an O-subnet. Let us denote by N a modified O-subnet constructed from N 
by means of the following rule: 

V Pi, P2 E p : (Pi = P2 /\" PI =· P2 ===} PI = P2), 

i.e. the places incident to the same set of transitions are identified. 

Lemma 3.1 [Ch89] 

Let us consider A-net defined by AFP 0 -formula N. 

Let {Ni}f=1 be the set of all maximal O- subnets of N. Then 

Vo [ N] = { Ni 11 ::; i ::; n} . 

3.4 Interrelation between algebras SAFP2 and AFPo 

Now , we will establish that, in fact, it does not matter, if we consider the formula A 
as the AFPo formula, or if we consider the same formula A as the SAFP2 formula, it 
defines just the same process. 

Let AFPo and SAFP2 be the algebras over the same action basis a. 

Let us consider the mapping W of the AFPo formulae into the SAFP2 formulae which is 
defined in the following way: 

w(a) = a, where a Ea, 
w(A ;o B) = w(A) ;2 w(B), 
w(AvoB) = w(A)v2 w(B), 
w(A llo B) = w(A) 112 w(B). 
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As it has been noted earlier the net representation of a concurrent process practically 
coincides with its partial order representation. If N is an O- net then the associated 
partial order PN can be constructed in the following way. Let TN be a transition set 
of N, and <N be a basic order (precedence) relation (based on FN) over TN. Then 
PN = (TN, <N) -

An O- net N are po-equivalent to partial order p( N ~po p )if the associated partial order 
Pn constructed by the O- net N coincides with p (i.e. p = PN ) . 

We can extend the notion of po- equivalence to the set of O-nets and partial orders in 
the natural way. 

Let p+ = (V+, <) denote the restriction (projection) of partial order p = (V, <) on the 
action set a (i.e. p+ = (V+, <) is a so- called "real" part or partial order p = (V, <)). 

n 
Let us consider a formula P of SAFP2 and suppose that 1'2 [P] = _U {p;}. 

t=l 

Let also vt[P] =.U {pt}. 
t=l 

Theorem 3.1 [Ch89] 
Let us consider a Petri net described by the AFP0 formula N and let \Jl(N) = P be the 
corresponding (just the same) SAFP2 formula. 

Then 

We will say that the O-nets N, and N2 are a-equivalent (occurrence-equivalent) and 
denote it: N1 ~o N2 iff 

(i) N1 ~po N2 , i.e. associated partial orders PN1 and PN2 constructed by O-nets N, 
and N2 are the same: PN1 = PN2 

(ii) {pip· = 0 and p has a special label 8 of failure termination } =J 0 for N1 {:::> 

{pip· = 0 and p has a special label 8 of failure termination } =/ 0 for N2, 
i.e. if in the O-net N1 has unsuccessful termination then the O-net N2 terminates 
unsuccessfully as well, and vice versa. 

We extend the notion of o-equivalence to the set of O-nets in natural way. 

We will call two AFP O nets N1 and N2 are o-equivalent ( N1 ~ 0 N2) iff their corresponding 
sets of maximal O-subnets are a-equivalent, i.e. V 0 [N1] ~o Vo[N2]. 
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Examples 

The following pairs of nets are a-equivalent. 
We give also semantics based on posets with non-actions for the same process formulae 
to compare their "net" and "poset" representation. 

1) 

a a 

0 

Pi = (all(avb)llb) P2 = ((allb); c)ll(avb) 
'D2[Pi] = {({a,8b},0),({b,8a},0)} 'D2[P2] = {({a,8b,8c},0),({b,8a,8c},0: 

2) 

N3: 
a N4: a 

< 
✓~ 

< 
P3 = ((av(b; c))llb) P4 = ((av(b; c))llc) 
'D2[P3] = {({a,8b,8c},0),({b,c,a},<3)} 'D2[P4] = {({a,8b,8c},0),({b,c,a},<4) 
where b <3 c where b <4 c 
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3) 

a 

b 
Ns: 

C 

d 

Ps = (a;b;c;d)ll(b;d) 
V2[Ps] = ({a,b,c,d},<s) 
where a <s b <s c <s d 

a 

N6: b 

C 

d 

P6 = ( a; b; c; d) 
V2 [P6] = ({a,b,c,d},<6) 
where a <6 b <6 c <6 d 

Please, notice that the net Ni is not o-equivalent to the net N 7 below. The nets Ni and 
N 7 are po-equivalent (i.e. their sets of maximal O-subnets define the same set of partial 
orders on the actions, extracted from the occurrence nets), but maximal O-subnets of 
Ni have the places labelled by b (symbol of unsuccessful termination), in contrast of 
maximal O-subnets of N 7 , terminated successfully. 

a 

P1 = (avb) 
V2[P1] = {({a,b},0),({b,a},0)} 

Let us consider two Petri nets described by AFP O formulae Pi and P2 , such that 
a(Pi) = a(A), i.e. the nets Pi and A are defined over the same sets of actions for 
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elementary nets, (since the function \ll is identical we will not distinguish Pi as formula 
of AFP2 and A as formula of SAFP2). 

The following theorem is a corollary of Theorem 3.1 and definition of net equivalence. 

Theorem 3.2 

4 Operational semantics 

4.1 Preliminary remarks 

Denotational semantics for SAFP2 considered above is based on the principle: to corre­
spond for each operator op of SAFP2 some its semantic equivalent opv defined on the 
semantic domain and satisfying the following equation: 

Operational semantics is based on the principle: to define only the states and transi­
tions of some abstract machine, functioning by similar rules as the described objects. 
The interleaving operational semantics of some process algebra takes as machine a non­
deterministic automaton or labelled transition system [Ke76]. In our case, we replace 
the automaton by Petri net and the question is how to do this in the Plotkin's style of 
operational semantics [Pl81] where the distributed states and transitions of Petri nets 
have to be specified by some syntactic rules. 

4.2 Different representation for subclass of Petri nets 

In this section, for describing operational net semantics we will use the following ( slightly 
different) definition for Petri nets [Cz85]: 

Definition. A Petri net is a structure 

where 
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(i) S is a set of places or local states; 

(ii) --+ ~ P + ( S) x a x P + ( S) is the transition relation, 

(iii) M 0 ~ P+(S) is the initial marking. 

Here, P+(S) denotes the set of non-empty subsets of a set S. An element (P, a, Q) E--+ 

is called a (local) transition (labelled by a) and will be also written as P ~ Q. For a 
transition t = P ~ Q, its preset is defined by pre(t) = P, its postsets by post(t) = Q 
and its action by a(t) = a. 

The graphical representation of Petri nets is as usual. Local states s E S are represented 
as circles with the name "S" outside and local transition t = ( {S1 , ... , Sm}, a, {S~, ... S~}) 
as bars, labelled by "a" and connected via directed arcs to the local st~tes in pre(t) and 
post(t)': 

s~ o S' n 

The initial marking M 0 is represented by putting a token into the circle of each s E M 0 . 

\Ve consider h ,,re only acyclic nets. To this end we require that pre(t) and post(t) are 
disjoint. 

The execution of the transition a transforms a marking Minto a new marking M': 

M ~ M' iff pre(a) ~Mand M' = (M - pre(a)) U post(a). 

A reachable marking of net N is a marking M such that: 

Mo~ M1 ~ ... ~Mn= M 

for some transitions a1 , ... , an and markings M1 , ... , Mn, where M 0 is the initial marking 
of N. 

Let mark (N) denote the set of all reachable marking of N . 

The reachable local states of N are defined by the set: 

loc(N) = {s E Sl:lM E mark(N): s EM} 
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Further, we will identify the Petri nets which differ only by a one-one renaming of their 
reachable local states, i.e. we will identify the nets N; = (S;, ---+;, M;), i = 1, 2 

Ni= N2 

if there exists a bijection f : loc(Ni) ---+ loc(N2 ) such that VM E mark(Ni) and all 
local transitions P ~i Q of Ni with P ~ M : P ~i Q iff J(P) ~2 J(Q), and vice 
versa where f(P) and J(Q) are understood elementwise. 

By an abstract Petri net we mean the equivalence class N / = of some "concrete" nets 
N. The graphic representation for abstract net is the same as for concrete ones, except 
that places appear only for reachable local states and they have no any names s E S. 

We will characterize the semantics (behaviour) of the nets ( abstract nets) by the set 
of pure concurrent processes generated by the net and specified by the set of maximal 
O-subnets (see definition in Section 3.2) and we will consider two nets Ni and N2 as 
equivalent (i.e. generating or describing the same behaviour) iff they are o-equivalent, 
i.e. if Ni ~ 0 N2 (see definition in Section 3.4). 

4.3 Decomposition of concurrent processes 

Except the differences for the treatment of net equivalence and the transition rules for 
operations of SAFP2 , we use the same idea [DDM86, 0188] of decomposing a process P 
into a set 

of sequential components which can be thought of as running concurrently. For exam­
ple, we can split the concurrent process (PIIQ) into the two sequential components­
subprocesses P and Q (in the condition here, that P and Q themselves do not contain 
other concurrency operator II inside), but supplied, in the addition, with some infor­
mation about their communication interface, i.e. the set of actions which have to be 
synchronized to be performed in P and Q : A = aP n aQ. 
So, we will split (PIIQ) into the 

where A= aP n aQ. 

Sequential components will denote the local states of Petri nets, and the local transitions 
will have a form 

where a is an action and Pi, ... , Pm, Qi, ... , Qn are sequential components. 

The graphical representation is following: 
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a 

The set Seq of sequential components is defined by the following rules: 

P := v I a I (P)AIP; QIPvQ 

Where v is a special symbol of empty process, which does nothing and successfully 
terminates, a is an elementary action, i.e. a E a, and the index A is of the following 
type: 

(*) where A ~ a 

and describes some additional information about communication interfaces between the 
processes. \Ve will call it communication information. 

Please, notice that in the expression (P; Q) the symbol Q represents process of SAFP2. 
However, we announce each process (P; Q) as a sequential component regardless whether 
Q contains any concurrency operator II- Thus, sequentiality refers only to the first 
process in the sequential composition and require that it does not contain two actions 
that might occur concurrently. 

Further, the following denotations w11l be used: 

a, b, c, .. . 

A,B,C, .. . 
A,B,C, .. . 
P,Q,R, .. . 
P,Q ,R, .. . 

Remark. 

for elementary actions from a 
for sets of actions from a 
for information about process communication interfaces of type (*) 
for processes of SAFP2 
for set of sequential components 

Before decomposing process to the set of sequential components, we are doing some 
additional syntactical analysis. Iffor processes (P; Q) and (PvQ) the following is valid: 
a(P) n a(Q) =f. 0, then the actions from a(P) n a(Q) can't occur, and such a process 
specification contains "syntactical" mistake. To recognize it and to show it explicitly, all 
the actions from a(P)na(Q) in the process formulae (P; Q) and (PvQ) are substituted 
by special deadlocked action symbol 8. The intuitive meaning of 8 is that 8 can't occur 
(be performed) in the process and cancel the performance of process actions specified 
to occur "after" it. 
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Decomposition of a process P into a set of sequential components is defined by the 
following decomposition function dee( P): 

1) dee( a) = {a} 

2) dec(P; Q) = dec(P); Q 

3) dec(PIIQ) = (dec(P))AII U (dec(Q))11A, where A= a(P) n a(Q) 

4) dec(PvQ) = dec(P)vdec( Q) 

(Remember, that if a(P) n a( Q) = A -/= 0 in the processes (P; Q) or (PvQ), then all 
the action from A are substituted in subprocesses P and Q by 8). 

In the clauses 2) - 4) the operations ; All , IIA, and 'v applied to the sets of sequential 
components are understood elementwise, i.e. for example 
(dec(P))AII = {(P)A11IP E dec(P)}. 

We will use for the sequential components of decomposed process the following regular­
ization rules. 

In these rules 1-3 below we will use the operations of union U and intersection n extended 
in the following way: 

(All) 0 B = (AO B)II 
(IIA) 0 B = ll(A OB) 
(A1,A2) o B = (A1 o B,A2 o B) 

where B ~ a, A 1 and A 2 - communication information of type(*), and o E {n, U}. 

For example, (A2II, IIA2) U B = ((A1 U B)II, ll(A2 U B)) 

So, the regularization rules are the following: 

1. 

2. 

n n 

((i~l (P;).A.).A =i~l (P;).A;,.Ana(P;) 

We apply this rule when there are several occurrences of concurrency operator in 
the decomposed process. 

For example, let us consider the process P = ((allb)IJ(a; c)). Then dec(P) 
((a)011){a}II U ((b)110){a}II U (a; c)ll{a} = (a)011,{a}II U (b)IJ0,011 U (a; c)ll{a}• 

(P).A; Q = (P; Q).Aua(Q) 

For example, let us consider the process P = (allb); c. 
Then dec(P) = (a011; c) U (b110; c) 
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3. 

Using the rule 2, we have 
a011; c = (a; c){c}II 
b110; C = (b; c)ll{c} 

Thus, dec(P) = (a; c){c}II U (b; c)ll{c} 
Note, that the set of sequential components for processes ((allb); c) and ((a; c)ll(b; c)) 
are the same, i.e. 
dec((allb); c) = dec((a; c)ll(b; c)), 
and that it is in correspondence with intuitive understanding their behaviours. 

For example, let us consider the process P = (allb)vc. 
Then dec(P) = (a011vc) U (b110vc). 
Using the rule 3, we have 

a011vc = (avc){c}II 
b110vc = (bvc)11{c} 

Here we also used the obvious simplification rule: (P)A,0 = (P)A­
Thus, dec(P) = (avc){c}II U (bvc)11{c}· 
Note that the set of sequential components for processes ((allb)vc) and (avc)ll(bvc) are 
the same, i.e. 
dec(allb)vc) = dec((avc)ll(bvc), 
and it meets intuitive understanding the behaviours of these processes. 

Before defining operational Petri net semantics for SAFP2 , we need some more additional 
notions and definitions. 

(i) Let A be a communication information of type (*). Then we denote by a(A) the 
set of actions occurring in A, defined by the following induction rules: 
a(0) = 0; 
a(BII) = a(IIB) = B 
a(A1, A2) = a(A1) u a(A2) 

(ii) Let us denote by A t{a} the projection (restriction) of communication information 
A onto the action a, defined by the following rules: 

(A1, A2) t {a}= (A1 t {a}, A2 t {a}) 

(IIA) t{a}= { 
0
il{a} , if a EA 

, otherwise 

(All) t{a}= { 
0
{a}II , if a EA 

, otherwise 
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In such a way, we extract from the whole communication information A the subpart 
which describes the synchronization structure for the action a. 

(iii) A set of communication informations {A1 , ... An} is called a complete system for 
action a, iff 

In such a way, we distinguish all the sequential components which are required to be 
synchronized by execution of action a. 

4.4 Operational Petri net semantics for SAFP2 

The operational Petri net semantics is a mapping which assigns to each process P of 
SAFP2 the abstract Petri net: 

O[P] = (Seq, -t, dec(P))/ ~ 0 

Following Plotkin's structural approach to operational semantics [Pl], the underlying 
concrete Petri net takes Seq as a set of local states and the initial marking is given by 
dec(P), and transition relation---+ is defined by structural induction on process formulae. 

Thus for set of sequential components 'P, Q and action a we state the transitions: 

either explicitly or inductively by rules of the form: 

TI,···,Tm 
where ... 

T{, ... ,T~ 

stating that if T, ... , Tm are transitions satisfying the condition " ... " then T{, ... T~ are 
also transitions. 

Now, we present the transition relation ---+ of O[P] with its inductive definition of local 
transitions. 
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l. Sequential composition 

(i) {a}~ {11}, where a-/= 8, 

i.e. a process consisting of elementary action a after accomplishing the action 
a successfully terminates. 

. . P ~ P' , . _ { dee( Q), if P' = 11 
(ll) P Q a P' Q , where< P, Q >- P' Q th • 

; -t < ; > ; , o erw1se, 

i.e. if in sequential composition, the first "decomposed" process part termi­
nates successfully then the decomposition of the second process part takes 
place. 

2. Concurrency 

(i) Synchrony 

P1 ~ P{, ... Pn ~ P~ h {A A } · 1 f ----..:.-~----'-'---, w ere 1 ,. . . n 1s a comp ete system or ac-
U~1 (Pi).A; ~ Uf=l (PI).A; 

tion a 

The requirements of "completeness" guarantees that the action a will be 
accomplished on ly in the case when all the sequential components containing 
this action are re ,\ dy to perform it. 

(ii) Asynchrony 

P~P' 
(P).A ~ (P').A , where a (/ a(A) 

3. Alternative 

P~P' 



4.5 Examples 

1.) Pi = ((a; b)JJ(a; c)); d) 
dec(Pi) = (a; b; d){a,d}II U (a; c; d)ll{a,d} 

2.) A = (aJJc)vb 

(a; b; d){a,d}il 

(b; d){a,d}\I 

b 

( d) { a,d}\\ 

(v){a,d}II 

dec(A) = (avb){b}\\ U (cvb)ll{b} 

(avb){b}\I 

(v){b}\\ 

3.) A= ((aJJ(avb))llb) 

( a; c; d)\\{a,d} 

a 

O ( c; d)\\{a,d} 

C 

( V )\\{a ,d} 

0 

dec(A) = (a){a}\\,01\ U (avb)11{a},{b}\\ U (b)1\{b} 

(a){a}\J,011 (a V b)JJ{a},{b}\I (b)ll{b} 

(v){a}\\,0\I (v)11{a},{b}\I 
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4.) P4 = (((allb)ll(avb)); c) 
dec(P4) = (a; c){c}IJ,{a,c}il U (b; c)ll{c},{b,c}II U ((avb); c)ll{a,b,c} 

(a; c){c}ll,{a,c}II ((a 'vb); c)ll{a,b,c} (b; c)11{c},{b,c}II 

a b 

( c){c}ll,{a,c}II ( c)IJ{c},{b,c}II 

0 0 
( V ){c}ll,{a,c}II ( V )11{a,b,c} 

Please, notice that the "concrete" Petri nets for processes P3 and P4 above are o­
equivalent and can be represented by the following "abstract" Petri net: 

a 

4.5 Full abstractness of denotational semantics for SAFP2 

w.r.t. operational net semantics 

In this section, the interrelation between denotational semantics for SAFP2 based on 
posets with non-actions and operational Petri net semantics are established, using the 
result about interrelation between processes of SAFP2 and Petri nets specified by AFP 0 

formulae. 

Lemma 4.1 
Let P and Q be processes of SAFP2 and C (] be a context. 



39 

If VC[]: O[C[P]] = O[C[Q]] then a(P) = a(Q), 

i.e. if operational net semantics does not distinguish the processes P and Q in any 
context C[), then processes P and Q have the same action basis. 

Proof. 
Let a E a(P). there are two possibilities: 

(i) either the action a occurs in the net O[P] as a transition (and it means that a 
can fire in the net O[N]) 

(ii) or the action a does not occur in the net O[P] (because of some contradiction in 
process formula which leads to impossibility to accomplish the action a for any 
possible process runs). 

In the case (i), by lemma condition we have O[P] = O[Q], and have the action a occurs 
in the net O[Q] as well. 

Therefore, a E a(Q). 

In the case (ii), let us consider the processes (PIia) and (Qlla). 
It is clear, that the action a can not occur (can not be performed) in the O[Plla] by the 
same reason why it can't occur in the net O[P]. 
However, if a(/. a(Q), then the action a can be successfully performed in the net O[Qlla], 
but by lemma condition O[Plla] = O[QIJa]. 
Hence a E a(Q). ■ 

Lemma 4.2 
Let P be a process of SAFP2 and let N 
definition of 1/J. 
Then N :=:::! 0 O[P] 

Proof. 

1/J(P) be AFP O net (see section 3.4 for 

The net N built by means of AFP O operations and the net O[P], in fact, have the same 
structure, excepting some redundant places and not reachable places and transitions. 
We will prove the lemma by induction on the net structure. 

(i) For P = a and N = a the lemma holds trivially. 

(ii) Let P = (Pi; A) and correspondingly N = (N1 ; N 2 ), and by induction conjecture 
N1 :=:::!o O[Pi] and N2 :=:::!o O[A]. 
We have to show that (N1 ; N2) :=:::!o O[Pi; P2]. 
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By definition of operational net semantics (transition rule for sequential composi­
tion) if there exist a run (maximal O-subnet) which successfully terminates then 
O[A; A]= O[A]; O[P2] and since N1 ~ 0 O[A] and N2 ~a O[A]: 

(N1; N2) ~ a O[A]; O[A] = O[A; A]. 

If all runs (in fact, maximal O-subnets) of O[A] terminate unsuccessfully then 
O[A; P2] = O[A], but in this case all maximal O-subnets of N1 have unsuccess­
fully termination (by definition of ~ 0 and conjecture that O[A] ~ 0 Ni), and the 
set of maximal O-subnets of (N1 ; N2) consists of maximal O-subnets of Ni. 

Thus (Ni; N2) ~o N1 ~o O[A] ~o O[A; A] 

(iii) Let P = (PivP2 ) and N = (N1vN2) correspondingly, and by induction conjecture 
Ni ~ o O[A], N2 ~o O[A]. 

Using the definition of transition rule for alternative v' in operational net seman­
tics, we have O[AvA] = O[A]vO[P2]-

Hence, NivN2 ~a O[A]vO[A] = O[AvA]. 

(iv) Let P = (AIIP2) and N = (NillN2) correspondingly, and by induction conjecture 
N1 ~ o O[A], N2 ~ o O[A]. 

By definition of operational net semantics ( transition rules for concurrency), if 
a(Pi) n a(A) = 0 then 

If a(Pi)na(A) =/- 0 and in the united superposed net O[Pi]IIO[A], all the transi ­
tions (actions) from a(Pi) n a(P2) are reachable then (N1 IIN2) ~a O[Pi]JIO[A] = 
O[AIIP2]. 

If a(Pi) n a(A) =/- 0 and there exists transition t E a(Pi) n a(A) which never 
can fire in the net O[Pi]JJO[P2] (it means that t does not occur in any maximal 
O-subnet of O[Pi]IJO[P2] as well) then O[PilJA] ~ a O[A]JJO[A] and the net 
structure does not contain (in comparing with the net in right side) the places and 
transitions which are not reachable. 

■ 

The following lemma is corollary of Lemma 4.2. 

Lemma 4.3 

1\[P] ~o 'Da[Q] {:} O[P] = O[Q] 
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Theorem 4.1 
Denotational semantics 'D2 for process of SAFP2 is fully abstract w.r.t. operational Petri 
net semantics, i.e. 

Proof. 

'D2[P] = 'D2[Q]::::} VC(] : 'D2[C(P]] = 'D2[C[Q]]::::} 
by Theorem 3.2 VC(]: 'D0 [C[P]] ~o 'D0 [C[Q]]::::} 
by Lemma 4.3 VC[] : O[C[P]] = O[C[Q]]. 

VC[]: O[C[P]] = O[C[Q]]::::} by Lemma 4.1 a(P) = a(Q) 
-¢::: by Lemma 4.3 V0 [P] ~o V0 [Q] and a(P) = a(Q) 
-¢::: by Theorem 3.2 'D2[P] = 'D2[Q] ■ 
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