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1. Introduction

In this paper we shall be concerned with the analysis of implicit Runge-Kutta-Nystrém methods (RKN methods)
based on collocation for integrating the initial-value problem for systems of special second-order, ordinary differential
equations (ODE:s) of dimension d, i.e. the problem,

11 y'®O=1ty®), yto)=yo y'(t)=uo, y:R—->RI, f:Rx RI5RI n<t<T.

Our motivation for studying implicit RKN methods is the arrival of parallel computers which enables us to solve
the implicit relations occurring in the stage vector equation quite efficiently, so that, what is so far considered as the
main disadvantage of fully implicit RKN methods, is reduced a great deal. In a forthcoming paper, the results obtained
here will be used in the design of parallel RKN-based predictor-corrector methods.

We consider two types of collocation methods for second-order equations: methods based on direct collocation and
on indirect collocation (that is, methods obtained by writing the special second-order equation in first-order form and by
applying collocation methods for first-order equations [6]). The theory of indirect collocation methods for problem (1.1)
completely parallels the well-known theory of collocation methods for first-order equations (cf. [3], [7]). The attainable
step point and stage order using s stages equals 2s and s. By a suitable choice of the collocation parameters, these
methods can be made A-stable for all even s (generated by Gauss methods) or L-stable for all odd s (Radau ITA methods).
There even exist indirect collocation methods with stage order s using only s-1 implicit stages (and one explicit stage)
which are known to be A-stable for s<9 (Newton-Cotes methods [17]) or strongly A-stable for s<5 (Lagrange methods
[9D. In the following, k will denote the number of implicit stages of the method. Since in actual computation, it is the
number of implicit stages that determines the computational complexity of the method, we shall often characterize
RKN methods by k rather than by s.

The stability of direct collocation was investigated in Kramarz [12]. The main object of this paper is to extend the
work of Kramarz and to derive order and stability results for direct collocation methods. It will be shown that the
attainable step point order is similar to that of indirect collocation methods, but the stage order can be raised to s+1
leaving all but one collocation parameters free. High stage orders are attractive in the case of stiff problems, provided
that the method is A or P-stable. However, it seems that the increased-stage-order methods all have finite stability
boundaries (i.e., no A-stability). If the stage order is decreased to s, then infinite stability boundaries (i.e., strong A-
stability) can be obtained. We found A-stable methods with k=s=2, k=s=3 and with k=s-1=4 implicit stages.

We also investigated two stabilizing techniques for achieving A-stability. The first stabilizing technique is based
on the preconditioning of the righthand side in (1.1), that is, stiff components in the righthand side are damped. In this
way, it is possible to transform conditionally stable RKN methods into unconditionally stable preconditioned RKN
methods (PRKN methods) at the cost of a slightly more complicated implicit relation for the stage vector. For

autonomous systems, the preconditioner hardly decreases the accuracy. However, for nonautonomous systems the
accuracy may drop considerably.
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_ The second stabilizing technique is based on the application of different, conditionally stable RKN methods. We
Wﬂ give examples of A-stable, composite methods (CRKN methods) with stage order s and k=s-1 implicit stages for
k<4.

Summarizing, this paper presents order and stability results for three families of methods based on direct
collocation. Assuming that these methods all have k implicit stages (including those the CRKN methods are composed
of), we get the following survey of main characteristics (p and r denote the step point and stage order of the methods):

Table 1.1. Survey of characteristics of methods based on direct collocation

Family s p T Stability With preconditioning Subsections

A. single: Gauss k 2k k+l Finite stability boundary =~ Weakly A-stable ~ 4.2.1, 4.3
Radau k 2k-1 k+l Finite stability boundary =~ Weakly A-stable ~ 4.2.1, 4.3
Lobatto k+1 2k k+2  Finite stability boundary =~ Weakly A-stable ~ 4.2.1, 4.3

B. single: k=23 k k k Strongly A-stable 422
k=4 k+1 k+1 k+1 Strongly A-stable - 422
C. composite: k<4 k+1 k+1 Strongly A-stable - 423

2. RKNMethods
For the sake of simplicity of notation, we assume that (1.1) is a scalar initial-value problem (IVP). However, all

considerations can be trivially extended to systems of equations. For scalar ODEs, the general s-stage RKN method is
defined by

Ynsl = Yn + hyn +hZbTf(et, + chY),
@1  Ype1 =Yn+hdTfet, + chY),
Y  =ey, + chy’, + h2Af(et, + chY),

where h is the stepsize, {tn) is the set of step points and yn+1, ¥'n+1 denote the numerical approximations to y(tn+1),
¥'(tn+1)- Furthermore, b, ¢ and d are s-dimensional vectors, e is the s-dimensional vector with unit entries, A is an s-by-
s matrix, and, for any pair of vectors v=(v;), w=(wj), f(v,w) denotes the vector with entries f(vi,wj). In presenting RKN
methods, we shall mostly use the Butcher array notation, i.e., (2.1) is presented by

If the last row of A equals the row vector bT,ie., bT=eT A, then, as in the case of RK methods for first-order IVPs,
such methods are said to be stiffly accurate, and nonstiffly accurate otherwise. In general, stiffly accurate methods
perform better on stiff problems than nonstiffly accurate methods.

In the following subsections, we discuss the order of accuracy p, the stage order r, the stability boundary Bstab,
and the periodicity boundary Bpe, of RKN methods. The number of stages will always be denoted by s and the number
of implicit stages by k (the computational effort to solve for the stage vector Y is essentially determined by k).

2.1. Order of accuracy
Let Y(ty+1) denote the vector with components y(tp+cih) with y the locally exact solution of (1.1) satisfying
y(tn)=yn and y'(t))=y'n, and suppose that the local errors are given by

Yltas1) - ynr1 = OP), ¥'tas1) - yiner = O(0P2*),
2.2)

Y(tns1) - €yp - chy'n - h2Af(ety + ch.¥(tns1)) = O(hPs™),
then the order of accuracy p and the stage order r are respectively defined by
(2.3) =min{p1,p2}, r=min{p1,p2,p3}.
For stiff first-order ODEs the accuracy reducing effect of order reduction for methods with low stage orders is well
known [4], and therefore collocation methods (which automatically possess high stage orders) are rather accurate

integration methods for stiff problems. The following example reveals that a similar phenomenon occurs in the case of
stiff second-order equations.



Example 2.1. Consider the system of (uncoupled) second-order Prothero-Robinson-type equations (cf. [15]):
(24)  y'O=Jly®-g®]+g"®, J:=diag(-100i-1), g = (cos(it)), i=1,...,6; 0<t<tenq = 10m,

with initial values y(0)=g(0), y'(0)=g'(0), so that its exact solution is given by y(t)=g(t). The spectrum of the Jacobian
matrix of the righthand side is given by {-1000, ... ,-1007}. The RKN methods tested are the indirect versions of the
Gauss, Radau ITA, and Lagrange methods (cf. Subsection 3.1 for indirect collocation, and [9] for specification of the
Lagrange methods). Table 2.1 below lists the number of correct digits (NCD) obtained at the end of the integration
interval, together with the observed order of convergence p* and, in brackets, the component that is most inaccurate.
Here, the NCD-value and p* are defined by

NCD(h) - NCD(2h)
log(2) ’

where y(tend,h) denotes the numerical approximation at t=tepq obtained for stepsize h.

NCD(h) := -log(lly(tend) - ¥(tend:Mlle), p*(h) :=

Table 2.1. NCD and p* values produced by the (indirect) Gauss, Radau IIA and Lagrange methods for problem (2.4).

Method s p r h=2n/3 h=n/3 h=r/6 h=n/12 h=n/24 h=n/48 p*(n/48)
k=2 Gauss 2 4 2 -02Q) 02(3) 1.0 4) 1.6 (3) 1L.7(5) 23(5 20
RadaulA 2 3 2 0.0 (1) 0.4 (1) 1.2 (1) 2.1(1) 3200 39(Y) 3.0
Lagrange 3 3 3 0.1(1) 0.7 (1) 1.5 (1) 24 (1) 33(1) 421 3.0
k=3 Gauss 3 6 3 -09(0) 0.9 @) 1.1 (4) 2.7 (5) 36(5) 4506 3.0
RadaullIA 3 5 3 09 (1) 22(2) 2.7 () 43(3) 483) 56(03) 2.7
Lagrange 4 4 4 0.7 (1) 21(1) 36(1) 5.1 (1) 66(1) 81() 5.0
k=4 Gauss 4 8 4 0.1(2) 1.4 4) 25@4) 3.3(5) 47@4) 53() 20
RadaullA 4 7 4 1.5(@) 25@2) 3.6 (2) 58(@3) 763 914 5.0
Lagrange 5 5 5 2.1(2) 3.5(2) 43(2) 6.4 (3) 803) 890 3.0

The results in Table 2.1 show an irregular order behaviour for all methods. The better performance of the Radau
ITA and Lagrange methods can be explained by observing that these methods are stiffly accurate (that is, they are highly
accurate for the stiff components), so that the overall accuracy is largely determined by the nonstiff components. g

2.2. Linear stability
The linear stability of RKN methods is investigated by applying them to the test equation y"=Ay, where A runs
through the eigenvalues of df/dy. This leads to recursions of the form

(252)  Vn+1 =M@)Vn, Vo= (yn hy)T, z:=2Ah2,
where the so-called amplification matrix M(z) is defined by

T - T ~ -1
@5t M= ( 1+21A-A2le 1+2bI(1-A2) c)

zdT(1-Az)le  1+2dT(I- Az)lc
The eigenvalues p(z) of the amplification matrix M(z) are the roots of the equation
p2 - S@u+P(z)=0, S(z):=trace M(z), P(z) := det M(z).

The damping effect of the matrix M(z) can be characterized by the stability function R(z) of the RKN method defined by
the spectral radius of M(z):

(26)  R(2):=pM(2)).

Definition 2.1. The region on the negative real z-axis is called the region of

(strong) stability  ifR(z)< 1

weak stability if lnz)l=1

periodicity if In(z)! = 1 and [S(2)]? - 4P(z) < 0
in that region. If the strong stability region contains an interval (-Bstab, 0), then Bgtap is called the stability boundary,
and if the periodicity region contains an interval (-Bper, 0), then Bper is called the periodicity boundary. If Bsiab=oo, then
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the RKN method is called A-stable and if Bper=oo, then it is called P-stable. An A-stable RKN method is called L-stable
if R(-00)=0 and strongly A-stable if R(-<)<1. 0

The definition of the periodicity boundary is a direct extension of the definition given in [13] for linear multistep
methods. In this paper, stability regions will always be understood to be regions of strong stability. As a consequence,
we have that for methods with nonempty periodicity regions the stability region is empty. Hence, such methods have
no damping, and in particular, they do not damp stiff components. Thus, in problems where such dissipation-free
methods are required, RKN methods with nonempty periodicity regions are desirable integration methods.

As we shall see in Section 3, the RKN parameters in collocation-based methods can explicitly be expressed in
terms of the collocation vector ¢. By means of these expressions, the search for A-stable and P-stable methods is
relatively easy but may be rather time-consuming if the number of free collocation parameters in ¢ increases. Therefore,
it is helpful to derive conditions on the collocation parameters which lower the dimension of the space of free
parameters. Below, necessary conditions for A-stability, L-stability or P-stability are derived by considering the
amplification matrix M(z) at infinity. These conditions can be used in a numerical search for stable methods because
they limit the dimension of the parameter space. We shall distinguish stiffly and nonstiffly accurate methods.
Furthermore, we distinguish the cases c1=0 and c1#0. If ¢1=0, then the first row of A vanishes, so that the RKN
method has only k=s-1 implicit stages (and one explicit stage).

For methods with ¢1=0, the matrix A in (2.5b) becomes singular, so that we cannot use this representation at
infinity. An alterative representation for the nonstiffly accurate case is obtained by writing (2.1") in the form

olo of
c*¥|l a A*
b1 p*T
d a@T

and by considering the corresponding recursions

Yn+1l =Yn + hy'n + zb1yn + zb*Ty*, hy'he1 =hy' +2d1yn + zd*TY*,
2.7
Y* = [I - zZA*]"[e*yn + c*hy' + zayy].

Thus,

M) := 1+2zby + zb*T(1 - A*z) lle* +2za] 1+ zb*T(I - A*z)1lc*
(2) = zdy + zd*T(1 - A*z)"1[e* + za] 1+2d*T( - A*z) le*

This representation shows that the entries of M(z) are bounded as z tends to infinity, provided that b1=b*TA*’1a and
dy=d* A*-1a, Clearly, in the case of A-stable or P-stable methods, the entries of the amplification matrix M(z) should
be bounded as z tends to infinity, so that these conditions are necessary conditions.

For stiffly accurate methods with c1=0, we have bT=esTA which implies that yn+1=esTY=es_1TY*, so that
inserting this relation into (2.7) yields

M) = es.17( - A*z) 1[e* + za] es.17(1 - A*z)lc*
@)= 2d; + zd*T(1 - A*z) 1[e* + za] 1+ 2zd*T(I- A*z)lc*

Again, in the case of A-stable or P-stable methods, the entries of the amplification matrix M(z) should be bounded as z
tends to infinity, which leads to the necessary condition d1=d*TA*'}a.

Finally, we consider stiffly accurate methods with ¢1#0. Again we have yn+1=esTY, and similar to the derivation
above, we obtain

T -1 T 1
_(esTd-Az)yle eT(-Az)le
M(2) .-( 2dT(1- Az)le 1 +ssz(I - Az) e )

Here, we have bounded entries for all values of z. In this particular case, we can derive a simple expression for the
stability function R(z) at infinity (cf. (2.6)). From the above representation for M(z) it follows that P(z)=det M(z)
vanishes at infinity, so that M(z) has eigenvalues 0 and S(-ec)=trace M(-oo):l-dTA'lc at infinity. Hence, assuming that
A is nonsingular

(2.8) R(Z)=1-dTAlc asz— .

From this relation necessary conditions for stiffly accurate RKN methods with 120 to be strongly A-stable or L-stable
are immediate.



3. RKN Methods Based on Collocation

We shall describe the construction of collocation methods and we derive order results for direct collocation
methods. We distinguish direct and indirect collocation methods.
3.1. Indirect collocation methods

Indirect collocation methods are generated by applying an RK collocation method to the first-order representation
of (1.1). Thus, writing (1.1) in the form

1.1)  y®O=u®, w'@®)=£Cty®), yto)=yo, ulto)=ug,

and applying an RK method for first-order equations defined by the Butcher array

Notice that when the generating RK method has order p and k implicit stages, then the RKN method (3.1) also does.
Now, let the generating RK method be a collocation method based on the s distinct collocation points

{thj tyj =ty +cjh, j=1,..,5s)},
then (cf., e.g., [7])

X
X -C;

S
32) A== (o). d=(@):= (o)), oj(x):= OJ Li®d, Lim = [] .o hj=l.,s.

i=1,i%S1 - G

Here, Lj(x) is the jth Lagrange polynomial associated with the s collocation parameters {c;}. The family of indirect
collocation methods defined by (3.1) and (3.2) has order p=r=s for all collocation vectors ¢ (cf., e.g., [4]). The RKN
method will be called symmetric if the location of the collocation points tnj is symmetric with repect to ty+h/2.

By a special choice of the collocation points, it is possible to increase the step point order p beyond s
(superconvergence at the step points). This is easily seen by applying the generating RK method to the equation
y'=g(t,y(t)) and by writing the relation for the local error in the form

th+1
33 [ 80y dt=yne) - ya= haTetet, + cn,Y) + O(HP*Y).

th

This relation shows that thg(etn + ¢h,Y) can be interpreted as a quadrature formula for the integral term. We now use
the following result for interpolatory quadrature formulas: Let d be defined as in (3.2) and let e=(c;) be such that

X S
(4) P(D=0, Pjx):= fgj-l IT et j=12...q,
0 i=1

then for sufficiently differentiable functions G we have that

th+1
(3.5) j G@) dt = hdTG(et, + ch) + O(h**9*1).
th

It can be proved that if ¢ is such that (3.5) is satisfied, then (3.3) is also satisfied with p=s+q (cf., e.g. [7, p-207]). We
summarize the preceding considerations in the following theorem:



Theorem 3.1. The indirect RKN method defined by {(3.1),(3.2)} has global step point order and global stage order
p=r=s for all sets of distinct collocation parameters c;. If, in addition, (3.4) is satisfied, then p=s+q. 0

3.2. Direct collocation methods

Direct collocation methods for second-order equations (1.1) were studied in e.g. [1] and [12]. In these papers, the
exact solution of (1.1) is approximated by polynomials which satisfy, at the collocation points defined above, the
equation (1.1) and possibly the (repeatedly) differentiated form of (1.1). In this paper, we consider collocation methods
that only satisfy the (nondifferentiated) equation (1.1).

3.2.1. Methods of order p=r=s. Following [2, p.241], let S be the space of real, piecewise continuously differentiable
polynomials of degree not exceeding s+1 associated with the set of intervals [tn,tn+1]. Thus, if uisin S, then u(t) is a

polynomial of degree <s+1 on each interval [tn,tn+1],n =0, ..., N-1. For such functions u, the second derivative u" is
a polynomial of degree not exceeding s-1 on each of the intervals [tn,tn+1], SO that we may write

S
G6a) 'ty +xh)= Y, Lixu"(tyy),
=1

where L;(x) is again the jth Lagrange polynomial associated with the s distinct collocation parameters {cj}. By
integrating (3.6a) we derive

S S
(36b)  u(ty +xh) = u(ty) +h 3, aj(OU (L), ulty + xh) = u(ty) + xhu'ty) + h2 Y, Biu"(tyy),
=1 =1
where 0(x) is defined in (3.2) and

x 1
6D B = OI OJ L,(®) dtan.

In passing, we observe that the derivation of Bj(x) can be simplified by using Dirichlet's integral formula which yields

x 7 X X X X
6T B = OI OJ L@ dtdn = OI [ 1@ dnat = 0] (x - &) Li®) d& = x04(x) - OJ EL{®) .
:

Next, we require that the function u satisfies the ODE (1.1) at the collocation points, i.e.,

(3.8) u"(tnj) = f(tnj,u(tnj)), j=1,..,5,
then (3.6b) leads to :

S S
(392)  ulty) = ut,) + cihu'(ty) +h2 Y, Bi(c) ftnju(ta)s u(tyy) = w'(ty) +h Y oj(cdf(tgjultn), i =1, o s.
=1 =1

Furthermore, we derive from (3.6b)
s S
(B9b)  ult,p) = u(t) + hu(t) + 12 Y B tnule))s  Wltger) = W) + b 2, oDty u(ty)-
j=1 =1
The method (3.9) is recognized as the s-stage RKN method (2.1) by introducing the quantities

Yo = utn), Yo =0, Y= (ulta)),
(3.10)

b= (by), d:=(dp), A=(), bi=Bi(1), di:=ai(), aj:=PjcD.

As in the case of indirect collocation methods, the RKN method (3.6) will be called symmetric if the location of the
collocation points tyj is symmetric with repect to th+h/2.
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Since in the interval [tn,tn] the function u is a polynomial of degree <s+1 and satisfies the collocation equations
(3.8), it follows form (2.3) that py=s+1, p=s and p3=s+1, so that p=r=s.

Theorem 3.2. The direct RKN method defined by (3.10) has global step point order and global stage order p=r=s for all
sets of distinct collocation parameters c;. (]

3.2.2. Superconvergence. As in the case of indirect collocation, it is possible to increase the orders p; and p; beyond

s+1 and s by a special choice of the collocation points (superconvergence at the step points). We first consider the local
order of y'n41. In analogy with (3.3), we write the local error of Y'n+1 in the form

th+1

(3.11) f f(t,y(®) dt = y'(tn+1) - Yo = hdTf(et, + ch,Y) + O(hP2*1),
tn

A comparison with (3.5) reveals that py=s+q if the collocation points satisfy the relations (3.4). Thus, setting g=1, we
have the theorem:

Theorem 3.3. If (3.4) is satisfied for q=1, then the direct RKN method defined by (3.10) has global step point order and
global stage order p=r=s+1. 0

Example 3.1. For s=2 and q=1 condition _§3.4) yields c=(2-3c1)/(3-6¢1). Choosing c¢1=0, we find that c;=2/3. Thus, the
direct collocation method with ¢=(0,2/3)T has order p=r=3 and requires only one implicit stage. Furthermore, we have
for ¢=(1/3,1)T a stiffly accurate method with order p=r=3. 1

Theorem 3.4. For all symmetric methods with an odd number of stages, condition (3.4) is satisfied for g=1.

Proof. Let s=2m+1, then the symmetry condition implies ¢p4+1=1/2 and c;=1 - cpm42.; for i=1,...,m. Hence, setting
€=n+1/2, the polynomial Py (x) in (3.4) reads

x-1/2 o,

Pi@:= | n [[ @+ 12-cpm-1/2+cp an.
-1/2 i=1

It is easily seen that Py (1) vanishes for all values of the m free parameters c;. 0
Theorem 3.5. If condition (3.4) is satisfied, then the direct RKN method (3.10) has global step point order p=s+q.
Proof. From the condition (3.4) it follows that pp=s+q (cf. (3.11)). Furthermore, the condition P;(1)=0 implies

1 1

.[ I1ecwa- j €-c¢p [T ecpae=o.
0 =1 0 i=1,i%j

Hence, from the definition of the Lagrange polynomials L; in (3.2) it follows that

1

1
o Jaea- Of Li(E) dE = 0.
1

1
By observing that (cf. (3.10)) b; = B;(1) = (1) - J. EL;(€) d€ and d; = o;(1) = j L;(&) d&, we derive from (3.12)
0 0
(3.13) bj=dj-djcj, i=1,..,s.

There remains to show that condition (3.4) together with (3.13) implies that pj=s+q. Condition (3.13) is
recognized as a well-known simplifying condition for RKN methods (see, e.g. [7, p.268]). According to a lemma of
Hairer [5], this simplifying condition implies that the order conditions for the y-component are a subset of the order
conditions for the y'-component. Thus, if py=s+q, then p1=s+q, so that the assertion of the theorem is proved. 0

Corollary 3.1. Direct and indirect collocation methods with the same collocation points have the same step point order.
For methods satisfying P1(1)=0, the stage order of direct collocation methods is one higher. o
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Example 3.2. We illustrate Corollary 3.1 by applying indirect and direct collocation methods based on the 3-point
Radau vector

CT=(4-\/E 4+6 1)

10 ° 10 °

to the initial-value problem for

2v 2u Ny
(3.14) u"= Ay - —= | V" = Ay ¢ ——, /2 <t < 3m,
Vu2 + v2 VuZ + v2

where the initial values are chosen such that the exact solution is given by u(t)=cos(t2) and v(t)=sin(t2).

Table 3.2. NCD and p* values produced by indirect and direct Radau for problem (3.14) for h=(3n-‘} n/2)/N.

Method s p r N=80 N=160 N=320 N=640 N=1280 p*
IndirectRadau 3 S5 3 1.2 2.7 4.2 5.7 7.2 5.0
Direct Radau 3 5 4 1.8 33 4.8 6.3 7.8 5.0

The results in Table 3.1 show that both methods behave as fifth-order methods and that direct collocation is
slightly more accurate than indirect collocation.

4. Stability of Collocation Methods
In this section, we discuss the linear stability of RKN methods based on collocation. For the sake of
completeness, we also briefly summarize known results for indirect collocation.

4.1. Indirect collocation

In the case of the indirect collocation methods, we can resort to the theory of collocation methods for first-order
equations and the derivation of suitable methods is straightforward. For indirect methods of the form (3.1) it can be
derived that the amplification matrix M(z) defined in (2.5b) is given by

@.1) M) =R*Z), Z:= ( (z’ (1) ) R¥(w):=1+wbT( - Aw)le, z:=AhZ,

where R*(w) denotes the stability function of the generating RK method. Hence, the stability function of the generated
RKN method is given by

42) R :=pM@)=Max (R*\V2)).

From this formula, we conclude that if, and only if, (2.1) possesses the stability interval (-Bstab,0), then the generating
RK method possesses the imaginary stability boundary (Bstab)'/2. Hence, A-stable RK methods (i.e., (Bstab) /=)
generate A-stable RKN methods. In particular, the s-stage Radau IIA methods generate L-stable RKN methods with step
point order 2s-1 and stage order equal to the number of implicit stages s. However, the Lagrange methods derived in [9]
generate (strongly) A-stable RKN methods where the stage order equals the number of implicit stages plus one.

If one wants RKN methods with a nonempty periodicity interval, we have to choose generating RK methods with
stability functions that have modulus 1 along the imaginary axis. This means that R*(w) should satisfy the (necessary
and sufficient) condition R*(w)R*(-w)=1. For example, the diagonal elements of the Padé table associated with exp(w)
satisfy this condition, and hence, the s-stage Gauss-Legendre methods generate s-stage, P-stable RKN methods with
stage order s and step point order 2s (cf. [6]).

4.2. Direct collocation

For the direct collocation methods defined in (3.10), the stability analysis is more complicated than for indirect
methods, because the stability function which determines the stability region is much more complicated than (4.2). The
stability of a general class of direct collocation methods, including the RKN methods (3.10), was studied by Kramarz
[12]. The following theorem summarizes the stability results derived in [12] as far as they apply to the RKN methods
of the form (3.10).

Theorem 4.1. Let the RKN method be defined by (3.10), and let the collocation parameters be restricted to the interval
[0,1], then the following assertions hold:

(@) Symmetric methods possess a nonempty interval (-B,0) of weak stability.

() If c1=0, cs#1 or if c1#0, cs=1, then there is no interval of weak stability of the form (-B,0).
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(©) Symmetric two-stage methods have the largest interval of weak stability of the form (-B,0) if ¢1=0; this maximal
interval is given by (-12,0).

(@ Two-stage, stiffly accurate (cp=1) methods are A-stable if 7/ 10<c;<1.

() Symmetric three-stage methods are weakly stable at least in (-8,0).

() Symmetric three-stage methods have the largest interval of weak stability of the form (-B,0) if ¢1=0.129; this
maximal interval is approximately given by (-33,0). o

It can be easily verified that the weak stability results of this theorem are in fact periodicity results.

The derivation of A-stable or P-stable methods becomes increasingly difficult for three-stage and higher-stage
methods, and for these methods it is not feasible to analyse the stability function by analytical methods, so that we
have to apply numerical techniques. By expressing the RKN parameters explicitly in terms of the collocation vector ¢,
the search for A-stable and P-stable methods is relatively easy (see the Appendix to the institute report version [10] of
this paper where full details on the derivation of the RKN parameters can be found). It turns out that the situation for
direct collocation methods is less favourable than for indirect methods in the sense that the construction of direct
collocation methods which are A-stable or P-stable and have RKN parameters of acceptable magnitude (say, not greater
than 10 in magnitude) is quite cumbersome. For instance, we did not find stiffly accurate methods in the family A of
Table 1.1 that are A-stable or P-stable. For two-stage methods this immediately follows from the above results of
Kramarz, viz., according to Example 3.1, the two-stage, stiffly accurate method with stage order r=3 is generated by
¢=(1/3,1)T and from part (d) of Theorem 4.1 it then follows that this method cannot be A-stable.

In the following subsections, we present stability results for a number of methods belonging to the families A, B
and C of Table 1.1.

4.2.1. Conditionally stable RKN methods. In Table 4.1 order and stability characteristics of methods generated by
conventional sets of collocation points are listed (these methods belong to family A of Table 1.1). In general, these
methods have a stability region consisting of a number of intervals of instability of which the first two are listed. They
are indicated by Uj and Uz, and the corresponding maximum values of the stability function R are denoted by
Rmax(Uj).

Table 4.1. Order and stability characteristics of direct Gauss, Radau and Lobatto collocation methods.

Method f pr Ui Rpax(Up) Uz Rpax(U2) R0
k=2 Gauss (3-V3,3+V3)/6 4 3 (-12,-9) 1.23 (=0, -35.9) 139 139
Radau 173,1) 3 3 (-16.73,-8.61) 1.25 (-0, -108) 20 2.0
Lobatto ©0,1/2,1) 4 4 (-12.0,-9.6) 1.17 (-0, 48) 79 7.9
k=3 Gauss (5-V15, 5, 5+V15)/10 6 4 (-1001,-977) 1.01 (-60.1,-342) 2.1 26.0
Radau @-V6,4+6, 10)/10 5 4 (-1032,-9.55) 1.04 (-103.1,-34.9) 197 3.0
Lobatto ©, 5-V5,5+v5, 10)/10 6 5 (-10,-9.82) 1.01 (=00, -37.5) 139 139
k=4 Gauss cf. [7] 8 5 (-9.876,-9.865) 1.0007 (42.1,-378) 1.17 42.0
Radau cf. [9] 7 5 (9.90,-9.84) 1.002 (45.8,-36.5) 1.29 4.0
Lobattc cf. [9] 8 6 (-9.876,-9.866) 1.0006 (42, -38.5) 1.13 219

These stability results indicate that, from a practical point of view, direct collocation methods based on Gauss,
Radau and Lobatto collocation points are of limited value, because the rather small stability or periodicity boundaries
make them unsuitable for stiff problems (which is the main class of problems where implicit RKN methods are used).
The A-stable, indirect analogues are clearly more suitable for integrating stiff problems.

However, in Section 4.4, we shall describe a stabilizing technique based on preconditioning matrices that removes
stiff components from the righthand side function and transforms conditionally stable methods into A-stable or P-stable
methods. By means of this technique the above methods can be made A-stable or P-stable.

4.2.2. A-stable RKN methods with p=r=s. If we drop the additional order condition (3.4), then the orders are given by
P1=p3=s+1 and pp=s (see Section 2.1), so that p=r=s (family B of Table 1.1). We found A-stable methods with k=s
implicit stages for k=2 and k=3, and an A-stable method with k=s-1 implicit stages for k=4:

@4.3) cT =(3/4,1), cT=(-1/5,9/10,1), ¢T =(-1/4,0,9/10,19/20, 1).

In the following subsection these methods will be compared with A-stable methods based on composition of RKN
methods. The Butcher arrays of these methods are given in the Appendix to [10].

4.2.3. A-stable composite methods with p=r=k+1. It is sometimes possible to construct methods with improved
stability properties by composing a new method from a sequence of given RKN methods (preferrably with equal
numbers of implicit stages). In order to define these composite RKN methods (CRKN methods), we write the RKN
method (2.1) in the form
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Wne1 = L(h, Wn), W= (¥n, Y Lo

where L is a (nonlinear) operator defined by the RKN method. Suppose that we are given v RKN methods (not

necessarily with the same number of stages) characterized by operators Lj and all of order p. Then we may define the
methods

Wn4i = Li(h, wnp4i-1), n=0,v,2v,.., i=1..,v.

Evidently, these CRKN methods are again of order p. Applying the CRKN method to the equation y"=Ay, we may
write

Wn4i = Mj(Z)Wp, 2 :=Ah2,
where the M;(z) denote the amplification matrices of the individual methods. The stability function becomes
1
Rc(2) = p( H Mi(z)) .
i=v

Presenting CRKN methods by the formula I1c;T, where the c; correspond to the individual RKN methods, we
have the following three examples of A-stable CRKN methods with p=r=k+1 (family C of Table 1.1):

4.4 (1/3.1) * (0,19/20,1)2, (0,1/2,19/20,1) * (0,9/10,19/20,1)2, (1/10,26/53,19/20,1) * (0,1/4,9/10,19/20,1)2.
The first two methods improve on the k=2 and k=3 methods of family B. We remark that the collocation vector
(1/10,26/53,19/20,1) occurring in the third method satisfies condition (3.4) for q=1. The Butcher arrays for these
methods are given in the Appendix to [10].

Example 4.1. The A-stable methods of the families B and C are applied to the semidiscretization of the partial
differential equation

4.5) 32“=—-—“2—§-az“ + u(4cos?(t) - 1), 0<t<2m, 0<x<l
2 "1+ 2x - 2x2 %2 ooT T ’

with initial and Dirichlet boundary conditions such that its exact solution is given by u=(l+2x-2x2)cos(t). By using
standard symmetric spatial discretization on a uniform grid with mesh Ax=1/20, we obtain a set of 19 ODEs.

Table 4.2. NCD and p* values produced by A-stable methods from the families B and C for problem (4.5).

Method p T h=n/15 h=rn/30 h=n/60 p*(:r./60)
k=2 (3/4,1) 2 2 * 3.6 4.1 1.7
(1/3,1) * (0,19/20,1)2 3 3 3.7 4.6 5.5 3.0
k=3 (-1/5,9/10,1) 3 3 * 4.4 53 3.0
(0,1/2,19/20,1) * (0,9/10,19/20,1)? 4 4 6.3 73 8.5 4.0
k=4 (-1/4,0,9/10,19/20,1) 5 5 6.9 8.4 9.9 5.0
(1/10,26/53,19/20,1) * (0,1/4,9/10,19/20,1)> 5 5 7.8 9.2 10.8 5.3

Table 4.2 lists results for a sequence of time steps At=h. The composite methods perform rather well, in particular in
the cases k=2 and k=3. 0

4.3. A-stable preconditioned methods

As observed above RKN methods based on direct collocation methods often have finite stability boundaries. A
simple technique for constructing methods with large stability boundaries replaces the scalar parameters in an RKN
method by matrix operators, usually functions of h and of the Jacobian matrix of the system of ODEs. In [8] such
methods were called generalized RK(N) methods. Special cases are the celebrated Rosenbrock methods [16] and the
Liniger-Willoughby methods [14]. In this paper, we consider generalized RKN methods obtained by replacing in the
RKN method all righthand side evaluations f by Sf. The preconditioning matrix S is required to be such that Sf
converges to f as h tends to 0. The technique of premultiplying the righthand side function by a preconditioning matrix
is related to righthand side smoothing (cf. [11]).

Let us consider righthand side preconditioning by introducing the preconditioning matrix
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4.6) s=[T(h2J,,)]'1, Tz) :=1+¢e(-2)% I, ;=ﬂ(g'y-—’y"—),

where G is a positive integer, and € is nonnegative. S may be considered as a perturbed identity matrix which is closer to
[ as € and o are smaller. The resulting method will be called a preconditioned RKN method (PRKN method). The
following theorem presents a condition for A and P-stability.

Theorem 4.2. Given an RKN method with step point and stage order p, with stability boundary Bstab, and with
periodicity boundary Bper. The PRKN method generated by (4.6) has step point and stage order p if 262p, and it is A-
stable if € satisfies the stability condition

@.7) €2 Mi .
(oBstab)®

The method is P-stable if in (4.7) Bgap is replaced by Bper, provided that Bper#0.

Proof. Evidently, by replacing f by Sf, we introduce local perturbations at worst of O(hP*1), so that the global step
point and stage order of the PRKN method is still p. Furthermore, if the PRKN method is applied to the test equation
y"=Ay, then the recursion (2.5a) assumes the form

Z

vn+1 = M({(2))Vn, Vn:=(Yn,hY'n)T, z:= M'Iz, (@) =7
1+ e(-z)°

The corresponding stability function takes the form

48)  R*@):=p(M({@)) =RE@).

where R(z) denotes the stability function of the original RKN method. The stabilized RKN method is A-stable if the
function {(z) satisfies the inequality -Bsiab < {(z) < 0, where Bstap denotes the stability boundary of the original RKN
method. It is easily verified that this leads to the stability condition (4.7).

If (4.7) is satisfied with Bgap replaced by Bper, and by observing that the values of R* on the negative z-axis are
composed of the values of R on the interval (-Bper,0) which equal 1, it is immediate that we achieve P-stability. 0

Preconditioning requires the computation of the matrix T(h2J,,). However, since this matrix is only used for
stabilizing the RKN method, we can use the same matrix for a number of steps, and only have to update T(h2Jy,) if the
Jacobian matrix Jj, has changed too much. Furthermore, we have to solve a slightly more complicated stage vector
equation than in the case T(h%J,)=S"1=I (see the Appendix to [10]). Ina forthcoming paper, we shall study the solution
of this equation by iteration methods that are suitable for use on multi-processor computers.

Example 4.2. In order to see the effect of the preconditioning technique on the accuracy we choose a conditionally
stable method from family A (see Table 1.1), and we perform computations with and without preconditioning. The
sequence of stepsizes is chosen such that for certain values of h (in the tables of results indicated in bold face) the
eigenvalues of h2J;, enter the region of instability U of the method. By choosing large integration intervals, we achieve
that there are sufficiently many steps to develop instabilities when the region U is entered. Hence, we expect a sudden
drop of accuracy when this happens. If preconditioning is applied, then such a drop of accuracy should not occur.

Table 4.3 lists results for the problem [12]

«9  yo=(25 o Jyo. y0=(2). y0=(3). o<is10,

with exact solution y(t)=(2cos(t),-cos(t))T. Without preconditioning, the direct three-stage Radau method is unstable for
the stepsizes h=1/6 and h=1/15.8, that is at the points z=-69.4 and z=-10 (cf. Table 4.1). These results show that A-
stability is retained by preconditioning without reduction of the accuracy. We also applied the indirect version of the
three-stage Radau method (which is L-stable and does not need preconditioning). This method is slightly less accurate
than its preconditioned, direct counterpart.

Table 4.3. NCD values produced by the three-stage indirect and direct Radau methods for problem (4.9).

Method € c h=1/4 h=1/6 h=1/11 h=1/154 h=1/158 h=1/162 h=1/20
z=-156 z=-694 z=-20.7 z=-10.5 z=-10 z=9.5 z=-625
Direct three-stage Radau 0 52 * 7.4 82 * 8.3 8.7
0.0002 3 5.1 6.0 7.4 8.1 8.2 8.2 8.7
0.000015 4 52 6.1 7.4 8.2 8.2 8.3 8.7

Indirect three-stage Radau - - 4.6 55 6.8 7.6 7.6 1.7 8.1
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In addition to the autonomous problem (4.9), we also performed a test with a nonautonomous variant of this
problem. For that purpose, we added the term -y (y1-2cos(t), y2+cos(t))T to the right-hand side of (4.9). Using the same
initial data, this extra term vanishes on the exact solution for all . The motivation for this experiment is to get insight
into the influence of preconditioning on the accuracy. For a fixed stepsize h=1/10, we applied the unconditionally stable
methods of Table 4.3 to this nonautonomous problem. Table 4.4 shows the results for increasing values of Y.

Table 4.4. NCD values obtained by the preconditioned direct Radau method and the indirect Radau method
with h=1/10 applied to a nonautonomous variant of problem (4.9).

Method € 6 0 w10 =102 =10 =104 =105  y=10°
Direct three-stage Radau 0.0002 3 7.2 7.5 7.2 35 1.5 -0.6 *
0.000015 4 7.2 9.2 7.8 36 2.0 -04 *
Indirect three-stage Radau - - 6.6 7.9 8.0 74 6.6 7.9 8.9

Compared with the autonomous case (viz., ¥=0), the preconditioned methods show a similar accuracy for y-values
up to, say, 100, but quickly loose accuracy if y increases. The reason is, of course, that for such large ¥-values the right-
hand side is dominated by the nonautonomous term, whereas its influence does not enter into the preconditioning matrix
S. The direct method, on the other hand, performs very well, also for large y-values.

Summarizing, we conclude that the preconditioning technique is a useful tool (i.e., for retaining A-stability
without loosing accuracy) for problems where the Jacobian matrix is constant or slowly varying (with respect to the
stepsize) and where the nonautonomous (inhomogeneous) term is also of moderate variation.
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A.  Appendix

A.1l. Derivation of the RKN parameters

The derivation of methods and their stability or periodicity regions becomes increasingly difficult for three-stage
and higher-stage methods, and it is not feasible to analyse the stability function of these methods by analytical methods,
so that we have to apply numerical techniques. For that purpose, we need a method for explicit evaluation of the
stability function for given values of its argument z and given collocation vector ¢. In order to specify such a technique,
we derive formulas that express the the RKN parameters explicitly in terms of c.

Writing the Lagrange polynomial L;(x) in the form

s-1 S
1
(A.la) Lj(x) = K; 2 Yjm x™, K;:= H c:-¢: ’
m=0 i=1,izj J 1

we deduce from the definition of o; (cf. (3.2)) and B; (cf. (3.7)) that

s-1 s-1

P Yi () = K —Yim__

(Alb)  ajx)=K; ZO dm mel, g =K 20 T
m= m=

Hence, by defining the s-by-s matrices P, Q and ', and the s-dimensional vectors p and q according to

) Cim+1 Cim+2
Ii=(jm)» K=diag Kj), P=(@im):= ( m+1 ) Q= (Gim) = ((m+1)(m+2) ’

(A.22)
. _1._) - (__1_)
P=\m1/' 1= \@mrms2)/’
with j and m+1 running from 1 until s, we may write for the direct collocation method (2.1)
(A2b) A=QXKDNT, b=Krq, d=KIp,
and for the indirect collocation method (3.1)
(A2) A=pPxnT, d=Krp.

Since the entries of the matrix I'=I'g are simple functions of the c;, (A.2) explicitly expresses the RKN parameters
in terms of the collocation vector ¢. For a few values of s, we have listed the matrices I':

-€2C3C4 C2C3+C2C4+C3C4 -(C2+C3+Cq) 1

(%] Co+4C: 1
n=(21) - o fcfwgg 1) .| 1634 Crcatcicatcscs -(Cricacs) 1
2%\« 1) 3L Coep 1) 4= <cioca cicatcicateacs -(crHcotcs) 1
12 1 €1C2C3 C1C2+CIC3+CRC3 ~(C1+Co+c) 1

A.2. Extension of collocation results to higher-order equations

The derivation of collocation methods described in Subsection 3.2.1 can straightforwardly be extended to higher-
order equations. The proofs of the superconvergence results such as given in Subsection 3.2.2 can be conveniently based
on the following result for interpolatory quadrature formulas (which follows from straightforward Taylor expansions):

Theorem A.2.1. For sufficiently differentiable functions G we have that the s-point quadrature formula

tn+1 m_l
j G(t dt = 2 (j+11)' hi+1G0)(t,) + hm*lwTGm)(et + ch) + Eg(h)
tn j= )

has quadrature error Es(h)=0(hs+i+l) if

. i
(A.2.1) chl=G—+n-'1'_'_T)' ., j=0,1,..,s+-m-1.Q
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This theorem can also be used for showing in the proof of Theorem 3.5 that condition (3.4) together with (3.13)
implies that py=s+q without invoking the lemma of Hairer. This is achieved by observing that the vectors d and b
defined in (3.10) satisfy (A.2.1) for m=i=0 and m=i=1, respectively. Furthermore, it follows from (3.4) that ¢ satisfies
(A.2.1) also for m=0 and i=q, i.e.,
(A22) (@+1)dTd=1, j=s,s+l,..,s+q-L
Now we want to show that c¢ satisfies (A.2.1) for m=1 and i=q, i.c.,

(A23) (+DG+2)bTei=1, j=s,s+1,...,54q2.
Since c satisfies (3.13), we may write
G+1)G+2)bTel = (+1)(+2)[dTd - (d.0)Tel] = G+1)G+2)[dTei - dTei*1],
and using (A.2.2) reveals that (A.2.3) holds, so that p1=s+q.
A 3. Composite methods with nonuniform stepsizes.
The CRKN methods are easily generalized to methods with nonuniform stepsizes. Let us write the RKN method
(2.1) in the form

Wn+1 = L(hp, Wn),  Wn = (¥n, Y'n)T, hp = th+1 - ths

where L is a (nonlinear) operator defined by the RKN method. Suppose that we are given v RKN methods characterzed
by operators L;, then we may define the methods

Wn+i = Li(hn+i-1, Wn4i-1)» n=0,v,2v,.., i=1..,Vv.

Let us define

. hp + hpy1 + .o+ hpyvod hn+i-1 . (1 0 )
h = ” v @= T AE 0 hgeia )

where h denotes the average stepsize of the v component methods. Applying the CRKN method to the test equation
y"=Ay, we may write
Wnsi = Qi IMi(@i22)Qiwn, z:=AhZ,

where the Mj(z) denote the amplification matrices of the individual methods. The stability function of the CRKN
method becomes

1
retm=p( [T QrIMi(a?2)Q: ).

i=v

A4. A-stable preconditioned methods
It may be recommendable to consider more general preconditioning matrices of the form

(A4.1) s=[T(h2J,,)]'1, T() := 1 +¢h® (-z)°, Jn :=aL(§'y’y—“)-,

where o is again a positive integer, and T and € are nonnegative parameters. The following theorem can be proved along
the same lines as the proof of Theorem 4.2.

Theorem A.4.1. Given an RKN method with step point and stage order p, with stability boundary Bstab, and with

periodicity boundary Bper- The PRKN method generated by (4.6) has step point and stage order p if T+20>p (provided
that €, & and T do not depend on h), and it is A-stable if

(o-1)°!
(OBstab)®

The method is P-stable if in (A.4.2) Bstab is replaced by Bper, provided that Bper0. [1

(A42) eh™2
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The most simple choice is T=0 leading to the case considered before. However, for 622, the stability function
R*(z) converges to 1 as z tends to -co, so that PRKN methods with =0 do not have damping at infinity. It was shown
by Hundsdorfer [Numer. Math. 50 (1986), pp.83-95] that generalized RK methods may have a bad convergence
behaviour if the stability function approaches 1 too fast as z tends to infinity. This indicates that PRKN methods with
622 may be dangerous. In such cases one may choose 6=1 and 1=p-2, so that R*(-00)=R(-e-1h2-P), which can be made
less than 1 by a judicious choice of € subject to the condition £-1h P<Bstab-

A consequence of introducing the preconditioning matrix S, can be seen more clearly by writing out the PRKN
method for systems of ODEs. The method then reads

S s
(A438) yno1=yq+hy'n+h2), biSf(ty + ChYD, yau1=ya+hY, & SKt, + cih,Yy),

i=1 i=1

S
(A4.3b) Yi=yy+cihyy + h2z;, ajj Sf(ty + cjh,Y}), i=1,..,s.
J=

Defining
(A44) X;:=Y;-yn-cihyh,

we have to solve the X; from the system

S
(A45) T(h2X;=h2 2 ajj f(t, + cjh, y, + cihy'n +Xj), i=1,..,s.
=1
From this relation we see that the additional work introduced by the preconditioning matrix is marginal when compared

with the amount of work involved in solving this huge nonlinear system.
Finally, after having iterated (A.4.5) until convergence, the new approximations at tp4] are easily found to be

S S
(A4.6) yn+1=Yyn+hyn+ Z BiXi, Yn+s1=Yn+ h‘lz 3 Xi,
i=1 i=1

where (assuming that the matrix A is nonsingular)

(A4 (B1s.Bs) = (B1,.sbs) A1 and  (3y,...,85) = (d1,....ds) AL,

In this way the s additional f-evaluations of the stage vectors Y; (cf. the notation (A.4.3a)) can be avoided.
Notice that the RKN methods with c1=0 possess a singular matrix A. However, changing to the notation 2.7), we
have that the resulting A* matrix is nonsingular and the above technique is straightforwardly extended to this case.

In a forthcoming paper, we shall study the solution of the particular system (A.4.5) by iteration methods that are
suitable for use on multi-processor computers, and we anticipate that the preconditioning matrix S will speed up the
convergence considerably which compensates the additional effort for computing the matrix T(h2J;,) and the increased
complexity of the system to be solved.

A.S. Butcher arrays for direct collocation methods

3/4 27/32  -9/16

1 4/3 -5/6
N p=r=2, k=2’ Bstab=°°r
4/3 -5/6 R(e) =1/3.

2 -1

1/3 2/27 -1/54

1 112 0
, p=1=3, k=2, Bsap = 8.61,
172 0 Uj = (-16.73, -8.61), Rpax(U1) = 1.25,
3/4 1/4 R(eo) = 2.
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-1/5 31/1980 1275 - 19/900
9/10 | 2511/17600 4941/4400 - 1377/1600
1 65/396 15/11 -37/36
, p=r=3, k=3, Bstab=°°’
| 65/396 15/11 -37/36 R() = 0.67
85/396 80/33 - 59/36
0 0 0 0
19/20 | 22021/96000 2527/1600 - 130321/96000
1 14/57 100/57 -3R
, p=r=3, k=2, Bstap= 1145,
I 14/57 100/57 -3R Uj = (-12.0, -11.45), Rmax(U1) = 1.0013,
37/114 200/57 -17/6 R(w) = 1.32
1 1333 6673 11575 1225 421
4 176640 262656 158976 9728 7680
0 0 0 0 0 0
9 29889 20763 192591 130491 286497
10 575000 76000 46000 19000 100000
19 8395 208819 48691 1459523 3038709
20 148781 710254 10472 192000 959881
1 1 17 3175 |25 2
115 54 621 3 15
, p=r=5, k=4, pstab=°°a
7 17 3175 25 52 _
115 54 621 -3 G R(ee) = 0.23.
4 427 250 2500 181
" 45 1026 27 171 30
0 0 0 0 0
1 39 43 _100 3
2 608 432 513 32
19 14079 327349 84113 130321
20 100000 875102 216000 400000
1 17 1 200 1
114 27 513 3
, p=r=4,k=3, Bstab = 9.59,
17 11 200 1 ~
=7 > -55 i Uy = (-9.96, -9.59), Rmax(U3) = 1.008,
1 2 1
g 3 0 5 R(e0) = 1.45.
0 0 0 0 0
9 63963 17037 34992 129033
10 380000 2000 2375 20000
19 194579 29417137 387353 1694173
20 1080000 3145633 24000 240000
) 197 275 1000 23
1026 27 57 3
, p=r=4, k=3, Bsap=9.19,
197 275 1000 23 ~ _
o3 > - 3 U = (-9.57, 9.19), Rpax(U) = 1.004,
9 50 1600 73
o 3 -5 3 R(e0) = 0.21.
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1 5319 2189 2195 1217
10 782000 " 665343 283024 " 194183
26 15894 11209 3733 5845
53 164203 390355 " 170869 350736
19 96066 130751 235 4019
20 442813 589037 519458 338340
1 2425 148877 200 0
10557 604854 8279
, p=r=5, k=4, Bgap=~ 9.77,
2425 148877 200
16557 04854 775 0 Uj = (-9.96, -9.77), Rmax(U1) = 1.007
24250 154483 4000 323 R(ee) = 49
95013 319736 8279 1458 ’
0 0 0 0 0 0
1 4499 605 7675 7225 91
4 262656 34944 89856 51072 " 1536
9 1269 29889 22221 2187 9477
10 20000 113750 26000 1750 20000
19 47913 195916 35596 505039 182117
20 722393 686879 34471 336000 319417
1 n_ 4 425 _100 2
1026 13 351 57 3
» Pp=r=35, k=4, Bysp=~9.82,
71 4 425 100 2
1026 3 351 57 3 Uj = (-9.90, -9.82), Rpax(U1) = 1.001
59 368 1250 2000 35
7026 819 351 399 18 R() ~ 62







