




















































and m~ [ ( u1 , ••• , un), e] occurs in the class definition d. 

Here an answer step is performed. It is described by a function g that is defined 
only on the method names m1, ... , mn that are mentioned in the answer state­
ment. When given such a method name and a sequence of argument values, the 

function yields a process that first changes the state, thereby introducing a new 
set of temporary variables, evaluates the expression e in the method definition, 

and finally performs a result step, in which the value , of the expression e is re­
turned and the resumption consists of the continuation c applied to the state ;., , 

in which the original values of the temporary variables have been restored. 

• Expression as statement: 

M~[e](a)(c) = M~[e](a)(>.,B.c) 

Here we fill in a continuation >.,B.c that simply ignores the value ,B of the expres­

sion. 

• Sequential composition: 

• Conditional statement: 

MHifethens1elses2fi](a)(c) = 
M~[e](a)( >.,B.if ,B = t then MHsi](a)(c) else MHs2](a)(c)) 

• While loop: 

MHwhileedosod](a)(c) = 
Mt[e](a)(>.,B.>.a.[a,if ,B = t 

then MHs](a) (MHwhile e dos od](a)(c) )( a) 
else c( a)]) 

As in Section 2.2, induction on the syntactic complexity of expressions and state­
ments is not enough to justify the above definition of Mt and Mi. This time the 
while statement is not the only offending case: in the clauses for method calls, condi­
tional answer expressions, and answer statements an expression is evaluated that comes 

from a method definition and therefore need not be smaller than the original state­
ment/ expression. Again we can define a higher-order contracting function <I> in such a 
way that the pair [Mt, M~] is its unique fixed point. Note that the 'extra' internal 
computation steps that have been introduced precisely in the four above-mentioned 

cases are necessary to make sure that this function <I> is indeed contracting. 
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3.4 Semantics of POOL objects 

The domain ( q E) 0 Proc of object processes consists of those statement processes that 

do not contain any computation steps. It is given by 

OProc '.::::'. {p0 } U (New x (NewName - OProc)) 
U (Send x (Result - OProc)) 

u (MName ~ ( Obj* - OProc)) 

u (MName ~ ( Obj* - OProc)) x OProc 
U ( Result x O Proc) 

The semantics of an object is obtained by applying an abstraction operator abstr : 
SProc - OProc to the semantics of the body of this object. This operator abstr is 

characterized by the following equations: 

abstr(p0 ) 

abstr( [ a, p]) 
abstr( [ C, fl) 
abstr([(,B, m, {3), fl) 
abstr(g) 
abstr( [g, pl) 
abstr( [,, pl) 
abstr([a1, [a2, [as,··-]]]) 

qo 
abstr(p) 
[C, >.,B. abstr(f (,B) )] 
[(,B, m, {3), >.'Y.abstr(f ('y ))] 
>.m.>.{3. abstr(g( m )({3)) 
[ >.m.>.{3. abstr(g( m )({3) ), abstr(p )] 
[,, abstr(p)] 
qo 

(The last clause is needed because the previous clauses do not define the value of abstr 
for infinite sequences of internal steps.) As in Section 2.3, a unique (non-continuous) 

operator satisfying these equations can be obtained as the fixed point of a higher-order 
contraction. 

Now we can define the semantics of objects, or rather of class definitions, by giving a 

meaning function Mo : ClassDef - AObj - OProc. This function Mo is defined by 

Mo[d](a) = abstr(M~[s](a)(eo)(ao)) 

where 
d [( ... ), s] 
co >.a.po 
a0 [>.x.nil, >.u.nil] 

3.5 Semantics of POOL programs 

So far we have only described the behaviour of objects in isolation. Next we want to see 
how several objects in parallel behave and interact. The object processes that describe 

26 



the individual objects do not describe how to select a message to be answered, how to 
return a result to the sender, or how to create a new object. Therefore, some scheduling 

mechanism is needed that tak~s care of this. Such a mechanism is implemented by the 
operator w defined below. But in order to do that, the operator w needs a global state 
to maintain its administration. Formally, the set ( CJ E) GState of global states is defined 
by 

where 

GState = P fin ( A Obj) x ( Obj - RetStack) x ( Obj - M Queue) 

(p E)RetStack 

(e E)MQueue 

( Obj x ( Result - 0 Proc) )* 
( MName X Obj* X Obj X (Result - OProc) r 

A global state CJ consists of three components. The first component CJ(i) is the set 
of all the currently existing objects. The second component CJ(2) registers for each 
active object a its return stack p, which consists of a sequence of frames. A frame 
[,B,J] indicates that object ,B is waiting for a result, say,, of a message that is being 
processed by a, after which it will continue its activity with the object process f ( 1 ). 

The third component CJ(3) of a global state registers for every active object a its message 
queue f Each element of such a list is of the form [m, "/3, ,B, fl, which represents the fact 

that object ,B has sent a message to object a requesting the execution of the method m 
with argument values fJ and that on receiving a result, back, the object ,B will continue 

its activities with the process/(,). 
We shall need the following operations on global states: On RetStack there are the 

usual pop, top, and push operations: 

pop(p. [,B, /]) 
top(p . [,B, fl) 

push([,B, f], p) 

p 

[,e, fl 
p. [,B,J] 

On MQueue there are operations for appending and deleting a message: 

append(e, µ) 
delete(6 · µ · 6, µ) 

providedµ does not occur in 6 (in other words, the first occurrence ofµ from the left 
is removed) . Finally the operation get looks at a given message queue f. and a set V of 
method names to see whether a message mentioning one of the method names in V is 
present in f If so, get delivers the first such message ( from the left) . Let (µ 1, ... , µn) 
be a message queue. Then 
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(Remember that the first component µ(l) of a message µ is the method name.) Note 
that among the above operators, pop, top, delete, and get are partial. 

Next we introduce the domain (r E)GProc of global processes, determined by the 
following domain equation: 

GProc = {r0} U GState---+ Pc1( Comm+ x GState x GProc) 

where 
Comm 

(c E)Comm+ 

MName+ 

Obj x MName+ x Obj* x Obj 

CommU {*} 
MName U {*} 

Again the terminated process is indicated by ro. Otherwise a global process r is a 
function that for a given global state a yields a set r( a) of possible steps. These 

steps can be of two kinds: Computation steps, of the form [*,a', r'], represent a state 
transformation (like creating a new object or appending a message to a queue), whereas 

communication steps, of the form [c, a', r'], represent both a communication and a state 
transformation. In both cases, r' is the resumption. A communication c of the form 
(,B, m, ,8, a] indicates that object a sends a message to object ,B, requesting execution of 
method m with arguments ,8. A communication of the form [ a, *, ,8, ,B] indicates that 

,B returns ,8 to a as the result of a message (in this case ,8 is always a singleton (,) ). 
The reason that in this domain equation we use the constructor Pc1 ( delivering a 

power set consisting of all the closed subsets of its argument set) instead of Pea (using 
only compact subsets) is that below we want to define a process that describes the 

behaviour of all the standard objects. In turns out to be impossible to describe an 

infinite number of integers with a compact process. 

The operator II: GProc x GProc ---+ GProc for parallel composition is defined as 
follows: 

r II ro 

r1 II r2 

X lL r 

(c,a,r'] [ r 

r0 II r = r 

.Xa.(r1(a) lL r2 U r2(a) lL r1) -{xllr:xEX} 

(c, a, r' II r] 

(Here r 1 and r 2 are supposed to be unequal to r0 .) 

Now we introduce an operator w: OProc---+ A Obj---+ GProc, which translates object 
processes to global processes when given the name of the object that executes the object 

process. For a moment we suppose that we have a fixed program P, in which we can 

look up the class definition when a new object is to be created (whenever appropriate, 
we shall write wP) . Our operator w is then defined by the following clauses: 

• Terminated process: 

w(qo)(a) = ro 
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• Creation step: 

w([C, J])( a) = ,\a.{[*, a', w(f (,B) )( a) II w(Mo [d](,B))(,B)]} 

where 
,B = v(a(l)) 

0-
1 = [a(l) LJ {,B}, 0-(2), 0-(J)] 

and C<!;=.d occurs in the program P. 

An object of class C is to be created, so we find a new name ,B for it, look up the 

corresponding class definition din the program, and thus we get an object process 

M 0 [d](,B) representing its execution. After translating this into a global process, 

it is put in parallel with the resumption J(,B) of its creator, again translated into 

a global process. 

• Send step: 
w([(,B,m,jj),J])(a) = ,\a.{[*,a',ro]} 

where 
a' = [ac1),ac2),ac3){l/,B}] 
l = append(ac3)(,8), (m,jj, a, f)) 

This send step only adds a message ( m, jj, a, f) to the message queue of the 

destination object ,B. 

• Answer step: 

w(g)(a) = ,\a. if get(ac3)(a),dom(g)) = [m,jj,,B,J] 
{ 

{[(a,m,j3,,B),a',w(g(m)(j3))(a)]} 

0 if get(ac3)(a),dom(g)) is undefined 

where 
a' [a(l), ac2){p/a}, O-(J){l/a}] 
p push([,B, J], 0-(2)(a)) 
l delete(a(3)(a),[m,j3,,B,J]) 

An answer step can only be performed if in the message queue there is a message 

waiting with a method name in the domain of g, otherwise no steps are possible. If 
a suitable message [m, jj, ,B, f] is found, a communication step is performed, which 

registers the communication (a,m,jj,,B), the new state a', and the resumption 
g(m)(jj), translated into a global process. The new state a' differs from the old a 
in that the message is deleted from the message queue of the object a and a new 
frame is pushed onto its return stack. 
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• Conditional answer step: 

w([g,q])(a) = >.a. if get(a(3)(a),domg) = [m,~,/3,f] 
{ 

{[(a, m, ~' /3), a', w(g(m)(~))(a)]} 

{[*,a,w(q)(a)]} if get(ac3)(a),domg) is undefined 

where a' is defined as in the previous clause. 

This case is very similar to an answer step except that even if no suitable message 

is present, a step can be performed. 

• Result step: 

w([,, ql)(a) = Aa.{[(/3, *,(,),a], a', w(q)(a) II w(f(,))(/3)]} 

where 
[/3, /] top(ac2)(a)) 

a' [a(l), ac2){pop( ac2)( a)/ a}, a(3)] 

A result step is translated to a global communication step, where the first com­

ponent registers the returning of the result value, the second component gives 

the new state, where a frame is popped off the return stack of the object a, and 
the last component consists of the parallel composition of the resumptions of the 

sender and receiver, both translated into global processes. 

As in Section 2.4, the outside world is represented by objects, but here we need 

only one object, since we can distinguish between input and output by using different 
method names. So let world be a special element in A Obj and let input, output E 

MName. Now we define a function qworld : SObj 00 
- OProc that gives us for any 

(finite or infinite) sequence w of input values (which are standard objects) a process 

qworld(w), which always starts with an answer step, so that qworld(w) E MName ~ 
( Obj* - OProc): 

{ 
A~.[world, qworld( () )] if m = output 
undefined otherwise 

{ 

Al[¢,qworld(w)] if m = input 

>.l[world, qworld(cp · w)] if m = output 
undefined otherwise 

(This function qworld can again be obtained as the unique fixed point of a suitable 

higher-order operator.) For a non-empty w, the process qworld ( w) is willing to answer 
either an input message, in which case it returns the first element of w and continues 

with the rest of the elements, or an output message, to which it replies with the name 
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of the world process itself and continues with w unchanged. In both cases the actual 
argument values of the messages are ignored, but we shall see later how the output 

values are recovered. 

We shall also define processes that deal with messages sent to standard objects. 

Messages sent to nil are never answered, so we do not need any process for this. The 

Boolean t can be modelled by an object process qt defined by 

9t(and) 

9t( or) 

9t(not) 

9t : MN ame ~ ( Obj* ----t SProc) 

{ 

[t, qt] if "i3 = (t) 
>-./3. [f' qt] if "i3 = (f) 

qo otherwise 

>-.(3. { [t, qt] if "i) = (t) or "i) = (f) 
qo otherwise 

)..{3 { [f, qt] if "i3 = O 
· qo otherwise 

9t is undefined if m ~ {and,or, not} 

An object process qr modelling the Boolean f can be defined analogously. Now the 

global process rBool modelling all Booleans is given by 

rBool = w(qt)(t) II w(qr)(f). 

In modelling the integers we run into a complication: It is not difficult to define 

for each integer k an object process qk that models k's behaviour, but composing this 

infinite number of processes in parallel is difficult, since 

lim w(q-n)(-n) II · · · II w(qn)(n) 
n-+cx, 

does not exist. To overcome this problem, we define 'by hand' a process r1nt that 
performs exactly the steps that we would expect intuitively from the above limit: 

where 

r1nt(o-) = {[c, o-', r1nt II r]: c = (/3, add,°i), a)/\ /3 E Z /\ 0"(2)(/3) = () 

r 

q 

I\ get( o-(3)(/3), {add, .. . }) = [add, °i), a,/]} ... 

[0-(1), 

0"(2){ ([a, J])} / /3}, 
0"(3){ delete( 0"(3)(/3), [add, "i).a, fl)/ /3}] 

w(q)(/3) 

{ 
[/3 + ,, qo] if "i) = (,) and , E Z 

qo otherwise 

31 



The process r1nt can perform a (potentially large) number of communication steps, 
subject to the condition that a suitable message must be waiting in the message queue 

ac3)({3) of an integer object {3 and {J's return stack must be empty ( otherwise {3 is still 
busy with another message). If such a communication occurs, the resulting state a' 

indicates that a frame [a, f] has been pushed onto {J's (initially empty) return stack and 
that the message has been deleted from its message queue. The resumption consists of 

the parallel composition of r1nt itself with a process r that takes care of returning the 
result to the sender. On the place of the ellipses ( ... ) in the above equation, there is 
room for other components, corresponding to additional methods defined for integers. 
(As a mathematical detail, note that the set r1nt(a) is certainly closed, because all its 
elements have a fixed minimum distance to each other. For all states a occurring in 
the execution of a program, this set will also be finite and therefore compact, since 

only finitely many integers will have messages waiting for them. However, we cannot 

guarantee compactness for every arbitrary a E GState.) 
Now we can give the semantics of programs by the function Mc: Prog-+ SObj 00 -+ 

GProc, defined by 

Mc[P](w) = wp(Mo[dn](a)) II w(qworld)(world) II rsool II r1nt 

where 
p = (C1 ¢=d1, ... , Cn¢=dn) 
a = v( {world}) 

Finally we define the operators needed to extract the observable behaviour from a 
global process. The operator path: GProc-+ GState-+ P( Comm+ X GState X GProc) 
extracts all the possible computation paths out of a process, when given the initial 
state: 

path( r )(a) [c1, a1, r1] E r(a) 
/\ Vl ~ i < n[c.;+1,ai+1,ri+1l E ri(ai) 
I\ (rn = ro V rn(an) = 0)} 
[c1,a1,r1] E r(a) 
/\ Vi 2'.: 1 [ci+l, ai+l, ri+il E ri(ai)} 

Next we have the operator output: GProc-+ GState-+ SObj 00 defined by 

where 
V(c) = { (v) if c = [a,output, (v), world] and v E SObj 

() otherwise 
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At last we can define the observable behaviour of a program by the function obs : 
Prog - SObj 00 

- P(SObj 00
), which returns the set of all possible sequences of output 

values for a given sequence of input values: 

obs[P](w) = output(Mc[P](w))(ao) 

where 

ao = [{world,v({world})},>.,B.(),>.,B.()]. 

4 Conclusions 

In the preceding sections we have given a layered denotational semantics for the lan­
guages Toy and POOL, where 'layered' means that the semantics is defined at three 
different levels: for statements, objects, and programs. For each of these levels we have 

defined a specialized domain of processes and we have defined operators that translate 
between these domains. In both languages we allow programs to interact with the 
outside world by communicating with special objects. In this way we can define the 
overall observable behaviour of a program by specifying the set of possible sequences 
of output values for a given sequence of input values. However, the most important 

contribution of this work is that it provides an explicit model of the behaviour of a 
single object in isolation. 

There are several questions still to be answered. It might be interesting to see whether 
this new semantics for POOL can in some sense be related to the operational and 
denotational semantics developed previously [ABKR86, ABKR89]. Despite the fact 
that these operational and denotational semantics use completely different formalisms, 

they have been proved to be equivalent to each other. Although this proof is quite 
complex [Rut90], their precise relationship can be described relatively easily by an 
operator that extracts all possible paths from a tree-like structure (very much like 
our operator path in Sections 2.4 and 3.5). This is only possible because the two 
semantics can be fine-tuned to each other, so that the operational semantics performs 

a step precisely when the denotational does so. With the present layered semantics 
such fine-tuning is clearly impossible, particularly because the abstraction operator that 

translates statement processes into object processes deletes all the internal computation 
steps. Establishing a precise relationship between the layered semantics and the older 

two is therefore a challenge that calls for the development of new semantic techniques. 
Another open question is the issue of full abstractness. At the level of programs we 

have defined a clear notion of observable behaviour by the operator obs, which can 
serve as a gauge for defining the notion of full abstractness. Note that this notion 

itself now makes sense for the semantics at the statement level Ms as well as at the 
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object level Mo ( at the program level the semantics given by obs is trivially fully 
abstract; the semantics Mc is certainly not fully abstract and it was not intended 

to be). Intuitively, we have the impression that our semantics for Toy might well be 
fully abstract at the statement level and at the object level. Proving this, however, is 
another matter. For the statement level semantics of POOL, the question is completely 
open, but the object level is certainly not fully abstract: It is possible that the object 
creates another object that remains completely invisible to the rest of the system, but 
nevertheless a creation step will appear in its semantics. At this moment it is not at 

all clear how this problem could be solved. For our investigation on full abstractness 
we propose to tackle the issue for the Toy language first and then to concentrate on 

POOL again. 
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A Mathematical preliminaries 

As mathematical domains for our semantics we use complete metric spaces satisfying 
a so-called reflexive domain equation of the following form: 

P ~ F(P) 

(The symbol ~ is defined below; it says that there is a bijection from P to F( P) that 
respects the metric defined on the spaces.) Here F(P) is an expression built from P and 
a number of standard constructions on metric spaces ( also to be formally introduced 
shortly). A few examples are 

P ~ AU(BxP) 

p ~ AUPco(B X P) 

P ~ Au (B---+ P) 

(A.l) 

(A.2) 

(A.3) 

where A and B are given fixed complete metric spaces. De Bakker and Zucker have 

first described how to solve these equations in a metric setting [BZ82]. Roughly, their 
approach amounts to the following: In order to solve P ~ F( P) they define a sequence 
of complete metric spaces (Pn)n by: Po = A and Pn+l = F(Pn), for n > 0, such that 
Po ~ Pi ~ · · ·. Then they take the metric completion of the union of these spaces Pn, 
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say P, and show: P ~ F(P). In this way they are able to solve equations (A.l), (A.2) 
and (A.3) above. 

There is one type of equation for which this approach does not work, namely, 

P ~ AU(P~G(P)) (A.4) 

in which P occurs at the left side of a function space arrow, and G(P) is an expression 
possibly containing P. This is due to the fact that it is not always the case that 

Pn ~ F(Pn)-
In [AR89] the above approach is generalized in order to overcome this problem. 

The family of complete metric spaces is made into a category C by providing some 
additional structure. (For an extensive introduction to category theory we refer the 

reader to [ML 71].) Then the expression F is interpreted as a functor F : C - C which 
i::; (in a sense) contracting. It is proved that a generalized version of Banach's theorem 

( see below) holds, i.e. , that contracting functors have a fixed point (up to isometry). 
Such a fixed point, satisfying P ~ F(P), is a solution of the domain equation. 

We shall now give a quick overview of these results, omitting many details and all 

proofs. For a full treatment we refer the reader to [AR89]. We start by listing the basic 
definitions and facts of metric topology that we shall need. 

We assume the following notions to be known ( the reader might consult [Dug66] or 

[Eng89]): metric space, ultra-metric space, complete (ultra-)metric space, continuous 
function, closed set, compact set. In our definition the distance between two elements 
of a metric space is always between O and 1, inclusive. 

An arbitrary set A can be supplied with a metric dA, called the discrete metric, 
defined by 

{ 
0 if X = y 

d A ( x' y) = 1 if x -:/ y 

Now (A, dA) is a metric space (it is even an ultra-metric space). 

Let (M1, d1) and (M2, d2) be two complete metric spaces. A function f : M1 - M2 
is called non-expansive if for all x, y E M1 

The set of all non-expansive functions from M1 to M2 is denoted by M1 ~ M2. A 
function f : M1 - M2 is called contracting ( or a contraction) if there exists an E < 1 
such that for all x, y E M1 

(Non-expansive functions and contractions are always continuous.) 
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The following fact is known as Banach's theorem: Let ( M, d) be a complete metric 
space and f : M .- M a contraction. Then f has a unique fixed point, that is, there 
exists a unique x E M such that f ( x) = x. This x can be obtained by taking the limit 

of fn(xo) for any arbitrary x0 EM (where J0 (y) = y and Jn+l(y) = J(fn(y))). 
We call M1 and M2 isometric (notation: M1 S:! M2 ) if there exists a bijective mapping 

f : M1 .- M 2 such that for all x, y E M1 

Definition A.1 
Let (M, d), (M1, d1), ... , (Mn, dn) be metric spaces. 

1. We define a metric dF on the set M1 .- M2 of all functions from M1 to M2 as 

follows: For every Ji, h E M1 .- M2 we put 

This supremum always exists since the values taken by our metrics are always 
between O and 1. The set M1 ~ M2 is a subset of M1 .- M2 , and a metric on 
M1 ~ M 2 can be obtained by taking the restriction of the corresponding dF. 

2. With M1 0 • · • 0 Mn we denote the disjoint union of M1, ... , Mn, which can be 

defined as {1} X M1 U · · · U { n} X Mn. We define a metric du on M1 0 · · · 0 Mn 
as follows: For every x, y E M1 0 · · · 0 Mn, 

d ( ) 
_ { di ( x, y) if x, y E {j} x Mi, l :s; j :s; n 

u x,y - . 
1 otherwise 

If no confusion is possible we often write U rather than 0. 

3. We define a metric dp on the Cartesian product M1 x · · · X Mn by the following 

clause: For every (x1, ... , Xn), (Y1, ... , Yn) E M1 X · · · X Mn, 

4. Let Pc1( M) = { X : X ~ M I\ X is closed}. We define a metric dH on Pc1( M), 
called the Hausdorff distance, as follows: For every X, YE Pcl(M), 

dH(X, Y) = max{sup{d(x, Y)},sup{d(y,X)}} 
:z:EX yEY 

where d(x, Z) = infzEz{d(x, z)} for every Z ~ M, x EM. (We use the convention 

thatsup0 = Oandinf0 = 1.) ThespacesPc0 (M) = {X: X ~ M /\Xis compact} 
and Pnc(M) = {X: X ~MI\ Xis non-empty and compact} are supplied with 
a metric by taking the restriction of dH. 
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5. For any real number t with 0 < f. ~ 1 we define 

idE((M,d)) = (M,d') 

where d'(x, y) = t • d(x, y), for every x and yin M. 

Proposition A.2 
Let (M, d), (M1, d1), ... , (Mn, dn), dp, du, dp and dn be as in Definition A.1 and 

suppose that (M, d), (M1, d1 ), ... , (Mn, dn) are complete. Then 

(M1 ---+ M2, dp) (M1 ~ M2, dp) (a) 

( M1 0 · · · 0 Mn, du) (b) 

(M1X···XMn,dP) (c) 

(Pc1(M),dn) (Pc0 (M),dn) (Pnc(M),dn) (d) 

idE((M, d)) (e) 

are complete metric spaces. If (M, d) and (Mi, di) are all ultra-metric spaces, then so 
are these composed spaces. (Strictly speaking, for the completeness of M1 ---+ M2 and 
M1 ~ M2 we do not need the completeness of M1. The same holds for the ultra-metric 

property.) 

Whenever in the sequel we write M1 ---+ M2, M1 ~ M2, M1 0 · · · 0 Mn, M1 X · · · X Mn, 
Pc1(M), Pc0 (M), Pnc(M), or ide{M), we mean the metric space with the metric defined 
above. 

The proofs of Proposition A.2( a), (b ), ( c ), and ( e) are straightforward. Part ( d) is 
more complex. It can be proved with the help of the following characterization of the 

completeness of (Pc1(M), dn ). 
Proposition A.3 
Let (Pc1(M), dH) be as in Definition A.l. Let (Xi), be a Cauchy sequence in Pc1(M). 
We have 

_lim Xi = { _lim Xi : Xi E Xi, (xi)i a Cauchy sequence in M} 
1.-+00 '1,-+CX) 

Proofs of Propositions A.2( d) and A.3 can be found in, for instance, [Dug66] and 
[Eng89]. The proofs are also repeated in [BZ82]. The completeness of Pc0 (M) is 

proved in [Mic51]. 
We proceed by introducing a category of complete metric spaces and some basic 

definitions, after which a categorical fixed point theorem will be formulated. 

Definition A.4 
Let C denote the category that has complete metric spaces for its objects. The arrows 
l in C are defined as follows: Let M1, M2 be complete metric spaces. Then M1 ---+L M2 
denotes a pair of maps M1 P~ M2, satisfying the following properties: 
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1. i is an isometric embedding, 

2. J 1s non-expansive, 

(We sometimes write [i, j] for l.) Composition of the arrows is defined in the obvious 

way. 

We can consider M1 as an approximation to M2: In a sense, the set M2 contains more 

information than M1 , because M1 can be isometrically embedded into M2. Elements 

in M2 are approximated by elements in M1 . For an element m2 E M2 its (best) ap­

proximation in M1 is given by j(m2 ). Clause 3 states that M2 is a consistent extension 

of M 1 . 

Definition A.5 
For every arrow M 1 -l M2 in C with l = [i, j] we define 

b(l)=dMr-+M1 (ioj,idMJ (= sup {dM2(ioj(m2),m2)}) 
m2EM2 

This number can be regarded as a measure of the quality with which M2 is approxi­

mated by M1 : the smaller b(L), the better M2 is approximated by M1. 

Increasing sequences of metric spaces are generalized as follows: 

Definition A.6 

1. We call a sequence (D,,.., ln)n of complete metric spaces and arrows a tower when­

ever we have that 'r/n END,,.. -ln Dn+l EC. 

2. The sequence (Dn, ln)n is called a converging tower when the following condition 
is also satisfied: 

VE> 0 3N E N'r/m > n ~ N b(lnm) < E 

A special case of a converging tower is a tower (Dn, ln)n satisfying, for some E with 

0 ~ E < 1, 

Note that 

b(Lnm) < b(t,,..) + · • · + b(Lm-1) 
< En· h°(to) + · · · + Em-l · b(to) 

En 

< l _ E • b(Lo) 
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We shall now generalize the technique of forming the metric completion of the union of 

an increasing sequence of metric spaces by proving that, in C, every converging tower 
has an initial cone. The construction of such an initial cone for a given tower is called 
the direct limit construction. Before we treat this direct limit construction, we first 
give the definition of a cone and an initial cone. 

Definition A. 7 
Let (Dn, ln)n be a tower. Let D be a complete metric space and ('Yn)n a sequence of 

arrows. We call (D, ( 'Yn)n) a cone for (Dn, ln)n whenever the following condition holds: 

Vn E N Dn ---) "'/n D E C I\ /n = 'Yn+l O ln 

Definition A.8 
A cone ( D, ( 'Yn)n) for a tower ( Dn, ln)n is called initial whenever for every other cone 

(D', (,~)n) for (Dn, ln)n there exists a unique arrow l: D - D' in C such that: 

Vn E N l o 'Yn = ,: 

Definition A.9 
Let ( Dn, ln)n, with ln = [in, Jn], be a converging tower. The direct limit of ( Dn, ln)n is 

a cone (D, (,n)n), with 'Yn = [gn, hnl, that is defined as follows: 

is equipped with a metric dn defined by 

for all (xn)n and (Yn)n E D. The mapping 9n: Dn - Dis defined by 9n(x) = (xk)k, 
where 

{ 

j kn ( x) ~f k < n 
xk = x 1f k = n 

ink ( X) if k > n 

and hn: D - Dn is defined by hn((xk)k) = Xn ­

Lemma A.10 
The direct limit of a converging tower (as defined in Definition A.9) is an initial cone 
for that tower. 

As a category-theoretic equivalent of a contracting function on a metric space, we have 
the following notion of a contracting functor on C. 
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Definition A.11 
We call a functor F : C - C contracting whenever the following holds: There exists an 

E, with 0 ~ E < 1, such that, for all D -• EEC, 

A contracting function on a complete metric space is continuous, so it preserves Cauchy 

sequences and their limits. Similarly, a contracting functor preserves converging towers 

and their initial cones: 

Lemma A.12 
Let F : C - C be a contracting functor, let (Dn, Ln)n be a converging tower with 
an initial cone (D, bn)n)- Then (F(Dn), F(tn))n is again a converging tower with 
(F(D), (F(,n))n) as an initial cone. 

Theorem A.13 
Let F be a contracting functor F : C - C and let Do -•° F(Do) E C. Let the tower 
( Dn, ln)n be defined by Dn+l = F( Dn) and ln+l = F( ln) for all n ~ 0. This tower is 
converging, so it has a direct limit (D, bn)n)· We have D ~ F(D). 

In [AR89] it is shown that contracting functors that are moreover contracting on all 
horn-sets ( the sets of arrows in C between any two given complete metric spaces) have 
unique fixed points ( up to isometry ). It is also possible to impose certain restrictions 
upon the category C such that every contracting functor on C has a unique fixed point. 

Let us now indicate how this theorem can be used to solve Equations (A.l) to (A.4) 
above. We define 

AU id1;2(B x P) 

A LJ 'Pco(B X id1;2(P)) 

AU (B - id1;2(P)) 

(A.5) 

(A.6) 

(A.7) 

If the expression G(P) in Equation (A.4) is, for example, equal to P, then we define 
F4 by 

(A.8) 

Note that the definitions of these functors specify, for each metric space ( P, dp ), the 
metric on F( P) implicitly ( see Definition A. l ). 

Now it is easily verified that F1, F2, F3, and F4 are contracting functors on C. 

Intuitively, this is a consequence of the fact that in the definitions above each occurrence 
of Pis preceded by a factor id1;2- Thus these functors have a fixed point, according to 
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Theorem A.13, which is a solution for the corresponding equation. (We often omit the 
factor id112 in the reflexive domain equations, assuming that the reader will be able to 

fill in the details.) 
In [AR89] it is shown that functors like F1 to F4 are also contracting on horn-sets, 

which guarantees that they have unique fixed points ( up to isometry ). 
The results above hold for complete ultra-metric spaces too, which can be easily 

verified. 
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