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Likelihood Estimation with Interval Censored Data
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A well-known way of computing the nonparametric maximum likelihood estimator (NPMLE)
of a distribution function of censored observations is the EM-algorithm, which is known as
slow and hence not practicable, especially in simulation studies. In the case of interval censored
observations, computing the NPMLE can be considered as a general strictly concave
programming problem and a gradient projection method can be used to maximize a concave
function subject to a number of constraints. This is worked out for interval censored
observations with two or more censoring points. Also some simulation results are given.
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1. INTRODUCTION

Animals, machines or whatever can be observed at random times. In many situations
it is only possible to see whether or not the observed object has entered a certain state and the
actual entrance (or exit) times cannot be seen. This leads to so-called interval censored
observations. One of the estimators of the distribution function of the transition times is the
non-parametric maximum likelihood estimator (NPMLE). This situation is quite common in
medical research, where only at certain times patients can be checked on whether or not their
disease has entered (or left) a certain state, see e.g. Griiger (1986).

When for each observed object only one such observation is available, the NPMLE
can be computed by considering the maximization problem as an isotonic regression
problem, see Groeneboom (1987). This study will consider the situation with two such
observations for each object. The algorithms for computing the NPMLE in this case are easy
to extend to the case of three or more observations.

A formal description of the considered model runs as follows. Let X be a non-
negative random variable denoting the "unobservable transition time" with d.f. Fo(x) and let

T and U be non-negative random variables with Pr(T<U) = 1, the observation times with
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d.f. H(t,u). The censoring mechanism is such that we only know whether X is less than T,
between T and U or greater than U. Let (X{,T1,Uy),...,(Xp,Th,Up) be a sample of random
variables distributed as (X,T,U). The only observations available are (T;,U;,A;,B;), with
Ai= 1 {XiSTi} and Bi= 1 {XiSUi} .

The NPMLE of the distribution function F is obtained by maximizing the likelihood

n
(1.1) [T Feep® Ep-Fep)P* a—F)'

i=1

as a function of F, where (t;,u;,0;,3;) are realizations of the random variables (T;,Uj,A;,B;)-
A well-known way of computing this NPMLE is the EM-algorithm, using the
iterations

n
(12) F™ D5y =23 P™{x;ss; | Ty=t, Uj=u;, Aj=0;;, Bj=P;}
j=1

where s1<sp<...<sp, are the ordered observation times t; and u;. Unfortunately this
algorithm converges very slowly to the solution. Griiger (1986) page 78 used this algorithm.
As a convergence criterion he used that the improvement of the estimator (i.e. the maximal
change of the estimator values at one iteration step) is less than 0.025. Then the process
terminates after about 5 iterations, for a sample of 100 observations. This convergence
criterion can lead to big errors, because the convergence of the EM-algorithm is slow and
hence an improvement of multiples of 0.025 is possible. For instance in our simulation
study we found in a problem with a sample of 20 observations an error w.r.t. the exact
solution of 0.012, if the algorithm were stopped after 81 iterations. The last improvement
was 0.00035. This does not bode well for bigger samples. Hence one gets the impression
that the EM-algorithm cannot be used in this way.

Another way of computing the NPMLE is found by considering the problem as a
general concave programming problem. Now a gradient projection method can be used to
maximize a concave function subject to a number of linear constraints, see e.g. Rosen
(1960) and Luenberger (1973). Before such a method can be used, the likelihood has to be
simplified to a strictly concave function on a closed convex space. This guarantees a unique
solution of the problem. The gradient projection algorithm in this paper gives the solution of
the problem with 20 observations, mentioned above, after 6 iterations with a precision of
0.0002, in about one third of the CP execution time.

One of the purposes of this study is to develop a useful way of computing or
estimating the NPMLE, so that it is possible to develop or check theoretical results by
simulation.



2. THE GRADIENT PROJECTION METHOD
Maximizing (1.1) is equivalent to maximizing the log likelihood

2.1 olog(F(tp) + (Bi-aplog(F(u-F(t) + (1-Blog(1-F(uy)

n
i1

b

under the restriction that F is a distribution function.

2.1. Some simplifications of the log likelihood

Let 0<s1<8,<...<89,<1 be the ordered observation times t; and u;, and let sp=0 and
$on+1=1. Since the values of the function F between the points s; and s;, 1 are not relevant,
we suppose F(x)=F(sy) if s;<x<s;, 1, 1=0,1,2,...,2n. Let b; ; and b; 5 be defined by

-

0 if (li=1

(2.2) b; 1 =9] if a;=0, B;=1 and ti=sj >
Lk if ;=0 and uj=sy
rj if a;=1 and ti=Sj

(2.3) b2 =3k if a;=0, B;=1 and u;=sg »
(2n+1 if B;=0

and let y;=F(s;), with F(0)=0 and F(1)=1.
J J

Maximizing (2.1) is the same as maximizing

n
(2.4) 2. 10g(¥b, ,~¥b; )
i=1 ] ]

under the restriction that 0=y(<y{<...€y27,<Y2n,1=1. In this function each variable y; can
occur in at most one term. Hence there is a maximum of 2n variables. First the number of
variables will be reduced.

THEOREM 2.1. a.) If bj 3 < b; 1 for i#j and if for all k#j: by <bjy or by >b; 1, then the
maximizing y = (Y0,¥],---Y2n+1) has to satisfy

Ym = Ybj for m=bjy+1,...b; .
b.)If bjj < by p and if for all i: b; 1<bj or b; 1 >by 3, then the maximizing y has to satisfy

Ym = Yb;, for m=bj,+1,...,by 5.



REMARK 2.2. We look for pairs of indices (bj 1,b;2) such that b; ; is the biggest index
less than b; 5. Note that (bj,1,bj,2) do not have to be indices of endpoints of one observation
interval . This means that when we write down the corresponding signs of the y;, we give
the y; corresponding to a list of plus signs and the y; corresponding to the following list of
minus signs the same value.

PROOF OF THEOREM 2.1. Consider log(ybi 2~ Yb; » The maximum of this term is
reached for Yb; ,=Yb;5+1 and Yb; 1 =Yb; 1-1-

a.) This means that the only indices between b;; and b;; are of the form by ;. The
maximum of the terms in which these by ; occur is attained by Yby 1 = Yby 1-1- Hence

Ybj 2= 217y

b.) This means that the only indices between b; 5 and by 5 are of the form b; 5. The
maximum of the terms in which these b; occur is attained by yp, ,=¥p, ,+1- Hence

ybj’2=ij,2+1="‘=ybk’2' D

Using theorem 2.1, the problem can be reformulated as the problem of maximizing

k-1 k
(2.5) > 2 ajjlog(yj-yi)
20 jei+l

with O=yq'<y;'<...€yg_1'<yk'=1 the values y; which not have been set equal and aj j the
number of terms of the form log(y;'-y;'). The number of variables left is less than n, in
practice it is much less.

THEOREM 2.3. The function defined by (2.5) is strictly concave in the variables
yo',...,yk'.

PROOF OF THEOREM 2.3. The logarithm is a strictly concave function, hence the
function in (2.5) is concave. Suppose X=(Xq,X1,...,X) and y=(yq,y1,...,yx) are points
satisfying the side conditions. Then we have

k-1 k
(2.6) D > ai log{Axi—x)+(1-A)(yj-y) 12
i=0 j=i+l
k-1 k k-1 k
A, D ajlog(xix+(1-A) Y, > a; jlog(yj~y;) for A € (0,1).
i=0 j=i+1 i=0 j=i+1

We shall prove that the equality sign only holds if x=y.



For each term we have log{K(xj—xi)+(1—?»)(yj—yj)}zllog(xj—xi)+(l—l)log(yj—yi).
Since 0<x;<x;<1 and 0<y;<y;<1, equality is only possible if xj—x;=y;-y;. Hence we have
for all ai,j;é(), xj—xi=yj—yi.

The definition of the function ensures that ag 1#0 and hence x;=y;. For all j with
ap j#0, we now have x;=y;. Next for all j and m with x;=y; and aj m#0 or ap ;70 we have
Xm=Ym- This process can be repeated till no more elements are set equal. Since the number
of variables is finite, this process terminates.

Let A, be the set of indices i of elements x; which have been set equal to y;, starting
with x;. The complement A§ contains indices of elements x; which have no "connection"
with x; and hence have not been set equal by the algorithm. Let ig be the smallest index in
AS. Each xp occurs in a term of the form log(xy—x;) with aj ;#0. For all j with 1<j<ig we
have a; ; =0, since from xje A and aj; #0 we should have x; € A1, which is a
contradiction. The only possibility is that there is a term log(x; ) with ao,io;éO. This gives
Xig=Yig- We can now enlarge the collection A in the same way as when we started with x4

to a collection Aj.
When we repeat the whole process, it terminates with x;=y; for all i. Hence the
function is strictly concave. []

2.2. Gradient projection

In more general terms the problem is to maximize a strictly concave function f(x) on
a closed convex space K of feasible points, i.e. points which satisfy the side conditions.
Hence there is a unique solution. The convex space K is defined by

2.7 K:={ye IRK: 0=y(<y;<ys...<yr=1}
or more general for a feasible point ye K holds:
(2.8) a;'y<O with a; ;_1=1, a; ;=—1 and a; ;=0 for j#i, j#i-1 and i=1,2,..k.

The latter more general form is used in Luenberger (1973) page 247 and in the
algorithm, although the special structure of the constraints makes it possible to simplify
some expressions in practice. A constraint a;'y<0 is said to be active at a feasible point y if
a;'y=0 and inactive if a;'y<0.

The algorithm for the gradient projection method given in Luenberger(1973) can be
improved as suggested in exercise 14, page 275. The improvement is that the set of active
constraints is already changed when the projected gradient vector is small instead of waiting
till it is zero. The algorithm now runs as follows:



GRADIENT PROJECTION ALGORITHM
1. Start with a feasible point x,
2. Find the subspace of active constraints M and form A, defined as composed of the
rows of the q active constraints,
3. Calculate the projection matrix Pq=I—Aq'(Aqu')‘1Aq and the projection d of the
gradient vector Vf(x)' onto M, d=Pqu(x)',
4. Calculate [3=(Aqu')‘1Aqu(x)' and y=miax(—]3i) v 0,

5. If d=0 and =0, stop, the solution is found,
5a. If ||d|| <e and y<€, where ||d|| =max] d;|, stop, we are near the solution,
1

6. If ||d||°°<y, drop the active constraint corresponding to 7 (this is the same as deleting

the corresponding row from A,) and return to 3,
7. If|/dl| 2V, find o) achieving max{c.: x+oud is feasible},

8. Calculate r=Vf(x+0;d)d, the direction gradient,
9. If r20, f is still increasing in x+01d in the direction d, hence set x to x+ot;d and

return to 2,
10. Ifr<0, find 0y achieving max{f(x+ad): O<o<o; }, set x to x+0pd and return to 2.

REMARK 2.4. The special structure of the constraints (2.7) results in the projection qu
being just taking averages over the sets ‘of active constraints, see paragraph 2.4. Hence we
don't have to invert a big matrix.

REMARK 2.5. The space of feasible points has an extra condition for the terms log(yj-y7)
with a; ;#0, since in that case we should have: y;#y;. Since the function value tends to —co
when yj is close to yj, the algorithm cannot converge to such a point. If step 7 of the
algorithm results in such a point 0.4, a point close to 0; can be chosen.

REMARK 2.6. It is quite likely that this algorithm always converges, although we have no
proof for it. Du and Zhang (1986) give a convergence theorem for a gradient method that is
closely related to our algorithm. The main difference is a constant factor c in step 6 and 7.
They use ||d||p<c.y as a criterion for changing the set of active constraints. The conditions on
¢ would cause a very small ¢ in our case. Especially in the initial phase (when we start with a
number of constraints which is as small as possible, see paragraph 2.4) this would slow
down the process of making active constraints inactive. The risk of "zig-zagging" or
"jamming" (i.e. the phenomenon that a constraint is alternatingly active and inactive without
settling down to one of these states) is small. If the set of active constraints does not change
any more, the convergence of the algorithm is ensured. Du and Zhang (1986) conjecture that



their algorithm is convergent for any ¢>0 and have proved this conjecture for problems with
three variables.

An explanation of the basic idea of the algorithm is given in Luenberger, we only
justify the main steps.

THEOREM 2.7. Let x( be a boundary point of K, which lies in the subspace M of q active
constraints. Then the point x) is the global maximum of the strictly concave function f(x),
subject to the constraints a;'x<0, if, and only if

(2.9) P, Vf(x0)'=0,
and
(2.10) B=(A,A ) A, Vfix)2 0.

REMARK 2.8. This theorem justifies step 5 of the algorithm.

PROOF OF THEOREM 2.7. First the sufficiency of these conditions will be shown.
Assume X is not a global maximum. Then there is a point x;€ K with f(x;)>f(x(). Let
d=x1-x(, then

0<f(x1)—f(xq)<d'Vf(xp)',

because for a strictly concave function f: f(x+h)<f(x)+h'Vf(x).

By
(2.11) Vf(xo)'=Pqu(x0)'+Aq'B
and (2.9) we have

(2.12) Vf(xo)'=Aq'[3=2q: Bia;.
i=1

Hence

(2.13) 0 < d'Vf(xp)' =2q: Bi(d'a;) =i B;a;'d.
i=1 i=1

Because a;'x(=0 and d is a feasible direction of ascent, a;'d<0. Hence B;<0 for some j
which contradicts (2.10). Thus that x is the global maximium.



The necessity of the conditions is a result of the Kuhn-Tucker conditions, see e.g.
Luenberger (1973) page 233. O

THEOREM 2.9. Let x be a feasible point and suppose a component of
ﬂ:(Aqu')“IA q Vf(x)’ corresponding to an active constraint is negative. If this constraint is

set inactive, the projection a of the gradient vector onto the remaining subspace of active

constraints is a feasible direction of ascent.
REMARK 2.10. This theorem justifies step 6 of the algorithm.

PROOF OF THEOREM 2.9. Let g=Vf(x)' and d=P g=(I-A,'(AqA,)'Ay)g. Suppose
|3j<0 and hence a;'y<0 becomes inactive. Let Aq_; denote the matrix Ay with the row a;
deleted. We have Agx=0, which leads to Aq_1x=0 and a;'x=0. Further P;_;P,g=P g,
because Py is a projection onto a part of the subspace corresponding to the projection Py_;.
We have

(2.14) g=P.g+A B
and

(0 if i
(2.15) (Pg-1A4q )i—{Pq_laj if i=j -
Hence
(2.16) Pq_18=Pyg+Pq_13;B;.

For the new direction a=Pq_1g we have
2.17) aj'd =aj'Pq_1gzaj'qu+aj’Pq_1aij=aj'Pq_1'Pq_laij<0,
since aj'P=0. This makes 4 a feasible direction. Since g—a is orthogonal to a,

(2.18) g'd=(g-8+8)4=)8>0.
Hence it is a direction of ascent. O

2.3. Parallel tangents

When the set of active constraints does not change, another improvement can be
made. In theory the path of ascent is zig-zag in character, because a new search direction is
orthogonal to the previous one. This phenomenon suggests an accelerated gradient method



which searches for a maximum on the line connecting a point X( and a point y two gradient
steps later, see e.g. Luenberger (1973) page 184.

Let k be the total number of variables, q the number of active constraints and p=k—q
the number of inactive constraints. Then there are p unequal variables. To solve a problem of
p variables, the algorithm for parallel tangents (PARTAN) is defined as:

PARTAN
1. Start with an arbitrary feasible point xg,
2. Setitol,

3. Find the point x; by a gradient projection step from xg. If the set of active constraints
is changed in x;, set Xg to X; and return to 2,

4. Setitoi+l (start of the partan part),

5. Find the point y by a gradient projection step from x;. If the set of active constraints
is changed in y, set X to y and return to 2,

6. Calculate d=y-xg and find o) achieving max{a: xp+ad is feasible},

7. Calculate r=Vf(xg+o;d)d, the direction gradient,

8. If r>0, f is still increasing in x+0;d in the direction d, hence set x( to xg+0ot;d and
return to 2,

9. Ifr<0, find o, achieving max{f(xp+ad): O<o<o },

10. Ifiis greater or equal than p, set Xgto Xo+0pd and return to 2,

11. Set xp to X1, X1 to Xo+0pd and return to 4.

Each step of the process consists of a gradient projection step and an additional move
that provides further increase of the objective function, hence the convergence of the
PARTAN algorithm is at least as good as the convergence of gradient projection. Restarting
the process after p times the partan part (step 10) accelerates the convergence of the
algorithm, see Luenberger (1973).

2.4. Application of the gradient projection with PARTAN
The special structure of the constraints (2.7) makes it easy to calculate the projection
Pgx and B. The constraints can be written in the form

1. —yl.<_0

2.y1-y2=0

3. y2-y3<0
(2.19) .

k. yk-1-yxk=<0
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The construction of function (2.5) gives y;>0 and yy_j<yy=1. Let 1;<lp<...<]; be the

indices of the inactive constraints, then we have 1;=1 and l,=k. For the projection
d=Pgx=(d;,dy,...,dg) of a point X=(x1,X2,...,Xg) we have dj=dj,q=...=d}, ;-1 for
i=1,2,...,p~1. The variables dydj.;1,---,dy; ;-1 only depend on Xp,Xj.y 15Xy, ;15 hence

the blocks can be considered separatcly for the projection. We now have

XI +X1 +1+-- +X11 1-1

(2.20) dli=dli+1 dll+l_l - L, 1-1

The projection P is the same as taking averages over a set of active constraints.
For |3=(Aqu')'1Aqu(x)' we have

(2.21) Aq'B=Vf(x)'—Pqu(x)'.
Let B; belong to the i-th constraint, then

(2.22) B=(B2s-sB1y-1:B1ys 15++sBy-1:By 155 P11’

Aq'B can be considered as a vector composed of components of the form

(2.23) By 1~ Brs1+ By 2Py 2By, -1 By, 1) for i=1,2,....p-1.
Since
1i+1"1
(2.24) (Vf(x)J -(Pq V{(x));=0, for i=1,2,...p-1,
J""ll
we have
i
(2.25) Bi=Y, (VE(x);~(P VE(x))y), for i=2,3,...k,
j=1

with Blj—1=0 for j=2,3,...,p. Now we have

(2.26) yomax(-By)= mlaxZ (P VE(x))-VE(x))).
j=1

EXAMPLE: Suppose we have 8 variables and 1;=1, 1,=5 and 13=8. Note that xg=1. Then

1-1. 0 00 00O
0 1-1000O00O
A= 00 1-1 0000
0000 1-100
00 0O0O0OT1-10

and
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(B2 )

B2 —B2+B3
B3 —B3+B4
Aq'B=Aq' Bs |= B4
Be Be
B7 —Be+B7

\ 57 /
Hence
B2=g1—d1,
B3=g1-d;+82—do,
Ba=g1—d1+82-dr+g3-d3=—(g4—ds),
Pe=gs—ds,
B7=g5-ds+g6—de=—(g7-d7),
with g defined as in the proof of theorem 2.9.

The algorithm starts with a feasible point x. There are several possibilities to select
such a point. The simplest way is to start with only inactive constraints and xi=i for

i=1,2,....k. From the situation with one observation point we know that for the solution
most constraints are active. Hence the initial phase, in which a lot of inactive constraints are
made active, will take a lot of time.

One can also start with a number of inactive constraints which is as small as possible.
An algorithm to select such a point is given below.

STARTING POINT
1. Start with 1;=1 and m=1, the first constraint is always active,
2. Setm to m+1, ignore all terms log(y;-y;) with i<l;, ; and determine the smallest
j with a; ;#0, set I, to j,
3. Ifl,is less than k return to 2,

Set x; tol; for j=l;,...1j;1-1, for i=1,...,m-1, and xy to 1.

Unfortunately we have no guarantee that the inactive constraints found this way are
also inactive for the solution of the maximizing problem. In our simulation study this need
not be the case. Nevertheless this starting point gives a faster rate of convergence than the
previous one. For other starting points we need more insight into the behaviour of the
NPMLE.
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3. SIMULATION RESULTS

The algorithms mentioned in this paper are used in the program NPMLE for
simulations, see the appendix. This program is written in Fortran77 (Balfour and Marwick

(1979)).

To get an impression for the precision of the NPMLE in seven special cases, we give
some results for a sample of 1000 observations (T,U,A,B). The pictures are made with

DISSPLA, a graphic library. The numbers correspond with the class numbers in the

program NPMLE.

THE NPMLE OF F

NUMBER OF OBSERVATIONS IS 1000

THE NPMLE OF F

2 NUMBER OF OBSERVATIONS 1S 1000

0.7
1

0.6

0.5

VALUES OF FUNCTION
0.4

0.3
|

04 05 06 07 08 0.8
VALUES OF ORIGIN

T
0.3

FIGURE 3.1. 1. F(x) = x, h(t,u) = Tl_—{ .

0.4 0.5 0.6 07 08 0.9
VALUES OF ORIGIN

T T
0.2 0.3

1
FIGURE 3.2. 2. F(x)=x, h(t,u) = ————
(x) (t,u) )

—
1.0
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THE NPMLE OF F

NUMBER OF OBSERVATIONS IS 1000

0.6 0[.7 0.8 0.9 1.0

0.5

VALUES OF FUNCTION
0.4

T T T T T

T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8

VALUES OF ORIGIN

FIGURE 33. 3. F(x)=VX, ht) = 1 -

THE NPMLE OF F

NUMBER OF OBSERVATIONS 1S 1000

T T T T
.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8

VALUES OF ORIGIN

FIGURE 3.5. 5. F(x)=x2, h(t,u) = ll_t )
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THE NPMLE OF F

< NUMBER OF OBSERVATIONS IS 1000
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FIGURE 3.4. 4. F(x)=V, h(t,u) = Tt(ll_é .

THE NPMLE OF F

2 NUMBER OF OBSERVATIONS IS 1000
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FIGURE 3.6. 6. F(x)=x2, h(t,u) = ——\

24t(1-t)

—
1.0
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THE NPMLE OF F

NUMBER OF OBSERVATIONS IS 1000

T T T T T T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0

VALUES OF ORIGIN

FIGURE 3.7. 7. F(x)=x, h(t,u) = Z_tt.

1-t
The gradient projection method terminates if the projected gradient is small enough.
We have used ||de<10‘4 as a criterion. The number of references to ZBREN (the IMSL

subroutine we used to determine a zero of a function) before the process terminates varies
strongly. We took a maximum of 250 and in most cases this is enough. For three different
combinations of F( and h, corresponding with figure 3.1, 3.5 and 3.7, we have done 100
simulations with 1000 observations. The minimum number of references to ZBREN was 39
in class 1, 40 in class 5 and 41 in class 7. In all three cases there were not more than three
simulations which did not terminate before 250 references. The simulations were done at a
cyber 995E, and the average CP time to determine a solution was 6.6 seconds.
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