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ABSTRACT

A term rewriting system is called complete if it is both confluent and strongly normal-
izing. Barendregt and Klop showed that the disjoint union of complete term rewriting
systems does not need to be complete. In other words, completeness is not a modular
property of term rewriting systems. Toyama, Klop and Barendregt showed that com-
pleteness is a modular property of left-linear TRS’s. In this paper we show that it is
sufficient to impose the constructor discipline for obtaining the modularity of com-
pleteness. This result is a simple consequence of a quite powerful divide and conquer
technique for establishing completeness of such constructor systems. Our approach is
not limited to systems which are composed of disjoint parts. The importance of our
method is that we may decompose a given constructor system into parts which possi-
bly share function symbols and rewrite rules in order to infer completeness. We
obtain a similar technique for semi-completeness, i.e. the combination of confluence
and weak normalization.
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Introduction

A property of term rewriting systems is modular if it is preserved under disjoint union.
Starting with Toyama [19], several authors studied modular aspects of term rewriting systems.
Toyama [19] showed that confluence is a modular property. In [20] Toyama refuted the modular-
ity of strong normalization by means of the following term rewriting systems:

Ri1={FQO,1,x)>F(x,x,x)}

gx,y) = x
Rz:{g(x,y) - .

Both systems are terminating, but their union admits the following cyclic reduction:
F(g(,1),g(0,1),g(0,1) > F(0,8(0,1), (0, 1)
—F(0,1,g(0,1))
— F(g(0,1),2(0,1),g(0, 1)).

His counterexample inspired Rusinowitch [18] to the formulation of sufficient conditions for the
strong normalization of the disjoint union of strongly normalizing term rewriting systems X ; and
X, in terms of the distribution of collapsing and duplicating rules among X; and R,.
Rusinowitch’s results were extended by Middeldorp [11]. Barendregt and Klop gave an example
showing that completeness (i.e. the combination of confluence and strong normalization) is not a
modular property, see Toyama [20]. Independently, Drosten [3] gave the following simpler
counterexample:

FO,1,x) > F(x, x,x)
F(x,y,z) — 2

5’('1=J0 - 2

1 - 2

\

gx,y.y) - x
g8,y x) - x

g =
Both systems are easily shown to be complete. However, because both g(0,1,1) —» 0 and
g(0,1,1) —» 1, the term F (g (0, 1, 1), g (0, 1, 1), g (0, 1, 1)) has a cyclic reduction akin to the one
in the previous counterexample. Toyama, Klop and Barendregt [22] showed that the restriction to
left-linear term rewriting systems is sufficient for obtaining the modularity of completeness. Mid-
deldorp [10] showed that the property of having unique normal forms is modular for general term
rewriting systems. An interesting alternative approach to modularity is explored in Kurihara and
Kaji [7]. Middeldorp [12, 13, 14] extended the above results to conditional term rewriting sys-
tems. Kurihara and Ohuchi [8] showed that strong normalization is a modular property of term
rewriting systems whose strong normalization can be shown by a simplification ordering. They
extended this result in [9] to term rewriting systems which share constructors. Constructors are

function symbols which do not occur at the leftmost position in left-hand sides of rewrite rules.
Dershowitz [1], Geser [4] and Toyama [21] give further results on combinations of term rewriting
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Introduction

A property of term rewriting systems is modular if it is preserved under disjoint union.
Starting with Toyama [19], several authors studied modular aspects of term rewriting systems.
Toyama [19] showed that confluence is a modular property. In [20] Toyama refuted the modular-
ity of strong normalization by means of the following term rewriting systems:

R.l = { F(O’ l,x)—)F(x, X, X)}

8y = x
27 gxy) = .

Both systems are terminating, but their union admits the following cyclic reduction:
F(g(0,1),8(0,1),8(0,1)) > F(0,2(0,1),2(0, 1))
—F(0,1,g(0,1))
— F(g(0,1),8(0,1),2(0, 1)).

His counterexample inspired Rusinowitch [18] to the formulation of sufficient conditions for the
strong normalization of the disjoint union of strongly normalizing term rewriting systems & ; and
R, in terms of the distribution of collapsing and duplicating rules among X; and RK,.
Rusinowitch’s results were extended by Middeldorp [11]. Barendregt and Klop gave an example
showing that completeness (i.e. the combination of confluence and strong normalization) is not a
modular property, see Toyama [20]. Independently, Drosten [3] gave the following simpler
counterexample:

,

FO,1,x) - F(x,x,x)

Fx,y,z2) » 2
Ri=10 > 2
1 - 2

\

Jgxwyy) = x
278030 o &

Both systems are easily shown to be complete. However, because both g(0,1,1) —» 0 and
g(0,1,1) —» 1, the term F (g (0, 1, 1), g (0, 1, 1), g (0, 1, 1)) has a cyclic reduction akin to the one
in the previous counterexample. Toyama, Klop and Barendregt [22] showed that the restriction to
left-linear term rewriting systems is sufficient for obtaining the modularity of completeness. Mid-
deldorp [10] showed that the property of having unique normal forms is modular for general term
rewriting systems. An interesting alternative approach to modularity is explored in Kurihara and
Kaji [7]. Middeldorp [12, 13, 14] extended the above results to conditional term rewriting sys-
tems. Kurihara and Ohuchi [8] showed that strong normalization is a modular property of term
rewriting systems whose strong normalization can be shown by a simplification ordering. They
extended this result in [9] to term rewriting systems which share constructors. Constructors are
function symbols which do not occur at the leftmost position in left-hand sides of rewrite rules.
Dershowitz [1], Geser [4] and Toyama [21] give further results on combinations of term rewriting
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systems with common function symbols. A comprehensive survey of combinations of (condi-
tional) term rewriting systems can be found in Middeldorp [15].

The starting point of the present paper is the refutation of the modularity of completeness.
We show that instead of requiring left-linearity it is also possible to impose the so-called con-
structor discipline for obtaining the modularity of completeness. In a constructor system (a term
rewriting system which obeys the constructor discipline) all function symbols occurring at non-
leftmost positions in left-hand sides of rewrite rules are constructors. Many term rewriting sys-
tems that occur in practice follow this discipline, see e.g. O’Donnell [17]. Actually we prove a
much stronger result. We show that a constructor system is complete if it can be decomposed into
complete constructor systems. The important observation is that our notion of decomposition
does not imply disjointness. Consider for example the constructor system

rO+x - X
Sx)+y —» Skx+y)
Oxx - 0
R= Sx)Xy — xXy+y
fO© -0
fFE®) = fEx)+S).
We can decompose R _ into
0+x - X
Sx)+y —» Skx+y)
R1=1 oxx - 0
SE)Xy — xXy+y

-

and

(

0+x - X

Sx)+y —» Sx+y)
25950 -0

FEG) - fE)+SX).

\

Both systems are easily shown to be complete and our decomposition result yields the complete-
ness of R. Neither the result of Kurihara and Ohuchi [9] (because R ; and R, share the non-
constructor symbol +) nor the result of Dershowitz [1] (because X ; and X, are not right-linear)
applies.

In the next section we give a concise introduction to term rewriting. Extensive surveys are
Dershowitz and Jouannaud [2] and Klop [6]. In Section 2 we introduce the concept of marked
reduction which plays a crucial role in the proof of our main results. Section 3 contains our main
results. We define a notion of decomposability and we show that completeness is a decomposable
property of constructor systems. To appreciate the non-triviality of our result, it may be con-
trasted with the fact that neither confluence nor strong normalization is decomposable. We further
show that semi-completeness (i.e the combination of confluence and weak normalization) is a
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decomposable property of constructor systems.

1. Preliminaries

Let 7V be a countably infinite set of variables. A term rewriting system (TRS for short) is a
pair (F, R). The set F consists of function symbols; associated to every F € F is a natural
number denoting its arity. Function symbols of arity 0 are called constants. The set T (F, V) of
terms built from F and ¥ is the smallest set such that V' < T (F, V) and if F € F has arity n and
L1, ..., t, €T(F, V) then F(ty,..,1,)€T(F, V). Identity of terms is denoted by =. The root
symbol of a term ¢ is defined as follows: root (t)=F if t =F (t{, ..., t,) and root (t)=t if t € V. The
set R_consists of pairs (/, r) with /, r € T (F, V) subject to the following two constraints:

(1) the left-hand side / is not a variable,

(2) the variables which occur in the right-hand side r also occur in /.

Pairs (I, r) are called rewrite rules and will henceforth be written as / — r. A rewrite rule / —r is
left-linear if | does not contain multiple occurrences of the same variable. A left-linear TRS only
contains left-linear rewrite rules.

A substitution ¢ is a mapping from V to T (F, V) such that its domain {x € V | 6 (x) £x}
is finite. Substitutions are extended to morphisms from T(F,V) to T(F, V), ie.
c(F(ty,..,ty)=F(o(ty),...,o(t,)) for every n-ary function symbol F and terms ¢, ..., f,. We
call 6 (¢) an instance of t. We write t° instead of ¢ (). An instance of a left-hand side of a rewrite
rule is a redex (reducible expression). Let O be a special constant symbol. A context C[, ..., ]is
aterm in 7(Fu{O}, V). If C[, ..., ] is a context with n occurrences of O and 74, ..., t, are
terms then C[?q,...,1,] is the result of replacing from left to right the occurrences of O by
ty,...,1,. A context containing precisely one occurrence of [J is denoted by C[]. A term s is a
subterm of a term ¢ if there exists a context C[ ] such that t =C[s]. If C[]# O then s is a proper
subterm of t. We write s C ¢ to indicate that s is a subterm of .

The rewrite relation —4 is defined as follows: s —4 ¢ if there exists a rewrite rule / - r in
R, a substitution ¢ and a context C[] such that s=C[/°] and t=C[r®]. The transitive-
reflexive closure of —4 is denoted by —»4; if s —»4 t we say that s reduces to t. We write 5 ¢—4 ¢
if t — s; likewise for 5 «— 1. The transitive closure of —4 is denoted by —% and <> denotes
the symmetric closure of =43 (80 ¢35 = —z U<—4). The transitive-reflexive closure of <>4 is
called conversion and denoted by =¢ . If s =¢ ¢ then s and ¢ are convertible. Two terms ¢, ¢, are
Jjoinable, notation ¢, | 1,, if there exists a term 75 such that #; —»4 f3 «—¢ ?,. Such aterm ¢4 is
called a common reduct of t{ and t,. We often omit the subscript R.

A term s is a normal form if there is no term ¢ with s — ¢. A TRS is weakly normalizing if
every term reduces to a normal form. A TRS is strongly normalizing if there are no infinite reduc-
tion sequences t; — t, — t3 — ... In other words, every reduction sequence eventually ends in
a normal form. A TRS is confluent or has the Church-Rosser property if for all terms s, 74,1,
with 7, «— s —» 1, we have ¢, | t,. A well-known equivalent formulation of confluence is that
every pair of convertible terms is joinable (f; =¢, = t; | t,). A TRS is locally confluent if for
all terms s, 7, #, with 1} <5 — 1, we have ¢, | t,. A complete TRS is confluent and strongly
normalizing. A semi-complete TRS is confluent and weakly normalizing. These properties of
TRS’s specialize to terms in the obvious way. If a term ¢ has a unique normal form then we
denote this normal form by 7.
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The following well-known result is due to Newman [16].
NEWMAN’S LEMMA. Every strongly normalizing and locally confluent TRS is confluent. [J

Let /{ > r; and /, > r, be renamed versions of rewrite rules of a TRS X such that they
have no variables in common. Suppose /; = C[¢] with ¢ € ¥ such that 7 and /, are unifiable, i.e.
t% =15 for a most general unifier 6. The term I{ = C[/,]° is subject to the reduction steps
I$ - r{ and If — C[r,]°. The pair of reducts {C[r,]°, r{) is a critical pair of R. If I; —>r,
and [, —r, are renamed versions of the same rewrite rule, we do not consider the case C[]= O.
A critical pair (s, ) of a TRS R is convergent if s |5 t. The following lemma of Huet [5]
expresses the significance of critical pairs.

CRITICAL PAIR LEMMA. A TRS R is locally confluent if and only if all its critical pairs are con-
vergent. [

A constructor system (CS for short) is a TRS (¥, X)) with the property that F can be parti-
tioned into disjoint sets D and C such that every left-hand side F (¢4, ..., t,) of a rewrite rule of X
satisfies F€D and ¢4, ..., 1, € T(C, V). Function symbols in D are called defined symbols and
those in C constructors. To emphasize the partition of ¥ into D and C we write (D, C, X))
instead of (F, ®) and T (F, V) is denoted by T (D, C, V).

Since the behaviour of a Turing machine can be simulated by a CS (see Klop [6] for
details), CS’s have universal computing power. The restriction on the left-hand sides of rewrite
rules of CS’s enables a considerable simplification of many concepts and proofs. For instance, if
(s,t) is a critical pair of a CS (D,(C,R) then there exist different rewrite rules
ly —>ry, 1y —>r, € R (with variables suitably renamed) and a most general unifier ¢ of /; and /,
such that s =7§ and r =r9.

2. Marked Reduction

In this section we introduce a new rewrite relation which plays an essential role in the
proofs of our decomposition results. Throughout this section we will be dealing with an arbitrary
CS (D, C, R).

DEFINITION 2.1.

(1) The set D" ={F" |FeD} consists of marked defined symbols. Terms in
T(D*"UD, C, V) are called marked terms. An unmarked term belongs to (D, C, V).

(2) Iftis a marked term then e (t) € T (D, C, V) denotes the term obtained from # by erasing all
marks and ¢ denotes the term obtained from ¢ by marking every unmarked defined symbol
mf.

(3) Two marked terms s and ¢ are similar, notation s = ¢, if e (s) = e (¢). If 5 and ¢ are similar then
their intersection is the unique term s At such that s At =s =t and a defined symbol
occurrence in s At is marked if and only if the corresponding symbols in s and ¢ are marked.

(4) The set R of marked rewrite rules is defined as (t* =" |l>relk}.
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EXAMPLE 2.2. Consider the CS (D4, C1, R;) with D, ={F, G}, C; ={S, 0},
_{F(soc),y) - G
=1 Gk) — S(0)
and the reduction sequence
t=F (S(G(0),G(0)) > F(S(G(0)),5(0) - G(G(0) — S(0).

If we mark some defined symbols in ¢ then we can easily mimic this sequence by a reduction
sequence in R ; U R, for instance

F*(S(G™(0)), G(0)) g, F'(S(G"(0)),5(0)) >g; G*(G™(0) —¢; S(0).
This correspondence does not hold for non-left-linear CS’s. Consider the CS (D,, C,, R ;) with
Dy ={F},Cy=(S},R2={F(x, x)>S(x)} and the reduction step

F (F (0, 5(0)), F (0, S(0))) — S (F (0, S (0))).
The marked term F " (F (0, S (0)), F (0, S (0))) cannot be reduced in R, U K.

By modifying the rewrite relation associated to ® UR~ we are able to mimic every
unmarked reduction sequence, irrespective of the marking attached to the starting term.

DEFINITION 2.3. We write s —,, ¢ if there exists a context C [ ], a rewrite rule

Cl[xl’ '"’xn] —>C2[y1, ---,ym]

in RUR" (with all variables displayed) and terms s, ..., Sy, f1, ..., ,, Such that the following
three conditions are satisfied:

(1) s=C[C[81,...,sp]land t =C[C;[14, ..., t,]],

(2) s;=sjwheneverx; =x; for 1<i <j<n,

3) ti=a{sj|lxj=y}fori=1,..,m.

Wecall C[sy, ..., §,] a marked redex and the relation —,, is called marked reduction.

G*
Fx,x)>Gx)eR
F,GeD

AA AA

FIGURE 1.

Notice that —,, coincides with — , z* whenever R is left-linear.
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EXAMPLE 2.4. Consider the CS (D, C, R) with D = {F, G}, C = {S, 0},

F(x,x) > Sk)
16x) > 0

and the reduction sequence F (G (F (0, S (0))), G (F (0, S (0)))) = S (G (F (0, S (0)))) — S(0). We
have F*(G"(F* (0, $(0))), G*(F (0, S (0)))) = S(G*(F (0, S (0)))) =, S (0).

The next proposition relates marked reduction to ordinary reduction. In part (2) it is essen-
tial that we restrict ourselves to CS’s.

PROPOSITION 2.5.
(1) Ifs >, tthene(s) —> e ().
(2) Ifs - tand e(s’) =s then there exists a termt’ such that s” —,, t’ and e (t") =1.

PROOF. Easy consequence of the definition of marked reduction. [J

DEFINITION 2.6. If t =C[ty, ..., t,] such that all defined symbols in C[, ..., ] are marked and
every t; (i=1, ..., n) is unmarked then we call ¢ a capped term. Furthermore, if root (t;) € D for
i=1,..,nthen we write t = C*[ 1, ..., t,]*.

capped term A } all defined symbols are marked

‘ } all defined symbols are unmarked

FIGURE 2.

PROPOSITION 2.7.
(1) If s and t are similar capped terms then s At is a capped term.
(2) Ifsisacappedtermands —,, t then t is a capped term.

PROOF. Straightforward. [

DEFINITION 2.8. Lets =C*[sq, ..., S,]* be a capped term.

(1) Suppose s —,, t by contraction of the marked redex A. We write s —%, ¢ if A occurs in one
of sy, ..., 5, and we write s —J, ¢ otherwise. The relation —, is called inner marked reduc-
tion and — 3, is called outer marked reduction.

(2) We call s inside normalized if it is a normal form with respect to —>£,,.

PROPOSITION 2.9. Let s = C*[s, ..., S,]* be a capped term.

(1) If s >pt then t =C'*[ty, ..., t,,}* for some context C'[,..., ] and terms ty, ...,t, with
{t, s tin) © {875 o505 S}

) Ifs optthent=C[sy, ..., 1, ..., 8,] for some term t; with s; — t;.



PROOF.

(1) We will show that every maximal subterm of ¢ with defined root symbols is a maximal sub-
term of s with defined root symbol. By definition there exists a context C[ ], a rewrite rule
Cilxy, s 1 > Coly1y -, Ym] 1n 9(* (with all variables displayed) and terms
S1s s Sns b1y st Such that s =C[C[sy, ..., 8.1, =C[C[ ¢y, ..., tm]], 5; = s; whenever
x;=x; and t; =A{s; | x; =Yy;}. Let u be a maximal subterm of ¢ with defined root symbol.
Because all defined symbols occurring in C,[ , ..., ] are marked, we have u c C[, ..., ] or
uct forsomeie(l,...,m}.IfucCl,.., ]then u clearly is a maximal subterm of s with
defined root symbol. Suppose u  ¢; for some i € {1,...,m}. The term #; can be written as
the intersection of certain similar terms s; , ..., 8- It is not difficult to show that u is a maxi-
mal subterm with defined root symbol of some s; and hence—since all defined symbols in
Cql, ..., ] are marked—u is a maximal subterm of s with defined root symbol.

(2) Trivial.

O

PROPOSITION 2.10. If's is inside normalized and s —,, t then t is inside normalized.

PROOF. If s is inside normalized then s —,, ¢ implies s —y, ¢ and hence we can apply Proposition
2.9(1) in order to obtain the inside normalization of . []

PROPOSITION 2.11. Let t be inside normalized. If e (t) has a unique normal form then t has a
unique normal form with respect to —%, and e (t5,) = e (1)].

PROOF. There exists a reduction sequence e (f) —» e (t)J .. Repeated application of Proposition 2.5
yields a sequence t —»,, t’ such that e (t) = e (t)|, and ¢’ is a normal form with respect to —,,. We
obtain ¢t —»;, t’ from Proposition 2.10. Notice that ¢’ is the unique normal form of ¢ with respect
to —»5,. Hencee(tly)=e()=e()]. O

DEFINITION 2.12. Lett =C*[t, ..., t,]* be a capped term. If 74, ..., #, are semi-complete then we
define y (1) =C|[1,], ..., 2,1 ]. Notice that y (¢) is inside normalized.

e 2N
semi-complete { ‘ ‘ } normal form

FIGURE 3.

PROPOSITION 2.13. If s and t be similar capped terms such that y (s) and y (t) are defined then
V(s A1) is defined and there exist similar terms s’ and t’ such that y (s) —»% s’, y (t) —»2, t’ and
y(s A =s'Atl.

PROOF. We may write s At=C*[s) Aly,...,Sy Aty}*, s=C[sy,..,5,] and t = Cltyy -isilsl.
For every i € {1, ..., n} we have e (s;) =1; or 5; = e (1;). Fix i and assume without loss of generality
that e (s;) = #;. We have y (t;) =1;| and 5; —»,,, W (5;). Proposition 2.5 yields e (s;) —» e (y (s;)) and
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because #; is semi-complete we obtain e (y (s;))] = 1;]. According to Proposition 2.11 y (s;) has a
unique normal form with respect to —p, and e (y (s;)l7) = e (y (5;))]. Define s; =y (s;)l 7, and
ti=t;).Lets’=C[s],...,sp]and t’' = C[1], ..., th]. Clearly y (s) = C [y (51), ..., W (55)] = 5,
y()=Cly(ty), ..., ¥ ()] —»p ¢ and

O

YEADSCLY () ALY, o, WS AL =CsIALY, s spaty]=s'AL.

LEMMA 2.14. Let s be a capped term such that y (s) is defined.
(1) Ifs =% ttheny (t) is defined and y (s) =5, v (1).

(2) Ifs >k, ttheny (¢) is defined and y (s) = y (¢).

(3) If sis anormal form then y(s)=s.

s ——>fn t Ay —>:n t
S @
; 9

W(5) smemmsmmnst 2ty oy = w)

PROOF.

6))

@

€)
O

By definition there exists a context C[ ], a rewrite rule C{[x{, ..., X,] > C3[¥y1, .., Y] In
ﬂ(f (with all variables displayed) and terms &§q,...,8;,%1,...,%, Such that s=
CIC[s1,s8n]], t=C[Calty, ..., t]], si=s; whenever x; =x; and f; =A{s; | x; =y;}.
According to Proposition 2.9(1) wy(#) is defined. It is not difficult to show that
Y($)=CTC[y(s1), - W(sp)land y (1) = C'[Co[w (ty), ..., ¥ (t)]] With C'[ 1=y (C[ D).
With help of Proposition 2.13 we can find terms s7,...,s, such that y(s;) —»5, s; for
i=1,..,n and if x; =x; then s; =5} and y(s; As;) =57 As}. We clearly have y(s) —»,
C’[C,[s%, -, sp]]. By construction we have A{s} | x;=y;}=vy(A{s; | xj=y: D=y @®).
Hence C’[C[s7, ..., s3]l = C'[Ca[w (t1), ..., ¥ (t»)]] and therefore y (s) =57 v (¢).
According to Proposition 2.9(2) we may write s=Cx*[s,..,8,..,8,}* and t=
Clsy,.styy ., 8] withs; > t;. Let t; =C’[uy, ..., u,] such that all maximal subterms of ¢;
with a defined root symbol are displayed. We have y(s)=C[y(sy), ..., ¥ (5:), ..., W (sp)]
andy () =C[y(s1), ... C' Iy (uy), oo, WU, ..., W(s,)]. Clearly

Sil, = tisL = C'[u IJ,, wiaty u,,,J,].

Hence y (5;) =C'[y (u4y), ..., ¥ (4y,)] and therefore y (s) = y (¢).
Trivial.

The next example shows that in Lemma 2.14(1) we cannot replace y (s) =5 y(t) by

Y (s) >m ¥ ().
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EXAMPLE 2.15. Consider the CS (D, C, R) with D = {F, A}, C = {S, B},

F@x,x) > Skx)
14 - B

and let

s=F'(F'A",A),F'A,A") o5 SF A, A) =1
We have y(s)=F " (F*(A*,B),F*(B,A")), y(t)=S (F" (B, B)) and

v(s) >n F (F"(B,B),F"(B,A")) > F"(F* (B, B),F’ (B, B)) = ¥ (¢).
Clearly y (s) does not rewrite in a single —5,-step to y (¢).

In the remainder of this section we prove some further properties of marked reduction
which are needed in the next section.

LEMMA 2.16. Let s be a capped term and suppose s —»,, t. For every subterm u of t with
root (u) € D we can find terms s” < s and t’ C t such that root (s"YeD,s" —» t"andu c t’.

PROOF. We use induction on the length of s —»,, t. The case of zero length is trivial. Suppose

§ =, §1 —»p t is a reduction sequence of length n >0 and let u < ¢ with root (u) € D. From the

induction hypothesis we obtain terms s Cs; and ¢’ <t such that root(s1)€D, s7 —»t’ and

uct' Writes =C*[uy, ..., un*. We distinguish two cases.

(1) Suppose s —7, 5. According to Proposition 2.9(1) we may write s, = C'*[vy, ..., v, ]* for
some context C’[,..., ] and terms vq,... yVp With {vy,...,v,} c{uy,..., uy}. Because
root (s'1) € D we have s| cv; forsome i €{1,...,p}. Hence s < s and we define 5’ = 5.

(2) If s —!, 5, then we may write s, =Cluq, ..., v ..., U] for some term v; with u; - v;. If
51 cu; for some j#i then s Cs and hence we take s’ =s57. Otherwise s; v; and we
define s” = ;. We clearly have u; — v; = C[s7] = C,[#'] = C,[C,[u]] for some contexts
Ci1L1,Call.

O

DEFINITION 2.17. Let t be a marked term.
(1) Theset {FeD | F* occurs in t} is denoted by Q)*(t).
(2) A subset D’ of D is unreachable from t if D’ D" (t') = & whenever ¢ >t

DEFINITION 2.18. Let D’ be a subset of D.
(1) A set of pairs ¢={{s1,X1),...,{Sn, Xp)} is a D’-replacement if x,,...,x, are mutually



(€))

=19 =

distinct variables and s, ..., 5, are mutually distinct unmarked terms such that root (s;) € D’
fori=1,..,n. Lett=C|[tq,..,t,] such that all maximal subterms of # with root symbol in
D’ are displayed. We say that ¢ is applicable to ¢t if xy,...,x, do not occur in ¢ and
{t1, ...tm} S {5¢,..., 5, }. In this case we may write t =C[s; , ..., s; ] with 1<iy, ..., i, <n
and we define ¢ (1) =C[x;,, ..., x; ]

Let ¢ = {{51,x1), ..., {Sn, Xn)} be a D’-replacement. Suppose ¢ = C[x; , ..., X; ] such that all
occurrences of the variables x, ..., x, in ¢ are displayed. The term C[s; , ..., s; ] is denoted

by 671 ().

PROPOSITION 2.19. Let D’ be a subset of D. For every term t there exists a D’-replacement ¢
which is applicable to t.

PROOF. Let {tq,...,t,} be the set of all maximal subterms of ¢ with root symbol in 2D’. Choose
fresh variables xi,...,x, and define ¢ = {{#,X1),...,{ts, X,)}. By construction ¢ is a D’-
replacement applicable to ¢. [

PROPOSITION 2.20. Let ¢ be a D’-replacement for some D’ < D.

1)

If S =, t then 671(s) =, 671(2).

(2) If¢ is applicable to t then ¢ (¢ (t)) =1.
(3) If ¢ is applicable to a capped term t then e (¢ (t)) = ¢ (e (¢)).

PROOF.

ey
0))
3
O

This follows from the fact that marked reduction is closed under substitutions.
Trivial.
Straightforward.

LEMMA 2.21. Let s be a capped term. Suppose D’ < D is unreachable from s and ¢ is a D’-
replacement applicable to s.

(1) Ifs —% t then ¢ is applicable to t and ¢ (s) —p, ¢ (2).

(2) If s has an infinite —3,-reduction then ¢ (s) has an infinite —p,-reduction.

PROOF.

(1) Lets=C*[sy,...,S,]x and ¢ = {{uy,x1), ..., (Up, X,)}. According to Proposition 2.9(1) we
may write t=C’*[t{,...,1,]* for some context C'[,...,] and terms ?,,..,1, with
{t1,....tm} < {51,...,8,}. Because rewrite rules do not introduce new variables, all vari-

@)

ables occurring in ¢ already occur in s. If u is a maximal subterm of ¢ with root (u) € D’ then
u c t;j for some j € {1,...,m} and hence u c s; for some k € {1, ..., n}. The assumption that
¢ is applicable to s now yields the applicability of ¢ to f. We clearly have
0)=CL0(5)), ..., 0(s,)]1and ¢ () =C[0(ty), ..., 0 ()] Let I > r e R be the rewrite rule
used in the step s —J t. Since D" (s)N D’ =D the rule [ —r is also applicable to ¢ (s).
(The condition D*(s)N D’ =D is only needed for non-left-linear rewrite rules.) Therefore
O () >m ¢ ().

This is an immediate consequence of part (1) and the easy observation that D’ is unreach-
able from ¢ whenever D’ is unreachable from s and s —,, .
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3. Combinations of Constructor Systems

In this section we show that both completeness and semi-completeness exhibit the impor-
tant compositional behaviour expressed in the next definition.

DEFINITION 3.1.

(1) Let (D, C,R)beaCS and suppose D’  D. The set {{ >reR | root(l)e D’} is denoted
by R | D

(2) Two CS’s (Dy, C1, R1) and (D,, C,, R,) are composable if Dy N Cy =Dy C; =3 and
R1 | Dy=2%, | D,. The second requirement is equivalent to the condition that both CS’s
contain all rewrite rules which ‘define’ a defined symbol whenever that symbol is shared.
The union of pairwise composable CS’s (CSy, ..., CS, is denoted by CS; +...+ (S, and we
say that CSy, ..., CS, is a decomposition of CS; +...+ CS,,.-

(3) A property P of CS’s is decomposable if for all pairwise composable CS’s CSy, ..., CS, with
the property P we have that CS; +...+ CS, has the property P.

The counterexample of Toyama against the modularity of strong normalization shows that
strong normalization is not a decomposable property of CS’s. The following example of Huet [5]
shows that also confluence is not decomposable.

EXAMPLE 3.2. Consider the CS (D, C,R)with D ={F,C},C={S, A, B} and

F(x, x) - A
R=x{Fx Sx)) > B
C - S).
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Let D, ={F}, C1=C, D,={C} and C,={S}. The confluent CS’s (D;,C;, &),
(D,, Ca, R,) constitute a decomposition of (D, C, R), but (D, C, R) is not confluent since the
term F (C, C) can be reduced to the different normal forms A and B.

PROPOSITION 3.3. let P be a property of CS’s. The following statements are equivalent:

(1) P is decomposable;

(2) for all composable CS’s CS, and CS, with the property P we have that CS; + CS, has the

property P.

PROOF.

(1) =>(2) Trivial.

2) = (1) Let CSy, ..., CS, be pairwise composable CS’s with the property . We will show
by induction on n that CS; +...+CS, has the property 2. The case n<2 is trivial.
Suppose n > 2. From the induction hypothesis we know that CS; +...+ CS,—; has the
property P. We have

n-1 n-1 n-1

UID,-hC,,= U(Dimcn)-_- \Jlg=®,
i= i=1 i=

n-1 n—1 n-1
D, NVUC;=U@D,NC)=VD=0,
i=1 i=1 i=1
n-1 n-1 n-1 n-1
ik_Jli’(,- | Dy = igl(i’(,- I Dn)=ik=Jl(i’(n | Di)=Rn | iszl@i-
Hence CS;+...+CS,-1 and CS, are composable and by assumption CS;+...+CS,
has the property P.
O

LEMMA 3.4. Local confluence is decomposable.

PROOF. Let (D, C1, K1) and (D,, C, R ) be locally confluent and decomposable CS’s. We
have to show that their union (D, C, K)) is locally confluent. According to the Critical Pair
Lemma it sufficient to show that every critical pair of (D, C, K.) is convergent. If (s, ¢) is a criti-
cal pair of (D, C, R.) then there exist rewrite rules /; —r;,l, = r, € R and a substitution ¢ such
that I§ =15, s=r{ and 7t =r§. Choose k€ (1,2} such that root(l,)=root (I;) € D;. We have
1, >ry,l,—>r, e R, and because (Dy, Cx, Ry is locally confluent (s, ) is R ;-convergent and
hence also X -convergent. []

THEOREM 3.5. Completeness is decomposable.

PROOF. Let (Dq, C1, R.1) and (D,, C,, R ) be complete and composable CS’s. From Lemma
3.4 we obtain the local confluence of their union (D, C, X.). According to Newman’s Lemma it
suffices to show the strong normalization of (D, C, K.). This will be established by induction on
the structure of terms t € T (D, C, V). If t is a variable or a constructor constant then ¢ is a nor-
mal form. If ¢ is a defined constant then ¢ belongs to some 2D, and because (Dy, Ci, Ry) is
strongly normalizing ¢ cannot have an infinite reduction. For the induction step, let ¢ =
F(ty,...,t,) such that ¢, ..., t, are strongly normalizing (and hence complete). If F is a construc-
tor then 7 clearly is strongly normalizing. So assume that F € D. If ¢ is not strongly normalizing
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FeD

t —_— ) _— §3 e

oy () >0 0 (Y (55)) ——>>0, O (W (s3) ———>>,

then there exists an infinite reduction sequence
I=85; 987 53> ... 1)
Lett’=F"(ty, ..., t,). According to Proposition 2.5 we can find terms s} with e (s}) = s; such that
U'=512m 82 >m 3 >m - - )

Using Lemma 2.16 and the assumption that ¢, ..., t, are strongly normalizing, it is not difficult to
show that sequence (2) contains infinitely many —p,-steps. According to Lemma 2.14 we can
transform sequence (2) into the marked reduction sequence

V() =y (s7) »m W (s2) 5 W(s3) D . 3)

which contains infinitely many steps. Choose & € {1, 2} such that F € D and let D’ =D —D,. It
is easy to show that 2’ is unreachable from y(¢’). From Proposition 2.19 we obtain a D’-
replacement ¢ which is applicable to y (t"). By Lemma 2.21(2) the term ¢ (y (¢')) has an infinite
—p,-reduction sequence

O =0 (W (1) =m0 (W(s2) 5 0 (W (s3)) =5 ... @

If we erase all markers in this sequence we obtain an infinite reduction sequence starting from the
term e (¢ (y (¢"))). This contradicts the strong normalization of the CS (D, Ci, Ri). O
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COROLLARY 3.6. Completeness is a modular property of CS’s.

PROOF. Disjoint CS’s are clearly composable. [J

COROLLARY 3.7. The union of complete CS’s which do not share defined symbols is complete.
PROOF. Similar to the proof of Corollary 3.6. [J

We now consider a more challenging situation in which Theorem 3.5 can be applied.

EXAMPLE 3.8. Consider the CS (D, C,R) with D= {+X, fib, g, <, A, length, @, sum},
C =10, S, true, false, nil, :} and rewrite rules

O+x - X r
Sx)+y -  Skx+y) ry
Oxx - 0 r3
Sx)Xy - xXXy+y rs
fib(0) - S0 rs
fib(S(0)) - S5O r'e
bESES®)) - fib(SK)+fib(x) rq
g(0) - 0 rs
g(S©) O] ro
g (S (S () - S E0)) 10
x<0 —  false ri
0<Sx) —  true ri2
Sx)<S(©Y) -  x<Yy ri3
true A false —  false r14
false Atrue —  false ris
X AX - X r'ie
length (nil) - 0 ri7
length(x:y) —  S(length(y)) rig
nil @ x - X 19
@@z - x:0@2) r20
sum(nil) - 0 ra
sum(x :y) - x+sum(y) ran

Consider the decomposition (D;, C;, .‘l{,-)};:l defined as follows:

i Di C,’ R,,‘ i (-’)i Ci R.i

1| +x 0S ryrorary 51 A true false riy4risris
2 | +fib 0S8 ryrorsrery | 6 | length 0S8 nil: ri17718

31 g 0S8 rgrorig 7| @ nil : r19 720

4 | < O S true false ryyripris 8 | +sum O0Snil: ryrora o

Routine arguments show that every (D;, C;, R ;) is complete. Theorem 3.5 yields the complete-
ness of (D, C, R).
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The proof of the decomposability of semi-completeness is comparable to the proof of
Theorem 3.5. First we show the decomposability of weak normalization.

LEMMA 3.9. Weak normalization is decomposable.

PROOF. Suppose (D4, C;, R1) and (D;, C,, R ;) are weakly normalizing and composable CS’s
and let (D, C,R)=(D4, C1, R1)+(D,, C,, R,). We will show by induction on the structure of
t that every term t € T (D, C, V) has a normal form. The case t € D U CU YV is easy. Suppose
t=F(ty,..,t,) and ¢4, ..., t, are weakly normalizing. Let s; be a normal form of ; fori=1, ..., n
and define t'=F (s, ..., 5,). If F €C then ¢’ is a normal form of ¢. If F € D then there exists a
k€ {1,2} such that F € D;. Let D’ = D — D,. From Proposition 2.19 we obtain a D’-replacement
¢ which is applicable to ¢’. Since (Dy, Ci, Rx) is weakly normalizing, the term ¢ (") has a normal
form, say t”. Using Proposition 2.20 we obtain t —» ¢’ = ¢ (¢ (")) —» ¢~ (+”). It is easy to show
that ¢~ (t”’) is a normal form. [

THEOREM 3.10. Semi-completeness is decomposable.

PROOF. Let (D, C;,R.;) and (D,, C,, R,) be semi-complete and composable CS’s. From
Lemma 3.9 we obtain the weak normalization of their union (D, C, R ). Hence it is sufficient to
show that every term t € 7(D, C, V) has at most one normal form. We use induction on the
structure of ¢. The case re D U CU YV is easy. Suppose t =F(ty,...,1,) such that every ¢ is
semi-complete. If F € C then F (t,J, ..., ,]) is the unique normal form of ¢. Suppose F € D and
lett’=F"(ty,...,t,). Define D; , D’ and ¢ as in the proof of Theorem 3.5. First we show that if ¢
has a normal form n then ¢ (e (y (t"))) = ¢ (n). With help of Proposition 2.5 and Lemma 2.14 we
obtain a normal form n” such that y (t') —», n” and e (n") = n. Repeated application of Lemma
221(1) yields o(y(t")) >»p ¢(n’). Erasing all markers in this sequences gives us
e(0(y(t))) —>» e(d(n")) and from Proposition 2.20(3) we obtain e (¢ (w (¢"))) = ¢ (e (y (¢”))) and
e(@(n’)=0(e(n”)) = (n). Now suppose that t has normal forms n, and n,. From the above dis-
cussion we learn that ¢ (n;) «— ¢ (¢ (y(t"))) = ¢ (n,). Notice that ¢ (n;) and ¢ (n,) are normal
forms. We obtain ¢(n;)=6¢(n,) from the semi-completeness of (Dy, Cx, Ri). Hence
ny=¢"1o(n,))=¢"1(6(n,))=n, by Proposition 2.20(2). O

COROLLARY 3.11. The union of semi-complete CS’s which do not share defined symbols is
semi-complete.

PROOF. Easy consequence of Theorem 3.10. [J
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COROLLARY 3.6. Completeness is a modular property of CS’s.
PROOF. Disjoint CS’s are clearly composable. []

COROLLARY 3.7. The union of complete CS’s which do not share defined symbols is complete.
PROOF. Similar to the proof of Corollary 3.6. [J

We now consider a more challenging situation in which Theorem 3.5 can be applied.

EXAMPLE 3.8. Consider the CS (D,C,R) with D ={+ X, fib, g, <, A, length, @, sum},
C={0,S, true, false, nil, :} and rewrite rules

0+x - X r
Sx)+y - Sk+y) ry
Oxx - 0 r3
Sx)xy - xXy+y T4
fib(0) - S0 rs
fib(S(0)) - S0 T
bESES @) - fib(SX)+fib(x) rq
g(0) == 0 rs
8(5(0)) - S0 r9
g (S S ))) - S E0)) 10
x<0 —  false ri
0<Sx) —  true ri2
Sx)<S©y) -  x<Yy ris
true A false —  false ri4
false Atrue —  false ris
XAX - X 16
length (nil) - 0 ry7
length (x:y) —  S(length(y)) 718
nil @ x - X 19
x:y@: - x:(0@2) 20
sum(nil) - 0 ra
sum(x :y) -  x+sum(y) ry

Consider the decomposition (D;, C;, ﬂ(,,-)f:l defined as follows:

i D; C; R i D; Ci Ri

1| +x 0S ryrorary 51 A true false ri4ri57r16
2 +ﬁb 0S ryrorsreltqg 6 Iength 0S8 nil : ri7rig

31 ¢g 0S rgrorig 7| @ nil : 19720

4 | < 0S true false rq1riarys 8 | +sum 0S8 nil: rirora o

Routine arguments show that every (D;, C;, R ;) is complete. Theorem 3.5 yields the complete-
ness of (D, C, R).
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The proof of the decomposability of semi-completeness is comparable to the proof of
Theorem 3.5. First we show the decomposability of weak normalization.

LEMMA 3.9. Weak normalization is decomposable.

PROOF. Suppose (D, C1, R 1) and (D;, C,, R ,) are weakly normalizing and composable CS’s
and let (D, C,R)=(D1, C1, R1)+(D;, Ca, R>). We will show by induction on the structure of
t that every term ¢t € 7 (D, C, V) has a normal form. The case t€ D U CU YV is easy. Suppose
t=F(ty,..,ty)and ¢y, ..., t, are weakly normalizing. Let s; be a normal form of #; fori=1, ..., n
and define t'=F (s, ..., ). If F € C then ¢’ is a normal form of ¢. If F € D then there exists a
ke (1,2} such that F € D;. Let D’ = D — D,. From Proposition 2.19 we obtain a D’-replacement
¢ which is applicable to ¢’. Since (Dy, Ci, R i) is weakly normalizing, the term ¢ (") has a normal
form, say 1”. Using Proposition 2.20 we obtain 7 —» ¢’ = ¢~ (¢ (")) —» ¢ (t”). It is easy to show
that =1 (t”) is a normal form. O

THEOREM 3.10. Semi-completeness is decomposable.

PROOF. Let (D, Cy,R.;) and (D,, C;, R,) be semi-complete and composable CS’s. From
Lemma 3.9 we obtain the weak normalization of their union (D, C, K ). Hence it is sufficient to
show that every term t € 7 (D, C, V) has at most one normal form. We use induction on the
structure of ¢. The case te DU CU YV is easy. Suppose t=F(ty,...,t,) such that every ¢ is
semi-complete. If F € C then F (¢4, ..., t,]) is the unique normal form of ¢. Suppose F € D and
lett’=F"(ty,...,t,). Define D, , D’ and ¢ as in the proof of Theorem 3.5. First we show that if ¢
has a normal form »n then ¢ (e (y (¢))) —» ¢ (n). With help of Proposition 2.5 and Lemma 2.14 we
obtain a normal form n” such that y (t') —», n” and e (n’) = n. Repeated application of Lemma
221(1) yields ¢ (y(t")) >y ¢(n’). Erasing all markers in this sequences gives us
e(d(y(t")) —» e(d(n’)) and from Proposition 2.20(3) we obtain e (¢ (W (¢"))) = ¢ (e (v (¢"))) and
e(®(n’))=0(e(n’))=¢(n). Now suppose that # has normal forms n; and n,. From the above dis-
cussion we learn that ¢ (n;) «— ¢ (¢ (y(t"))) = ¢ (n,). Notice that ¢ (n;) and ¢ (n,) are normal
forms. We obtain ¢(n;)=¢(n,) from the semi-completeness of (D, Ci, Ri). Hence
ny=6"1¢ () =0¢"1(¢(n,))=n, by Proposition 2.20(2). O

COROLLARY 3.11. The union of semi-complete CS’s which do not share defined symbols is
semi-complete.

PROOF. Easy consequence of Theorem 3.10. [J
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