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A comparision is made of estimators for the bivariate survival function under random
censoring. We consider an estimator based on the product integral and one based on
the Volterra integral equation. Asymptotic root mean square errors are obtained through
calculation of the influence curves of the estimators. We also compare the estimators with
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1. Introduction

The statistical analysis of univariate right censored data is well understood and the standard
nonparametric estimator for the survival function is the Kaplan-Meier (1958) or product-limit
estimator, which is actually the nonparametric maximum likelihood estimator (NPMLE).
In this paper we study the extension to estimating the survival function of two dependent
censored variables. This situation is quite common when a survival study is done on paired
units, e.g. twins, brothers and sisters, married couples, both eyes of one patient, the response
time of different treatments of a patient or the first experiences of certain disease symptoms.

We consider the following model: Let T' = (73,7»2) be a pair of nonnegative random
variables, denoting unobservable survival or failure times with joint distribution function F
and let C = (C1,C2) be a pair of censoring times independent of T with joint distribution
function G. The only observations available are (X, A) with

X = (Xl,Xz) = (T1 ANC1,To N CQ), (1)

A= (A17A2) = (1{T1SC1}7 1{T2§CQ})' (2)

We have an ii.d. sample X; = (X5, X2;), A; = (A5, Ag;), ¢ = 1,...,n, with each (X;, A;)
distributed as (X, A).

One might hope that the NPMLE would again be a good estimator in this model. However
it has some serious difficulties, and except for the following brief discussion we will not study
it in this paper.

Only in some special cases of censoring is an NPMLE uniquely determined up to mass on
certain regions, see e.g. Mufioz (1980), Campell (1981), Hanley and Parnes (1983). However
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in general there exists a kind of nonuniqueness of the NPMLE, as shown in the example below,
that cannot be handled yet, because a closed form solution cannot be found, see Hanley and
Parnes (1983). It is not clear to what NPMLE an iterative method like the EM-algorithm
discribed by Dempster, Laird and Rubin (1977) will converge. To study this estimator, both
empirically and theoretically, we need a faster algorithm to find and compare the various
NPMLE’s. '

Example 1

This is a simple example for nonuniqueness of the NPMLE with four observations. Two
observations (1 and 2) have the first failure time censored and two (3 and 4) have only the
second one censored as in figure 1. The underlying uncensored observations lie on the lines
drawn from the actual observations. Let p; be the mass assigned to the intersection points.
All solutions that satisfy the next equalities

p1+p = 1/2 R
p3+ps = 1/2 1P3] P
p1+ps = 1/2 4
po+ps = 1/2 3

Figure 1. example 1 for non-
are NPMLE solutions. For instance uniqueness of the NPMLE.

p1=p2=p3=ps=1/4
and

p1=ps=0and pp =p3=1/2
are both solutions.

Example 2

A more complicated example of nonuniqueness with six observations is given in figure 2. Again
only the first or second failure time is censored. For the NPMLE the next equalities must
hold.

p1+p2+ps = 1/3 pi| p2| p3
pa+ps = 1/3 pa| Pps
Pe| p7| P8
pe+pr+ps = 1/3
pi+ps = 1/3
p2tpatpr = 1/3 Figure 2. example 2 for non-
p3+ps+ps = 1/3 uniqueness of the NPMLE.

For instance

p2=p3=ps =ps=py=0and pp =ps =pg =1/3,



PL=p2=ps=ps=ps=pg=1/6and p3 =p7r =0
and

p1 :p3=p4=p7:p8::()a,ndp2:p5:p6:]_/3
are all NPMLE solutions.

In this paper we abandon the NPMLE and compare the behaviour of the two-dimensional
version of the product-limit estimator introduced by Dabrowska (1988,1989) and an estimator
based on the Volterra representation of the survival function, an idea of P.J. Bickel. From
now on we call them respectively “Dabrowska estimator” and “Volterra estimator”. Also a
short comparison is made with a pathwise product-limit estimator as introduced by Campell
and Foldes (1982). The comparison is mainly made by inspection of the influence functions
of the estimators, i.e. we compare their asymptotic root mean square errors (R.M.S.E.). We
also compare asymptotic and small sample (exact) R.M.S.E. by simulations.

2. Description of the estimators
2.1. Dabrowska estimator

Dabrowska (1988) introduced a bivariate Kaplan-Meier estimator, which is based on the
product-integral representation of the survival function F'(t) = Pr(Ty > t1,T> > t2), t € 1R_2F

F(t)= 7T (1 = Awo(du,0)) 7T (1= Ao1(0,dv)) 7T (1 — L(du,dv)) (3)
u<ty v<ty gég

where 7[(1 — X (du)) denotes the product-integral as in Gill and Johansen (1990):
TTA-X(dw) = Lim [ = X((wi-1,w))) (4)

i —Uj— 0
u<t max |[u;—u;—1]|— ;

where 0 = ug < u; <...<upy =tis a partition of (0,¢] and

T (1 - X(du, dv)) = lim TI = X (-1, 4] X (vj-1,25])) ()
’U.Stl ma.x|ui—ui_1|—>0 i
v<i2 max |v;—vj_1]|—0 J

where 0 = ug < u1; < ... < Upy, =t is a partition of (0,¢1] and 0 =vg < vy < ... < U, = t2
a partition of (0,%2] and the cumulative hazard function A = (Ajg, Ag1,A11) is defined as

Aqo(du,v) = :F%%)- (6)
Ao1(u,dv) = —_%—Ziu;j—cjv)) (7)
Aq1(du,dv) = f((jit’jzi)) (8)

with A19(0,v) = Ao1(w,0) = A11(0,0) = 0 and L(du,dv) is defined as



Am(du v— ) AOl(u—,dv) - A11(du, d’l)) (9)
(1= Ao(Au,v—)) (1 — Ap1(u—,Av)) "

L can be called the “odds ratio measure”, see Gill (1990) and Bickel, Gill and Wellner (1991).
Formula (6) actually defines a measure (in the u variable) for each v on IR, . Ajg as a function
is then the corresponding family of distribution functions, similarly for Ag;. Aq; is the d.f. of
the measure on IR?defined by (8). For more details see Dabrowska (1988) and Gill (1990).

By replacing the hazard function by its natural estimate A = (A10,A01, Au) defined as

L(du, dv) =

-~ —Nm du,'u
Aro(du,v) = Tu(—W) (10)
-~ —N01(u,dv
Ao1(u,dv) = _Y(uv_—)) (11)
Nu du dv
A1y (du, dv) = ———Y(u(_ — )) (12)
with
1
Nio(u,v) = Z {(Xi D) X 1>, Xai>v,A1=1} (13)
z 1
1 n
NOI (U, ’U) = —TZ Z 1{(X5,Ai):X1i>u,X2i>v,A2i=1} (14)
i=1
1
Nui(u,v) = Z L{(X0,80): X150, X0 50,12 Agi=1) (15)
z 1
1 n
Y(u,'l)) = :r__,, Z 1{(Xi,Ai):X1i>u,X2i>v} (16)
i=1

we get a consistent estimator for the survival function, which unfortunately is not always
monotone. Pruitt (1991) studied to which kind of points negative mass is assigned and
showed that the total amount of negative mass does not disappear as n — oo.

2.2. Volterra estimator

Another way to write the survival function, now with ¢, u etc. vectors (¢1,ts), (u1, ug) € IR?L,
is

F(t) = F(t1,0) + F(0,t2) — 1 4+ F(t1,t3) (17)
= F(t1,0) + F(0,42) — 1 + / / Fu-)Au(du),  tueR? (18)
u<lt

with A11(du) = A11(dui, dus) the hazard function of the uncensored observations as in (8).
Here u < t means u; < ¢; and up < t9, and u < t means u; < t; and ug < ts. It was an
idea by P.J. Bickel to use this Volterra equation for an estimate of the survival function. The
solution of this equation given by Gill and Johansen (1990) is:



F(t) = F(t1,0) + F(0,t5) — 1+ / / (F(s1—,0) + F(0, sa—) — 1)A11(ds)P(s,t)  (19)
s<t

with the Peano-series

o0
P(s,) =1+ // Au(duw)...Au(duw),  stu € R (20)
k=1 s<u1<...<up <t
By replacing F(t1,0) and F(0,t3) by their marginal estimators, for instance the Kaplan-Meier
estimator, and Aj; by its cumulative empirical estimate A11 as with the Dabrowska estimator,
we have a consistent estimate of the survival function F', which is again not always a survival
function itself. Because A1 # 0 only in uncensored observation points, mass is only assigned

to these points and to points at the upper/right border of the support of F. It is not clear
what happens at the border of the support of the observation space.

3. The influence function

To calculate or approximate the asymptotic variance of an estimator in a given (i.e. ‘theore-
tical’) situation, we can look at the average influence of separate observations. Therefore we
determine a kind of first order Taylor approximation to the estimator in the point (EN,EY),
where N = (Nig, No1, N11). The difference between the estimate and the real value is then
written as a sum of values that each only depend on one separate observation. That is, we
find a function ¥ of each observation such that

= — 12
F(t)-F(t) =~ EZ\II(X,-,Ai;t,F, G) (21)
i=1
where & can be interpreted here and below as: = ---+o0 P(n"%); see Gill(1989). The variance

of the estimator is then approximated by
= = 1
var(F — F)(t) =~ —T;var (¥(X, A5t F,.G)), (22)

where var(¥(---)) is the variance of the influence function for one generic observation. In

some special cases an exact expression for this variance can be found. In other situations we

have to substitute the known values for F, A, L, EY and P and estimate the variance of the

influence function by Monte-Carlo (i.e. by simulation of i.i.d. copies of ¥(X, A;¢, F,G)). Even

this is not easily possible in every example, since ¥ can be rather complicated to calculate.
First we give the influence function for the hazard function

~ dN __ E(dN)
dA = —Y—, about dA = EY .
Formal second order Taylor expansion gives
dN —E(dN) E(dN)

A- = — Y —
dA — dA Y EY)? ( EY) +

E(dN)
(EY)

((E_Tl)?(dN —E(dN)) (Y —EY) +

_dN-YdA (Y —EY)(dN -YdA) ”
- EY (EY)2 ’ (23)

(Y - EY)2)




reducing to the first order part and substituting dNV and Y by the one-dimensional analogues
of (15) and (16) gives

o T3 (Lxedsasy | LixissA(ds)
dA_dA’“E;( EY(s)  EY(s) ) (24)

Integrating (or adding) over (0, t] gives

A(t) — A(t) = / (df\ - dA) ~ z (1{X iSHA= EY ) (25)

=t
(0,4] ¢ (0,X: 1)

From a mathematical point of view, the result (25) of these formal algebraic manipulations
is precisely the first order Taylor expansion of A considered as a Hadamard differentiable
functional of the empirical distribution function, see Gill (1989) and Gill & Johansen (1990).
The correctness of the algebra is shown in van der Laan (1990).

For the bivariate estimators we can do a similar kind of heuristic derivation. To make
it more readable we write: dAijg = A1o(ds1,s2—), dAo1 = Api(s1—,ds2), dA = dA;; =
A11(d81,d82), dA = Al()(dsl,_o), dAQ = Aol(O,(z:SQ), d_N1 = Nlo(dsl,O), dNy = N01(0, d82),
Yl = Y(Sl,O), Yz = Y(O, 82), F1 = F(sl,O) and Fg = F(O,Sg).

3.1. Influence function of the Dabrowska estimator
To simplify we suppose the “true” F' is continuous. Then for the Dabrowska estimator we
write (9) as

dA10dAo; — dAny

dL = , 26
(1— Ah1o) (1— Ahgy) (26)
and first order Taylor expansion gives
0T L ~ Mo (dA10 — dA1o) + dA1o (dAo1 — dAgr) — (dA1; — dAqy)
(1 —AAsp) (1 —Alo1)
~ dN1g dAoz + dNoi dAy 5 YdAjodAor  dNu —Y dAn (27)

EY EY EY EY
Here we use that (1 — AA) =1 at the true A. Then we have from (3) using again continuity

of F
_F o~ —F( ){ / (R —dAy) + / (4R — dAy) +//(df,—dL)}
(0,t1] (0,t2] (0,¢]

_ dN; - YidA dNs — Yo dA
_F(t1, ) / 1EY11 1+/ 2EY22 2

(Ortll (Oat2]

dN1gdAg1 + dNp1 dA1g — 2Y dA19dAgr — dN11 + Y dAq1
/) o @)

=)
~
-
Sl
N

(0,1]



The heuristic used here is to think of the product integral 7T just as an ordinary finite product

[1, just as before we thought of the integral [ as a finite sum Y. Hence the influence function
for the Dabrowska estimator is

ICdabrmuska (tl 3 t2) =

- Lixy<ty,0,=1} Ai0(dsi,0)

_F wtish,An=ly 2MO0V%4L, M)

(“’tz){ EY (X1,0) EY (s1,0)
(O,Xl/\tl]

+ Lxo<ta, ho=1) Ao1(0, ds2)
EY (0, X>2) EY (0, s2)
(0 X2/\t2]
+1 / Ao1(X1,ds2)
{X1<t1 Al 1} EY Xl,SZ)
(0 Xz/\tz]
1 AlO(dSl,X2)
+ {X2<t2,A0=1} _EY(Sl,Xz)
(0 Xl/\tl]
_2// A1o(ds1, s2) Ao1(s1,ds2)
EY 51732)

(0,XAt]

~ Lxict, Ai=1, Xa<ty, Ap=1} + // A11(ds1, ds2) }

2
EY(XI,XQ EY 81,82 ( 9)

(0,XAt)
When F and G can be written as products of their marginal distributions, i.e. in case of
independent margins, we can write the influence function of the Dabrowska estimator in

terms of the influence functions for estimating the margins. Independence gives F = F;Fy,
G= Glag, AlO = A1, Am = Ag, A11 = A1A2. Define

Lixp<t =1y Ay (dsg)
— AAEStOk=1S =1,2.
16 = ’“{ EY;(X¢) BY(s0) [° " (30)
(Oka/\tk]

This is the IC of the univariate Kaplan-Meier estimator, see Gill and Johansen (1990). Then

ICdabrowska =1C1 ICy + FZ ICy + ?l ICy (31)
and the variance is given by
VARgabrowske = var(ICh) var(ICs) + F§ var(ICy) + Fi var(1Cs) (32)
because IC; and IC; are independent. It is known that
=2 [ dAg
ICy) = F / k=1,2. 33
var(10) = T [ =k (33)

(0,tk]

It can be shown that the Dabrowska estimator is efficient in this case, see van der Laan
(1990). When F' and G are both uniform (0,1) on the plane we have

var(ICy) = %(1 —(1=t)?), kE=1,2. (34)



3.2. Influence function of the Volterra estimator
For the Volterra estimator we need
B(s,t) — P(s,t) ~ / / P(s,u-) (A — A)(du)P(u,t),  suteRR2 (35)
s<u<t

which we get from Duhamel’s equation, theorem 6 in Gill and Johansen (1990). Now we have

F-TF ~ —Fy(t1)(A1(t1) — A1(t1)) — Fo(Ra(tz) — Aa(t2)) (36)

— [ [Fatsn)Balon) = Aa(o0)) + Fa(sa) Rals2) ~ Aa(s2))A@d)P(s,8)  (37)
s<t

+ / / (Fi(s1) + Fa(s2) — D)(A — A)(ds) P(s, ?) (38)
s<t

+ / / / / (Fi(s1) + Fa(s2) — 1)A(ds)P(s, u—) (A — A)(du) P(u, t) (39)
s<t s<u<lt

= —F1(t1)(Ar(t1) - (1)) — Fa(Ra(ta) — As(t2))

/ (Fi(s1)(Ri(s1) — A(51)) + Fa(s2) (Ra(s2) — Aa(s2)))A(ds)P(s, 1)
s<t

n / / F(s)(A — A)(ds) P(s, 1) (40)
s<t

One gets (36) and (37) by differentiating with respect to A; and A2, (38) w.r.t. A and (39)
w.r.t. P. Replacing (A — A) by its first order approximation we get for the influence function

ICvolterra(tla t2) =

__'F_ (t) 1{X1$t1,A1=1} _ Al()(dS]_,O)
WA TEY (x,0) EY (s1,0)
(0,X1/\t1]
= Lixy<ts,A0=1} Ao1(0, dsz)
- “2){ EY (0, X») EY (0, 52)
(OXz/\tg]
// 'F 3) 1{X1<51 Al 1} _ A10(du1,0)
WU TEY (X1,0) EY (u1,0)
s<t (O,Xll\sl]
- 1{X2532,A2=1} AO] (O,dU2)
+F2(82)( BV (0.%)) Y G uy ) [A(@51d52)P(s,1)
(O,le\sg]

F(X)P(X, 1)
+ 1{x15t1,A1=1,X2St2’ A=UTTEY(X)

-/ /7o

(0,X At

P(s,1) (41)



Unfortunately this formula is difficult to handle in concrete examples.
In case of independent failure times we have
(1

2
Pls,0)= 3 () (Aa(t) — Aas2))*(halta) = Aals2) 42)
k=0 ’

Even with this expression it is still difficult to find an exact expression for the variance of the
influence function. We only can do Monte-Carlo estimation in some special cases, because
only the first few terms of the summation are important.

3.3. Pathwise estimator

In some examples we will compare these estimators with the “pathwise estimator” as defined
by Campell and Foéldes (1982). We only consider the asymptotic variance of this estimator
and we will not do any simulation with it. This estimator is based on the property that

Pr(Ty > t1, T2 > tg) = PI‘(TQ > to| 11 > t1) Pr(Ty > t1) (43)

One can then estimate both probabilities by their separate Kaplan-Meier estimates. The
influence function is given by

=) Lixi<t,a,=1} A1o(ds1,0)
I wise\l1ly = - F{ = — SO\ E)
Cpath (tl t2) { EY(Xl,O) EY(SI,O)
(O,Xl/\t]_]
1{X2<t2 Ar=1,X1>t1} AOl tlads2
— 3 3y 4
+ EY (X1, X2) ~ lxou / EY(t1,s2) (44)
(0 X2/\t2]

The variance of this influence function is given by

A1o(ds1,0) dAoi1(t1,ds2)
EY(ShO) EY(t1a32)
(0,t1] (0,t2]

VARanthwise(tlv t2) = F(tl, t2)2{ (45)

For the pathwise estimator there are two different paths dependent on which codrdinate is
taken first. In appendix B we give results for this variance in different situations.

4. Algorithms and Simulations
For both the Dabrowska and the Volterra estimator the mass is concentrated on the set of
points

S = {(X1,X2): X1 =X1;,0u=1,X2 = Xoj,625 =1 for some 1 <i,5 <n}

U {(X1, Xomaz) : X1 = X1; for some 1 <i < n}

U {(X1maz, X2) : X2 = Xo; for some 1< j < n} (46)
with (X1maz, X2maz) the upper bound of the support of the observation space of X. Hence we
can restrict the calculations to an (n+1) x (n+1) grid that is defined by the pairs (X1;, X2;),
(X1iy Xomaz), (Ximaz, X2j), for 1 < 4,5 < n. Define 0 = Y10 < ... < Y1n < Yin41 = Ximaz

and 0 = Yoo < ... < Yo, < Yon,11 = Xomaz as the ordered observation times of Xi; and Xo;
respectively. The Dabrowska estimator on this grid of points is
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Fru=FYu,Ya)= [ (1-Aw,) [] @ =2A0,,) J] (1-Ly) (47)
i<k j<l ;S<’lc

with Ajg; = A10(dY;,Y;), Aor; = Ao1(Yi,dY;) and Li; = L(dY;,dY;). To calculate this
estimator we first order the observation points from right to left and from above downwards.
Then we have a logical order to calculate Nig, Npi, N11 and Y. Next the estimator is
determined from left to right and from below upwards. For that purpose we use the following
relation

Fr=Fprg1 (1= Aoy,) [ (1= La) = Fro1y (1- Aroy) [ (1 Lyj) (48)
i<k j<l

fork=1,...,nandl=1,...,n.

dabrowska dabrowska

volterra volterra

Figure 3. Dabrowska and Volterra estimator for the survival function for 100 observations
and both failure time and censor uniform (0,1) on the plane.
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The Volterra estimator on the grid is

Fu=Fr+Fou—-1+> > (Fii1o+Foj_1—1) Ay
i<k j<

(1-{-2 ZZ Akll;-'-Akmlm)§ (49)

i<k <...<km<k
M2l <l

here we write A;; for Ay, = ./A\n(dY}, dY;). For the Volterra estimator we use the iterative
scheme

Fkl = Fko + FOZ -1+ Z KijFi—l,j—l (50)
i<k :
i<l
again for k = 1,...,n and [ = 1,...,n. For the marginal survival functions we use the one

dimensional Kaplan-Meier estimator.

Q
-

0.4

—
L.
G
1
\
\
o
U

0.0
1

dabrowska 1.0

volterra

————— original

Figure 4. Combination of the contour plot of the Dabrowska and the Volterra estimator
for 100 observations, compared with the original survival function with both failure time and
censor uniform (0,1) on the plane.
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Figure 3 shows an example of these two estimators for 100 observations and both the failure
time and censor uniform (0,1) on the plane. In figure 4 we can see that the difference between
the Dabrowska and the Volterra estimator is small left below and large in the upper right
region.

5. Results

To find out what the behaviour of the estimators is in different situations and to compare the
large sample (influence function) and the small sample behaviour at n = 100, we did a large
number of simulations with different survival and censoring distributions.

For simulation of the data we used the new S language, see Becker, Chambers and Wilks
(1988). The estimators themselves were programmed separately in C.

First we introduce a family of survival distributions which gives a nice collection for simu-
lations, varying from completely dependent to totally independent margins.

5.1. The Pareto distribution

To get a set of combinations of distribution functions we use the bivariate Pareto distribution
with each margin transformed to the uniform distribution. For the survival function F we
take a reflected bivariate Pareto distribution and for the distribution function G the standard
form Pareto distribution itself. They are defined by

Folu,v) = (1 —w)" Vo4 (1 —v) Ve 1) (51)
and
Go(u,v) = (WP o7/ -1y (52)

Note that the densities of F' and G are mirrors of each other in the line y = 1 — z, see figure 5.
These distribution functions and how to simulate them are described by Johnson (1987).
When a — oo and b — oo we get independence; Foo(u,v) = (1—u)(1—v) and Goo(u,v) = uv.
When a — 0 and b — 0 we get complete dependent margins; Fo(u,v) = min{l — u,1 — v}
and Go(u,v) = min{u,v}.

When a and b are 0, 1 or co we can rather simply determine the asymptotic variances of
the pathwise estimator. First we will handle these nine situations.

In the relevant tables, see appendix A, the asymptotic R.M.S.E. is given for the two
pathwise estimators and a sample R.M.S.E. based on 100 replicates of the estimators and
an asymptotic R.M.S.E. is given for the Dabrowska and the Volterra estimator at n = 100.
The asymptotic values are used as approximation for the R.M.S.E. at n = 100. For the
asymptotic R.M.S.E. of the Dabrowska and the Volterra estimator there are three possibilities:
the variance of the influence curve is determined exactly; the R.M.S.E. is approximated by
Monte-Carlo (based on 10,000 replicates of the influence curve); or we cannot handle the
influence curve at all. In the last cases the simulations were done also for n = 200 observations.

When we compare the different R.M.S.E.’s, we have to be aware of the different sources
of differences. First we have the sample variability of the R.M.S.E. (for 100 replicates of the
estimators), not the true value.

Secondly the asymptotic properties do not exactly hold for estimators based on a small
sample size (n = 100).
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reflected pareto(1) reflected pareto(1)

0.8
1=

0.4

0.0

00 02 04 06 08 10

standard form pareto(1) standard form pareto(1)
&f

00 02 04 06 08 10

0.8

0.4

t\\\“{\\\
\\

IR
N
ANRRS

(I

0.0

Figure 5. densities of Pareto(1) survival functions.

Finally, the asymptotic R.M.S.E. we get via the influence function is sometimes approxi-
mated by Monte-Carlo. This also gives some variation.

5.1.1. Paretoa=0,b=0

In this case both the failure and the censoring times are completely dependently distributed;
we have uniform distributions on the diagonal. The pathwise, Dabrowska and the Volterra
estimator are the same (though calculated in rather different ways!) and equal to the Kaplan-
Meier estimate on the diagonal. The asymptotic variance is known.

1
VAR(t1,t2) = 2 (1 —-(1-t1Vv t2)2) (53)
From table 1 we see that at a sample size of n = 100 the asymptotic R.M.S.E. is a good
approximation to the sample R.M.S.E. based on 100 replicates of the estimator, but we have

to be careful with conclusions only based on these values.
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5.1.2. Paretoa=0,b=1

The failure times have completely dependent margins and the censor times are related in a
certain way characterized by the pareto(1) distribution function

(t1+22)(1 — 1)(1 — to)

Gi(ti,te)=1—-ti—to+ (T +t5  — 1)1 = 54
1(t1,t2) 1—ta+ (67 +157 —1) PR— (54)
Because
A01(t1, dts) = 0 for t; > to, (55)
A()l(tl, d82) _ / t1+ s2 —t189 dss
EY (t1, s2) (t1+ s2)(1 — t1)(1— 82)3
(07t2] (t11t2]
3 1 ( 1 1 )
C2(1-t)(Q+t) \(1—t2)2  (1—t1)2
N t2 ( 1 1 >
Q—=t)1+t1)2\1-t2 1-t;
t2 t1 + to 1 —tz)
| -1 fi <
T+ a)y ( ot 81—y ) Prtiste, (56)
an

/ [E76) j;’l}l’:f) -/ (1- s)i%l—;)r

s<t (0,81 At2]
1 1 1 1 1
T2 (3(1 -t A t2)3 3 + 21—t A t2)? B 5) ’ (57)

the influence curve of the Dabrowska estimator is

ICdabro'wska (tl y t2) =

Lxisha=1y 1 1
~(1—t1Vt2){ 1-Xx)2 2 (1—X1/\t1)2_1
+ lixasts po=1} 1 ! -1
(1 - X5)2 2 (I_XZAt2)2

1 1
* 1{X‘S“AX2“2’A‘=1}{ 2(1~ X1)<1 + Xl) ((1 ~XaAta)? (1 X1)2)

1
1- Xg/\tz l-—X1>

(1—X1 1+X1 2(

X1+X2/\t2 1-XoAty
log —log ———=
1

(1—X1 1+X13 1- X,

1 1
*loastnsinn,f= ”{ 2 (1-X2)(1+ X3) <(1~X1At1)2 - (1—X2)2)
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N X2 ( 1 1 )
(1—X2)(1+X2)2 1-X1AH 1— X9

X2 Xo+ X1 At 1-
+ : )3 (1 2+ 21 1—10 Xl/\tl)}

01— X2)(1+ X2 2X, 81X,
—0
U<t m=1.X<t,0,=1) (X1 + X2 — X1 X5)
(1 -X1V X2)(X1 + X2)(1 - Xl)(l — X2)
1 1 1 1 1
+ 5(3(1 CX AL AXa ALY 3 20— XiAtAXaAf)E 5)}(58)

For Volterra it is also possible to determine the influence curve

ICvolterra (tl ) t2) =

Mxicn.ai=1 _1(_1__ )
”(1‘“){ (1-X1)? 2\(1- X1 At))? !

1 = 1 1
—(1— AXestaho=1}y 2 0 4
(1 tz){ (1 — X2)2 2 <(1 — X5 /\t2)2 1) }

1 ) 2
_ m{log(l——)ﬁ/\h/\h)—i (@-t1 At ~1)
1\ ((1—t1 Atg)?
“toasura (Memy —3 ) Tz T
1 . 2
_ m{log(l—tl/\Xg/\tz)—§ (-t At2)?~1)

1\ ((1—ta Aty)?
— Lxo<tonts} | Haz=1} — 2/ \ (1-X2)2 '

11 (1—X1VX2)(X1+X2—X1X2)
{X1<t1,A1=1,X2<t2,A2=1} (1—t1 A to) (X1 + Xo)(1 — X1)(1 — X3)

1 1
- { —log(1=-X1 At1 A Xo At -1
{ og( ! ! 2N t2) + 1-Xi At ANXoAts } (59)

2(1 —t1 Ata)

We used these expressions for the influence curves for Monte-Carlo approximation of the
asymptotic R.M.S.E.’s. Comparing these and the asymptotic R.M.S.E. of the pathwise esti-
mator in table 2 we see that the difference between the pathwise and the Volterra estimator
is not to the advantage of one of them. For the points left below in the support Volterra
seems better, partly dependent on which of the two pathwise estimators is taken. As we will
see in other cases also the Volterra estimator seems very bad in points that are close to the
upper/right border of the support. The Dabrowska estimator is the best one as long as we
do not take points close to this border. There the difference between the pathwise and the
Dabrowska estimator is unclear. The asymptotic R.M.S.E. based on 10,000 replicates of the
influence curve is not reliable here.
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5.1.3. Paretoa=0,b=

We can compare this situation with one failure time and two censoring times. The variances
of the estimators are expected to be smaller than in for instance the independent case. The
influence curve of the Dabrowska estimator is

ICiabrowska(t1, t2) =
—(1—1t1 Vi) lncna=y 1 —1____1
! 2 (1 - X1)2 2 (1 - X1 A t1)2

+ 1{X2St2,A2=1} _ 1 1 -1
(1 —X2)2 2 (1—X2/\t2)2

Lixy <ty 00 =13 1{X; <Xant2} ( 1 1
(

2 (1-X;) 1-XoAt)?2  (1—X;)2
1{X2§t2,A2=1}1{X23X1/\t1} 1 _ 1
21— X,) C-X A 6P (=X

-0
_ 1{X1§t11A1=17XZSt21A2=1} +1 1 _ 1 (60)
(1—X1VX2)(1—X1)(1—X2) 3 1—X1/\t1/\X2/\t2)3

For Volterra we have

1—51Vsy
tf == —— = 1
P(s,1) s (61)

and this gives for the influence curve

ICvolterra(tla t2) =
Lix <ti,01=1} 1( 1 )
—(1_“){‘?”—“555‘2“ A N

_ H_Xz;min_l(__l__)
- t2){ (1— Xp)2 2 \ (1 — X3 Atp)2 !

_M{log(l—)ﬁ/\h/\tz)—5((1—7&1/\,*,2) _1)
1\ (L=t Atp)?
“Hazaney \Ma= — 5 ) Tt T
gt AXants) -3 (-t Na)? 1)
2 (1—t1At2) 1 5 1A t2

1 (1—t2 A tl)2
= Lixo<tonts} { Lag=1} — 2)\ 1-X9)2 '

1-X;V X,
+ 1{X1§t1,A1=1,X2§t2,A2=1} (1 “HA t2)(1 — Xl)(l _ X2)

1 1
— -1 2
1—t1/\t2<1-—X1/\t1/\X2/\t2 ) (62)
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We used these expressions for Monte-Carlo approximation of the respective variances of the in-
fluence curves. From table 3 we see that in most points the sample R.M.S.E. of the Dabrowska
estimator is smaller than the asymptotic R.M.S.E. of the pathwise estimator. From the point
(0.75,0.75) the pathwise estimator has a smaller asymptotic R.M.S.E. than the Dabrowska
estimator. This tells us nothing about which estimator of these two is asymptotically the best
one, because at the upper/right border of the support there are relatively too few points to
get a reliable value for the variance of the influence curve.

5.1.4. Paretoa=1,b6=0

We have
and
2dt, d
= ”

Because of the rather complex structure of double integrals with Aj;, we were not able to
find an expression for the influence curves of the Dabrowska and the Volterra estimator. In
particular for the influence curve of the Dabrowska estimator the integral

dA11 _ 2 dty dity
// EBY // (1 —tate) (1 —t1)(1 —t2)(1 — t1 V t2) (65)

s<t s<t

is difficult to handle. In general the influence curve of the Volterra estimator is even more
complicated. Hence we only compare for n = 100 the sample R.M.S.E. of the Dabrowska and
the Volterra estimator and the asymptotic R.M.S.E. of the pathwise estimator, see table 4.
Apart from the point (0.1,0.1) the Dabrowska estimator has the smallest R.M.S.E.. The
difference in the point (0.1,0.1) between the Dabrowska and the pathwise estimator is too
small to conclude that the Dabrowska estimator is worse in this point.

Table 12 gives the results of simulations for n = 200 observations for each estimator. The
pathwise estimator is worse than the Dabrowska estimator, except in the point (0.1,0.9). This
can be a sample error. The difference between the Dabrowska and the Volterra estimator is
small for the region left below of the support, but the overal impression is that the Dabrowska
estimator is better.

5.1.5. Paretoa=1,b=1

Because of the more complicated structure of the survival function of the censor, we expect
the same kind of problems for determining the influence curves as in the case with a = 1 and
b= 0. In table 5 for n = 100 there is no uniform difference between the sample R.M.S.E. of
the Dabrowska estimator and the asymptotic R.M.S.E. of the pathwise. In some points the
pathwise seems better, in other points the Dabrowska estimator. n = 100 seems too small to
make a good comparision.

Table 13 shows that for the estimators based on n = 200 observations the sample R.M.S.E.
of the Dabrowska estimator is in most points smaller than the asymptotic R.M.S.E. of the
pathwise estimator. The difference between the pathwise and the Volterra estimator is still
unclear.
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5.1.6. Paretoa=1,b=0

Here the same kind of problems occur as in the case with @ = 1 and b = 0. Even the same
conclusions hold for table 6. For estimators based on n = 200 observations table 14 gives the
Dabrowska estimator as the best one, except in the point (0.1,0.1). The difference between
the pathwise and the Volterra estimator depends on the part of the support. Left below
the Volterra estimator seems the second best, and as usual at the upper/right border of the
support the Volterra is the worst.

5.1.7. Paretoa=o00,b=0

We have one censoring time for both failure times. This situation is quite common when you
observe two survival variables of one object, for instance both eyes of a patient. The influence
curve of the Dabrowska estimator can be determined. The variance is too complicated. We
have

ICdabrowslca (tla t2) =

— (1-t1)(1 - t2) { Lonsua=ty %(( 1 - 1)

(1-X4)? 1-XiAt
L leseae=y 10 1
(1 —X2)2 2\ (1 —X2/\t2)2

+1 - ( 1 - 1)
{X1<t1,00=1} (1-X1)2\1-X1AXaAty
N l{X1>X2/\t2}( 1 ! )
TR20-X) \I-XaAt)?  (1-Xp)2
+1 : < 1 B 1)
{X2<t2,A2=1} (1-X2)2\1-X1At1 AXo
+ 1{X2>X1/\t1}< 1 — 1 )
2(1-X2) \1-X1At1)2  (1— Xo)?

1{XIStIyA]=1,X2St2,A2=l}
(1-X1)(1 - X2)(1 - X1V Xa)

1 1 1 1
_Z -1
2((1——X1/\t1)2+(1—X2/\t2)2)(1—X1/\t1/\X2/\t2 )

1 1
+ §<(X1/\t1/\X2/\t2)3 _1>} (66)

For the Volterra estimator the first few terms are nearly equal to the corresponding terms in
case of complete independence. We were not able to solve the last term. From table 7 we
see that the approximated asymptotic R.M.S.E. of the Dabrowska estimator is in all points
smaller than the asymptotic R.M.S.E. of the pathwise estimator. Comparing the Dabrowska
and the Volterra estimator, only in (0.1,0.1) does the last one seem better, but the difference
is small and in the other points Dabrowska is the better one.

Table 15 shows that in this case for n = 200 observations the conclusions depend on taking
the sample or the asymptotic R.M.S.E.. Asymptotically the Dabrowska estimator is the best
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one. The differences between the sample R.M.S.E.’s are not large enough to be in conflict
with this.

5.1.8. Paretoa=o0,b=1

In this case the same conclusions as for a = 1 and b = 0 holds for the influence curves of the
Dabrowska and the Volterra estimator. Table 8 shows that n = 100 is too small to select a
structurally better estimator in this case. Even n = 200 observations give no unambiguous
picture of the best estimator as is shown in table 16, but in most points the Dabrowska
estimator is the best one.

5.1.9. Paretoa=o00 and b = 0

Both the failure and the censoring time have independent uniform (0,1) distributed margins.
The variance of the influence curve of the Dabrowska estimator is known from paragraph 3.1.:

VARdabrowska(t1,t2) = % (1 - (1= t1)2) (1 - (- t2)2)

+%(1 —1)? (1-(1-t)?) + %(1 —11)% (1= (1 - 12)) (67)

This gives the opportunity to see if a Monte-Carlo approximation of the asymptotic vari-
ance based on 10,000 replicates of the influence curve gives a useful result. Apart from the
upper /right border of the support (for instance the point (0.95,0.95)) the values correspond
quite well. This is because at this border only a fraction of the observations contribute to the
behaviour of the estimator and hence we need a lot more observation points to approach the
asymptotic values here. We know that in this special case the Dabrowska estimator is effi-
cient. The asymptotic R.M.S.E. of the pathwise estimator compared to that of the Dabrowska
estimator is given by

1
VARyathwise(t1,t2) = VARgabrowska(t1,t2) + 1 t1(2 — t1)t2(2 — t2) (68)
For the Volterra estimator we only were able to determine the influence curve.

Icvolterra(tl 3 t2) =

1 - 1 1
(1 A=} 2 (4
(1 tl){ (1-X1)? 2 ((1 — X1 At1)? 1) }
1{X2§t2,A2=1} 1 ( 1 )
_(1-t2){w T2 \(1= XaAty)? !
B // 1 1{X1551,A1=1} _ _1_ <—1____ — 1)
1— s9 (1 - X1)2 2\(1-X1As1)?
(0]
L1 Lixp<snto=1y 1 <—1__ _ 1)
I-s1\ (1-X2)2 2 \(1 =Xz A s2)?

X /12 1—s1\* 1—s9\F%
> () (e =3) (lon=3) dout

k=0
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1{X1<t1 Ay=1} 1{X2<t2 Ao=1} ( ) ( 1- .Xl)k < 1-— X2)k
’ 1
+ (1—X1)(1—X2 Z 81 -n ) \(®1-1

By ,3. (tog = 31) (log 1=32) k
/ / (1—s1)2(1 — 52)2 dsidsz (69)
(0,X At
Note that
k
(log(1 - ))*dz = — Z 7 (-1)**(1 ~ =) (log(1 ~ 2))’ (70)
and
(og(1—2))" , _ ~H! (g1~ 2))’ (1)

- = T =
(1—1x)2 =it (1-12)
So the influence curve is

Lixi<t1,A,=1 1
‘“‘“){ aoxy 2
1

2

1 X JAx=1
—(1- t2){_{(12£_t2X22)2 L

1=0

—X; .
_12’“:1 (10g11—7:i\t1 _(0 1 )’
2 &\ 1-XiAty 81—t

1\ & (—1)’“‘i(10g—111"_’f1) . 1-t
tlocny (La=y =5 ; - ()T
=0

00 1 1 k+1
Py (logl—tl) {

k=0
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Lixi<t, Ar=1} 1{ Xo<ts, Ap=1} (1 >2 ( 1 —X1>’“< 1 —X2>’c
<h, <t “) [ 1
- X)a - X ,; w) (1) (1o

o k1 (logl—l)ilti\tl)i . i\ k1 (logl—l)?t;\tg)J . i
_ZZF< 1-Xi1/At _(logl—tl) )Zﬁ( 1—XoAtsy _(logl—tz) )

k=0i=0 i=0
(72)

We used this expression for a Monte-Carlo approximation of the asymptotic R.M.S.E. with
the influence curve. Table 9 of course shows a smallest R.M.S.E. for the Dabrowska estimator.
The difference between the pathwise and the Volterra estimator is not clear in the points left
below of the support, but the pathwise seems the better one of these two.

5.2. Non-Pareto examples

We now consider two special cases for which we can determine the asymptotic R.M.S.E. with
the influence curve for the pathwise and the Dabrowska estimator and approximate it for
the Volterra estimator. For the different columns in the tables and the possible differences
between the values the same remarks hold as in the previous paragraph.

5.2.1. Only one variable censored

An interesting case is when only one failure time is censored and the other one is not censored
at all. We call this type of censoring “half censored”. Let F' be uniform (0,1) on the plane
and only the second variable uniform (0,1) censored. We have independent margins so we
can use (32) to detemine the asymptotic variance of the Dabrowska estimator.

1
VAR jabrowska(t1,t2) = 5(1 —t)t2(2 — t2) + (1 — t2)%(1 — t1)ta (73)

The pathwise estimator that first estimates the first margin is equal to the Dabrowska es-
timator, because for the second variable we have no censored observations and hence only
the empirical distribution is taken. Because of the independent margins we know that this
estimator is efficient.

For the Volterra estimator we have (using A; = 1)

Icvolterra =
_(I{Xlstl} - tl)

1 _ 1 1
_(1_ AXe<tobo=1} L 0 L
( t2){ 1- 1) 2((1—Xz/\t2)2 1)}

— 1 1\EH (&L (—p)k L\
_,§J<k+m (IOgl—tz)) {; al (10g1-—t1) — (—1)F1 - t)

N 1 (1 1— )(1 /\t1>k+1 (10 1 >k+1
O —

E+rn\ %1 1 4

> 1

-2 (k+1)! (log 1 —1t1))k+1 {

k=0
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ko qyk—i i
%Z( .1) <10g1_1t2) — (-1)*(1 - o)

=0

%
o B
2 i\ T-Xo Aty 11,

1\ & (—1)k (logll%’t‘zz) L 1=t
+ Lixo<ta} | Hag=1} — ) 2 il 1- Xy (=1) (1-Xy)?

Lixi<ti} 1{Xo<ta, Ao=1} = (1)2 1—X1)’°( 1—X2)’°
= =2 —) (1 1
+ 1- X, kz:g k! <Og1—t1 €1 4%
_i 1 (10 1 )Hl—»(lo 1—X1/\t1>k+1
~ k+ )\ U810 81 4
Zk: 1((log:50)" (10 1 ) )
z! 1—Xo Aty gl—-tz

i=0

We used this result for a Monte-Carlo approximation of the asymptotic R.M.S.E. with the
influence curve. Table 10 shows of course that the Volterra estimator is worse than the
Dabrowska estimator, but left below of the support the difference with the second pathwise
estimator is to the advantage of the Volterra estimator.

5.2.2. Each variable totally censored or not at all

We now observe the situation where the failure time are uniform (0,1) distributed on the
plane and possibly only one of the variables is available. The censor is defined as

(1,1) with probability p;
(C1,C2) =< (0,1) with probability ps (75)

(1,0) with probability p3

We took p1 = py = p3 = % The sample can be split into three sub-samples:
1. Observations not censored at all.
2. First variable not available.((X1, X2, A1, Ag) = (0,72,0,1)).
3. Second variable not available.((X1, X2, A1, Ag) = (11,0, 1,0)).
Though we have no independence of the censor, we can determine the variance of the
influence curve of the Dabrowska estimator exactly. We have

%F(tl,tz) forty >0and t2 >0

EY (t1,t2) = %F(tl,tz) forty=0andt >0o0rt; >0and t2 =0 (76)

|

(tl,tg) for t1 = t2 =0
Let
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_ 1 A Ax(ds 3 |
Mmm=fmw%i%%ﬁfL—/ i%ig— =5 Mxe<u,ap=1y = t) (77)
3 (O,Xk/\tk] 3

be the marginal influence curves as in (30) and define

— Lixp<te, A= Ar(ds
IC(tk) = —Fi(ty) (% - / _—L’% (:))> = —V3 (Lxy<te,a=1} — tk)(78)
VBT o g VB

then
ICubrowska = F1ICy+ FoIC, + IC’{ ICé (79)

Because of independence of IC; and ICy we get

VARgaprowska(t1,t2) = (1—t1)*(1— t2)2{g (1 —1t1) - 1) + % (1 _1t2) - 1)
+3(3 —1t1) -1) (5 —1t2) -1) }
= gﬂ—hﬂl—wﬂh+h) (80)

So in this case the Dabrowska estimator is closer to efficiency than both pathwise estimators.
One can argue by considering a dummy extra sample of size 3 with censor (C1,C2) = (0,0)
that the present problem is essential the same as the problem with n £ 3 larger and all variables
independent (the censoring variables equal to 0 or 1 with probablhty 2) and therefor that
the Dabrowska estimator is asymptotically efficient.

For the Volterra estimator the influence curve is

ICvolterra (t17 t2) =

3 3
D) (1{X1§t1,A1=1} —t1) — 9 (1{X2St27A2=1} —t2)

3
—_ 5 // (1{XISSI,A1:1} - 31 + 1{X2SS2,A2=1} — 82)

s<t
k

d81d82

S0 (&) (tog 1222)" (1og 1=2)
(=) (=)

(1N 1=X\F 11— Xk
T3 Lxacu, ar=1) HXa<h, ar=1} Z <E> (log 1— tll) (10g 1— t;)

1 k
//Zko i 1031 ) (lOgl tz)d p
§1as8
(1—=s1) (1—s2) 152

(0,XAt]
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3 3
_—2- (l{Xlstl,Alzl} - tl) - 5 (I{Xzftz,A2=1} - t2)

3 1 1\ (& (k- 1 \¢ .
_Ekzzo(kﬂ)! (l"g —tg)) {Z il (l°g1—t1) - (=D -n)
(lo 1 _Xl/\tl)k+1 _ (l 1 )k+1
k+1)' €14, €14
3 co 1 ( 1 )k+1{ k k‘ 1( 1 7 x
- - og —— log ) — (-1 1—t
2,;) (k+1)! 1—t) part %) | ) (1-t2)
(10 1_X2/\t2)k+1 <10 1 )k-{—l
(k+1)' 8711, &1 1,
2 1-X 1-X5\*
+3 Lix,<ty, Ar=1} YXo<ta, An=1} Z (k') (log 1 —t11> (108 1 —t22)
2 1 (k+1) 1— X1 Aty B+
32( k+1)! ) {(logl—tl) _(l"g 1-4 )

1 (k+l) 1- X (k+1)
(log ) - (log —2—A—t2) dsidsy (81)
1—1to 1-1,

Again we used this result for a Monte-Carlo approximation of the asymptotic R.M.S.E. with
the influence curve. Table 11 shows that the Dabrowska estimator has the smallest R.M.S.E.
and that the pathwise estimator is globally better than the Volterra estimator.

5.3. Further Pareto examples

In this paragraph we give some simulation results for Pareto distribution that are more com-
plicated and hence only the sample variances for the Dabrowska and the Volterra estimator
are given. This is mainly because the influence curve for the Pareto distribution with param-
eters unequal to 0, 1 and oo are difficult to handle for all three estimators. The simulations
are done to check the difference between the Dabrowska and the Volterra estimator in some
extra situations. We took n = 100 observations for each estimator. Simulations were done for
7 different cases with the reflected pareto(2) or the standard form pareto(2) distribution for
respectively the failure times or the censors. Table 17 to table 23 show that the Dabrowska
estimator has a smaller R.M.S.E. except for one or two points left below of the support, but
the difference there can be caused by sample errors. We have no reason to worry about this.

6. Conclusions

All three estimators are not survival functions themselves, they are not monotone. The
Volterra estimator only assigns mass to uncensored observations and at the upper/right region
of the support the survival values can be negative. Hence this estimator is only reliable in
the lower left region of the support. The pathwise estimator is path dependent and the two
paths we considered can give quite different estimators. The Dabrowska estimator can have
negative mass in certain points, but there are no negative survival values. In case both the
failure and censoring times are independent the Dabrowska estimator is efficient.
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In the lower left region of the support the difference between the Dabrowska, Volterra and
pathwise estimator is rather small, there is no generally best estimator. When we reduce to
the observed cases where we know some asymptotic properties, the Dabrowska and Volterra,
estimator are well matched here.

Further the overall impression is that the Dabrowska estimator is the best one.
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The asymptotic R.M.S.E. for the pathwise, Dabrowska and Volterra estimator and a sample
R.M.S.E. based on 100 replicates of the estimators for the Dabrowska and Volterra estimator,
at n = 100 with both failure time and censor uniform (0,1) on the diagonal.

point R.M.S.E.
_| pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo  exact Monte-Carlo  exact
(0.1,0.1) 0.0308221 0.0308221 0.0328019 0.0308221 0.0328019  0.0308221
(0.25,0.25) 0.0467707 0.0467707 0.0408280 0.0467707 0.0408280  0.0467707
(0.25,0.5)  0.0612372 0.0612372 0.0552978  0.0612372 0.0552978  0.0612372
(0.25,0.75) 0.0684653 0.0684653 0.0670722 0.0684653 0.0670722  0.0684653
(0.5,0.5) 0.0612372 0.0612372 0.0552978  0.0612372 0.0552978  0.0612372
(0.5,0.75)  0.0684653 0.0684653 0.0670722  0.0684653 0.0670722  0.0684653
(0.75,0.75) 0.0684653 0.0684653 0.0670722 0.0684653 0.0670722  0.0684653
(0.1,0.9) 0.0703562 0.0703562 0.0834965 0.0703562 0.0834965 0.0703562
(0.9,0.9) 0.0703562 0.0703562 0.0834965 0.0703562 0.0834965 0.0703562
(0.95,0.95) 0.0706222 0.0706222 0.0740182 0.0706222 0.0740182  0.0706222

Table 2.

The asymptotic R.M.S.E. for the pathwise estimator and Monte-Carlo approximations based
on 10,000 replicates of the influence curves for the asymptotic R.M.S.E. and a sample R.M.S.E.
based on 100 replicates of the estimators for the Dabrowska and the Volterra estimator, at
n = 100 with the failure time uniform (0,1) on the diagonal and the censor standard form

pareto(1).
point R.M.S.E.
_ | pathwise [ Dabrowska Volterra
(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)
exact exact Monte-Carlo Monte-Carlo Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0308221 0.0308221 0.0305718 0.0298748 0.0305824  0.0298798
(0.25,0.25) 0.0467707 0.0467707 0.0450679  0.0449520 0.0451453  0.0451025
(0.25,0.5)  0.0641138 0.0612372 0.0592392  0.0604427  0.0588210  0.0609660
(0.25,0.75) 0.0715574 0.0684653 0.0681470 0.0684656  0.0687092  0.0695382
(0.5,0.5) 0.0612372 0.0612372 0.0573428 0.0569028  0.0602289  0.0608765
(0.5,0.75)  0.0793733 0.0684653 0.0660694 0.0677901 0.0719360 0.0756474
(0.75,0.75) 0.0684653 0.0684653 0.0915286  0.0693847  0.1405326  0.1202944
(0.1,0.9) 0.0707900 0.0703562 0.0714082 0.0672429 0.0718236 0.0674189
(0.9,0.9) 0.0703562 0.0703562 0.0741746 0.1047518 0.2145584  0.3750294
(0.95,0.95) 0.0706222 0.0706222 0.0535545 0.1676014 0.2484845 0.8308576
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Table 3.
The asymptotic R.M.S.E. for the pathwise estimator and Monte-Carlo approximations based
on 10,000 replicates of the influence curves for the asymptotic R.M.S.E. and a sample R.M.S.E.
based on 100 replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100
with the failure time uniform (0,1) on the diagonal and the censor uniform (0,1) on the plane.

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra
(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)
exact exact Monte-Carlo Monte-Carlo Monte-Carlo Monte-Carlo

(0.1,0.1) 0.0308221 0.0308221 0.0295686  0.0294135 0.0295495  0.0294026
(0.25,0.25) 0.0467707 0.0467707 0.0421520 0.0434707 0.0421770  0.0437353
(0.25,0.5)  0.0683807 0.0612372 0.0629758  0.0602888  0.0632275  0.0611861
(0.25,0.75) 0.0785429 0.0684653 0.0727365 0.0676739  0.0750704  0.0694945
(0.5,0.5) 0.0612372 0.0612372 0.0597765 0.0574172 0.0677167 0.0666544
(0.5,0.75)  0.0918559 0.0684653 0.0770177  0.0670307 0.0983611  0.0832186
(0.75,0.75) 0.0684653 0.0684653 0.0886146  0.0854638 0.1730119  0.1750662
(0.1,0.9) 0.0741532 0.0703562 0.0741568 0.0691498 0.0744120 0.0694292
(0.9,0.9) 0.0703562 0.0703562 0.0796267 0.1613423 0.2771672  0.5501516
(0.95,0.95) 0.0706222 0.0706222 0.0454243  0.1885851  0.2899816  1.1616326

" Table 4.
The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time reflected pareto(1) and the censor uniform (0,1) on the diagonal.

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0401444 0.0401444 0.0410654 0.0411072
(0.25,0.25) 0.0547723 0.0547723 0.0461243 0.0463370
(0.25,0.5)  0.0597614 0.0630840 0.0571160 0.0572542
(0.25,0.75) 0.0650444 0.0685868 0.0625598 0.0668589
(0.5,0.5) 0.0623610 0.0623610 0.0588895 0.0596498
(0.5,0.75)  0.0616441 0.0678233 0.0539600 0.0682924
(0.75,0.75)  0.0630840 0.0630840 0.0557382 0.0831198
(0.1,0.9) 0.0696698 0.0703597 0.0680734 0.0707936
(0.9,0.9) 0.0621632 0.0621632 0.0545474 0.1875752
(0.95,0.95) 0.0617251 0.0617251 0.0439521 0.2383120
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Table 5.
The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time reflected pareto(1) and the censor standard form pareto(?).

point R.M.S.E.
| pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0403687 0.0403687 0.0418284 0.0417873
(0.25,0.25) 0.0557493 0.0557493 0.0551789 0.0551997
(0.25,0.5)  0.0623814 0.0634992 0.0676258 0.0694918
(0.25,0.75) 0.0679387 0.0687496 0.0709856 0.0770077
(0.5,0.5) 0.0660606 0.0660606 0.0682871 0.0733942
(0.5,0.75)  0.0707327 0.0697674 0.0685592 0.0905841
(0.75,0.75) 0.0752139 0.0752139 0.0642377 0.1111526
(0.1,0.9) 0.0701001 0.0703627 0.0765468 0.0794417
(0.9,0.9) 0.0961529 0.0961529 0.0561447 0.2104226
(0.95,0.95) 0.1241625 0.1241625 0.0425570 0.2387745

Table 6.

The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time reflected pareto(1) and the censor uniform (0,1) on the plane.

point R.M.S.E. :
_ | pathwise [ Dabrowska. Volterra

(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0407122 0.0407122 0.0413615 0.0413788
(0.25,0.25) 0.0571548 0.0571548 0.0531977 0.0527985
(0.25,0.5)  0.0662401 0.0646813 0.0603929 0.0618579
(0.25,0.75) 0.0743811 0.0694441 0.0641205 0.0673961
(0.5,0.5) 0.0707107 0.0707107 0.0687160 0.0710403
(0.5,0.75)  0.0812404 0.0734847 0.0716969 0.0773240
(0.75,0.75) 0.0874818 0.0874818 0.0846082 0.1399557
(0.1,0.9) 0.0734252 0.0704026 0.0723414 0.0759002
(0.9,0.9) 0.1228133 0.1228133 0.0478119 0.2591158

(0.95,0.95) 0.1659650 0.1659650 0.0346000 0.2990478




30

Table 7.
The asymptotic R.M.S.E. for the pathwise, a Monte-Carlo aproximation based on 10,000
replicates of the influence curve for the asymptotic R.M.S.E. for the Dabrowska and a sample
R.M.S.E. based on 100 replicates of the estimators for the Dabrowska and Volterra estimator,
at n = 100 with the failure time uniform (0,1) on the plane and the censor uniform (0,1) on
the diagonal.

point R.M.S.E.
_| pathwise [ Dabrowska ~ Volterra
(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)
exact exact Monte-Carlo Monte-Carlo Monte-Carlo

(0.1,0.1) 0.0408595 0.0408595 -0.0391877  0.0405560 0.0390977
(0.25,0.25) 0.0557267 0.0557267 0.0513476  0.0537047  0.0523692
(0.25,0.5)  0.0588519 0.0631219 0.0635771 0.0578878  0.0647374
(0.25,0.75) 0.0606497 0.0671693 0.0485636  0.0590988  0.0568315
(0.5,0.5) 0.0586302 0.0586302 0.0551444 0.0537497 0.0576988
(0.5,0.75)  0.0522913 0.0605960 0.0467915 0.0492616 0.0657551
(0.75,0.75)  0.0465615 0.0465615 0.0389483  0.0384572  0.1111473
(0.1,0.9) 0.0668211 0.0700678 0.0715906 0.0648160 0.0802311
(0.9,0.9) 0.0308140 0.0308140 0.0249335 0.0238843 0.3115999
(0.95,0.95) 0.0220787 0.0220787 0.0194498 0.0169662 0.3607625

Table 8.
The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and the Volterra estimator, at n = 100 with
the failure time uniform (0,1) on the plane and the censor standard form pareto(1).

point R.M.S.E.
_| pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo - Monte-Carlo
(0.1,0.1) 0.0410995 0.0410995 0.0441409 0.0440277
(0.25,0.25) 0.0568508 0.0568508 0.0580810 0.0571957
(0.25,0.5) 0.0615647 0.0637562 0.0646488 0.0643087
(0.25,0.75) 0.0633812 0.0676076 0.0625320 0.0715206
(0.5,0.5) 0.0630238 0.0630238 0.0641659 0.0677975
(0.5,0.75)  0.0606161 0.0639518 0.0579246 0.0736529
(0.75,0.75) 0.0587566 0.0587566 0.0555035 0.1118467
(0.1,0.9) 0.0672339 0.0700928 0.0773074 0.0853678
(0.9,0.9) 0.0537781 0.0537781 0.0302946 0.2242872
(0.95,0.95) 0.0519050 0.0519050 0.0183309 0.2508435




Table 9.

31

The asymptotic R.M.S.E. for the pathwise and Dabrowska estimator, a Monte-Carlo aproxi-
mation based on 10,000 replicates of the influence curve for the asymptotic R.M.S.E. for the
Volterra estimator and a sample R.M.S.E. based on 100 replicates of the estimators for the
Dabrowska and Volterra estimator, at n = 100 with both failure and censoring times uni-

form (0,1) on the plane.

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo  exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0414669 0.0414669 0.0437168  0.0403640 0.0436509 0.0409183
(0.25,0.25) 0.0584634 0.0584634 0.0516870  0.0542167 0.0525411  0.0546217
(0.25,0.5)  0.0655506 0.0655506 0.0565295 0.0589624 0.0605222  0.0609242
(0.25,0.75) 0.0694566 0.0694566 0.0591066 0.0616346 0.0699101 0.0706484
(0.5,0.5) 0.0684653 0.0684653 0.0633688  0.0572822 0.0730109 0.0661928
(0.5,0.75)  0.0701561 0.0701561 0.0652025  0.05625 0.0914027  0.0899154
(0.75,0.75) 0.0705724 0.0705724 0.0517549  0.0527561 0.1544918 0.1601669
(0.1,0.9) 0.0704237 0.0704237 0.0707438 0.0670019 0.0803102 0.0744061
(0.9,0.9) 0.0707071 0.0707071 0.0262859  0.0504901 0.2868134  0.7446367
(0.95,0.95) 0.0707105 0.0707105 0.0236656 0.0501244 0.3181672  2.5014173

Table 10.

The asymptotic R.M.S.E. for the pathwise and Dabrowska estimator, a Monte-Carlo aproxi-
mation based on 10,000 replicates of the influence curve for the asymptotic R.M.S.E. for the
Volterra estimator and a sample R.M.S.E. based on 100 replicates of the estimators for the
Dabrowska and Volterra estimator, at n = 100 with the failure time uniform (0,1) on the
plane and only the second variable uniform (0,1) censored.

point R.M.S.E.
| pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (n =100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0397995 0.0408595 0.0383249  0.0397995 0.0382736  0.0388536
(0.25,0.25) 0.0519164 0.0557267 0.0495453 0.0519164 0.0486460 0.0520929
(0.25,0.5) 0.0572822 0.0631219 0.0539914 0.0572822 0.0554076  0.0589948
(0.25,0.75) 0.0602728 0.0671693 0.0625560 0.0602728 0.0699937  0.0680843
(0.5,0.5) 0.05 0.0586302 0.0462747  0.05 0.0487313  0.0542855
(0.5,0.75)  0.05 0.0605960 0.0542853  0.05 0.0747051  0.0726043
(0.75,0.75) 0.0359035 0.0465615 0.0370618  0.0359035 0.1089888  0.0918749
(0.1,0.9) 0.0668132 0.0700678 0.0679091  0.0668132 0.0723438  0.0740657
(0.9,0.9) 0.0224499 0.0308140 0.0177646  0.0224499 0.2703568  0.4066462
(0.95,0.95) 0.0158292 0.0220787 0.0128752  0.0158292 0.3285604  1.3972977




32

Table 11.

The asymptotic R.M.S.E. for the pathwise and Dabrowska estimator, a Monte-Carlo aproxi-
mation based on 10,000 replicates of the influence curve for the asymptotic R.M.S.E. for the
Volterra estimator and a sample R.M.S.E. based on 100 replicates of the estimators for the
Dabrowska and Volterra estimator, at n = 100 with the failure time uniform (0,1) on the
plane and for each observation possibly only one variable is available.

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (n=100) (asympt.) (n=100) (asympt.)

exact exact Monte-Carlo exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0593591 0.0593591 0.0495824  0.0492950 0.0496576  0.0503493
(0.25,0.25) 0.0761629 0.0761629 0.0630963  0.0649519 0.0694947  0.0721337
(0.25,0.5)  0.0795495 0.0701561 0.0730760 0.0649519 0.0825229  0.0820727
(0.25,0.75) 0.0662913 0.0546652 0.0582809  0.0530330 0.0840098  0.0922902
(0.5,0.5) 0.0684653 0.0684653 0.0737422 0.0612372 0.0977803  0.0945832
(0.5,0.75)  0.0551985 0.0507752 0.0591304 0.0484123 0.1175243  0.1308064
(0.75,0.75) 0.0397748 0.0397748 0.0433315  0.0375000 0.2209726  0.2628665
(0.1,0.9) 0.0494318 0.0369256 0.0373183  0.0367423 0.0574796  0.0891312
(0.9,0.9) 0.0168375 0.0168375 0.0240041 0.0164317 0.7220880 1.4714692
(0.95,0.95) 0.0085458 0.0085458 0.0077202  0.0084410 1.0838144  5.2993375

‘Table 12.

The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 200 with the
failure time reflected pareto(1) and the censor uniform (0,1) on the diagonal.

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (sample) (asympt.) (sample) (asympt.)

exact exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0283864 0.0283864 0.0240472 0.0241057
(0.25,0.25) 0.0387298 0.0387298 0.0362423 0.0361822
(0.25,0.5)  0.0422577 0.0446071 0.0420940 0.0420528
(0.25,0.75)  0.0459933 0.0484982 0.0372613 0.0415213
(0.5,0.5) 0.0440959 0.0440959 0.0427027 0.0434422
(0.5,0.75)  0.0435890 0.0479583 0.0393337 0.0484261
(0.75,0.75)  0.0446071 0.0446071 0.0398002 0.0634898
(0.1,0.9) 0.0492640 0.0497518 0.0569258 0.0595901
(0.9,0.9) 0.0439560 0.0439560 0.0394315 0.1341252
(0.95,0.95) 0.0436463 0.0436463 0.0389522 0.1873497
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Table 13.
The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 200 with the
failure time reflected pareto(1) and the censor standard form pareto(1).

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (sample) (asympt.) (sample) (asympt.)

exact exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0285450 0.0285450 0.0264842 0.0264649
(0.25,0.25) 0.0394207 0.0394207 0.0377049 0.0378795
(0.25,0.5)  0.0441103 0.0449007 0.0364561 0.0379483
(0.25,0.75) 0.0480399 0.0486133 0.0498390 0.0539717
(0.5,0.5) 0.0467119 0.0467119 0.0367931 0.0409497
(0.5,0.75)  0.0500156 0.0493330 0.0455671 0.0579680
(0.75,0.75)  0.0531843 0.0531843 0.0439290 0.0837604
(0.1,0.9) 0.0495683 0.0497540 0.0540859 0.0557963
(0.9,0.9) 0.0679903 0.0679903 0.0556126 0.1963457
(0.95,0.95) 0.0877962 0.0877962 0.0382919 0.2528487

Table 14.

The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 200 with the
failure time reflected pareto(1) and the censor uniform (0,1) on the plane.

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra

(asympt.) (asympt.) (sample) (asympt.) (sample) (asympt.)

exact exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0287879 0.0287879 0.0296525 0.0296065
(0.25,0.25) 0.0404145 0.0404145 0.0376832 0.0383576
(0.25,0.5 0.0468389 0.0457366 0.0444936 0.0455679
(0.25,0.75) 0.0525954 0.0491044 0.0430214 0.0472636
(0.5,0.5) 0.0500000 0.0500000 0.0394243 0.0448534
(0.5,0.75)  0.0574456 0.0519615 0.0500081 0.0574751
(0.75,0.75) 0.0618590 0.0618590 0.0602373 0.1138021
(0.1,0.9) 0.0519194 0.0497822 0.0526800 0.0531375
(0.9,0.9) 0.0868421 0.0868421 0.0437484 0.2525346

(0.95,0.95) 0.1173550 0.1173550 0.0282054 0.2893231
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Table 15.
The asymptotic R.M.S.E. for the pathwise, a Monte-Carlo aproximation based on 20,000
replicates of the influence curve for the asymptotic R.M.S.E. for the Dabrowska and a sample
R.M.S.E. based on 100 replicates of the estimators for the Dabrowska and Volterra estimator,
at n = 200 with the failure time uniform (0,1) on the plane and the censor uniform (0,1) on
the diagonal.

point R.M.S.E.
_ | pathwise [ Dabrowska Volterra
(asympt.) (asympt.) (sample) (asympt.) (sample) (asympt.)
exact exact Monte-Carlo Monte-Carlo Monte-Carlo

(0.1,0.1) 0.0288920 0.0288920 - 0.0281462  0.0284254  0.0281424
(0.25,0.25) 0.0394048 0.0394048 0.0392589  0.0380461  0.0397000
(0.25,0.5)  0.0416146 0.0446339 0.0456363  0.0409732  0.0459778
(0.25,0.75) 0.0428858 0.0474959 0.0457782  0.0428666  0.0508904
(0.5,0.5) 0.0414578 0.0414578 0.0423457  0.0380998  0.0433250
(0.5,0.75)  0.0369755 0.0428478 0.0399970  0.0360820  0.0499239
(0.75,0.75) 0.0329239 0.0329239 0.0319424  0.0289301  0.0669069
(0.1,0.9) 0.0472496 0.0495454 0.0487337  0.0470067  0.0538993
(0.9,0.9) 0.0217888 0.0217888 0.0161159 0.0176462  0.1969951
(0.95,0.95) 0.0156120 0.0156120 0.0095985 0.0078995 0.3101413

Table 16.
The asymptotic R.M.S.E. for the pathwise estimator and a sample R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and the Volterra estimator, at n = 200 with
the failure time uniform (0,1) on the plane and the censor standard form pareto(1).

point R.M.S.E.
_| pathwise [ Dabrowska Volterra,

(asympt.) (asympt.) (sample) (asympt.) (sample) (asympt.)

exact exact Monte-Carlo Monte-Carlo
(0.1,0.1) 0.0290617 0.0290617 0.0295880 0.0296329
(0.25,0.25) 0.0401996 0.0401996 0.0342606 0.0343319
(0.25,0.5)  0.0435328 0.0450824 0.0375625 0.0373295
(0.25,0.75) 0.0448172 0.0478058 0.0397823 0.0437293
(0.5,0.5) 0.0445646 0.0445646 0.0370021 0.0392714
(0.5,0.75)  0.0428620 0.0452207 0.0354845 0.0463241
(0.75,0.75) 0.0415472 0.0415472 0.0349614 0.0778889
(0.1,0.9) 0.0475416 0.0495631 0.0490007 0.0521846
(0.9,0.9) 0.0380268 0.0380268 0.0181355 0.1966464
(0.95,0.95) 0.0367023 0.0367023 0.0110911 0.2722998
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Table 17.
The value of the original survival function and a sample mean and R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time uniform (0,1) on the diagonal and the censor standard form pareto(2).

point value mean R.M.S.E.
Dabrowska  Volterra Dabrowska Volterra

(0.1,0.1) 0.9 0.9011501 0.9011374 0.0321796  0.0321900
(0.25,0.25) 0.75  0.7543970 0.7541872 0.0444008  0.0445962
(0.25,0.5) 0.5 0.5005159 0.5001874 0.0643834  0.0646834
(0.25,0.75) 0.25  0.2459276 0.2453328 0.0686902  0.0706007
(0.5,0.5) 0.5 0.5038301 0.5023479 0.0584540  0.0660271
(0.5,0.75)  0.25  0.2474122 0.2474933 0.0674257  0.0802283
(
(
(
(

0.75,0.75) 0.25  0.2448149 0.2374048 0.0757030  0.1575409
0.1,0.9) 0.1 0.1004546 0.0998269 - 0.0852298  0.0851620
0.9,0.9) 0.1 0.0564292 0.0180435 0.0767115  0.2921192
0.95,0.95) 0.05 0.0247046  -0.0513217 0.0499733  0.3086483

Table 18.
The value of the original survival function and a sample mean and R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time reflected pareto(1) and the censor standard form pareto(2).

point value mean R.M.S.E.
Dabrowska  Volterra Dabrowska Volterra
(0.1,0.1) 0.8181818 0.8256554 0.8256496 0.0433832  0.0433341
(0.25,0.25) 0.6 0.6083120 0.6089496 0.0550482  0.0549779
(0.25,0.5)  0.4285714 0.4398513 0.4402017 0.0593391  0.0603231
(
(

0.25,0.75) 0.2307692 0.2459512 0.2457888 0.0668850  0.0726953

0.5,0.5) 0.3333333 0.3464694 0.3476341 0.0616784  0.0668986
(0.5,0.75) 0.2 0.2099229 0.2123476 0.0610461  0.0766759
(0.75,0.75) 0.1428571 0.1385896 0.1253656 0.0687254  0.1058538
(0.1,0.9) 0.0989011 0.1203763 0.1204678 0.0753924  0.0816812
(0.9,0.9) 0.0526316 0.0362228 0.0011695 0.0485571  0.2025523
(0.95,0.95) 0.0256410 0.0153462  -0.0596611 0.0310503  0.2425231
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Table 19.
The value of the original survival function and a sample mean and R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time reflected pareto(2) and the censor uniform (0,1) on the diagonal.

point value mean R.M.S.E.
Dabrowska Volterra Dabrowska Volterra
(0.1,0.1) 0.8142830 0.8180307 0.8180670 0.0373303  0.0373413
(0.25,0.25) 0.5832498 0.5834260 0.5838993 0.0605424  0.0604360
(0.25,0.5)  0.4062578 0.4006903 0.4019384 0.0576831  0.0578858
(0.25,0.75) 0.2153903 0.2210833 0.2249229 0.0658990  0.0710898
(0.5,0.5) 0.2991195 0.2956831 0.2990542 0.0590553  0.0642720
(
(
(
(
(

0.5,0.75)  0.1715729 0.1781669 0.1842296 0.0571572  0.0714394
0.75,0.75) 0.1111111 0.1143823 0.1201757 0.0525719  0.0979482
0.1,0.9) 0.0966647 0.0968424 0.0966074 0.0749391  0.0799835
0.9,0.9) 0.0352723 0.0289738 0.0486180 0.0449675  0.2344022
0.95,0.95) 0.0158450 0.0146517 0.0253358 0.0319983  0.2701099

Table 20.
The value of the original survival function and a sample mean and R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at » = 100 with the
failure time reflected pareto(2) and the censor standard form pareto(1).

point value mean R.M.S.E.
Dabrowska Volterra Dabrowska Volterra

(0.1,0.1) 0.8142830 0.8162466 0.8162224 0.0362547  0.0361938
(0.25,0.25) 0.5832498 0.5806072 0.5801993 0.0501607  0.0505482
(0.25,0.5)  0.4062578 0.4039866 0.4023286 0.0534613  0.0559891
(0.25,0.75) 0.2153903 0.2137610 0.2129378 0.0628598  0.0711738
(0.5,0.5) 0.2991195 0.2974321 0.2945717 0.0587625  0.0655085
(0.5,0.75)  0.1715729 0.1691549 0.1710580 0.0647637  0.0854180
(
(
(
(

0.75,0.75) 0.1111111 0.1045570 0.0915967 0.0595330  0.1381718
0.1,0.9) 0.0966647 0.0940755 0.0960289 0.0720368  0.0771762
0.9,0.9) 0.0352723 0.0315438  -0.0680891 0.0442774  0.2556503
0.95,0.95) 0.0158450 0.0148783  -0.1252081 0.0336343  0.2867076




37

Table 21.
The value of the original survival function and a sample mean and R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time reflected pareto(2) and the censor standard form pareto(2).

point value mean R.M.S.E.
Dabrowska  Volterra Dabrowska Volterra

(0.1,0.1) 0.8142830 0.8183227 0.8184112 0.0438194  0.0438057
(0.25,0.25) 0.5832498 0.5840472 0.5846069 0.0571790  0.0587351
(0.25,0.5)  0.4062578 0.3966251 0.3960798 0.0640180 0.0646286
(0.25,0.75) 0.2153903 0.2155662 0.2128092 0.0621349  0.0695874
(0.5,0.5) 0.2991195 0.2901228 0.2924964 0.0642540 0.0678191
(0.5,0.75)  0.1715729 0.1766933 0.1799243 0.0603300  0.0854874
(
(
(
(

0.75,0.75) 0.1111111 0.1119903 0.1111358 0.0625691  0.1373569
0.1,0.9) 0.0966647 0.1022695 0.0991087 0.0655302  0.0761984
0.9,0.9) 0.0352723 0.0324053  -0.0213482 0.0500051  0.2476228
0.95,0.95) 0.0158450 0.0150031  -0.0752484 0.0365538  0.2625416

Table 22.
The value of the original survival function and a sample mean and R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time reflected pareto(2) and the censor uniform (0,1) on the plane.

point value mean R.M.S.E.
Dabrowska  Volterra Dabrowska Volterra

(0.1,0.1) 0.8142830 0.8194698 0.8195789 0.0440637  0.0438937
(0.25,0.25) 0.5832498 0.5924665 0.5927925 0.0532467  0.0540572
(0.25,0.5)  0.4062578 0.4023690 0.4000212 0.0628660  0.0632445
(0.25,0.75) 0.2153903 0.2220764 0.2162220 0.0722247  0.0773893
(0.5,0.5) 0.2991195 0.2983966 0.2968403 0.0580041  0.0664928
(0.5,0.75)  0.1715729 0.1742516 0.1638655 0.0719212  0.0912879
(0.75,0.75) 0.1111111 0.1133653 0.1041699 0.0747782  0.1605963
(0.1,0.9) 0.0966647 0.0955914 0.0925985 0.0707866  0.0777277
(0.9,0.9) 0.0352723 0.0230414 -0.0886554 0.0400927  0.2706998
(0.95,0.95) 0.0158450 0.0079825  -0.1418894 0.0254986  0.3023783
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Table 23.
The value of the original survival function and a sample mean and R.M.S.E. based on 100
replicates of the estimators for the Dabrowska and Volterra estimator, at n = 100 with the
failure time uniform (0,1) on the plane and the censor standard form pareto(2).

point value mean R.M.S.E.
Dabrowska  Volterra Dabrowska Volterra
(0.1,0.1) 0.81 0.8091810 0.8092784 0.0426959  0.0426176
(0.25,0.25) 0.5625 0.5599269 0.5599475 0.0554576  0.0564913
(0.25,0.5) 0.375  0.3766229 0.3762228 0.0634749  0.0651543
(0.25,0.75) 0.1875 0.1809602 0.1808382 0.0649699  0.0714940
(0.5,0.5) 0.25 0.2511119 0.2517799 0.0557903  0.0625102
(
(
(
(
(

0.5,0.75) 0.125  0.1088948 0.1154940 0.0628718  0.0871055
0.75,0.75) 0.0625 0.0601313 0.0475202 0.0522410  0.1332206
0.1,0.9) 0.09 0.0923647 0.0893200 0.0697708  0.0741077
0.9,0.9) 0.01 0.0111654  -0.0740299 0.0247417  0.2555912
0.95,0.95) 0.0025 0.0063879  -0.1294346 0.0209569  0.3230628
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B. The variance of the influence function of the Pathwise estimator

The variance of the pathwise estimator is given in (45). For the one dimensional case with
both the failure and the censor time uniform (0,1) distributed we have

A(ds) 1 1
B 2 (o) | "
(04]

Next we give the variance of some special bivariate cases.

B.1. Paretoa=0,b6=0

We have F' = G = min{1 — t;,1 — t2}. It is clear that in this case we get the Kaplan-Meier
estimate. For ¢; < sy we have

F(t1,dss) = —dss ‘ (2)
this gives for t; <ty
Ao1(t1,ds2) / ds 1 ( 11 ) 3)
EY (¢1, s2) N (1—s9)3 2 (1—1t2)2 (1—1¢)2
(0,t2] (t1,t2]
and
1
VARpathwise = 5(1 - (1 - t2)2) (4)
For t; > to
1
VAR'pathwise = 5(1 - (1 - tl)z) (5)

This is the same as the variance of the Dabrowska and the Volterra estimator.

B.2. Paretoa=0,b=1
F(tl,tz) = min{l —t1,1— tg} and
= (t1 +t2) (1 —t1)(1 = t2)

G(t1,ta) = 6
(b1, 12) t1 + ty — t1tg (6)
For t; > to
1
VAR'pathwise = 5 (1 - (1 - t1)2) (7)
For t]_ S t2
Agi(t1,dsp) _ t1 + 82 — 1189 dss
EY (1, s2) (t1 +52)(1 — t1)(1 — s9)3
(0,t2] (t1,t2]
_ 1 ( 1 _ 1 )
N 2(1—-t))(1+¢t) \(1—1t2)2 (1 —t1)2
t2 < 1 1 )
+ _
(1—t1)(1+t1)2 1—ts 1-1t
t2 t1 +to 1- t2>
1 -1 8
+ (l—tl)(1+t1)3 (Og 2t1 Ogl—tl ( )
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and hence

VA prathwise =

1[/1—-1t2\2 1 1—1t5)\2
5{(1—t1> _(1"t2)2}+2(1—t1)(1+t1){1'(T"—Z) }

t3(1 — t9) ( 1= tz) + t3(1 — t)? log (L= 1) (B + 22)
(1 —tl)(l+t1)2 1-¢ (]. —tl)(1+t1)3 2t1(1-—t2)

+ (9)
B.3. Paretoa=0,b=00

F(t1,t2) = min{l — 1,1 — 2} and G uniform (0,1). We have to distinguish ¢; > t, and
t1 < to. For t1 > s9 we have

F(tl,dSQ) =0 (10)

and hence for t; > o

(1-a-ny) (1)

N | =

VAprathwise =

For t; <ty

Ao1(t1,ds2) _ / dss
EY (¢1, s2) (1= 82)2(1 — tl)(l — $2)
(0,t2] (t1,t2]

1 1 1
T 2(1-t) ((1 — )2 (1-— t1)2) (12)

this gives
VARpathwise = (1~ t2)° {% (ﬁ - 1) T2 1— t) ((1 ~1t2)2 o —1t1)2>}
=%{(;;;j)2_(1_t2)2+1_1t1 (1_(;;2)2)} 13)

B.4. Paretoa=1,b=0

‘We have
= (1 —t1)(1 —t2)
F(t1,t9) = —————— =~ 14
N S (4
and G = min{l — #;,1 — t}. Then
Aoi(t1,ds2) 1 / dss
EY (t1,s0) B>t} [ (T 74)(1 = sp)2
(0,t2] (0,¢2]
dso dso
+1{t15t2}{ / AL +/ —_(1—32)3} (15)

(0,t1] (t1,t2]
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this gives
VARpathwise =

1 1
(1 — t1t2)? {§t1(2 —t)(1— )" + Ly >t} (1 = t1)t2(1 — t2)

1
+ 114, <t5} (tl(l —1)°+ 3 ((1 —t1)* - (1- t2)2)) } (16)
B.5. Paretoa=1,b=1
We have
— (l—tl)(l—tQ)
F(ty,tg) = —————= 17
_ (tl + t2)(1 — tl)(l — tg)
G(ty,t2) = 18
(b1,t2) t1+ to — ity (18)
and
F(t1,ds2) = ( 1-4 >2ds (19)
1,@52) = 1 1159 2
This gives
Aoy (t1,dsz)  _ / t1+ 52 — t182 ds
EY (t1, s2) (t1+ s2)(1 —t1)(1 — s2)3
(Oyt?} (01t2] .
- s (Y
C2(1—t)(A+11) \(1—t2)?
2
+ ot ()
(1—-t1)(1+t1)2 \1 -t
G ti+t
—log(1l —t 1 2
+ Ty (—ToE( - 1) +1og 1) (20)
Hence the variance of the influence function of the pathwise estimator is in this case
VAprathwise =
1 1 9
—< —1t1(2—=1t)(1 = ¢
(1—t1t2)2{2 1(2 = 1) (1 —t2)
1—-%; (1 t%tz(l —t2) t%(l — t2)2 t1 + to
—to(2 -t 1 21
Titn (2 O T+ )2 Pt -t 21
B.6. Paretoa=1,b=0c0
We have
— 1—2t)(1 -t
F(ty,t0) = (1)# (22)

(1 —tit2)
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and G is uniform (0,1). Then

Ao1(t1, dss) 1 ( 1 )
= ~1
EY(t,52)  2(1—t) \1—t2)2 (23)
(0,22]
and .
1
VARpathwise = m {t1(2 —t1)(1 —12)® + (1 — t1)ta(2 - t2)} (24)
B.7. Paretoa=o00,b=0
F is uniform (0,1) and G(t1,t2) = min{1 — ¢;,1 — t2}. Then
( (1 - tl)d82
/ 1-t1)2(1 - 52)2(1 — 1) for t1 >t
Boa(tr,ds) _ | (25)
EY(tl, 82) —t\d _
(1 —t1)dsg (1 —t1)dsy
(0,t2] / B) ) +/ D) 3 for t1 <to
(1—1¢1)2(1 — s2)%(1 — t1) (l—tl) (1—82)
L (0,t1] (t1,t2] -
this gives
1
VARpathwise = 5 t1(2 - tl)(l - t2)2 + 1{t1>t2}t2(1 - t2)

32
e {tl(ll_ttlz) 4 2(11_t1) (1-t)y-qa —t2)2)} (26)

B.8. Paretoa=o00,b=1
F is uniform (0,1) distributed and
= (t1+t2)(1 —t)(1 —22)

Gltr,t2) = t1 + t2 — t1ts (27)
Then
A01(t1, d82) _ / t1 + s9 — 189 ds
EY (1, 52) (t1 + s2)(1 — t1)2(1 — s2)3 2
(0,22] (0,t2]
- samrara (aar )
T 2(1—t1)2(1+t1) \(1 —t2)2
*wmaprrar (2 )
(1—t1)2(1+t1)2 \1 -t
2
+ i tl)gl(l ThF (—-log(l —t2) + log h :; t2) (28)

and

1
VARI’athwise = '2—(1 - t2)2t1(2 - tl)

1 1 t2ta(1 — ¢ t2(1 — t9)?2 t1+t
(§t2(2—t2)+12( 2) =) log 1112 (29)

+
1+t 1+t (1+1t1)2 t1(1 —t2)
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B.9. Pareto a=o00,b=00
Both F and G are uniform (0,1). We have
Aoi(t1,ds2) / (1 —t1)ds2
o

EY (1, s2) 1- t1)3(1 — 82)3
(07t2] (0’t2]

1 1
T 2(1-t)? ((1 —19)% 1> )

and this gives

VARpathwise = (1 —11)%(1 — ta)” {% (ﬁ_:lﬁf - 1) T3 (1 i t1)? ((1 —1t2)2 - 1)}
1

=3 (1 - (1-1)% - t2)2) (31)

B.10. Only one variable censored

F is uniform (0,1) and G(t1,t2) = 1 — to. In this case we have no symmetry, so we have to
treat the two observed paths separately. When first the first margin is estimated, we have

Am(tl, d82) :/ (1 — tl) dss (32)
EY(tl, 82) (1 — t1)2(1 — 32)3
(0rt2] (01t2]
and so
1,
VARpathwise = (1 — t2)2(1 — t1)t1 + *2‘(1 —11)(2 — t2)t2 (33)
When we start with estimating the second margin, we have
Aio(dsi,t2) :/ (1—1t2)dsy (34)
EY(Sl,tQ) (1 — 31)2(1 - t2)3
(O,tl] (O,tl]
and so
1
VAR athwise = 5(1 —t1)2 2 —to)ta+ (1 — t1)ta (35)
B.11. Each variable totally censored or not at all
F is uniform (0,1) and
% fort; >0and to >0
6(t1,t2) = % fort;=0and t; >00rt; >0and t5 =0 (36)
1 fort; =1t=0

We have
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A10(d31,0) _ _3_ dsl _ §( 1 _ 1)
EY (s1,0) 2 (1-s1) T2 1—-1
(0,t1] (0,t1]
and
Aoi(ts, dss) 3 / dso 3 < 1 ) '
= = —1) fort 0
EY (s1,t2) 1—-1; (1- 82)2 1—t1\1—1¢%o or t1 #
(O’t2} (07t2]
This gives
%(1 —t1)t1(1 — t2)2 +3(1—t1)(1 —ta)ta fort; #0
VARpathwise =

[\M[V]

(1 —t2)t2 fort; =0

(37)

(38)

(39)



