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PROLOGUE

Among the reasons to fondly remember my first IFIP Congress (New York, 1965), I recall a meet-
ing with the late professors Andrei Ershov and Aad van Wijngaarden, both then already famous scho-
lars, who strongly encouraged me to continue my incipient work on programming language semantics.

Among the reasons to somewhat embarrassedly remember the 6th MFCS meeting (Tatranska Lom-
nica, 1977), I recall a discussion with Andrei Ershov on my unsatisfactory first steps towards an
understanding of concurrency semantics and infinite behaviour (cf. [B77]). The paper to follow
reports on how we spent the eighties in Amsterdam working to remedy this.

Among the reasons to sadly remember my -otherwise so enjoyable- visit to Akademgorodok in the
fall of 1988, I recall in sorrow the news about the mortal illness and death of academician Andrei
Ershov, eminent computer scientist and world specialist in programming.

Jaco de Bakker, Amsterdam, May 1990

1. INTRODUCTION

Since 1981, the Amsterdam Concurrency Group (ACG) has been investigating concurrency seman-
tics employing the tools of metric topology. The key observation explaining the relevance of the
* metric approach is the following: Consider two computations py, p,. A natural distance d(p, p,)
may be defined by putting '

d(pi, p) = 27"

where n (= sup { k : pi[k] = palk] }) is the length of the longest common initial segment of p; and

p2- Details vary with the form of the p;, p,. If computations are given as words (finite or infinite
sequences of atomic actions), we take the standard notion of prefix; if p;, p, are trees, we use trunca-
tions at depth k for p[k]. Other kinds of computations, e.g. involving function application, may be
accommodated as well.

Complete metric spaces (cms’s) have the characteristic property that Cauchy sequences always have
limits; this motivates their use for smooth handling of infinite behaviour. In addition, each
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contracting function f: (M, d) — (M, d), for (M, d) a cms, has a unique fixed point (by Banach’s
theorem). Contracting functions f : (M, d,) — (M,, d,) bring points closer together: it is required
that, for some real a € [0, 1), dy(f (x), f(¥)) < a-d,(x, y). Uniqueness of fixed points may con-
veniently be exploited in a variety of situations.

In the paper [BZ82] we showed how to apply metric techniques to solve domain equations

P = %(P) (1.1)

or, rather, (P, d) = F((P, d)), with (P, d) the cms to be determined, = isometry, and § a mapping
built from given cms’s (4,dy),..., the unknown (P, d), and composition rules such as U (disjoint
union), X (Cartesian product), and @,..(-) (closed subsets of -). Section 2 will provide more infor-
mation on this method.

In a series of papers, starting with [BZ82, BBKM84, BKMOZ86, BM88, BMOZ88], we developed
denotational (0) and operational (0) semantics for a number of simple languages with concurrency.
Here a denotational semantics ) for a language £ is given as a mapping : £ — @, (for some ¥; solv-
ing (1.1) for a suitable %), which is compositional and treats recursion through fixed points. O is a
mapping : £ — 9,, which is derived from some Plotkin-style transition system ([PI83]), and which
handles recursion through syntactic substitution. Also, in the papers referred to, we encounter the
contrasting themes of linear time (LT, sets of sequences) versus branching time (BT, tree-like struc-
tures) semantic domains, and of uniform (uninterpreted atomic actions) versus nonuniform (interpreted
actions) concurrency.

After an initial phase in which ACG developed the basic machinery of metric semantics, the group
directed its efforts towards concurrency in the setting of object-oriented and, subsequently, of logic
programming. In a collaborative effort with Philips Research Eindhoven, within the framework of a
project with substantial support from the ESPRIT programme, we designed operational and denota-
tional semantics for the parallel object-oriented language POOL, and investigated the relationship
between the respective models ((ABKR86, AB88, ABKR89, AR89, B89b, R90]). Throughout these
studies, fruitful use was made of the metric formalism. Two further papers deserve special mention.
In [AR89Db], the technique from [BZ82] for solving domain equations (1.1) was generalized and
phrased in the category of cms’s. In [KR88], a powerful method was proposed to establish
equivalences such as © = 9, by (i) defining © as fixed point of a contracting higher-order mapping ®
(obtained from an appropriate transition system), and (ii) proving that 9 = ®(0). By Banach’s
theorem, O = ¢ is then immediate (cf. also [BM88], where several more examples of the KR-method
are treated).

Parallelism in the setting of logic programming (LP) was first studied in [B88, K88]. The paper
[B88] proposed to investigate control flow in LP abstracting from the logical intricacies (no substitu-
tions, refutations etc.), and shows how the basic metric techniques apply as well to this, at first sight
rather remote, territory. Related work includes [BK90, BoKPR90].

In all of the papers mentioned so far, parallel composition has been handled by the so-called inter-
leaving model: Typically, the meaning of the statement s = a||b is given as { ab, ba } in an LT, or as

7N

b (

in a BT-style model. Accordingly, the equivalence (*) : a||b = (a;b) + (b;a) is valid in all such
models. In recent years, increased attention has been paid to models of the so-called true concurrency
(or noninterleaving) kind. A variety of domains has been developed where concurrency is modelled
through simultaneity; thus, in these models, (*) is not satisfied. Well-known examples are Pratt’s
pomsets ([Pr86]), and the event structures of [NPW81]. Cf. [BRR89] for extensive references.
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At last, we are in a position to formulate the goal of the present paper: We shall discuss a case
study in metric semantics, by designing four domains for concurrency. These four domains will be
employed to model the four possible combinations of linear time versus branching time, and of inter-
leaving versus noninterleaving concurrency. Contrary to the way these or related models have been
presented elsewhere in the literature, we shall pay special attention to their development in such a
way as to bring out their similarities rather than their differences: We shall give four systems of
domain equations with seemingly small differences. Putting it somewhat differently, we want to
demonstrate the power of the domain equations approach, by showing how four ways of looking at
concurrency, all of which have been advocated or attacked in vivid debates, may be seen as relatively
mild variations on the same theme.

Section 2 will be devoted to the four (systems of) equations. These techniques are partly general
(as in [BZ82, AR89b]), partly more ad-hoc, and then follow [BK90]. Section 3 illustrates the use of
domains in semantic design: We select one of the four domains (LT, noninterleaving). For a simple
concurrent language with recursion, we design operational and denotational semantics based on this
domain, and prove that © = . In order to establish this, we apply an extension of the KR-method
which may have some interest of its own (and which is close to a method from [B88], section 9).
Technically, this proof constitutes the main contribution of the present paper. For the two interleav-
ing models, such an equivalence proof was already presented earlier ((KR88, BM&8]); for the BT-
noninterleaving model it requires further study whether the argument of section 3 may be appropri-
ately modified.

We conclude this introduction with a few words on related work. In [B89a], we also presented four
domains for concurrency, but restricted to true concurrency in the form of synchronous step semantics
only. In [BW90], we developed a metric pomset semantics for the same language as treated here.
Compared to the semantics of section 3, the transition system of [BW90] is less convincing: Only
transitions of the form s -Z£>E are used -s finishes in one step with pomset p as result-, rather than
also transitions with intermediate steps s-2—>s’. On the other hand, the present paper utilizes the
same technique for handling recursion, in particular the infinitary proof rule, as in [BW90]. The pom-
set model may be fruitfully combined with the domain equations approach to cope with certain prob-
lems the methodology of the present paper cannot deal with. Some comments on this follow in the
concluding section of our paper.

Acknowledgements. Vadim Kotov, responder to our paper [B89a], insisted that we should investi-
gate how the metric approach may handle true concurrency. We acknowledge fruitful collaboration
over the years with the members of ACG, in particular with Pierre America, Joost Kok and Jan Rut-
ten, our primary co-authors on metric concurrency semantics. Moreover we like to thank Jan Rutten
for his scrutinizing this text. We remain in debt to Maurice Nivat and Jeff Zucker for their seminal
roles in the early stages of our work. We thank Jan Heering for discussions on the organization of

the paper.

2. INTRODUCTION OF THE DOMAINS BY MEANS OF DOMAIN EQUATIONS

We assume the reader is acquainted with the notion of (complete) (ultra-) metric space, converging
sequence, closed set, as well as to the constructors U (disjoint union), X (Cartesian product) and
Petosea ) (closed subsets of -). In this paper we only consider distance mappings that are bounded by
1. The reader may consult [Du66, Eng77] for (metric) topology and, for instance, [AR89D] for the
notions we use in metric semantics. Before we can give the domain equations in the second subsec-
tion, we need to introduce two new notions, a length function / and a constructor ’[>’.
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2.1. Introduction of two new notions: | and [>
Usually if we write down 4 X P, or more precisely A Xid 1 (P), where P is a metric space with metric

dp and A is a set of atomic actions (with discrete metric) we assume A X P is supplied with a metric
dyx p defined by

1 ’ al#a2

dyxp(<ay, p1>, <a,, p;>) = 1 _
AXP 1, P1 2 P2 L (1, pr) » G1= 9

For the noninterleaving domains we need to generalize this construction to the case where the left-
hand-side of the Cartesian product contains a non-discrete metric space. For this purpose we need a
notion of length so that we can define a metric on P; X P, by

dp.(p1, P1) ,» P17P1

dp xp,(<p1, p2>, <p'1, pa>) = _ _
2 PI(F‘)'dpl(sz p’Z) ’PI_PI
where Ip (p;) is the length of p; in the metric space P;. This product together with P; (i.e.
P] U (P1XP2))isdcnotedbyP, >P2
From now on we assume that every metric space (X, dy) is supplied with a length function
Ix:X—> {12 ..} U {c0 } such that
dx(x, ) <27V Axsty) = (Ix(x) = 1A I(y) > 1) or (Ix(x) > 1N Ix(y) = 1)

This amounts to saying “we can not have a small distance between short elements (i.e. elements with

small length), unless they are equal”.
If we write a sentence like 'the metric space X .. in the sequel, we mean the metric space (X, dy)

with length function /y.

DEFINITION 2.1.1. We define metric spaces 4, idL(X), fin(X), ,.(X), X TP ¢ 2, X1 > X,, where A4
is some fixed set (of atomic actions) and X, X, X, are metric spaces.
1, a15a,
1. ds(ay, a3) = 0 _ s lg(@) = 1.
, A1=4ay
2 1 .
2. 1d(X) = X digy (% p) = 3 dx(%p), laron(x) = Ix(x) + 1.
- Sin(X) = {x € X | Ix(x) < o0}, dpyx) = dxl (fin(X) X fin(X)), lny = Ixl fin(X).
4. 9,(X) = {4 C X | A is a non-empty dy-closed subset of X },
dcyu(x)(A, B) = max{ as?;d’\'(a’ B), bSlEWde(b, A) }, I@M(X)(A) = asglx(a).
5. X U Xy, = ({13XX)) U ({2} XXy),
1 , 155]
d)(,(zl;:2) 5 l:j
From now on we will informally use X; U X, as if it were X; U X, with disjoint X; and X,.
6. Letx;, x; € X; and x,, x'; € X,.
Xy D> Xy = X; U (fin(X1)X X)),
dx, [>xz(x1, x) = dx,(xl, x'1);

dx, U x,(<i, 21>, <j, 2,>) = » Ix, T x,(<i, 2>) = Iy (2).

dy (x1, X'1) | x,55x',

dx, > x,(x1, <X'1, X'3>) = dy, b x, (<X, x>, X)) = —f —p
2 1,,(.\:.) 3 xl_xl

)



dX,(xb x,l) 5 xﬁ’:x’l

dy b x,(<xy, X3>, <X'p, X3>) = N
e 2 ’”‘(X‘)-dxz(xz, g) » =%y

Iy, > x,(x1) = Iy, (x1); Ix, o x,(Sx1, X2>) = Iy (x1) + Ix,(x2).
Note that there is a slight difference between A u “ Xid%(P)) and A [> P, namely
dq G uxidrpy@ <a, p>) = land d, . pa, <a, p>) = %, the latter being a little more intuitive.
In the general case, it is important that distances in P; [> P, between a p, € P; and a
<p'1, p'2> € fin(P ;)X P, may be small (not just 1): In P; > P, there exist sequences (<pi, p3>);
with limit p € P;. In this case /(p}]) — co.

PROPOSITION 2.1.2.
1. If the metric spaces X, X; and X, are ultra metric

then 4, id (X), fin(X), ?,.(X), X; U X,, X; [> X, are ultra metric spaces.

2. If the metric spaces X, X; and X, are complete
then A4, id%(X), P..(X), X; U X,, X; [> X, are complete metric spaces.

2.2. Four systems of domain equations
We are now able to give four sets of domain equations for the four possible combinations of linear
time versus branching time, and of interleaving versus noninterleaving concurrency.

Linear Time Branching Time

P =9,(9) P =9,0)
Interleaved 0=ADQ Q=A[P

P =9,.(9) P =9,(0)
Noninterleaved Q=R[>0 O =R > P

R =AU 9,(d:(Q) R=AU 9,(d(P))

Let us explain in words where a p € P in the most difficult domain (noninterleaving/branching time)
is standing for.

A process (p € P) is a set of branches (¢ € Q), standing for a set of choices.

Each branch is either a final action (r) or a pair (<r, p >) consisting of a finite action and a resump-
tion.

An action (r € R) is either an atomic action (@ € A) or a set of processes, standing for the parallel
execution of these processes.

In the next section we give an operational and denotational semantics for a simple language, based on
the linear time / noninterleaved domain. Now we illustrate the four domain equations by giving four
different semantics for a simple statement (in the language to be introduced in subsection 3.1).
Consider the statement a;((b|c);e + d). We give, besides the formal processes denoting this state-
ment in the four models, also drawings of these processes. In these pictures an open node indicates
choice (of possibly one alternative) and a closed node indicates termination or resumption. The ’and’
in a picture denotes (noninterleaved) parallel execution. The pictures are drawn in such a way that
the length of the pictures (the number of node-to-node intervals) coincides with the length in the
domains.
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Linear time / interleaved.
Dema;(blc)etd)) = { <a, <b, <¢, e>>>, <a, <c, <b, e>>>, <a, d> }

a b (6 e

° ® ® °
a C b e

@ ° @ @
a d

® ®

Branching time / interleaved.
Dpr,m(@s(bllc)etd)) = { <a, { <b, { <¢, {e}>}>, <¢, { <b, {e}>}>,d}> )
b c e
o .

a [ c b e
o °

Linear time / noninterleaved.
Dnila; (bl c)e+d)) = { <a, <{ b, ¢}, e>>, <a, d>}
b

S S S

a d
Te ®

(o]

Branching time / noninterleaved.
D ni(a;(bllc)etd)) = { <a, { <{{b},{c}} {e}>d}>)
b

€« .y
S ...

d

Consider the following statements to see the difference between linear time and branching time
semantics, and between interleaved and noninterleaved semantics.

si=a || (b+c) sy;=a|b + allc sy=a;b+c)+ (b+c)a

Linear time/interleaved

Dt 1n(51) = Drotn(52) = Dypsalss) = { <a, b>, <a, ¢>, <b, a>, <c, a> }
Branching time/interleaved

Dpi1n(51) = Vpin(s3) = { <a, { b, ¢ }>, <b, {a }>, <¢, {a}>}

Dpm(s2) = { <a, {b}>, <4, {c}>, <b, {a}>, <c {a}>}
Linear time/noninterleaved

Drenis1) = DwiCs2) = {{a b}, {a, ¢} )}

Drni(s3) = Dy 1a(s3)



Branching time/noninterleaved
Dpnis1) = {{{a}, {bc }} }
Dpenils2) = {{{al {6} {{a} {c}}}

Doy ni(53) = D1 (53)

The branching time models distinguish between s; and s, whereas the linear time models don’t. The
noninterleaving models distinguish between s; and 55 whereas the interleaving models don’t.

The interleaving domain equations can be solved in the category of complete metric spaces as is
shown in [BZ82] and in a more general setting in [AR89b]. The AR-theory cannot be applied to the
noninterleaving case immediately, since there does not exist a notion of length in a general complete
metric space, which is essential for our definition of the metric on a product space. We are con-
vinced, however, that an adjustment of the category of complete metric spaces is possible, without
effecting the theorem, in order to solve the above equations.

Anyway, we will briefly discuss the construction of a solution for the noninterleaved linear time equa-

tion in a BZ-like way now.
DEFINITION 2.2.1.
Ry = 4 Ry 1 = A U 9,(id1(Q,)

Define and
QOZRO Qn+1:Rnl>Qn

Note that R, C R,+7and Q,, C O, +1-

Lo = UQn >dQ., . UdQ.. ’lQu = UIQ..

Let <
Rw = URn adRu = Uan 3lRu = UlR,,

Q = Q, : the completion of Q,, Ip(lim;q;) = lim;ly (g;)
Let< R = 1—2: : the completion of R,  Ix(lim;r;) = lim;/g_(r;)
P =9,(0)

L

These P, Q and R satisfy the linear time / noninterleaved system of domain equations, which is stated
in the next

THEOREM 2.2.2.
1. fin(R) =R,
2. Q=R[p>Q

3. R=AU 9,(d(Q)

3. LINEAR TIME / NONINTERLEAVED SEMANTICS FOR A CONCURRENT LANGUAGE

In this section we show how to use the linear time / noninterleaved domain to give operational and
denotational semantics for a simple concurrent language (£). In the first subsection we introduce the
language. In the second subsection we give a transition system and derive some properties of this
transition system. The third subsection contains the definition of an operational semantics O, based
on this transition system. The fourth subsection contains semantical operators which are the counter-
parts of the syntactical operators in the language. With the aid of these operators we give a
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denotational semantics %@ for the language £. The fifth and concluding subsection will contain the
proof of the equivalence of the operational and denotational semantics.

3.1. The language
First we introduce the language. For this we need two basic sets. Let (a,b,c,... € )4 be a (finite or

infinite) set of atomic actions and let (x € ) Zua be a set of procedure variables.
DeEeFinITION 3.1.1. .
a. The class (s € )E of statements is given by

su=a | x| s;;8 | sitsy | splsa
b The class (g € )E, of guarded statements is given by

gu=a|gs|gitg | glge

c. Theclass (d € ) Zect of declarations consists of mappings from % to £,
d. The class (7 € ) Pragp of programs consists of pairs7 = < d | s> withd € Zeefand s € £.

3.2. Transition system for £

In this subsection we give a Plotkin-style transition system and derive some properties about the sys-
tem.

Usually, transitions are of the form s —“—>s’, where s and s’ are statements and « is an action (or a set
of actions, in step semantics). The intuition is that the statement s can be executed by doing the
action a. After this we have to proceed with statement s’. In true concurrency semantics, this can not
be applied 1mmed1ate1y Con51der the following situation: s L3¢, and s,—2>s,. If we derive
something like s |5, %s 111572, then the mformauon is lost that a, stems from s; and a,
stems from s,. This information is essential, for if s/, —)s 1, We want to combine, in the operational
semantics, the b with only the @, not with { a;, a, }.

Some people proposed to use placeholders [DDM87] in order to be able to determine which actions
belong to some statement in a parallel construct. We will use another approach here. Firstly, we add
transitions of the form s <> E to our transition system, where ¢ is a sequence of actions and E is the
terminated statement. Secondly, instead of combining s; ——>s'; and s, s’y at this stage already,
there will be a rule to combine s;—>E and 5s,—2>E into 5|5, lE « g1, g2 } is now
considered as one (composed) action.)

Since we only allow to combine s, ——>E and 5, 2> E to produce a transition from s || 53, it should
hold that Vs : 3¢ : s—2>E even if s is a nonterminating statement. In order to deal with this last
case we even include transitions s——>E where g is an infinite sequence of actions. Such infinite
behaviour arises in particular when recursion is present in s. To handle this situation we have added
a special action ’¢’ to the action set and an axiom x <> E to the transition system. This allows us to
terminate a (recursive) procedure prematurely. If we now derive x —>E for n =1, 2, 3... by ter-
minating each time in a later stage, we get a Cauchy sequence (g,),, and a Cauchy-rule in our transi-
tion system allows us to derive x —£>E, where ¢ is the infinite sequence of actions (without ’e’ -s),
obtained by taking lim,, g,.

Example 3.2.2 should help the reader to understand this method.

Let us first add the special symbol e to our domain. .

Ae = A U {e}; P, Q., R, satisfy P, = 9,.(Q.); Qe = R [> Qe; R. = 4, U 9,(id1(Q.)).

We will define —> C £ X Q, X (RU{E}) in a moment. Here E is a special symbol denoting the
terminated statement. We will use s for real statements, i.e. elements of £ and ¢ for members of
LU{E}. We use the notation s —>¢ instead of (s, g, 1) € —>. In case s—L->¢ with q & R, we will
always have /=E. So one can only do a composed step g, consisting of a sequence of actions, to the
final statement E.



Axioms
a*>E
x—=<>FE
Rules
s | E
;5855 | s
sIS—>s|s | 5
Flls-o5|8' | ¥
s+s—s5 | E
sts—>5 | E

dx)=g N g=>s | E
x—>s | E

s—>s" /N s’—=>E /\ ris finite

<r, >

s—>s" /\ r is infinite
s—E

Vi:s—2SE A limg = g
si>E

s$12>E AN s;-LSE

REMARK 3.2.1.

C

Elem

Proc Term

Seq Comp

Int Par

Choice

Proc

Comp

Inf-rule

auchy-rule

True Par

Observe that we take here a ’hybrid’ approach to concurrency: We will have 0O(s|s;) =
O(sq]|sy + s1352 + 52;5;). We warn the reader that we have taken the true concurrency approach
(no interleaving at all) in the examples of subsection 2.2 for simplicity. Without the presence of the
Int Par rules we would obtain a true concurrent operational semantics in subsection 3.3. If we also
appropriately adapt the denotational semantics (by deleting the two left-merge parts in definition 3.4.1
of the semantical operator ||) then we can obtain O = % in a similar but simpler way as we will
obtain here: It reduces the number of subcases in several proofs (in particular in the proof of lemma
3.2.7). Only the proof of lemma 3.2.5 is a bit more complicated without Int Par.

EXAMPLE 3.2.2. Letd(x) = a;(b| x).

o)) a-23 5

() a;®||x)->b|ix
3 x—>b|x

@) b-Lt>E

) x—<>E

6) bl x5 E

(7) % <a,(17,e}>E E

Elem

Seq Comp (1)
Proc (2)

Elem

Proc term
True Par (4,5)
Comp (3,6)
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® bijx bsalta>)s o True Par (4,7)
o x—Selb<a(b.e)>)>sp Comp (3,8)
5 <a,{b,<a,{b, <a,(--.}>}>)>>E Cauchy-rule (5,7,9,11,---)

Now we are going to state and prove a series of five lemmas. The last lemma is essential for the
proof of the equivalence of © and 9 is subsection 3.5. The first lemma is stating the so-called "image
finiteness’ property, that will be used to prove that O is well-defined in subsection 3.3.

LEMMA 32.3. Vs : Vr: { s | s—>s } is finite.

PRrOOF Induction on the structure of s; first for guarded statements g.

g=a The only rules and axioms that can be used to produce a <>t are Elem, Comp, the Inf-
rule and the Cauchy-rule. Inall casest= E. SoVr:{s |a—>s } = @

g=g;s Assume g ;s —>s’. The only rules that can be used are
g8 g E2E
g;s—>s";s g5 —>s
So{s | gws—>8} C{s"s | g—=>s"} U {s}is finite.
g=g1llg, Assume g, | g;—>s. The only rules that can be used are the following:
gi-—s" g1-—>E gy—>4" g3——>E
g1llg2=>s"lg2 " gillg2—g: " gillg2=>g1lls” " gillg2—g1
So{s | gnlga=—>s} C{s"lg2 | g1—>5"} U {g1lls” | §2=>5"} U { g1, 82 }

is finite.
g=g1+g, Assume g, +g,—>s. The only rules that can be used are
g1 4 8T8
g1tg2—"—>s" g1+g2—"—>s"
So{s | g1tga— 5} C{s" | g1—>s" } U {3 | ga—>s" }is finite.

§=x Since Proc is the only rule that can be used to produce x—>s, we have
{s | x5} C {s”| d(x)—>s" } is finite since d(x) is guarded.
The remaining cases are similar to previous ones. O

LEMMA 3.24. If s—292 SE then 35 : s 255 A s'—L3E.
PRrOOF Induction on the depth of the proof tree of s —4{= S E.
The last rule used is either

s—>s" A s’%E /\ ris finite or Vi:s—25E A limg = <r, ¢>
<r,1> :E - <,-,i> E .

If the first is used we are done. Else ElN Vi>N : g = <r, ¢;> N\ limygq; = ¢q. By induction we

have that Vi>N : 3s; : s—>s5; A 5,~L>E. Since {s | s;—%s } is ﬁmtc(f there exists a subse-
quence (q’, ); and a statement s” such that Vj : s—">s" A\ s'—>E. Now s’ ——E and lim; q’- =gq

so (Cauchy-rule) ' £>E. So we have s —>s" A s <L>E. O

LEMMA 325. Vs efL:3g € Q, : s—1>E.

PROOF

First we show that Vs € £: 3a € 4, : either s—“>E or 35’ with lower complexity than s : s—2>s'.
Induction on structure of s: for example x <> E and if s;—%>s" with s lower complexity than s,
then sy;5, —>5";5, with s";s, lower complexity than s;s,.
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With this we can prove the lemma immediately with induction on the structural complexity of s. [

LemMa 3.2.6. If 3(r), : 3(@); : s%t and r; is finite and lim;7; = r with 7 is infinite, then s —>E.

ProOF Either t; = E and then s —>E or ¢; 7& E and then, by the previous lemma 3g¢; : f; —‘l—)E If
we define (¢;); by r; in the first case and by <r;, g;> in the second case we have Vi : s—L->E and
lim;q’; = (since r is infinite) lim;7; = r so by the Cauchy-rule s —>E. O

LEMMA 32.7. Letr € R,.

a a"FE o r=a.

b x"—SE & dx)-—E or r =e.

¢ s159—>E < s1—>E A ris infinite.

d s;+5;,">E & s;—~>Eors,—>E.

e 5|5 ——>E < s5,-->FE A risinfinite or s,—~>E A r is infinite or

391,92 € Qe :r = { g1, 42 } A s1DE N 5;-23E.

PrROOF

We only prove part e: the other parts being easier.

< Ifs ——>E A ris infinite then s ||s, —>s, /\ ris infinite so s ||s, —> E by the Inf-rule.
The case s, ——>E A ris infinite is ana.logous
If s, 2>E A s,-25E then s, ||s2%12 by True Par.

Induction on the depth of the proof tree for s ||s, —> E.
The last rule that is used to produce s, s, —>E is either

5112 SE A 5;-23E s1l182-=>8 A ris infinite
r

|4

o or
sillsye iy E s1||sa——>E
Vi:s|s;—2>E A limg =r
sills2—E '

If the first one is used then we are ready.
Assume now that the second one is used. The only way to derive s ||s; —>s’ is by Int Par so
by s;—>E or s,—>E or s; —>5 or s,—>s. So we always have s; —>E or s, —)E, since r
is infinite.
The most difficult case is the case where the Cauchy rule is used. So assume now that (g;); is a
sequence such that Vi : s|s,—%>E and lim;g; = r. Now ¢; € R, or q; € R,XQ,, so there
exists a subsequence (¢ (;); such that either Vi : g;; € R, or Vi : Griy € ReXQ,.
Case I: Vi : gr(;) € R,.

Rename g, ;) by r;. We have Vi : 5|5, —>E and lim;r; = r.

By induction, we have for all i:

$1—>E A r; is infinite or
s,—>E A r; is infinite or
3ql.qt :ri=(ql, ¢} N s —%E A sng.
So there exists a subsequence (r,;); such that
Wi 15y —2S3E A rg@) is infinite or
Vi:s;—5E A r, is infinite or
Vi Elq,-l,q‘2 KB =4 q}, q,2 AR S %E N 52—-‘1'2——)E.

Case Ia: Vi : 5, —25F and r 50 is infinite.
We have lim;r, ;) = lim;r; = r, so by the Cauchy-rule: s, —>E A r is infinite
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Case Ib: Vi : 5, L9 SE and r () 1s infinite: analogous

Case Ic: Vi : Hq,,q, P By = {q,, q, A s,%E VAN sz——)E
There exists a subsequence ("hg@y)i such that (q,,(,)), is converging, say to q and
(Gh@y): is convcrgmg, say to g*. By the Cauchy-rule, we have

S,HE/\SZHE/\I‘—IHHI‘ —hmr,,(g(,))—{q q }

Case II: Vi : g7y € R, XQ,
Say gr@ = <r;, g;>. Since lim;<r;, ¢;> = r we know that r is infinite and lim;r; = r.
By lemma 3.2.4 we can deduce from s,||s2%E that Vi : 35; : 51|15, —>5; (and
5; %> E). So for all i either 3¢; : 5; —>¢ or 3t; : s,—>¢;. Now take a subsequence 7 ;
such that Vi:s;—2>f or Vi : szi—ﬁi. Since 40 is finite, r is infinite and
lim;ry;) = r, lemma 3.2.6 guarantees that s, —>E or s,——>E. d

3.3. Operational semantics

Let P, Q and R be the solution of the system of domain equations of the linear time / noninterleaved
variety given in subsection 2.2. From now on, we will not encounter the special action ’¢’ any more.
So if we write down s 5", s—~>E or s —>E then we mean that r € R and ¢ € Q. Still the ’¢’ is
present in our system, but hidden: in order to derive some transition, we sometimes have to use the ’¢’
temporarily.

DEFINITION 3.3.1. Operational Semantics.
LetF:£— P.
We define®: (E—-> P) > (E—>P)and0: £ —> P by

OF)s) = { <r, ¢g> | 35 : s—>s withr € Ris finiteand g € F(s) } U
{reR|s—E},
0 = fixed-point of ®.

We have to show firstly that @(F)(s) is closed and secondly that @ is a contraction. This last fact is
straightforward, so we only prove the next
PROPOSITION 3.3.2. ®(F)(s) is closed.
PRrROOF
Because of the Cauchy rule, we have { r € R | s—>E } is closed.
Assume now that lim;<r;, ¢;> = g withs—>5; A r, € R N\ g; € F(s).
Either lim;r; = gor AN : Vi>N :r; = ry and <ry, lim;g,> = ¢.
Case lim;r; = q.
Bylemma326wehaves—9E sog = limr;, e {reR | s—>E}.
Case Vi>N : r; = ry and <ry, lim;g;> = q.
We have Vi >N : s —=s,.
By image finiteness there exists a subsequence (s;); and an s such that Vj : sj, = S

SoVj: g, € F(s)solimg = lim;g; € F(s)soq = <ry, lim;g;> € ®(F)(s). d

3.4. Denotational semantics

First we introduce a number of semantical operators on P.
DEFINITION 3.4.1.

We definece, O, ||, | : @XQ — P by



13
oty =
9 { <r, ¢> } , otherwise

<rg>eg={<ng>|qeqe)
91 © 92 = {{ 91, 92 }}

911 92 = (10g92) U (q1]L92) Y @q21L 91

_ () s g} = o
ru-q—{{<r,q>} , otherwise

<ng>Lq9={<rnq>|q9€qlq}
Forogp = e, O, ||, || we definegp : PXP — P by
propr=U{qiwq| g1€piNgepy}

Wehavep; || p2 = (p1 Op2) U (pi Lp2) Y (P2 |L P1)

REMARK 3.4.2.

The above definitions need some justification. First of all the operators are defined in terms of them-
selves. By the use of contracting higher-order operators one can show that the above definitions make
sense. Second we need to show that the result of p; op p; is closed and non-empty. We will skip the
proof here. For comparable proofs, see [BBKM84] and [BW90].

DEFINITION 3.4.3. Denotational Semantics.

LetF:2—> P
We define ¥ : (€ — P) —» (E— P) by
Y(F)(a) ={a}

Y(F)(s1552) = Y(F)(s1)eF(s2)
W(F)s1lls2) = W(E)s1)|¥(F)s2)
W(F)s1+s2) = W(F)s1)UE(F)(s2)
Y(F)(x) = Y(F)(d(x))

P = fixed-point of ¥

This way of defining a denotational semantics is extensively discussed in [KR88] and in [BM88]. The
well-definedness can be shown by induction on the structure of the statement, first for guarded state-
ments g and then for general statements s. In order to prove that ¥ is a contraction, we need to have
some properties of the semantical operators.

PROPOSITION 3.4.4. "

1 dp(piep'y, paop’y) < max{ dp(p,, p2), 3dp(p'1, p'2) }

2 dp(p10Op'1, p20Op’y) < max{ %dP(Pl, P2); %dP(P’h P2}
3 dp(p1llp’1, p21Ip’2) < max{ dp(p1, p2), dp(p’1, p'2) }

4 dp(pr[LP"1, p2|Lp") < max{ dp(p1, p2), %dP(P,I) P2}
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5 5 1. 3 -
We want to ask special attention for the 5 in the 2th clause of this proposition. These factors are

caused by the id! in the domain equations.

3.5. Operational semantics = Denotational semantics
First we shall introduce an intermediate semantics § and prove that § = 0. Next we shall give the

proof of the equivalence of © and .

DEFINITION 3.5.1. Intermediate semantics.

$)={qeQ|s1>E}

LEMMA 352. Vs e £: %)% @
We leave the verification of this lemma to the reader. For a comparable proof, see [BW90].

LEMMA 3.5.3. 9= 0.

PROOF

Ys) ={qeQ|s5E)

{reR|s‘SE}U({<rg>eRXQ|s—{Z5E)

{reR|s“E}U{<r,q>|3:5 >, r € Ris finite, yL>E and g € Q }
={reR| s SE}U{<rq¢q>|37:5">¢, r € Risfinite and ¢ € ) }
= ©(9)(s).

So ®(9) = 9. Since also ®(©) = © and ® is a contraction, we have § = 0. O

The next lemma almost says ®(D) = 9, which would be sufficient to prove O = 9 immediately.
LEMMA 3.5.4.

1 ®D)a) = Da)

2 O(D)(s1;52) D(D)(s1) ® Ds2)

3 @(Dsrlls2) = PDsy) L Ns2) U O(DYsz) L Dsy) U O(sy) O O(s2)

4 O@D)sitsy) = Ds1) U B(D)(s2)

5 0(D)(x) = O(D(d(x))

PrOOF

In this proof we indicate the use of lemma 3.2.7 by a mark * on the =" sign: =,
1 O@)a)

={<rng>|3':a">s, reRisfiniteandg e V) } U {r e R | a-SE}
= {a} = WNa).
2 O(D)sy;82)

={<rq>|35:5;;5,">5, r € Risfinite and g € (") } U
{reR|s;s,—E}

= {<r,g>|3:5,—>s, r € Risfinite and ¢ € N(s;s;) } U
{ <r, ¢> | s,—>E, r € Risfinite and ¢ € (s;) } U
{r € R | s;—>E and r is infinite }

={<r¢>|35:5,-">s,r € Risfinite and 3g; € Ns) : Ig; € Vs,): g € q10q; } U
{<rq>|s,—>E,r e Risfiniteand g € 9(sy) } U
{r € R | s;-">E and r is infinite }

= U{ <r q1>eq; | 35 : 5,5, r € R is finite, g; € Ns") and g, € Nsy) } U
U{req | s;—>E, r € Rand ¢ € 9s,) }

= U{¢1%92 | g1 € ®(D)(sy) and q; € UAs,) )

= ©(D)(s1) ® Dsy).
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3 D)) Ns2)

= U{q1lLg92 | g1 € P(D)(sy) and g, € °D(sy) }

= U{<r g>|q92 | Is:5,—>s, r € R is finite, g € %(s) and ¢, € D(s;) } U
U{rlLg2 | si—>E, r € R and g, € 9s;) }

={<r,g>|3s:5,—>s, r € Risfinite and 3¢ € N(s) : 3¢, € V(s3) : ¢ € q|lg2 } U
{ <r, g2> | s;—>E, r € Risfiniteand g, € %(s,) } U
{r e R|s;—>E, r € R is infinite }

={<r,g>|3s:s,—>s, r € Risfinite and g € D(s)||%s,) } U
{ <r, g> | s,—>E, r € R is finite and g, € 90(s,) } U
{r €eR | s;—>E, r € R is infinite }

and

O(s1)O8(s3) = Hs1)OHs2)
={{q1, 92} | s11OE, 5, 25E, q1, 4, € Q }
o)
Q(D)(s11152)
={<r qg> |3 :51|s,—>5, r € Risfiniteand g € Ns") } U
{r eR|s|s,—E}
= {<r, ¢g> |35 :5,—>5, r € Ris finite and g € %(s'||s,) } U symmetric case U

{ <r, ¢> | s;—>E, r € R is finite and ¢ € %(s,) } U symmetric case U
{({91:92) | s$iE, 5,£3E ¢, 9, €Q} U
{r € R | s;—>E and r is infinite } U symmetric case
= Q(D(s1) | Ds2) U PED(s2)| Ds1) U (O(s1)OO(s2))
4 DED)(s1+s2)
={<r,g> |35 :5,+s,-">s, r € Risfinite and ¢ € 9(s") } U
{reR|s+s,—E}
= { <r, g> | 3s’ : s;-">s', r € R is finite and g € O(s’) } U symmetric case U
{r e R | s;——>E } U symmetric case
= O(D)(s1) U ©(D)s2)
5 @)
={<rg> |3 : x>, r € Risfiniteand g € 9(’) } U
{reR|xSE}
= {<r,¢g>|3:d(x)"—>s, r € Risfiniteand ¢ € 9(s") } U
{(reR|dx)->E )}
= (D (x)) a

Because of the occurrences of 0, instead of %, at two places of the right-hand-side of the previous
lemma, clause 3, we are not able to prove d(®(®), @) = 0 immediately, but instead of this we are
able to prove d(®(D), D) < 5d(%, O) which turns out to be sufficient.

LEMMA 35.5. d(@(@), @) < 5d(, 0).

PROOF i

We show with induction on the structure of s, (first g) that: d(®(D)(s), Ns)) < 5d(D, 0). The only
cases that we prove here are g = g;s and g = g||g,; the other cases being easier or similar.

g = g:5 1 d(@(D)(g;s), Vg;s)) = d(®(6‘)(g) ® (s), Ng) @ Ds)) < i
max { d@@)g), Ag)), 5d(@s), As)) } < (by induction) 3d(®, 6)
g = 811182 - d(@(D)(g111g2), Ng1llg2)) =
d(@D)(g1) L Dg2) YU P(D)(g2) [L Ng1) Y O(g1) © 8(g2),
g |L Pga) VU gy |L Dgy) Y m(}; 1) O Ngy) ) <
max { d(P(D)(g1), D(g1)), d(P(D)(g2), D(g2)), 5dOg1), Ng1)), zd(Q(gz), gy } <
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~d(®, ©) by induction. 0
THEOREM 3.5.6. O = 9.
PROOF ' .
d©, D) = d@©), D < max { d(PO), 2(D), d(@®D), D) } < max { 7dO, D), 7d©O D)} =
2d (6, D), 500 = D, O

4. CONCLUSIONS
The language, considered is section 3, does not include a notion of synchronization. The noninter-
leaved domains are not sufficient to handle synchronization. To demonstrate this, look at the follow-

ing statement.
5 = (@;0)[|(b;(T[1d)

We assume here that @, b and d are internal actions and that ¢ and ¢ are communication actions, able
to synchronize with each others. The process denoting this statement should contain (in pomset nota-
tion)

b~—d

where 7 denotes successful synchronization.

The pomset is called the N-pomset in the literature (cf. for example [BoCa88]). The problem is that
such a structure is not present in our domain. In fact we conjecture that it is not possible to define
an appropriate domain by means of domain equations built from given sets (without any structure)
and the usual constructors (described in the introduction and in subsection 2.1).

Therefore, we propose to combine the domain equation approach and the pomset approach. Let
PAH[A,P] denote the set of pomsets where the labels at level 1 come from the set A and the remain-
ing labels are elements of P. Then the following system of domain equations might be appropriate to
handle noninterleaved branching time concurrency with synchronization.

P =9,(Q)
Q = POH[A,P]

Future research is needed to investigate this domain.
The linear time variant P = 9,.(Q), Q = ZO#[A,Q] is isomorphic to P = ¥F,.(Q), Q = PAH#[A],
where 204 A | denotes the set of all pomsets with labels in 4. This domain was used in [BW90].
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