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- if it contains a success leaf, then H has no immediate descendants and is a
failure leaf.

- otherwise, if it contains a flounder leaf, then H has no immediate
descendants and is a flounder leaf.

- otherwise, if it contains an extension leaf or if H has no descendants in T,
then H has no immediate descendants in T}, and is an extension leaf.

- otherwise, H has in Tp the same immediate descendant as in T.

- otherwise H has in Ty, the same descendants (or the same leaf-type) as in T.
A pruned justified SLS-tree is successful (etc.) if one of its top level leaves is

successful (etc.). It is failed if all its top level leaves are either failed or pruned.O

EXAMPLE 3.6.

When a loop check pruning the goal «r is applied to the SLS-tree in Figure 2.2,
the tree depicted in Figure 3.1 is obtained. When the goal «s is also pruned,
then the tree of Figure 3.2 is obtained. O
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3.3. Soundness and completeness

In this section a number a properties of one level loop checks is defined. The
definitions are only concerned with the effect of applying a loop check on the top
level of a justified SLS-tree. In section 3.4 the influence of applying loop checks
(satisfying these definitions) on all levels of a justified SLS-tree is studied.

As was pointed out before, using a loop check should not result in losing
potential success. In order to retain completeness, an even stronger condition is
needed: we may not lose any individual solution. Since Theorem 2.7(iii)
involves potential answers, pruning the tree should preserve those successful
and floundering branches that indicate (the possibility of) solutions not otherwise
found. That is, if the original SLS-tree contains a potentially successful branch
(giving some answer), then the pruned tree should contain a potentially
successful branch giving a more general answer.

In order to consider only those potential answers that are as specific as
possible, only deeply safe justified SLS-trees are taken into account. (Otherwise
we would not be allowed to prune a floundering derivation like “¢—p =p¢p, ~r

«p,2r flounder’.)

DEFINITION 3.7 (Soundness).

Let R be a safe selection rule and let L be a loop check.

i) L is weakly sound if for every program P and goal G, and potentially
successful deeply safe justified SLS-tree T of PU{G}, le(Ttop) is potentially
successful.

i) L is sound if for every program P and goal G, and deeply safe justified SLS-
tree T of PU{G}: if T contains a potentially successful branch giving a
potential answer Go, then le(Ttop) contains a potentially successful branch
giving a potential answer Go' < Go. O

The following lemma is an immediate consequence of these definitions.
LEMMA 3.8. Every sound loop check is weakly sound. O

Moreover, if the initial goal is ground (which is always the case for side-
trees), then the notions of weakly sound and sound coincide.
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The purpose of a loop check is to reduce the search space for top-down
interpreters. Although impossible in general, we would like to end up with a
finite search space. This is the case when every infinite derivation is pruned.

DEFINITION 3.9 (Completeness).

A loop check L is complete w.r.t. a selection rule R for a class of programs &, if
for every program P € & and goal G in Lp, every infinite SLS-derivation of
PU{G} via R is pruned by L. 0

We must point out here that in these definitions we have overloaded the
terms ‘soundness’ and ‘completeness’. These terms now refer both to loop
checks and to interpreters (with or without a loop check). In the next section we
study how the soundness and completeness of a loop check affects the
soundness and completeness of the interpreter augmented with it.

3.4. Interpreters and loop checks
We prove that under the right conditions an SLS-interpreter augmented with a
loop check remains sound and complete (in the sense of Theorem 2.7). Due to
the introduction of extension leaves, a pruned justified SLS-tree does generally
not cover the entire search space for the SLS-interpreter augmented with a loop
check. For, whether a node is an extension leaf depends (partly) on the
unpruned SLS-tree. This tree is not available for the loop-checked interpreter, so
it cannot decide to stop at an extension leaf. Beyond an extension leaf, it might
find incorrect answers. Therefore we must ensure the absence of extension
leaves in soundness results.

As a first step, we do so for deeply safe justified SLS-trees by comparing
their pruned and unpruned versions directly. The enumeration in this lemma

links up with Theorem 2.7.

LEMMA 3.10. Let P be a program and G a goal. Let R be a safe selection rule
and 0 a substitution. Let T be a deeply safe justified SLS-tree of PU{G} via
R. Let L be a weakly sound loop check and let T), = fLX(T).

-) Tp represents the search space for PU{G} of a top-down SLS-interpreter
using R, augmented with the loop check L (i.e. Tp has no extension

leaves).



i) If GO is a computed answer in Ty then GO is a computed answer inT.

ii) If Tp is failed, then T is failed.

iii) If L is sound and T contains a potential answer G0, then Ty, contains a
potential answer Go <G6.

iv) If T is not successful, then Ty, is not successful.

PROOF. -) We prove that Tp does not contain extension leaves. Suppose (in
order to obtain a contradiction) that G is an extension leaf in Tp. Then a ground
negative literal is selected in G. Let T' be the justification of G in T and let Ty’
= fi.*(T") be the justification of G in Tp. By induction (on stratum), we may
assume that Tp' has no extension leaves. So the only case left is that G is a leaf
in T, and Ty' is failed. Obviously G is not a success leaf. So G is a failure leaf
or flounder leaf in T. Hence T' is potentially successful. Since L is weakly
sound and T' is deeply safe, we may conclude inductively from ii) that Tp'is
potentially successful. Contradiction.

i) and iv) Tp is a subtree of T.

ii) Suppose (in order to obtain a contradiction) that Ty, is failed, whereas T is
potentially successful. Consider a potentially successful branch B in T. All
justifications of B are either failed or floundered. Inductively by iv) the pruned
justifications are also failed or floundered. Thus Tp, can only be failed if B
itself is pruned by L. This holds for every potentially successful branch in T,
thus le(Ttop) is failed. However, since L is weakly sound and T is deeply
safe and potentially successful, by Definition 3.7(i) le(Ttop) must be
potentially successful. Contradiction.

iii) As ii), considering a branch only (potentially) successful if its potential
answer is more general than G6. (Notice that if a failed justification of B in T
is replaced by a floundering pruned justification in Tp, the potential answer of
the remaining part of B in Ty, is more general than the potential answer of B.)
In this case Definition 3.7(ii) must be used. ]

Indeed, combining Lemma 3.10(-) and (i)-(iv) with Theorem 2.7(i)-(iv)
gives the required soundness and completeness results for deeply safe trees. The
following theorem shows that it is not really necessary to use deeply safe
selections. Only some parts of the unpruned tree (which are never constructed by
the interpreter, but just used for comparison reasons) must be deeply safe. We

need one more definition.
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DEFINITION 3.11.
A loop check L is selection-independent
if for every program P and for every D € L(P),
{ D'| D' differs from D only in the selection of the literal in its last goal }
c L(P). O

The restriction to selection-independent loop checks is not a severe one.
Intuitively, after the creation of a new goal the loop check is performed first.
Only when no loop is detected a further resolution step is attempted; to this end a
literal is selected. All loop checks in [BAK] (see the appendix) are selection-
independent.

THEOREM 3.12 (Soundness and Completeness of SLS-resolution with loop
checking). Let P be a program and G a goal. Let R be a safe selection rule and

0 a substitution. Let T be a justified SLS-tree of PU{G} via R. Let L be a

weakly sound selection-independent loop check. Then there exists a justified

SLS-tree T’ of PU{G} such that:

)Ty = fL¥(T’) represents the search space for PU{G)} of a top-down SLS-
interpreter using R, augmented with the loop check L (i.e. Tp' has no
extension leaves and makes all selections according to R, except for the
selections in pruned leaves).

i) If GO is a computed answer in Ty' then GO is a computed answer in T'.

i) If Ty’ is failed, then T' is failed.

ii) If L is sound and T’ contains a potential answer GO, then Tp' contains a
potential answer Go <GB6.

v) If T is not successful, then Ty’ is not successful.

v) If T is successful, then T' is successful.

vi) If T is failed, then T' is failed.

PROOF. First we give a construction of T'.

As a first step we obtain T" by replacing in T every justification J by a
justification J', where J' is derived from J as T' will be derived from T. If a
floundering justification J of a leaf H is replaced by a failed justification J', then
H has must obtain a descendant in T" and T" is expanded beyond H. This
expansion takes place via R, except that the justifications in the expansion are



still the ones inductively derived from the justifications via R. By v) and vi) this

replacement of justifications cannot give rise to other problems.

For every justification J' in T", it follows from -) that fi.*(J') has no
extension leaves. Moreover, it follows that Tp" = fL.*(T") has no extension
leaves. (For suppose that H is such an extension leaf, then the justification J' of
H in T" must be potentially successful, whereas fi.*(J') is failed. This
contradicts ii), applied inductively on J'.)

We obtain the tree T' by expanding Tp" beyond its pruned leaves, where at
those pruned leaves and beyond, selections are made in a deeply safe way (thus:
not necessarily via R). Notice that differences between T" and T' do not occur
before the selection in a goal where T" is pruned, so by the assumption that L is
selection-independent it follows that Tp' = LY (T) = Tp" (except possibly in
selections in pruned leaves). Now we prove our claims.

-) For the justifications in Tp', this is true by induction. As was remarked, the
top level of Tp' = T contains no extension leaves. Finally, the top level of T"
(and Tp") follows R, so Tp' does (except possibly in pruned leaves).

i) and iv) Tp' is a subtree of T

ii) Suppose that Tp' is failed. Then Tp" is failed, so apparently no floundering in
the justifications of Tp," reaches its top level. So we may ‘pretend’ that Tp" is
deeply safe, apart from selections in its pruned leaves (i.e. using Lemma 2.14
we could replace every justification of Tp" by a deeply safe one, without
changing its top level). T' is an expansion of Tp" that is deeply safe in and
beyond the pruned leaves of Tp". Thus in the same way, we may ‘pretend’ that
T' is deeply safe. Then by Lemma 3.10(ii), T is failed.

iii) First consider the tree Tqg, which is obtained from T' by expanding T' in a
deeply safe way beyond every flounder leaf that is not deeply safe (either by
making an other selection or by replacing the justification). Consider a
potentially successful branch B in T' that is pruned in Tp,'". As B is pruned in
Tp", the tail (the part that is pruned out) of B in T" is already constructed in a
deeply safe way. Therefore B occurs in Tygg unexpanded (w.r.t. T).

By its construction, we may again ‘pretend’ that Tyg is deeply safe. Thus if
B yields a potential answer G6, then, by Lemma 3.10(iii) and assuming that L
is sound, fi *(Tqs) yields a potential answer Go' < G6. The branch B' giving
this answer GG’ is either fully present in T' (¢ = ¢') or an initial fragment of it
is present which flounders (giving a potential answer Go < Go'). B' cannot be
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pruned in Ty', because a goal pruned in Tp' is also pruned in fL.*(Tqs) (as Tgs
is an expansion of T", and L is selection-independent).

v) Consider a successful branch B in T. All its justifications are failed. So from
vi) it follows inductively that B is still present in T". If B is not pruned in Tp",
then it is present in T". If B is pruned in Tp", then in T' it is extended beyond
the pruned goal in a deeply safe way. By Lemma 2.14(i) this extension is
successful.

vi) If T is failed, then T has no floundering justifications. So inductively by v)
and vi) the top levels of T and T" are identical. Tp" may contain pruned leaves,
but by Lemma 2.14(ii) expanding them again in a deeply safe way can only
lead to failure again. O

Thus combining Theorem 3.12(-) and (i)-(iv) with Theorem 2.7(i)-(iv)
(applied on T') gives the final soundness and completeness results. However,
the (loop-checked) interpreter need not be effective: in general traversing infinite
justifications is required. Any real interpreter can only traverse a finite part of a
(justified) SLS-tree, and is therefore incomplete.

THEOREM 3.13. Let P be a program and G a goal in Lp. Let L be a loop check.
Let R be a safe selection rule, let T be a justified SLS-tree of PU{G} via R
and let Tp = fLX(T).

i) If L is complete w.r.t. R for a class of programs & containing P, then T),
is finite.
ii) If a flounder leaf occurs in Tp, then a flounder leaf occurs inT.

PROOF. i) Follows immediately from Definition 3.9.

ii) Suppose that G is a flounder leaf in Tp, so a negative literal is selected in G. If
this negative literal is not ground, then G itself is a flounder leaf in T.
Otherwise, let T' denote the justification of G in T, and let Tp' = L5 (T"). Tp'
must be floundered. By induction (on strartum), a flounder leaf occurs in T,
hence in T. (Note: this does not imply that T flounders!) O

Applying Theorem 3.13(i) on the tree T' as constructed in Theorem 3.12
shows that using a complete loop check (on all levels) ensures that the pruned
justified SLS-tree is finite. If also the conditions of Theorem 3.12 are met, then



it follows that indeed the search space of the interpreter is finite. In this case the
interpreter is really sound and complete.

Finally, Theorem 3.13(ii) indicates that the pruned tree can only flounder if
somewhere in the original tree (but not necessarily at the top level) floundering
occurs. Example 4.11 shows that a stronger result can hardly be expected: if the
tree in Figure 4.2 is the side-tree of the goal «——1p, then most of the loop checks
applied there turn «~—p from a failure leaf into a flounder leaf.

4. Deriving one level loop checks from positive loop checks

4.1. Definitions

In this section we show how one level loop checks can be derived from positive
loop checks. Since a successfully resolved negative literal is simply removed
from a goal, negative literals cannot give rise to loops. (Thanks to the fact that
we consider only locally stratified programs, looping ‘through negation’ cannot
occur.) Therefore the basic idea is to remove all negative literals in a derivation.

Then an SLD-derivation remains, to which a positive loop check is applied.

NOTATION 4.1.

For every (goal- and program-) clause, program, SLS-derivation and -tree X,
X+ denotes the object obtained from X by removing all negative literals. Thus if
X is an SLS-derivation or -tree, then in X+ every derivation step G = H in
which a negative literal is selected in G is deleted, since in this case Gt = H*. O

Notice that for every SLS-derivation D of PU{G}, D*is an SLD-derivation
of P*U{G+}. For an SLS-tree T of PU{G}, T+ is an ‘initial segment’ of an
SLD-tree of P*U{G*} (due to failure or floundering of a negative selected literal
in T, T+ is not necessarily completed).

In fact the above definition is not completely precise: suppose that in the last
goal G of an SLS-derivation D, a negative literal is selected. Then it is not clear
which atom is selected in G+ in D+. Nevertheless, as the positive loop checks
we are interested in are all selection-independent (Definition 3.11 does also apply
to positive loop checks) we do not need to be more precise.
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DEFINITION 4.2.
Let L be a positive loop check. The one level loop check derived from L,
Or, = AP.RemSub( { D | D is an SLS-derivation and D+ e L(P+) }). O

The following lemma’s establish the required relationships between a
positive loop check and the one level loop check derived from it.

LEMMA 4.3. For every positive loop check L, Oy, is a one level loop check.
Moreover, Oy, is simple iff L is simple.
PROOF. Immediately by the definitions. O

LEMMA 4.4. Let L be a positive loop check, D an SLS-derivation and P a
program. D is pruned by Oy (P) iff D* is pruned by L(P*).

PROOF. D is pruned by Or (P) iff some initial part of D, Dj, € Op(P), iff some

initial part of D+, Dijy+ € L(P+), iff D+ is pruned by L(P+). O

4.2. Soundness

Unfortunately, as is shown in the following counterexample, it is not the case
that a one level loop check derived from a (weakly) sound positive loop check
(as defined in [ABK]) is again (weakly) sound.

COUNTEREXAMPLE 4.5.
LetP={p q(1)qQ2). (CD),
qx) « rx).  (C2),

q2) « q(1). (C3),
1(2) «. (C4) 1,
and let G = «p.

P is (locally) stratified and Figure 4.1 shows an SLS-tree T of PU{G} via
the leftmost selection rule (a failure leaf is marked by a box around it). Let D
denote the successful branch in T.

Then D+ is the SLD-derivation «—p =1y ¢-q(1),q(2) =qx)— <9(2) =(C3)
«q(1) =q(x)« O. Even a simple sound loop check L might prune the goal
<q(1) in D*: it is visible in the second step of D+ that the clause q(x)¢ is
present in P+; this clause allows for a shorter way to refute «—q(2) than via (C3)
and «q(1).



Unfortunately, this shortcut fails in the
SLS-tree because it introduces the literal
—1r(2) instead of —1r(1), and —1r(2) fails. So
OL prunes D, hence Oy, is not weakly sound
(note that the tree is the top level of a deeply
safe justified tree). O

Although the loop check used in the
counterexample formally satisfies the
definitions, it is highly non-typical. We shall
now show that more usual (weakly) sound
positive loop checks, notably the ones
defined in [BAK], derive again (weakly)
sound one level loop checks. To this end we
introduce a soundness condition, which is
very similar (also in its proof) to Lemma 4.5
in [BAK, TCS-version].
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LEMMA 4.6 (Soundness Condition). Let L be a one level loop check.

If, for every program P, goal Gg and potentially successful branch D = (Gg
=9, G = ... = Gp] =26, Gr= ... =¢,H) (0 < k <m) of a deeply

safe justified SLS-tree T of PU{Gy):
[ G is pruned by L ] implies

[ for some goal G; (0 <i < k) in D and for some n < m-i, there
exists a potentially successful branch G; =¢; ... =g, H of a

deeply safe justified SLS-tree of PU{G{}],

then L is weakly sound.

Moreover, if also G¢0j]...6;0]...0, <G0Oj...06k,]...0n is implied,

then L is sound.

PROOF. First we focus on the weakly sound case. Let P be a program, Gg a goal

and T a deeply safe justified SLS-tree of PU{Gg}. Suppose that Tyop contains a
potentially successful branch D = (Ggp =¢; G1 = ... = Gj.1 =2¢;Gi= ... = G
1 =0 Gk = ... =g, H) that is pruned by L at Gx. We use here induction on m,

i.e. we assume that for every successful branch B in Tiop shorter than D,

le(Ttop) contains either B or a potentially successful branch shorter than B.
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We prove that le(Ttop) contains a potentially successful branch D' that is
shorter than D. By assumption a potentially successful SLS-derivation D1 = (Gj
=01 ... =op H') of PU{G;j} exists. Adding (a properly renamed version of) D1
to the initial part of D gives the derivation D2 = (Go =¢; G1 = ... = Gij.1 =¢; Gj
=1 ... =1, H). By the independence of the selection rule (Lemma 2.13), Tyop
contains a branch D3 such that |D3| = [D7| and the potential answers of D3 and Dy
are variants. Since D3 is shorter than D (|D3| = i+n+1 < i+(m-i)+1 = m+1 = |D|),
by the induction hypothesis le(Ttop) contains either D' = D3 or a potentially
successful branch D' shorter than D3, which proves the claim.

For the sound case, it remains to prove that Goo' < Gg01...0, where ¢ is
the potential answer substitution of D'. First we strengthen the induction
hypothesis: for every potentially successful branch B in Tyop shorter than D
giving a potential answer GO, le(Ttop) contains either B or a potentially
successful branch shorter than B, giving a potential answer Goo' < Goo.

Then either since D' = D3 or by the new induction hypothesis, and since the
potential answers of D3 and D are variants, Goo' < Gg01...0iT1... T <
Gg01...6{01...0n < GgO1...0m. O

Indeed, the one level loop checks derived from the positive loop checks
defined in [BAK] (and informally described in the appendix) satisfy the above
soundness condition. So we can prove that they are (weakly) sound.

THEOREM 4.7 (Soundness of Conversion).
i) The one level loop checks derived from the equality, subsumption and
context checks based on goals are weakly sound.
ii) The one level loop checks derived from the equality, subsumption and
context checks based on resultants are sound.
PROOF (Sketch). The proofs of Theorem 4.6, 5.7 and 6.6 in [BAK], in which it
is shown that the positive loop checks mentioned satisfy the soundness condition
(for the positive case), are straightforwardly generalized to the present case.
Every successful SLD-derivation must be replaced by a potentially successful
branch of a deeply safe justified SLS-tree. The Mgu Lemma, Lifting Lemma and
Independence of the Selection Rule of [L] (used in the positive case) must be
replaced by Lemma 2.8, 2.9 and 2.13 respectively. O



4.3. Completeness
Since some completeness properties of positive loop checks depend on the
selection rule used, these selection rules are adapted to the presence of negation.

DEFINITION 4.8.

Let R be a selection rule for SLD-derivations.

An extension of R is a selection rule R' for SLS-derivations such that for every
SLS-derivation D via R', D+ is an SLD-derivation via R. |

Unlike soundness, completeness carries over from positive to one level loop

checks without much difficulty.

THEOREM 4.9 (Completeness of Conversion). If L is complete w.r.t. a selection
rule R for a class of programs &, then Oy, is complete w.r.t. any safe
extension of R for the class of programs { P | P* € & and Lp = Lp+ }.

PROOF. Let P be a program, G a goal in Lp (both possibly containing negative

literals) and R a selection rule for SLD-derivations. Let R' be an arbitrary safe

extension of R. Let D be an infinite SLS-derivation of PU{G} via R'. Then D+
is an infinite SLD-derivation of P+U{G*} via R. Let L be a positive loop check
that is complete w.r.t. R for (a class of programs containing) P+: for every goal

H in Lp+, every infinite SLD-derivation of P+U{H} is pruned by L(P*). Since

G+ is a goal in Lp = Lp+, D*is pruned by L(P+). Hence by Lemma 4.4, D is

pruned by Op(P). O

Notice that the requirement Lp = Lp+ is just a technicality which can be met
easily by adding some non-relevant clauses to P. For example, the result
presented in Theorem 5.3(i) is transferred to one level loop checks as follows.

COROLLARY 4.10. The one level loop checks derived from the equality,
subsumption and context checks are complete w.r.t. any safe extension of
the leftmost selection rule for locally stratified function-free programs in
which in every clause only the rightmost positive literal (if present) may
depend on the head of that clause. O
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4.4. Concluding remarks

The Soundness of Conversion Theorem 4.7 and the Completeness of
Conversion Theorem 4.9 allow the immediate conversion of all positive loop
checks described in [BAK] (see the appendix) and their soundness and
completeness results (see [BAK] and [Bol]) to one level loop checks. The
following example presents the application of several one level loop checks

derived from these positive loop checks.

EXAMPLE 4.11.
LetP={ p « qXx),7s(x). (Cl),
qly) < 1(y),q(y)- (C2),

qly) <. (C3),
(1) «. (C4) 1},
&P

l(cn

«—q(x),"s(x)

(C2) (C3)
{y/x} ly/x}

«1(x),q(x),"s(x) «s(x) flounders

(C4) .
x/1} pruned by subsumption checks
X

and by context checks
«—q(1);'s(1)

(C3) (C2) \ pruned by equality checks
{y'/1} {y"/1} based on instances

«s(1) «r(1),q(1);'s(1)

(C4) pruned by equality checks

l based on variants
0 —q)s)

FIGURE 4.2




and let G = «p. In Figure 4.2 an SLS-tree T of PU{G} via (a safe extension
of) the leftmost selection rule is depicted. It is shown where T is pruned by
various loop checks.

For every loop check used, potential success is retained in the pruned tree as
expected. However, it appears that only the equality checks based on variants
retain a successful branch. Obviously the extra instantiation in this branch,
which was superfluous in the positive case, serves here to prevent floundering.

Notice that it is not always the case that the equality checks based on
variants retain at least one successful branch. Consider the goal «r and the
program {p(x)¢; p(1)«p(x); r<p(x),71q(x) }: applying the second clause
instantiates only the negative literal, so the successful derivation is pruned. O

5. Appendix

Here we recall the three groups of simple loop checks that are introduced in

[BAK], together with their respective soundness and completeness results.

5.1 Definitions and soundness results
First we present the weakly sound loop checks of each group.

The first group consists of the equality checks. They check whether the
current goal Gy is an instance of a previous goal Gj, i.e. if for some substitution
T: G = Gjt. Small variations on this criterion give rise to various loop checks
within this group. These variations are notably the two interpretations of ‘=’ that
are considered (goals can be treated as lists or as multisets) and the possible
addition of the requirement ‘T is a renaming’ (in other words: ‘Gy is a variant of
Gi’). Such variations are also possible in the other groups of loop checks, but as
they have not much effect on soundness and completeness, we shall not mention
them any more.

The second group consists of the subsumption checks. Their loop checking
criterion has the form ‘for some substitution T: Gx < Gjt’ (or in words: ‘Gy is
subsumed by an instance of Gj’). Although the replacement of = by < seems to
be yet another small variation, it appears that subsumption checks are really more
powerful than equality checks.

The third group consists of the context checks, introduced by Besnard [B].
Their loop checking condition is more complicated: ‘For some atom A in G;j,
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ABj,1...0j is selected in G;j to be resolved. As the (direct or indirect) result of
resolving ABj,1...0;, an instance AT of A occurs in Gy (0 <i <j < k). Finally,
for every variable x that occurs both inside and outside of A in Gj, x6j;1...60x =
Sy g

For all these weakly sound loop checks, a sound counterpart is obtained by
adding the condition ‘Gg01...6x = GgB1...0;T’ to the loop checking criterion.
For reasons explained in [BAK], the loop checks thus obtained are called ‘based
on resultants’ as opposed to the weakly sound ones, which are ‘based on goals’.

Thus the following results were proved in [BAK].

THEOREM 5.1.
i) The equality, subsumption and context checks based on goals are weakly
sound.
it) The equality, subsumption and context checks based on resultants are

sound. O

5.2 Completeness results

Due to the undecidability of the halting problem, a weakly sound loop check
cannot be complete for all programs. In [BAK] it was shown that a weakly
sound simple loop check cannot even be complete for all function-free programs.
Three classes of function-free programs were isolated for which the
completeness of (some of) the loop checks mentioned above could be proved.

We now present those classes of programs and completeness results.

DEFINITION 5.2.

A program P is restricted if for every clause H—A1,...,A, in P, the definitions
of the predicates in Ay,...,Ap.1 do not depend on the the predicate of H in P. (So
recursion is allowed, namely through Ay, but double recursion is not.)

A program P is non-variable introducing (nvi) if for every clause H—Aq,...,Ap
in P, every variable that occurs in Ay,...,A, occurs also in H.

A program P has the single variable occurrence property (is svo) if for every

clause H—Aq,...,Ap in P, no variable occurs more than once in Ay,...,A,. 0O



THEOREM 5.3.
i) All equality, subsumption and context checks are complete w.r.t. the
leftmost selection rule for function-free restricted programs.
ii) All subsumption and context checks are complete for function-free nvi

programs and for function-free svo programs. ]
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