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Descriptor representations are considered that are given by (E, 4, B, C, D) with D = 0. Minimality under external
equivalence is characterized in terms of the matrices E, 4, B and C. Also, transformations are given by which
minimal (E, 4, B, C) representations are related under external equivalence. The results are compared with simi-
lar results for representations with D s& 0; the transformations turn out to be more simple in the "D = 0" case.
Finally, a realization procedure is given for obtaining a minimal (E, 4, B, C) representation for a system that is
given by autoregressive equations.
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1. INTRODUCTION AND PRELIMINARIES
In this report we consider time invariant linear systems represented by

oEé = A£ + Bu
y = C& (1.1

Here o denotes differentiation or shift, depending on whether one works in continuous or discrete time.
The variables y, u and £ take values in the output space Y, the input space U and the descriptor space X,
respectively. The codomain of the mappings E and 4 will be denoted by X, (equation space). It should
be noted that the matrices E and A4 are not assumed to be square.

The above representation is a specific form of the so-called descriptor representation

oEf = A¢ + Bu
y = Cé+ Du. (12)

The only difference between (1.1) and (1.2) is the absence of a direct feedthrough term D in (1.1). As we
will see later, the direct feedthrough term plays an important role in descriptor representat.ions espe-
cially w.r.t. minimality issues. The reason for this is that the direct feedthrough term is related to the
“non-dynamic” variables of the system as was first pointed out in [2].

The equivalence concept that we will use throughout the report is that of so—called ”external equiv-
alence”. Systems are called externally equivalent if their induced “behaviours” are the same. Here the
behaviour of a system consists of the time trajectories of the input and output variables (the “external
variables”) that arise from the system representation. For more details and motivation the reader is
referred to [1, 3,4]. It should be noted that the set of time trajectories of the output variables that are not
influenced by the input variables (the “uncontrolled behaviour”) remains invariant under external equiv-
alence. This constitutes one of the main differences between external equivalence and so-called transfer
equivalence where the invariant is the transfer function instead of the behaviour.

The aim of this report is the following. First, we consider the question under which conditions an
(E, A, B, C) representation of a system is minimal among all other (E, 4, B, C) representations that are
externally equivalent. Here our definition of minimality is formulated in terms of three indices: the rank
of E, the column defect of E (dim ker E) and the row defect of E (codim im E). We define a descriptor
representation to be minimal if each of these three indices is minimal within the set of descriptor repre-
sentations that correspond to the same behaviour. We will give a characterization of minimality in terms
of the matrices E, 4, B and C. We will also give the complete set of transformations by which minimal
(E, A, B, C) representations that give rise to the same behaviour can be transformed into each other.
Finally, we show how a minimal (E, 4, B, C) realization can be constructed, starting from a system
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description in polynomial matrix fractional form.

Descriptor representations arise when dynamical systems are written as a combination of
differential/ difference equations and algebraic constraints. They have been found useful for instance in
circuit models [9], econometric models [6] and system inversion [2]. In the literature of the past decade
one can find many contributions on descriptor representations. Some of these are concerned with
(E, 4, B, C) representations, others with (E, 4, B, C, D) representations. For example, two-point
boundary-value descriptor systems ( see [7]) are usually written in (E, 4, B, C) form because of the
time-reversible character of such systems: a symmetric representation is preferred to a non-symmetric
one. As another example, the realization procedures of [14] and [1] lead from a transfer function to an
(E, 4, B, C) representation rather than an (E, 4, B, C, D) representation. Both procedures are based on a
decomposition of the transfer matrix into a strictly proper and a polynomial part. Separating finite and
infinite frequencies in this way naturally leads to an (E, 4, B, C) representation.

In [8] Rosenbrock defined the concept of restricted system equivalence for (E, A, B, C) representa-
tions:

DEeriNITION ( [8]) The descriptor representations (E, 4, B, C) and (E, ;1, 1§, C~,‘) are restricted system
equivalent if there exist matrices M and N with M and N invertible such that
{M 0| [sE-4 - SE—A —fz}

0 I C 0 C 0

N 0
0 1]~ (1.3)

With this equivalence concept dynamic and non-dynamic variables are treated alike. Verghese et al. (
[11]) judged the above type of equivalence to be too restrictive: it did not allow for elimination of redun-
dant non-dynamic variables. In order to define an alternative type of equivalence, they first had to incor-
porate the non-dynamic variables in a D term. The alternative type of equivalence (strong equivalence,
see[11]) was then defined for (E, 4, B, C, D) representations.

The following two algorithms will clarify the relation between (E, 4, B, C) and (E, 4, B, C, D)
representations. The first algorithm gives a procedure for rewriting an (E, 4, B, C, D) representation in
(E, A, B, C) form while the reverse procedure is given by the second algorithm. In section 3 it will be
proven that the algorithms lead to equivalent representations and that minimality properties are
preserved.

ALGORITHM 1 Let a descriptor representation be given by (E, 4, B, C, D).
Let V =[V; V,]beaninvertible matrix such that

where D is% injective.
1
LetT = [Tz be the inverse of V. Define §, = T u. Then
T,

Du=DV\ Vil|r,

u

T,

=[Dy 0|g,

u

= D,T,u

= Dy,

Now define a representation (E, /‘i, B, é‘) by
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- B
H B = _Tl

ALGORITHM 2 Let a descriptor representation be given by (E, 4, B, C). Decompose the descriptor
space Xy as X;; DX 2D X3 where X3 =4 ~l[im E]NkerE and X;,® X3 = ker E. Decompose the
equation space X, as X, ® X,, where X,; = im E. Accordingly write

A 0
0 I

E 0

o o , C=[C Dy

by
Mot

b

I 0 0 Ay An Ap
E=10 o of Ay Ay O]
B,
B= Bz}, C=[C, C, Ci} 15)
Then the matrix A4 ,; is injective. Choose an appropriate basis in X, ,, such that w.r. t. this basis we have
) Am 4, 1 5 By L6
21 — AZ]Z’ 22 — 0l 2 B22' (')
Now define a representation (E', 2, 1~¥, 6‘, 5) by
. I 0 - [An—4npdm  An - By — ApBy
E=1lo of B A o B= By ’
C=[C; — Cydan Cil, D= —CyBy. 1.7

In order to place this report into perspective we will now repeat some results for (E, 4, B, C, D)
representations. In [4] we gave a procedure for obtaining minimal (E, 4, B, C, D) realizations under
external equivalence for systems that are given in polynomial matrix fractional form. Necessary and
sufficient conditions were derived for minimality under external equivalence in terms of E, 4, B, C and D
in [5]. Furthermore the transformations by which minimal equivalent (E, 4, B, C, D) representations are
related were presented in that paper. We will now repeat the last two results.

THEOREM 1.1 ( [5]) Let a descriptor representation be given by (E, A, B, C, D). The representation is
minimal under external equivalence if and only if the following conditions hold:

(i) [E B]issurjective

@) [ET CTVis injective

(iii) A{ker E] Cim E

(iv) [sET—4T C 1T has full column rank for all s € C.

THEOREM 1.2 ([5]) Let (E, A, B, C, D) and (E, ;'i, 1~?, 6, l~)) be descriptor representations that are minimal
under external equivalence. Then the two representations are externally equivalent if and only if there exist
matrices M,N, X and Y with M and N invertible such that

[M 0l [sE—4 —B sSE—4 —B

N Y]
XI[C D C D '

: Bllo 1 (1.8)

In the above results as well as in the development below, a prominent role is played by the so-
called pencil representation:

oGz = Fz
y=H,z
u=H,z. (1.9)
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Here F and G are linear mappings from Z to X, where Z is the space of internal variables and X is the
equation space. It is shown in [4, 13] that a minimal pencil representation can be realized directly from
the behaviour of the system in a natural way (the representation is called minimal if both dim Z and dim
X are minimal). We will now summarize some of the results on pencil representations. In these results
the pencil rgpresentation is defined by taking the input and output variables together as the vector
w = [pT u"]" of external variables. A pencil representation is then written as

oGz = Fz
w = Hz. ' (1.10)

PROPOSITION 1.3 ( [4]) 4 pencil representation given by (I',G,H) is minimal under external equivalence if
and only if the following conditions hold:

() G is surjective

i [GT H T]T is injective

(i) [sGT — FT  H™" has full column rank foralls eC.

ProprosITION 1.4 ( [4,12]) Two minimal pencil representations (F, G, H) and (f‘, (~;, H ) are externally
equivalent if and only if there exist invertible matrices S and T such that

S 0][sG—F sG — F
0 I

H H

In [4,5] it is shown that a close connection exists between a pencil representation and an
(E, 4, B, C, D) representation: an algorithm is given for rewriting a pencil representation in
(E, 4, B, C, D) form and vice versa in such a way that minimality is preserved. In the next section we
present similar algorithms for rewriting a pencil representation in (E, 4, B, C) form and vice versa.
These algorithms are used for deriving minimality results and results on the transformation group in sec-
tion 3. The results will be different from the results for (E, 4, B, C, D) representations that were given
above. In section 4 we will give a procedure for realization into (E, 4, B, C) form. The procedure will be
illustrated by an example.

T (1.11)

2. RELATION WITH PENCIL FORM

In this section we present algorithms for obtaining an equivalent (E, 4, B, C) representation from a pen-
cil representation and vice versa. These algorithms will be used in the next section where known results
on the minimality of pencil representations (see previous section) are exploited to derive results on the
minimality of (E, 4, B, C) representations. For that reason it is important that both algorithms preserve
minimality. There is a trivial way to rewrite a pencil representation in (E, 4, B, C) form. Starting from
the pencil representation (F, G, H,, H,), we obtain an equivalent (E, 4, B, C) representation that is

given by
o[gle- [+ 2

y = Hyt @.1)

However, it is not difficult to see that the minimality of the representation (F, G, H,, H,) does not neces-
sarily imply that the representation (2.1) is minimal. The following algorithm does a better job at
preserving minimality properties. It will be shown later that application of the algorithm to a minimal
pencil representation leads to a minimal equivalent (E, 4, B, C) representation.

F
Hu

ALGORITHM 3 Let a pencil representation be given by (F,G,H,,H,). Decompose the internal variable
space Z as Z,DZ,®Z,DZ; where Zi=kerGNkerH, Z,DZ, =ker GNkerH,,
Z,9Z,®Z, = ker G. Accordingly, write



G=[Go, 0 0 0, F=[Fy F, F, Fj)
HVZ[I{_yO Hvl 0 0 H, =[Hy H,, H, 0] (2-2)

Then the matrices Gy and H,,; have full column rank. Also, the matrix H,; has full column rank, and by
renumbering the u-variables if necessary, we can write

_ |Hw _ |Hn _ |Hn ,
HuO - I:HZO}’ Hul - [H2l ’ Hu2 - sz : (23)
where H 5, is invertible (or empty, if ker G Nker H, Cker H,). Define descriptor matrices by
Go 0 0 Fo F, F, 0 F,
E = ’ A= |= Ir ’ B = Ir ’
lO 0 0 Hy Hy O —I Hyp
C=[H,o H, 0] 24)

with '
Fy = Fo— F;Hyp'Hy
Fy =F,— FHyp'Hy
Hy=Hy— HpHp'Hy

~ » @.5)
Hyy=Hy —HpHy Hy

F, = FH3'

Hy = HypHp'

Vice versa, an (E, 4, B, C) representation can be rewritten in pencil form by applying the algo-
rithm of [5] which transforms (E, 4, B, C, D) representations to equivalent pencil representations. In [5]
it is shown that this algorithm preserves minimality: minimal (E, 4, B, C, D) representations are
transformed to minimal pencil representations. Surprisingly, the algorithm also preserves minimality for
(E, 4, B, C) representations, as will be shown later. We now repeat the algorithm of [5] when applied to
(E, A4, B, C) representations.

ALGORITHM 4 Let a descriptor representation be given by (E, 4, B, C). Decompose the descriptor
space X, as X;; ® X, where X;, = ker E. Decompose the equation space X, as X, ® X,,® X,; where
X, =imEand X,;9X,, =im[E B]. Accordingly write

I 0 Ay Ap B,
E=1{0 0|, A= |4y Axn|, B= |B|, C=][C; C,] 2.6)
0 0 Ay Axy 0

Then the matrix B is surjective. By renumbering the u-variables if necessary, we can write

B, B, Bj
B,| = |By Bp 2.7
0 0 0

where B, is invertible. Define pencil matrices as:

_ I O 0 Z]] A]2 B]]
G=1lo o0 o F= |4y 4, of H=I1 C 0]



_ 0 0 I
Bo=\dy A B] @9
with :

An =Ay —BypBp'dy,

A =Ap—BypBp'Ay

By, = By — B;3By'By

- o 29
Ay = —Bp Ay

Ap = —Bp'Ap

By = —B3n'By.

From [5] we have the following lemma.

LEMMA 2.1 ([5]) Let (F, G, H, H,) be a pencil representation that results from applying Algorithm 4 to a

descriptor representation, given by (E, A, B, C). Then the two representations are externally equivalent and

the following equalities hold:

(i) rank G = rank E .

(i) codimim G = codimim[E B]

@iii) dimker G = dimker E + dim B~ '[im E]

(iv) dimker[GT HT|T = dim (ker E N ker C N 4~ '[im E])

Moreover we have the following implications:

(v) [E B]lissuijective = G is surjective

(vi) ker ENker C N A7 '[imE) = {0} = [GT H"|T is injective

(vii) [sET — 4T C T]T has full column rank for all s € C = [sGT—FT H T]T has full column rank for
alls e C.

We will now prove that applying algorithm 3 to a minimal pencil representation leads to an exter-
nally equivalent (E, 4, B, C) representation that is minimal. For this purpose we first have to explore the
concept of minimality under external equivalence for (E, 4, B, C) representations. In the following we
will present lower bounds for some of the indices that have to be minimized. These involve a certain
invariant subspace WOCW (= Y®U) ( see [4,13)). Intuitively speaking, the subspace WO is spanned
by the minimum number of ”driving variables” of the system; when W coincides with the input space
we are dealing with a system with a strictly causal input-output structure. A definition of W?° will be
given in section 4. As already mentioned in the introduction, a pencil representation (F, G, H) can be
obtained directly from the behaviour. It is therefore not surprising that W° can be easily expressed in
terms of the matrices F, G and H. In[4] we proved the following proposition:

PROPOSITION 2.2 ([4]) Assume that a pencil representation, given by (F, G, H), satisfies the following condi-
tions:

(i) G is surjective
() [GT H T]T is injective.
Then we have

W0 = Hlker G]. (2.10)

Using the above proposition together with the properties of Algorithm 4, as expressed in the accompany-
ing lemma, we are now able to express W in terms of the matrices of an (E, 4, B, C) representation.

LEMMA 2.3 Let a descriptor representation be given by (E, A, B, C). Then necessary conditions for
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(E, A, B, C) to be minimal under external equivalence are
(@) [E B]issurjective
@) [ET CT]T is injective.
Moreover, if (i) and (ii) hold we have
7y W = Clker E] 2.11)
Unw? =B~ 1imE]. 2.12)

ProoF The fact that conditions (i) and (ii) are necessary for minimality is proved in [4]: Lemma 7.2 and
Lemma 7.3 are also valid for (E, A, B, C) representations.

Next, assume that (i) and (ii) hold. Application of Algorithm 4 to our representation yields a pencil rep-
resentation that, according to Lemma 2.1 satisfies the conditions of Prop. 2.2. We may therefore con-
clude that

C, 0
w0 = im 0 I 2.13)
—Bn'Ay  —By'By

where the matrices are partitioned as in Algorithm 4. It now follows immediately that 7y W? = Clker E]
and UNW?® = B '[im £].

From the proofs of Lemma 7.2 and Lemma 7.3 in [4] we immediately have the following corollary.

COROLLARY 2.4 Let a descriptor representation be given by (E, A, B, C). Then we have
() dimker E = dim (7y W?)
(i) codimim E = codim(UN W°).

We are now ready for the main theorems of this section.

THEOREM 2.5 Let (E, A, B, C) be a descriptor representation that results from applying Algorithm 3 to a
pencil representation, given by (F, G, H,, H,). Then the two representations are externally equivalent.
Furthermore if (F, G, H,, H,) is minimal then (E, A, B, C) is also minimal.

PrOOF The only operations that are involved in Algorithm 3 are:
- choosing another basis for the internal variables
- reordering u-components

It is therefore immediate (see [10]) that the resulting descriptor representation is externally equivalent
with (F,G,H,,H,). Further, the minimality of rank E follows immediately from the minimality of rank
G since in both Algorithm 3 and Algorithm 4 we have

rank £ = rank G.

According to Prop. 1.3 the mlmmahty of (F,G,H,,H,) unphes that G is surjective and [GT H! H or
is mJectwe Therefore Z; = {0} in Algorithm 3 and it is easily seen that [E B] is sur_]ectlvc and
[ET  C™|" is injective. From Lemma 2.3 it now follows that the lower bounds in Cor. 2.4 are reached so
that we can conclude that the representation (E, 4, B, C) is minimal under external equivalence.

THEOREM 2.6 Let (F,G,H,,H,) be a pencil representation that results from applying Algorithm 4 to an
(E, A, B, C) representation. Then the two representations are externally equivalent. Furthermore if
(E, A, B, C) is minimal then (F,G,H,,H,)) is also minimal.

ProOF The external equivalence of the representations has been proven in Lemma 2.2 of [5]. Next, by
Lemma 2.3, the minimality of (E, 4, B, C) implies that[E B]is surjective. We can then use Lemma 2.1
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(v) to conclude that G is surjective. Furthermore the minimality of rank G follows immediately from the
minimality of rank E since in both Algorithm 3 and Algorithm 4 we have

rank G = rank E.

In order to conclude that the pencil representation is minimal we still have to prove that dim ker G is
minimal. Using Lemma 2.3 together with Lemma 2.1 (iii), we have

dim ker G = dim ker E + dim B~ '[im E]
= dim (7y W°) + dim (UN W?)
= dim W°. (2.14)

From [4] we may now conclude that dim ker G is minimal and moreover that the pencil representation
(F, G, H)is minimal.

3. MINIMALITY AND THE TRANSFORMATION GROUP
In this section we first derive necessary and sufficient conditions for the minimality under external equiv-
alence of a (E, 4, B, C) representation in terms of the matrices E, 4, B and C.

THEOREM 3.1 Let a descriptor representation be given by (E, A, B, C). The representation is minimal under
external equivalence if and only if the following conditions hold:

(i) [E B]issurjective

() (ET TV is injective

(i) (sET — AT CT|" has full column rank for all s € C.

PrOOF From Lemma 2.3 it follows immediately that conditions (i) and (ii) should hold for a minimal
(E, A, B, C) representation. In order to prove (iii) we apply Algorithm 4 to the representation. Accord-
ing to Theorem 2.6 the pencil representation (F, G, H) that is obtained in this way is minimal. This
implies that GT—FT H T]T should have full column rank for all s € C (Prop. 1.3). Condition (jii)
now easily follows from the matrix equality

sI—Ay,  —Ayp —By]
c, c, 0
0 0 I |~
Ay Ay By,
I —BpBy' 0 0|[s[—An —Ap —By
|0 0 I 0| —4uxn —Ay  —By
= lo 0 o I|| ¢ c, 0o | G.D
0 B3 0 0 0 0 I

Conversely, when Algorithm 4 is applied to an (E, 4, B, C) representation for which conditions (i)-(iii)
hold, Lemma 2.1 yields that the resulting pencil representation satisfies the conditions of Prop. 1.3 and is
therefore minimal. From this it follows that rank F is minimal. Furthermore since conditions (i) and (ii)
are assumed to be satisfied we can use Lemma 2.3 to derive

dim ker E = dim Clker E]
= dim wy W° (32
and

codimim E = codim B ~'[im E]



= codim UN w°. 33)
By Cor. 2.4 this proves that the (E, 4, B, C) representation is minimal.

REMARK 3.2 In the above theorem there is no requirement on the absence of non-dynamic variables as in
the analogous theorem for (E, 4, B, C, D) representations (see Theorem 1.1). This is not surprising since
for (E, 4, B, C) representations the non-dynamic variables cannot be eliminated: there is no D term in
which they can be incorporated.

Using the above theorem, we can easily prove that Algorithm 1 and Algorithm 2 preserve minimal-
ity.
THEOREM 3.3 Let (E, ;1, B, é) be a descriptor representation that results from applying Algorithm 1 to an

(E, A, B, C, D) representation. Then the_hvo representations are externally equivalent. Furthermore if
(E, A, B, C, D) is minimal then (E, A, B, C) is also minimal.

PrOOF The operations that are involved in the algorithm clearly do not affect the behaviour: variables
are merely written in another way. From this the external equivalence of the two representations follows.
Next, from the mlmmahty of (E, 4, B, C, D) it follows by Theorem 1.1 that we have that [E  B]is sur-
jective and [ET C T is injective. Together %nth the surjectivity of 7'; and the injectivity of D this
1myhes thjat (E. B] is surjective and [E C | is injective. Further, it is easily seen that the matrix
[sE C'] has full column rank for all seC_since the same holds for the matrix
[SET AT CTJ". From Theorem 3.1 it now follows that (E, 4, B, C) is minimal under external equiv-
alence.

(E A B C) is minimal then (E, A, B, C, D) is also minimal.

PROOF It is easily seen that the two representations are externally equivalent (see e.g. the proof of
Lemma 2.1 in [5] Next, from the mlmmahty of (E, A, B, C) it follows by Theorem 3.1 that we have that
[E B]is surjective and [ET CT] " is njective. It is easily checked that this leads to the surjectivity of
[E B]andthe m]ectmty of E C ] . Further, note that by construction we have that A[ker E] C im
E. Finally, [sE ~a ¢ ] has full column rank for all s € C since the fact that [sET — AT CT|" is
injective for all s € C implies that the matrix

sI—(Ap —Anpda) —A4n sI—Ay  —Ap  —Ap

0 0 —Am -1 0 I 0
—Aon 0 |~ | —4m 0 0 —4m 0
Ci — Cyda C, C C, C, 0 !

has full column rank for all s € C. It now follows from Theorem 1.1 that (E, 4, B, C, D) is minimal
under external equivalence.

Next, we ask ourselves by which transformations minimal equivalent (E, 4, B, C) representations
are related. We have the following theorem.

THEOREM 3.5 Let (E, A, B, C) and (E, A, B, C) be descriptor representations that are minimal under exter-
nal equivalence. Then the two representations are externally equivalent if and only if they are restricted sys-
tem equivalent, i. e. there exist invertible matrices M and N such that

M O][sE—4 —B sE-A —B|[N 0
R R R e
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PROOF See Appendix.

REMARK 3.6 The above theorem tells us that for minimal (E, 4, B, C) representations the only opera-
tions that are allowed under external equivalence are “change of basis” in X; and in X,. Therefore the
situation for (E, 4, B, C) representations parallels the standard state space case: minimal equivalent
representations are related by similarity. Note that this does not hold for minimal (E, 4, B, C, D) repre-
sentations: see Theorem 1.2.

4. A REALIZATION PROCEDURE
In this section we present a method for obtaining a minimal (E, 4, B, C) representation for a system
described by equations of the form

Ri(o)y + Ry(o)u =0 @0

where R (s) and R,(s) are polynomial matrices of sizes kK Xp and k Xm, respectively. Throughout this
section it will be assumed that the matrix [R(s) R,(s)] has full row rank, which is of course no restric-
tion.

In [4,13] an abstract procedure is given for realizing (4.1) into minimal pencil form; the pencil
form turns out to be a natural first order form for systems described by equations of the above type. We
will repeat this result here. Following the terminology of J. C. Willems ( [13]), we shall refer to (41 asa
set of autoregressive equations. Taking inputs and outputs together as external variables, the equation is
rewritten as

R@@w =0 “4.2)

where R(s) = [R(s) R,(s)] and w =[yT uT|T is the vector of external variables. In the following
A~TWIIA""]] denotes the space of strictly proper rational W-valued functions. The symbol 7_ will be
used for the natural projection of X (A) (where X is any vector space) onto A~! X[[A~!]]. For an element
w®) of AT W[[A]), the value of sw (s) at infinity will be denoted by w _;.

THEOREM 4.1 ([4]) Let a system be given in AR form (4.2), with R (s)e R¥*9(s) of full row rank. Consider
the following spaces of rational vector functions in a formal parameter \:

XE = {wMeA WA | - RQO)W®) = 0} (4.3)
Xg = {pMeR*A | IwMe A 'WIA Is.t. p) = RAWA)} 44
NE = (w®eX'WIA I | ROW®) = 0}. 45)
The following mappings (G and F from XX /X\"'N® to Xp, H from XR /\"'NR to W) are well-defined:
G:w@A)modA"'NR 5 RQOwW®) 4.6)
F:w®) modA™'NR w» RM)7_Qw®) @.7
H:wQ)mod\"'NR 5 w_,.° 4.8)

With these definitions, (X® /A"INR X, ®r W F, G, H) is a minimal pencil representation of the behavior
given by (4.2).

As mentioned before, the above theorem gives.an abstract realization procedure. A choice of bases
for the spaces that appear in the procedure still has te be made. In [4] we chose bases in such a way that
the pencil realization could be trivially rewritten as an (E, 4, B, C, D) representation. Here our aim is
different: we want to end up with an (E, 4, B, C) representation. We will therefore choose different
bases here.

The first step is to take [R1(s) R,(s)] to row proper form. This can be done by unimodular opera-
tions ([3, p. 386]); so, we may assume that R (s) is row proper to start with. This means that we can write
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[Ri(s) Ra()] = A()B1(s) B,y(s)] 4.9)
where [B(s) B,(s)]is right bicausal, and
A(s) = diag (s, --- ,5%). (4.10)

We note here that [B;(0) B,(0)] is the “leading row coefficient matrix” of [R;(s) R(s)] and that
the subspace W can be defined as ( [4])

WY = ker[By(c0) Bs(c0)]. @.11)

Now, let B(s) be any matrix such that B(s) = [B"(s) B"(s)]" is bicausal. It will be discussed later
how to make a suitable choice for B(s). As in [4] we choose as a basis for the space X Ry )\“N R the
columns of the following matrix of size g X (n +¢ — k) (modulo ATINR):

AT oA
A Y -1 K
B Mo e @12
}\—-l

A basis matrix for Xy is given by the following matrix of size k Xn:

(1. . A1 0 )
0 A"l
0 . (@.13)
0 . ) LD W

With respect to these bases, G has the form [/  0]. The matrix of H now has the form
1--0

H = B(c0)™! (@.14)

1

Finally, if we let G (A) denote the matrix whose columns are the images under G in RX[A] of the basis ele-
ments for XX /A~'N® displayed above, then a similar matrix for F is given by the formula
FQ\) = AGQ) — RV, 4.15)

which follows from the definitions of F, G, and H. Because of the simple basis we chose for Xz the con-
stant matrix F can now be easily obtained.

We will now describe how B(s) should be chosen in order to arrive at a (E, 4, B, C) realization.
First note that we have

UNW® = ker B,(o0). 4.16)

This enables us to decide which u-variables are driving variables. By renumbering the inputs if necessary,
we may assume that

B,(00) = [B3(0) B3(c0)] 4.17)

where BJ(c0) has full column rank, and the columns of B3 (c0) depend linearly on those of Bl (). Let
B2(c0) have m, columns; note that m, < g —k and that we have m, = 0 when dimker B;(0) = 0. It
is easily verified that a matrix B which completes B (c0) to an invertible matrix may be found of the form
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e 0 O A
[0 0 I ] . We then have that B(c0) ™! is of the form
* * 0
Boo) 1= |x x o« ' (4.18)
i 0 0 I '

where the partitioning is (p +m;+m;)X(k +(g —k —m3)+m;) (m; is the number of columns of
B} (0)). We therefore obtain equations of the following form:

020 = AoZo + BIZ] + BzZz ; (4.19)

y = Hypzy + Hy 24 . (4.20)
uy = Hyzg + Hyyzy + Hyyz, @.21)
Uy = zs. 4.22)
This can obviously be rewritten as
I 0] (%0 A4y By) (20 0 B3] (uw
? [0 0] [21] T |Ho Hy [Zx] + [—1 Hy “2] 4.23)

Z0

y=[Hop Hol [zl - 4.24)

We have that rank E (= rank G) = n is minimal where n denotes the sum of the minimal row indices (k;)
of [Ri(s) Ry(s)]- By checking the other dimensions as well, it can be easily verified that the above
(E, A, B, C) realization is minimal.

REMARK 4.2 Let us assume that R ;(s) and R, (s) are left coprime so that we can compare our realization
procedure with procedures under transfer e%uivalence, such as in [14] and [1]. We are then essentially
starting from a transfer function 7(s) = Ri ' (s)R,(s) given as a polynomial left coprime factorization.
In both [14] and [1] a minimal (E, 4, B, C) representation is obtained by splitting t}Ixe ﬁrbite and infinite

frequencies. In the resulting (E, 4, B, C) representation the matrix E has the form 0 e ( the matrix

*

0
0 I} )- In contrast, our procedure does not split finite and infinite frequencies (lead-

1
ing to a matrix E of the form 0 ol thus providing a more direct link between polynomial and state

A has the form

space representations. This makes it easier to translate system properties from polynomial terms to state
space terms and vice versa. Note that it follows from Theorem 3.5 that the two representations are res-
tricted system equivalent.

We conclude this section with an examble.
EXAMPLE 4.3 Take
s+ 2 0 s+1 0 1 0
[Ri(s) Ry = 0 s—1 0 3 s s+4 @4.25)
s 0 0 20 0
corresponding to 3 outputs and 3 inputs. The leading row coefficient matrix
1 0 1 0 0 O

0O 1 0 0 1 1
0 0 0 1 0 O
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has full row rank, so that the given matrix R (s) is already row reduced; also, m, = 1 and the inputs need
not be renumbered. We see that the sum of the minimal row indices of R(s) is 4 and that the rank of
B,(o0) (formed by the last three columns of the matrix above) is 2; so, a descriptor representation
(E, A, B, C) will be minimal if and only if the matrix E has size 6 X 6 and rank 4.
Applying the above procedure we take
1 0 0 0 O O
B={0 1 0 0 0 O 4.26)
0 0 0 0 0 1

which leads to
M 0 0 1 0 0
0 0 0 O 1 0
A 1 0 0 -1 0 0
B@™'=1o 0 1 0o 0 o0 @.27)
0 1 0 O -1 -1
o 0 0 0 0 1
Consequently, we get
" 0 0 0 1 0 0
0 0 0 0 O 1 0
1 0 0 0 -1 0 0
=10 0 10 o o o (4.28)
0 1 0 O 0 -1 -1
L0 0 0 0 0 0 1
The matrix of F is computed from ‘
A0 O O 0 0 O
FAM=10 A 0 0 0 0 O
0 0 2 X 0 0 0 |
m 0 0 0 1 0 0
0 0 0 0 O 1 0
A+2 0 A+1 0 1 0 1 0 0 0 -1 0 0
-1 0 A—1 0 30 A+4lg 9 1 0 o 0 0 =
A 0 0 X 0 0Jlp 1 0 0 o0 -1 -1
o 0 0 0 0 0 I
-1 -1 0 0 -1 1 1
=|0 0 -3 0 0 1 -4 (4.29)
0 0 0 A —=Ax 0 O
This gives
-1 -1 0 0 -1 1 1
0 0 -3 0 0 1 -4
F=lo 0o 0o 1 -1 0 o (4.30)
0 0 0 0 0 0 0
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Of course, G =[I4 0]. Re-organizing the pencil equations as described above, one obtains the
(E, A, B, C) realization

—1 -1 0 0 -1 1
o gt (D00 000 )
o 0 0 0 Zy| = O 0 0 0 0 0 Z)
0 0 0]z 0 0 1 0 0 0 Z2
0 1 0 0 0 -1
) (0 0 1) ’
0 0 —4
0 o olfl"
+10 o ollen @4.31)
{—1 0 0| |U3
(0 -1 —1]
0 0 0 0 1 0 )l2
y=10 0 0 0 0 1 [|z]. (4.32)
1 0 0 0 -1 0 ||g

REMARK 4.4 In the above example the column defect of B,(c0) is equal to 1. Therefore (see [4]) a
minimal (E, 4, B, C, D) realization would have an E-matrix of size 5X5 (and again rank 4). Indeed,
there is one non-dynamic variable in the above (E, 4, B, C) realization, namely the variable z, which
can be incorporated in a D term.

5. CONCLUSIONS
In this report we have characterized the minimality of an (E, 4, B, C) representation in terms of the
matrices E, 4, B and C. The conditions that are necessary and sufficient for minimality under external
equivalence can be summarized as:
- controllability and observability at infinity
- observability at finite modes.
Thus for minimality of (E, 4, B, C) representations there is no requirement on the absence of non-
dynamic modes, as is the case for (E, 4, B, C, D) representations.

We also gave a procedure for realizing systems given by autoregressive equations to minimal
(E, 4, B, C) form. It is proven that such a realization is unique up to operations of restricted system
equivalence. Thus the transformation group consists of isomorphisms and is therefore more simple than
in the case of (E, 4, B, C, D) representations. In some situations this might be a reason to use an
(E, 4, B, C) representation rather than an (E, 4, B, C, D) representation.

6. APPENDIX

PROOF OF THEOREM 3.5
Multiplying the system from the right by

N 0
0 I
can be considered as a “change of internal variables” while left multiplication by

M 0
0 I
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is a “reformulation of constraints” in the terminology of [10]. It now follows from [10] that the resulting
representation is externally equivalent to the original one.

Conversely, it should be noted that we can arrive at (E, 4, B, C) representations of the form (2.6) by
using operations of restricted system equivalence. For that reason we can assume that our descriptor rep-
resentations (E, A, B, C) and (E, 4, B, C) are already of that form. Now decompose the input space U as
UNW@® U,. Accordingly write

B,y Bp - By Bp
B: - ~

B = .
B21 B22 ’ B21 B22

It follows from Lemma 2.3 that both B,, and B, are invertible. Next apply Algorithm 4 to both repre-
sentations. This yields externally equivalent pencil representations (F, G, H) and (F, G, H) that are
minimal by Theorem 2.6. We can now use existing knowledge on the transformation group for exter-
nally equivalent minimal pencil representations. According to Prop. 1.4 there exist invertible matrices S
and T such that

'S 0] [sG—F] [sG—F
0 I H | = i T. 6.1)
Writing this in further detail gives:
s 0 o0 0l[I —-BpBn 0 0)[s/—4n —An —Bp
0 I 0 o0f|0 0 I of| —Aan —4n —By
0 0 I 0/]|0 0 0 I C, C, 0 |
0 0 0 I||o B! 0 0 0 0 I
Iohuba o o [TAw ~Aw B
|0 0 I of| —4n  —A4n —Bxu||! 2 03
~ |0 0 o I| ¢ ¢, o [T+ Ts Te| (62)
0 By 0 0 0 0 ;[T Ts To
It now follows immediately that
Tl = S’
T,=T3=T;="Tgs=0,
Tg =1 (63)
and T's is invertible. Comparing the (2,3)-elements on both sides gives
0= CyTs. (6.9)
The injectivity of o 2 now implies that T¢ = 0. As a result we have
s o0 0]|f —-BpBn' O||sI-An —Ap —Bn —Byp
0 I 0|10 0 1 —A 21 —Azz _BZI "Bzz = (6.5)
0 0 Ifjo By of| ¢ C, 0 0
. e ~ ~ - = S 0 0 O0
— sI—A —A —B —B
I BBy 0 - 1 ~12 ~n ~12 T, Ts 0 0
=10 ~(11 1 —:421 —:422 “Bun —Banl|lg o I 0
0 By of| ¢, C, 0 0 (o o o I
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-1

I _,51252—21 0 I 0 Bl?.
0 0 I = (0 0 B22 (6.6)
0 By 0 0 I 0
yields:
S —SBuBy' +BpByn' 0 sI-4y —Ap —Bn —Bp
0 BBy 0| —4y —Ay  —By  —Bp| =
0 0 I C, C, 0 0
) - . . - 1[S 0 0 0
I —A —A —B —B
S - 11 f 12 0 1 > 12 T, Ts 0 0
= | —An —An  —Bu  —Bn||, o I ol 6.7
c, C, 0 0 {{o o0 o I
Defining
S —SB;By' + BpB3 N B 0 ©8)
M= ~ s = s .
0 Bzsz_Zl T4 T5
we see that M and N are invertible and
M O0|[sE—4 - SE-A —B][N 0
= ~ . 6.9
0 I C 0 C ol|l0 [

This proves that the representations are restricted system equivalent.
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