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We study the asymptotic bias of the moment estimator 4, for the extreme-value index v € R under
quite natural and general conditions on the underlying distribution function. Furthermore the optimal
choice for the sample fraction in estimating v is considered by minimizing the mean squared error of
4n — 7. The results cover all three limiting types of extreme-value theory.

The connection between statistics and regular variation and II-variation is handled in a systematic way.
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1 INTRODUCTION

Suppose one is given a sequence X, X3,... of i.i.d. observations from some unknown distribution
function F. Suppose for some constants a, > 0 and b, and some v € R

mﬂ.x{X]_,Xg, . .,.Xn} - bn < w}
QAn -

im 7 { = Gy(o) 1)
for all z, where G,(z) is one of the extreme-value distributions, given by
G4(z) := exp—(1 + yz)~ Y7 . (2)

Here v is a real parameter, z such that 1 + yz > 0. Interpret (1 + yz)~/” as e~® for vy = 0. The
question is how to estimate v, the extreme-value index, from a finite sample X, X5,...,X,. If (1)
holds, F is said to be in the domain of attraction of the generalized extreme-value distribution G,
[notation : F € D(G,)]. For the extreme-value distributions itself one has G., € D(G,).

In the last decade much attention has been paid to the estimation of the tail-index of a distribution.
This corresponds to estimating v when 4 > 0. Most of the publications are based on the work of
Pickands III (1975) and Hill (1975).

Pickands proposed the following estimator for y € R and 1 < k < [n/4]

Xin_ — X(n-
'71(:,P) = (logz)—l log (n—kn) (n—2k,n)

X(n—Zk,n) - X(n—4k,n) '
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where X(3 n) < X(2,n) < ... < X(n,n) a1€ the ascending order statistics of X3, X,,..., X,. He proved
weak consistency of the estimate.
Dekkers and de Haan (1989) gave quite natural and general conditions under which \/E(")"S.P) -9)
is asymptotically normal. Conditions on k = k(n) include k = k(n) — oo and k/n — 0 (n — ).
For v positive, Hill introduced the estimator

k-1
1
M'r(xl) = E ZIOg X(n~—i,n) - log X(n—k,n)

=0
which involve all k£ + 1 upper order statistics instead of only X(n_g,n), X(n—2k,n) 30d X(n—4kn). Ma-

son (1982) proved weak consistency of MY for any sequence k = k(n) — oo ,k(n)/n — 0 (n — o0)
and Deheuvels, Hausler and Mason (1988) proved also strong consistency for sequences k(n), with
k/loglogn — co and k/n — 0(n — co). Under certain extra conditions \/E(M,(.l) — ¥) is asymptoti-
cally normal with mean zero and variance y? [see Hall (1982), Davis and Resnick (1984), Csorgé and
Mason (1985), Hausler and Teugels (1985), Goldie and Smith (1987) and Dekkers, Einmahl and de
Haan (1989)].

Hall (1982) considered distribution functions F' which satisfy

1— F(z) = Ae"Y"{14+ Bz™® 4+ o(z™P)}, z — oo,

fory > 0,4 > 0,B # 0 and 3 > 0. He proved asymptotic normality for the Hill-estimator and derived
an optimal choice for k, the number of upper order statistics used in estimating <, by minimizing the
asymptotic mean squared error of M,(,l). Although he considered an important class of distribution
functions, his approach is limited to only vy positive.

Using Pickands’ well-known key idea [the conditional distribution function of X —u, given X exceeds
threshold w, can be approximated by the generalized Pareto distribution (GPD)] Smith (1987) fits the
GPD-distribution by the method of maximum likelihood. The shape-parameter of the fitted GPD-
distribution is an estimator of 4. He obtains asymptotic normality for the MLE-estimators in case
¥ > —1/2 and under some extra conditions he obtains also the asymptotic bias of the estimators.

Dekkers, Einmahl and de Haan (1989) considered the problem how to estimate y for general v € R.
They introduced the moment estimator given by

M= MY + 1= {1 - (MEV)? /M) (3)

where M,(.l) is the Hill estimator and

k-1
1
M.,(‘Z) = g Z{log X(n_,-,n) - log X(n_k,n)}z y

1=0

provided that z* = z*(F) > 0, which can always be achieved by a simple shift [z*(F) := sup{z|F(z) <
1}]. The moment estimator has some intuitive background [cf. Dekkers, Einmahl and de Haan (1989),
section 6] and covers all limiting types of extreme-value theory. Under natural and general conditions
the estimator has asymptotically a normal distribution.

All the mentioned estimators for v have one common property. When the number of upper order
statistics used in estimating 7 is small, the variance of the estimator will be large. But on the other
hand the use of a large number of upper order statistics will introduce a bias in the estimation in most
cases. Balancing the variance and bias components will lead to an optimal choice for k. Therefore we
want to study the bias of the moment estimator in a systematic way.

So the two main problems which return in all the work and where we like to focus on in this paper
are

e how to choose the number of upper order statistics, k, involved in estimating v,



e are the conditions in some way natural and do they cover all possibilities of tail behaviour?

In section 2 we will give more in detail some conditions and our aim is to show that these conditions
are quite natural and general [see appendix A]. In section 3 we will study the moment-estimator for
the cases ¥ > 0, ¥ < 0 and v equals zero. Finally we will give some examples in section 4.

2 REGULAR VARIATION, II-VARIATION AND EXTREME-VALUE THEORY

In this section we want to give some details how the tail behaviour of distribution function F can be
translated into terms of the inverse function of 1/(1 — F). Next we will formulate our ”second order”
conditions on F. Finally we will give a lemma which we need for minimizing the asymptotic mean

squared error of ¥,,.
Define the function U : R* — R by

0 0<z<l1
o={ (i) 1

where the arrow indicates the inverse function defined e.g. by U(z) := inf {y|1/(1 — F(y)) > z}. Now
the domain of attraction condition (1) can be stated in the following way in terms of U.

LEMMA 2.1

For a distribution function F holds F € D(G,) if and only if there exists a positive function a; such

that Ut U(t T-1
i U2)=U() _ 27—

tmeoat) oy ]
where the right hand side of (4) has to be interpreted as logz for v = 0.

(z>0), (4)

Proor: Cf. de Haan (1984), lemma 1.

LEMMa 2.2
Fory >0, (4) is equivalent to
. Ute) y
kﬂ,mg =% (5)
for allz >0, e.g. U is regularly varying with indez vy [notation U(t) € RV,], and hence ai(t) ~
YU(t) , t = o0, i.e. imy_ o a1(t)/(YU(t)) = 1.
For v <0, F has a finite right endpoint, so U(oo) = z* < oo, and (4) is equivalent to

U(oo) - U(t) € RY,. (6)
In this case a;(t) ~ —y{U(oc0) —U(t)}, t — oo.
Proor: Cf. de Haan (1984), corollary 3.

We will call (5) and (6) the first order regular variation conditions on U and for y = 0 property (4)
the first order II-variation condition on U [notation U € II(a,)].

In the following two lemma’s the second order conditions are formulated and equivalent conditions
are given. In appendix A we will show that these conditions are quite natural and cover all possibilities.



LEMMA 2.3 [Second order regular variation]
Suppose p > 0 and c > 0.

1. For v < 0 are equivalent [with either choice of sign] :

(a) +{e" Y1 - F(U(c0) — 2z~ Y)] - "} € RV,
(0.)  F{t7T[U(c0) — U(t)] — c} € RVyp.

For U(co) > 0 these conditions imply the following equivalent conditions
(e) e M[1- F(U(c0)e™V/?)] - (¢/U(c0))/"} € RV,
(d)  F{t7"[logU(co) —log U(t)] — c/U(c0)} € RVy, .
2. Fory > 0 are equivalent [with either choice of sign] :
(e.) +{z¥/7(1 - F(z)) - "} € RV_,
(£) U@ - che RV,
(g.) +{logU(t) — ylogt —logc} € RV_,,.

PROOF: see appendix B.

REMARK 2.4 Note that the conditions (d.) and (g.) are different, (g.) is equivalent to (f.), but (d.) is
not equivalent to (b.). A counter example is the uniform distribution with U(t) = 1 —1/t, which does
not satisfy (b.) although it satisfies (d.) withy =1, p=1and ¢ = U(oo0) = 1.

LemMMA 2.5 [Second order II-variation]
Suppose the functions by, bz, b3, bs, f and a are positive.

1. Forvy < 0 are equivalent [with either choice of sign] :
(@)  HeMM1-F(U(o) -2 )} el
(6)  F{tT[U(0) - U(t)]} € T(b1) .
For U(oo) > 0 these conditions imply the following equivalent conditions
(c) £z Y"1 - F(U(c0)e *)} el
(d)  F{t7"[logU(c0) —log U(t)]} € I(bs/U(c0)) .

2. For v = 0 are equivalent with a(t) — 0, t — z* and by(t) — 0, t — oo [with either choice of

sign) :
. 1—F(exp(t +zf(t))) _, _ 2
(e') tThIag( 1— F(exp(t)) —€ )/a(t) - ?e
. logU(tz) —log U(t) — by(t)logz (log z)?
() Jim ba(?) = T

3. Fory > 0 are equivalent [with either choice of sign] :
(¢) #H"(1-F(e)}en
(h.) 77U (t) € II(by)

(Z.) +{log U(t) — ylogt} € H(bs/(t~"U(2)))-



ProoF R N
For the proof we refer to the appendix of Dekkers and de ‘Haan (1989) and to theorem 3.3 of Dekkers,
Einmahl and de Haan (1989).

REMARK 2.6
Note that all conditions imply F € D(G,) for appropriate v.

REMARK 2.7

In the case of the second order regular variation [lemma 2.3] the case v = 0 does not exist. See
appendix A.

REMARK 2.8

In the case of second order II-variation with 4 = 0 we have in (e.) only the plus sign and in (f.) only
the minus sign, instead of both choices as for v # 0. The reason is the following. Condition(f.)implies
forz >landy>1

log U(tzy) —logU(t) —ba(t)logzy log U(tzy) —log U(tz) — ba(tz)logz bs(tz)

b3(t) - b3(t:c) b3(t)
log U(tz) — log U(t) — ba(t)log =
* ba(?)
L (twb)a(—t)bz(t) logy . (7

Now suppose that the left-hand side of (7) tends to +(log zy)?/2 and thus the right hand-side converges
also. So (bz(tz) — by(t))/bs(t) converges to +log z and hence +b, € II(b3). Note that bz(t) > 0 and
bz(t) — 0 ,t — co , which is not compatible with b, € II(b3). This implies —b, € II(b3) and therefore
only the minus sign is possible in condition (f.).

In the last part of this section we describe in a general way how to minimize the mean squared error

0’22’)’) + f(%) ,

where o?(y) denotes the asymptotic variance of the estimator, n the sample size, k£ the number of
used upper order statistics and f is the bias squared, hence f is positive. When the bias is not equal
to zero, the mean squared error can be minimized. Let k, be the value for k& for which the minimum
is attained. If f is differentiable then &k, = s“(ﬁfl—"l), where s is defined as minus the first derivative
of fie —f.

In general f € RV_3, with o > 0 and moreover for a =0, f(¢t) — 0, t — co. The following lemma
about the inverse complementary function of f, shows that these conditions are already sufficient for
obtaining the asymptotical value of k,. For more information concerning the inverse complementary
function of a regularly varying function we refer to Geluk and de Haan (1987), section IL.1.

LEMMA 2.9 .
Suppose & > 0 and f € RV_,. Moreover for o = 0 suppose f(t) — 0 ,t — oo and f is asymptotic to
a non-increasing function. There ezists a positive decreasing function s € RV_(a41), such that

’ e S ' C -
f(t)~-/ s(u)du , t— oo , (8)
Let f. denote the inverse complementary function of f defined as:

fc(‘c) = yu;%{f(y) + my} , z>0. (9)



then f.(z) ezists for sufficiently small ¢ and
T
fe(z) ~/ s (u)du, z—0,
, Jo VT

where s 1is the generalized inverse function of s and s~ € RV-(—)I/(a+1)’ i.e. Himg_,08” (:by)/s" () =
y~(atl) for 4 > 0.

The value y,(z) for which the infimum in (9) is attained, is determined asymptotically by yo(z) ~
s (z), z—0.

PROOF

For a = 0 the conditions imply —f is asymptotic to an element of II [see theorem C.1 of appendix
C, due to A.A. Balkema]. For (8) see proposition 1.7.3 [ > 0] or proposition 1.19.3 [a = 0] of Geluk
and de Haan (1987). Let fi(t) := [;~ s(u)du, ¢ > 1 and

I4ce 1+c®  c—c®
0<E<min(\/c—c‘°‘+{ +2C -} — +2c ) i ),

1+¢
then there exists ¢,(c) such that for t > ¢,(c)

(1-e)f(t) < f() < (1 +e)fa(?)

and

(7 —e)f(t) < fle
hence f(ct) < (e +¢)f(t) < (™ +&)(1 + &) fa(
similar way fi(ct) < f(ct)/(1 —¢) < (™™ +€)f(t)/

[ st s <e [ /°° s(u)du

1 . o
inf { . /cy s(u)du + wy} < fe(e) < inf) {c /y/c s(u)du + wy}

and thus forall ¢ > 1

(™% + &) f(t),

t) <
t) < cfi(t), since (c™* +¢€)(1+¢)—c<0. Ina
(1 —¢) < ¢(f(t) and hence

O] =

which implies

1[® ? e
L[ s s e [ o (e 0)

C

Since s (z)/c¢ < yo(z) < es* () for all ¢ > 1, we have also proved y,(z) ~ s (z) , ¢ — 0.

3 OPTIMAL CHOICE OF SAMPLE FRACTION FOR THE MOMENT ESTIMATOR
In this section we will state our main results for the optimal choice of k and the corresponding bias
for the moment estimator.

Let X1, X3,..., X» be n iid. random variables of an unknown distribution function F, with F' €
D(G,), and let Y1,Y>,...,Y, be niid. random variables of distribution function 1 — z7 (z > 1).

Note that X(n_i n) 4 U(Y(n-iny) for 0 < i < n. The next lemma gives important properties of
Y:,Y,, ..., Y, in relation to the moment estimator 4, as defined in (3).

Then we will give the main results for distributions with a second order regularly varying tail
[theorem 3.2 for ¥ < 0 and theorem 3.4 for ¥ > 0]. In theorem 3.5 we will consider distributions
functions with a second order II-varying tail.



LEmmMmaA 3.1

Let Y1) < Y(2n) < ... < Y(a,n) be the ascending order statistics of Y1,Ys,...,Yn. Let 0 < k(n) < n
and k(n) — oo, (n — o), then

1. forn — 00, Yn_ga)/(}) —1 in probability.
2. forn — o

k(n)-1

1
VE(n)(Pr,Qy) = vV k(n) (k_(;l—). Z log Y(n—i,n) —log Y(n—k(n).n) -1,
=0

k(n)-1
__l 2
i) — -2
k(n) \L;:) {log ¥(n—i,n) ~ 108 ¥(n—k(n)m)} )

is asymptotically normal with means zero, variances 1 and 20 respectively and covariance 4.

3. fory <0 and n— oo

1 k(n)-1 Y(n—i n) b ¥
Vk(n)(PmQ‘n) = \/W k_(;z—) z_; 1= (Y(n—k(;)-”)> " 1—v ’

S RECT S
k(n) Yin—k(n)n) (T=7)(1-2y)
18 asymptotically normal with means zero and covariance matriz

1 4
7? 1-3y
(1T=y21-29)| 4 4y%(5 — 119)

1-3y (1-29)(1-37)(1-4y)

Proor: Cf. lemma 3.4 Dekkers, Einmahl and de Haan (1989).

THEOREM 3.2
Suppose ¥ < 0, U(co) > 0, and condition (d.) of lemma 2.3 holds for p # 1. Define

— ¢ Y
b(t) := U(oo)mt

U(oo) (1 =7)(1-27)p(1+ p)
¢ {1-9(1+p)H1-7(2+p)}

Determine ko, = ko(n) such that the asymptotic second moment of 4, — v is minimal and let Y50
be the corresponding estimator, then

VEo(n) (no —7) 2 N(b,0%(7)),

where the asymptotic bias b and variance o%(y) are given by

+

[t {log U(c0) — log U (t)} — ﬁ] . (10)

b = sign(b(t)) :—2.;1:—2()1_,7)



and

200) . (1 — E(1 — (4_ 1—27 (5—117)(1—27)) ' 1
o*(7) == (1-7)°(1-2y) 83, F =314y (11)
Moreover k,(n) = n/s~(1/n)(1+0(1)) € RV _aymiaaa £y M 00, where s i3 the inverse function of

2y min(1,p)-1
s, with s given by

{b(t)}z_ lx>31.L U (o] — 00
= [ awdu (o), £ oo

The ezistence of such function s is guaranteed by the fact that b%(t) € RV,, min(1,p)

PRrOOF
Assume 7 < 0 and (d.) of lemma 2.3 holds. Define ¢; := ¢/U(c0) and a(t) := t~7{log U(cc) —
log U(t)} — c1 then, since |a(t)| € RV,,, for z > 0

logU(tz) —log U(t) = logU(co)—logU(t) — {log U(co) —log U(tz)}
t7 [t~ {log U(o0) — log U(t)} — =" (tz) ™" {log U(co0) — log U(tz)}
— v v v ya(tz)
= cat"(1-z")+t"a(t){l-= —;(t—)}

= at’"(1-2z")+t"a(t){1 — = 2"} +o(t"a(t)) , t = 0.

Also
(Y(n—k,n))-ra(},(n—k,n))
§ra(%)
in probability by lemma 3.1 [notation : (Y{n—k,n))"a(Y(n—kn)) = (})a(%)(1+0p(1)]. Now one obtains
by straightforward calculations using lemma 3.1

—1,n—00,

k-1
1 n—-,n
M‘r(tl) = kZIOgX(n —4,n) logX(n kn) — kZIOgU ?((‘T)Y(n kn))_IOgU(Y(n kn))
i=0 - n— ﬂ
k-1 1
1 Y, Yo 7(1+p)
= Yooen)= 3 e {1 ( (n— ”‘)) }+aY,,_ . 1—(—-—(“”'"’)
( (s )) kiz.__; [ ' Y(n k,n) ( (s )) Y(n—k,n)
+ op((})7a(%))
—ye P,
L Waos)” |22 12+ ralFinosm)| + o ((70(2)). (12)
where dy := [7(1 — 27 FP)) % = 1"77((11':"’)) and hence

22 2yc? P, 2yc
MM L (v | LS B e W I it S RS VA
{M;7} (Yin-k,n)) =77 1-vv% 1-v d1 - a(Y(n—kn))

+0p((3)*"a(})) - (13)

Furthermore, since

{log U(tz) — log U(t)}?

#[ea(1 - 27) + aft)(1 - 2+) + ofa(t))?
t27[c2(1 — 27)? + 2¢1a(t)(1 — 27)(1 — 2" *FP)] + o(t*7a(t)) , t — oo,

one obtains

M®» 2

?r‘ll—d

- 2
Z {lOgU },(n 1‘n)Y'An kn)) —108 U(}f(n k-n))}
i—0 Y(n k,n)



k-1 2
1 Yin—i 7
Yinoim) '3 D cz{l— (——‘" “"’) }
( ( k,"l)) k pae 1 Y.(n—k,n)

Yioim 7 Yinim 73T
caafi- () - (yf—))) o(Va-a)| + (B
n—e,n n—g,n B

292
= Y-k e d n—k,n 2)7a(% )
V) [t + 422 4 ooVt + (BFTa(R) s (10
with dp := 2¢1 [T (1— 27 — eV(14P) 4 g7(240)) &2 (1_:;‘{12_(_1?'1’23}_{71(_2:81’,)}. Combining finally (12),

(13) and (14):

1 M3 — oMMy
M’('Z) _ {M7(‘1)}2

1— (1 2 2 B.."L d 2vdy
et y 4 =100 Qo 2 Bn o o(Vipop,m) (2 + o))
(Y(n k n)) +

+
1-— 1-y)?2(1-2 Qn 2v P | 2vd;
14 02000 (8o o By 4oy, ) [% + 22125

+ op(a(}))

Fn = M1(;1)+

1EM

_ 1@ =)A= [1_ Q2 _ 2" \A
= T W+t ST [y G (B 2T
2vd n
+ oo s F G-+ 22 +oyfa(d)
Ro | yin n
=15 +5(3) + 0 (6(%)) »
with b(t) as defined in (10) and R, := %(1 7)7(1 2")zQ 4 2= 7) (1=27) p . which is asymptotically

normal with mean zero and variance o%(y) as defined in (11). Hence the asymptotic mean squared
error of 4, equals
a*(7)

)4 o2 + 030 -
Write r := n/k. We are interested in the optimalization problem
S R ) SNRTURer GRS . (W)
ne {2+ D" et} ~ame{ 7+ COFS (15)

The asymptotic equality in (15) follows from lemma 2.9. Define f(t) := {b(t)}?/0?(y) then f € RV3,,
with p; := min(1, p), since |b(t)| € RV min(1,), and so by lemma 2.9 there exists a positive function
8 € RVyyp,—1 such that

{b(t)}z = = sfujau o] — OO
me _/t (w)du (1+o(1)) , ¢ — co. (16)

Let r, denote the optimal value for 7 in (15), then [again by lemma 2.9] r,(n) = s (1/n)(1+0o(1)), n —
oo where s (1/n) € RVy/(1-2yp,) and hence ko(n) = n/s™(1/n)(1 + o(1)) € RV 2y, . Note that
3vyp1—1

7o — 00 (n — 00) and substitution of t = n/k,(n) in (16) gives [all the o-terms are regularly varying
with index 2yp,]

(b2

=0 [ sty 1+ o(a)



1 [ s(u)du
Sl Sy -(1+0(1))
1 1
= & T2m (1+0(1)),n—> 00,
since s € RV2q,,-1 [cf. theorem 1.4 Geluk and de Haan (1987)] and hence
i 2
HE) = sign(b(t)) o%(7) ‘(1+0(1)), n—o0.

Vko —2vy min(1, p)
This completes the proof.

REMARK 3.3

The above theorem holds also for p = 1 under the extra condition |b(t)| € RV,. This condition is not
necessarily satisfied because in spite of the fact that both terms of b(t) in (10) are regularly varying
with index v, they may not have the same sign. In this case the theorem holds also but now with bias
b equal to b = sign(b(t))1/0%(y)/(—2vp), where p is the index of b(t). The uniform distribution is an
example : then p = 1 and b(t) is regularly varying but with index 2.

THEOREM 3.4
Suppose v > 0, condition (g.) of lemma 2.3 holds for p # 1/(1 — ) and define

b(t) := ’L[((II—I’Y)L)—J{I gU(t) — ylogt —logc}.

Determine k, = ko(n) such that the asymptotic second moment of 4, — vy is minimal and let Yn,o be
the corresponding estimator, then

VEo(Bno —7) 5 N(b,1++7)

where b denotes the bias given by

1+42
= sign(b(t
gn(bON 5,
Moreover ko(n) = n/s™(1/n)(1+ o(1)), n — co, where s is the inverse function of s, with s given

by
{6(8)}
1+ 42
and furthermore ko(n) € RV, e

:/;ws(u)du-(l—}-o(l)) , t— 00

gl?;pool;e 7 > 0 and suppose that condition (g.) van lemma 2.3 holds. Define a(t) := log U (t) —ylogt—
log c. Since |a(t)| € RV_,,, for z > 0,
log U(tz) —log U(t) = logU(tz)—vylogtz —logc— {logU(t) — ylogt — logc} + vlog z
= vlogz+ (2777 = 1) a(t) (1+0(1)), t > oc0.
One obtains in a similar way as before

1~ Yin—in)
. _2 log U ("= " Yin-t.m)) ~ 108 U (¥in-r.m)

— (n in) },(n—i,n) e
- t a(Ynonm <_—_) 1
Z_: ( },(n k,n) ) ( (n=k, )) { },(n—k,n) )}

o

P,
= v + ‘)’71; + dla(Y(n—k,n)) + op(a(%))’ (17)

M® 2

+ op(a(}))

10



by lemma 3.1, with d; := f:"(m"TP - 1):_fr = —yp/(1 +vp) [¢f. proof of lemma 3.4 Dekkers, Einmahl
and de Haan (1989)] and hence

(M,(‘l)) =9 + 2¢° \I;E 2yd1a(Y(n-k,n)) + op(a(})). | (18)l
Furthermore {log U(tz) — log U(t)}? = {ylog :1:}2 + 2y(z=77 — 1)(log z)a(t) + o(a(t)) , t — oo and
hence v _
k-1 2 -
M@ 2 %; ['yz {log ;—:((fi—%} +2y { (%%) i 1)}1 og Y((:_h,‘ o(Y(n—k,n))
+ op(a(%)) .
L2+ PR 4 dalYim) + opla®), , (19)

where dj := 2y [" (2777 ~1)log 2 %% = —29%p(2+vp)(1+7p) 2 and where (P2, Q3) are asymptotically
normal distributed as in lemma 3.1. By combining (17), (18) and (19) one obtains

~

In

Pr
¥+ ’Yﬁ + d1a(Y(n—k,n))

272 + 9232 + dya(Yn-r,m) — 202 — 412 2 — 4yd10(Vink,m)
272[2 + %2+ Ba(Vinorm) - 1 - 252 — Hig(V(n_y0)]

Pe d2  y-—2 "
2\/_ )7_]; + (2 z T v dl) a(Y(n—k,n)) + 0p(a(3))

7+%+a9+m%m

+ Op(a(%))

Il

Il

with R asymptotically normal with mean zero and variance 1+ 2. The rest of the proof is omitted
since it follows the same line as the previous one.

REMARK 3.5

In case p = 1/(1 — ) in theorem 3.4, there may exist a function, say b*, which gives some bias. In
this case we have to assume some ”third order” condition on U.

In the next theorem the case of second order II-variation is considered. The conditions and the proofs
are slightly different for all the three cases y <0, y =0and y > 0.

THEOREM 3.6

Suppose one of the following second order Il-variation conditions of lemma 2.5 holds: (d.) [y < 0],
(f.) [y =0] or (i.) [ v > 0]. Define the function a as follows

b1(t)/[t"{log U(c0) —log U(t)}] , 7 <0
a(t) := < ba(t) — bs(t)/b2(2) , ¥y=0
b4(t)/{log U(t) - 7l°gt} ’ Y > 0 ’

and assume that a® is asymptotic to a non-increasing function and by and b3/b, are not of the same
order. Determine k, such that the asymptotic second moment of 4, — v is minimal and let 4, , be the
corresponding estimator. Then for v € R

\/—(7n 0o—7) —ba .t N(0, 0'2(7)) (20)

11



with variance
1y, S 40
o*(y) := 2 ( 1-2y (5-11y)(1- 27))
1-— 1-2 4-8 — 4
: : (=7 . M\%- 1-3y . (1-3y)(1-4y)

and where b, denotes the bias which is a slowly varying sequence and tends to infinity for n — oo.
Moreover k, is a slowly varying sequence.

REMARK 3.7 :
Note that (20) implies v/ko(§n,0 —7)/bn — 1, n — oo in probability. Hence the optimal rate of
convergence of 4, — 1 is given by b,/vko.

REMARK 3.8 In case b3(t) = [b2(t)]* (1+0(1)) , t — oo we are in the same situation as in theorem
3.2 with p = 1. An example is the exponential distribution and the Gumbel distribution [cf. section
4]. In this case one has to consider the asymptotic expansion of a(t) and the proof of the theorem to
obtain an expression for the bias. order than given in the theorem.

PRrOOF
For 4 < 0 we give the proof for the plus sign in (d.) of lemma 2.5. The condition implies

log U(tz) — log U(t) = {log U(co) —log U(t)}[1 — =" — (2" log z)a(t) (1+0(1))], t — oo,

where |a| € RV, and a(t) — 0 ,t — co. Now one obtains

. Rn Y n
o= vt T 7{103 U(co) —log U(Y(n—,n))} + a(¥Y(n-km)) + op(a(%))

R, .
= 7+ N/ + a(}) + op{a(%))
where R, is asymptotically normal with mean zero and variance o?(7y). The last approximation is

valid since log U(c0) — log U(Y{n—,n)) is of lower order than a, |a| € RVp and Y(n_i,a)/(}) — 1 in
probability. The mean squared error of 4, — vy equals

7O | ()P (14 0(1)), n— oo

k
Write r := n/k. We are interested in the optimalization problem
o[ {an)} e[ faln)}
p— 1 ~ -_
e { n o%(v) (1+0(1)) g ~inf n oi(y) J ' (21)

with a%(t) — 0, t — co. Hence the asymptotic equality in (21) follows from lemma 2.9 and by the
same lemma there exists a positive function s € RV_;, such that

{a(t)}® _
o?(v)

Let 7, denote the optimal value for  in (21), then [again by lemma 2.9] ro(n) = s~ (1/n)(1+0(1)) , n —
co where s~ € RV_;. Note that r, — oo (n — oo) and ko(n) = n/s~(1/n)(1 + o(1)) € RV
substitution of t = n/k, in (22) gives

{a(£)Y /°°

/t " s(u)d(w) - (1+ o(1)) , ¢ = 0. (22)

o2(7) s(u)du - (1 +o(1))

1

n

I’I

1 f:’:(l/n) s(u)du

ko s (1/n)/n

“(140(1)), n—>o00. (23)
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The fraction in (23) tends to infinity [cf. Geluk and de Haan (1987), remark 1 following corollary
1.18]. Hence the asymptotic bias of v/ko(¥n,0 —¥) equals

o?(7) f::u/n) s(u)du
s (1/n)/n

1/2
b, = sign(a(t)) ( ) (140(1)),n—00.

where |by,| is slowly varying and tends to infinity for n — co.
For 4 = 0 condition (f.) of lemma 2.5 implies for z > 1

logU(tz) —log U(t) = ba(t) [logz — %(log z)? [ba(t)/b2(t)] (1 +0(1)) ], t = o0

and hence

'?n = bZ(},(n—k,n)) - 2% + 2?5}6- - bB(Y(n—k,n))/bZ(y’(n—k,n)) + op(a(%))
% +a(2) +op(a(2))

where R, is asymptotically standard normal and bs(t) = [b2()]%(1 + o(1)) , t — oo is excluded. The
rest of the proof is as before and is therefore omitted.
For 4 > 0 we give the proof with a plus sign in condition (i.) of lemma 2.5 and hence

log U(tz) —log U(t) = ylog z + a(t)logz (14 o(1)) , t = co .

Similar calculations as before give
. R,
n =9+ —=+a(%) (1+0,(1)) .
n=rt (%) (1+0p(1))
The rest of the proof is omitted since it follows the same line as the part for v < 0.

4 EXAMPLES
In this section we discuss the above results applied to some distribution functions.

4.1 Uniform distribution

The uniform distribution does not satisfy condition (b.) of lemma 2.3 since U(t) = 1—1/t, t — co.
But the uniform distribution function satisfies condition (d.) of lemma 2.3 with vy = -1, p =
1, U(co) =c =1 and hence t~7{log U(co) —log U(t)} —c/U(co) = t{—log(1—1/t)} — 1, which leads
to ba(t) = 1/(2t) — [1/(2t) + 1/(3t?)(1 + o(1))] € RV_z. So b(t) = —1/(3t*)(1 + o(1)) , t — co. The
asymptotic bias of ¥, ,—7 is equal to —1/6/5 and moreover ko(n) = (27/10)/5.2*/5(140(1)) , n — o0.

4.2 Cauchy distribution

Define F(z) := } + Larctanz , z € R, the Cauchy distribution function. Then U(t) = tan(7 — §) =

t{1- 3’:7’, +0(t™%)}, t — co. The Cauchy distribution satisfies the condition of theorem 3.4 with
4 =1, c=1/r and p = 2. The bias b of V/ko(§n,0 —7) equals —;— 2 and ko(n) € RVys, or more
precisely

27
and hence s(t) = 23-37%.7%-17° + 0(t™°) , t — co. One obtains s* (t) = 23/5 . 3-6/5 . g4/5 .4=1/5.
(1+0(1)) , t — oo and finally ko(n) = 273/5-3/%. (n/7)*®. (14 o(1)) , n — co.

ba(t) = ’Tzlog(wt-lv(t)) - 24 o(t=%), t - o0

13



4.3 Ezponential distribution

The exponential distribution satisfies condition (f.) of lemma 2.5 with U(t) = logt , by(t) = 1/(logt)
and b3(t) = 1/(logt)?. Since b, equals b3 /b, theorem 3.5 can not be used directly. For the exponential
distribution holds

_ log z
logU(tz) —logU(t) = log(1+ @)
logz , logz., , logz. g
logt 2(logt) * 3(logt) (1+0(1), t = oo, (24)

and hence [cf. proof of theorem 3.5 for v = 0] 4, = R,./\/—+a( )+ 0p(az(%)) with a(t) = 1/(logt) —
1- 2/(3logt)]/(logt) + o(l/(logt) ) = 2(logt)~% (1 +0(1)) , t — co.

Moreover a*(t) = [, s(u)du with s(u ) = 16/(9u(logu)®) =: t. And hence for the inverse function
of s
16/9 16/9
— 0 ,
u(—log u)® <sm(w) < u(—logu — 5log(—log u))5 ’ “

since log? > —log s — 5loglog s and logt < —log s — 5log(—log s — 5log(— log s)) for ¢ large. For the
bias b of \/ko (§a,0 — ) holds

< 1/my S(u d
By = f’—s‘_—(l—},—l%mo(l»
1/n u
‘;————(l/i)/): (1+ 0(1))

+ (logn)/8 ,

\Y

hence b, > /1 + (logn)/8 for n — co.

4.4 Generalized Extreme- Value distribution
Let G, denote the GEV-distribution as defined in (2), then U(t) = %{[— log(1 —t~1)]7 - 1}.

For ¥ < 0 holds U(co) = 2 > 0 and ¢~7[log U(c0) — log U(t)] — ¢/U(c0) = =yt + (1 +
o(1)) ,t — oo, hence U satlsﬁes the condltlon of theorem 3.2 with ¢ = 1/( ) and p = min(1,1/(—).

The bias b of v/ko(¥n,0 — ) equals —4/02(y)/2 for v < —1, and Voi(y 27 ) for —1 <y < 0. The

optimal value k,(n) is for n — 00,

L) U 7) i T )
e ] (el et
ko(n) = ¢ [20%(=1)]"* n?/3 (14 o(1)) y=-1

/(=2 (14 0(1)) -1<v<0.

__275(1 + 7)2 -1/(1-27)
[( - 7)1 - 37)202(7)]
Fory = 0 U(t) = —log(—log(1—1/t)) = logt—1/(2t) +o(1/t) , t — oo, hence log U(tz) —log U (t)
equals asymptotically the right-hand side of (24). So we are in the same situation as in the example
of the exponential distribution.

For y > 0, log(t="U(t)/c) = —yt~7/2 — 1" + o(t~%2 +¢~27) ,t — oo, which satisfies the condition of
theorem 3.4 with ¢ = 1/y and p = min(1,1/y). The bias b of v/ko(9n,0 — 7) equals /(1 ++2)/(2y)
for 0 <y <1and \/(1++2)/2 for y > 1. Finally one obtains for the optimal value ko(n),n — oo

4 2711/ (1+27)
L+ (1+7) n?/02) (14 6(1)) 0<y<1

ko(n) = 2
ST) 6479113 0?3 (14 0(1)) y=1
[8(1+7%)(2y = )72 0?3 (14 o(1)) y>1.
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APPENDIX A

In this appendix we want to convince the reader that the conditions in lemma 2.3 and in lemma 2.5
cover all possible second order tail-behaviour of distribution functions. First we formulate relation (4)
in term of log U, since the conditions used in section 3 are all formulated in terms of log U.

Define V(t) := log U(t) and 7, := min(0,y). A distribution function F is in the domain of attraction
of one of the GEV-distributions if and only if there exists a positive function a;, with lim;_,o a;1(t) =
41, such that .

lim V(tz) — V(¢) _ z" -1 ’ (25)
t—oo a1(t) 7
where the right hand side of (25) is log z for y; = 0.

Now we want to derive second order conditions on V. Suppose (25) holds and suppose there exists

a function a, with a(t) — 0, ¢ — co such that for all z > 0 the limit

vm)(—)V(:) _emoa
li ax(t 71
e a(t)

exists and the limit function is not constant. So we consider for z > 0

Vitz) -V —ax 2Ti-1
() -V -5 )

t— oo a,z(t)

where a3 (t) := a1(t)a(t) and the question is what do we know about H.
Let ¢ > 1 and y > 1, then

V(tzy) — V(t) —ay(t) B2 . V(tey) = V(te) — a1(te) o2 gy (ko)
ax(t) - az(tz) as(t)
V(tz) = V(t) - al(t)”—y;;l‘—l '
az(t)
o YL (tz) M ay(tz) —t™ " aq(t)
+ 71 t‘“”a;;(t)

Assuming (26), we know that all parts of both sides of the equation converge for t — co except for
az(tz)/az(t) and
(tz)""ay(tz) — 7" ay(t)
t—n ag(t)
We assume that the function |a;| is regularly varying. Then (27) converges to c;(z* — 1)/a for some

a <0 and ¢; # 0 [cf. theorem 1.9 of Geluk and de Haan (1987)]. It then follows that a; € RV, 14 [cf
theorem 1.10 of Geluk and de Haan (1987)]. So we obtain the following functional equation

(27)

y"* —1z%-1

H(zy) = H(y)a:’““" + H(z) +c1z™ o =

(28)

A solution of (28) is

‘Yx+a_1 Y1 1
az _2 ] a#t0
. ) « Y1+« v Y1
Hy(z) :c1/ 71 ds={ &L :c‘“log:z:—z } a=0,v<0
1 711 . 71
C1(0g2$) a=y=0



Define G(z) = H(z) — H1(z), then G satisfies the equation
G(zy) — G(z) — G(y)z" T = 0. (29)

Since G is measurable, for 71 = @ = 0 holds G(z) = d-log z, with d # 0 [cf. the proof of theorem 1.2
of Geluk and de Haan (1987)]. If y; + a # 0, then also by symmetry

G(zy) — G(y) — G(z)y"m+t* =0

and hence
G(z)(y"** - 1) - G(y)(z" 1> -1) =0,

which implies G(z) = d - (z*** - 1). So the general solution of (28) is [with c; # 0]

z a_ nte _
H(m):c1/ 3—11_18 1d8+c2z 1 ’
1 a M ta
which can be divided into three classes:
c1 gnte 1 cp " —1
. 0 H(z)= (= - = 30
(@)  a# (@)= (G e T - 22 (30)
Y
(0.) a=0Ay <0 H(:z:):c—l:::“'1 logz + (cz—c—l)m 1 (31)
71 7 T
1 2
() a=m1=0 H(z)=c (_O*gzi + ¢z logz . (32)

In the solutions c; can be chosen arbitrarily, since it is the solution of (29).

Note that the class (30) for H is the same as the class obtained under the conditions of theorems 3.2
and 3.4. Further the classes (31) and (32) are the same as the classes obtained under the conditions
of theorem 3.5. Hence our theorems cover all possible cases stemming from the equation (26).

APPENDIX B

In this appendix we give the proof of Lemma 2.3 [Second order regular variation].
(b.) = (a.) : Suppose v < 0 and t=7{U(c0) — U(t)} — ¢ =: H(t) for t sufficiently large, with
H € RV,,. Replacing now t by {1— F(U(co) —z~!)}~! one obtains {1 - F(U(c0) -z~ })}z-l—c =
H({1 - F(U(c0) —z~1)}7*) for z sufficiently large, and H({1 — F(U(c0) — z~1)}~1) € RV_, since
U(oo) = U(t) € RV, and U(oco) — U({1 — F(U(c0) — z~1)}"1) € RV_;.
Now one obtains for ¢ sufficiently large

—{t7Y"[1 - F(U(c0) —t™1)] — ¥/ 7}

[

e 1+1/v 1
SRSy 77 Py gy

140(1)),t— o0,

where the latter term is positive and € RV_,,.

(a.) = (b.) : This part of the proof follows the same line.

(b.) = (d.) : Note that (b.) is equivalent with F{t=7[1 — U(t)/U(c0)] — ¢/U()} € RV,,, and use
logz = (z —1)(1+0(1)) ,z — 1.

(¢.) & (d.) : Use the equivalence of (a.) and (b.).
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(f.) = (e.) : Suppose ¥ > 0 and t~"U(t) —c =: H(t) , t — oo , H positive and H € RV_,,. Since
U € RV, , 1/{1- F} € RV}, and, replacing t by 1/{1 - F(z)},

{1-F(z)}"z—c= H(l_——lF_(a:_)) € RV_,.

Since ¢!/7{1 — F(z)} — c'/? = [¢{1 - F(z)} —c+ /" =}/ =

c1/'y m{l—F(z)}T—c olz=7 _cl/'y 2 — 00
[14 2E=EER =2y ofomy] a7 2 - o0,

one obtains for ¢ sufficiently large

-1+1/y
c H( 1
v 1-F(t)

tY1{1 - F(t)} = M7 = )1+ 0(t77))

with ¢~/ 7y~1H(1/{1 - F(t)}) € RV_,.

(e.) = (f.) : This part of the proof is omitted since it follows the same line as the previous part.

(f.) = (g.) : Suppose t~"U(t)—c € RV_,,, then also t~7U(t)/c—1 € RV_,, and hence t~"U(t)/c —
1, t — oco. Now log(t~"U(t)/c) = (tYU(t)/c — 1)(1 + o(1)) = ™1 (t"U(t) — ¢)(1 + o(1)) which is
regularly varying with index —yp.

(g.) = (f.) : Follows the same line as (f.) = (g.).

AprPENDIX C

The following theorem has been communicated to us by A.A. Balkema.

THEOREM C.1
Let U > 0 vary slowly and be asymptotic to a non-decreasing function. Then U is asymptotic to an
element of II.

PrOOF

Write g(t) = U(e?). Slow variation of U means that g(t+z)/g(t) — 1 uniformly on bounded z-intervals
for t — co. We shall construct a function f ~ g such that log f’ is continuous and piecewise linear,
and (log f')’ — 0. This implies that V(¢) := f(logt) lies in II. We may assume that g(t) — oo for
t — oo, since else g is asymptotic to a function f(t) = C — 1/t , C > 0, which satisfies the condition
(log f')'(t) = 2/t — 0. We may also assume that g is strictly increasing and continuous.

For t € R and ¢ > 1 define t. > t by g(t.) = cg(t). Obviously ¢, —t — oco. This implies that there
exists a sequence y, = g(z,) such that yo11 ~ yn — 00 and Yn41 — Yn =: Vn ~ vs_1 and such that
Tpi1 — Tp =: Up — 0o0. Indeed choose z,41 so that g(znt1) = cng(z,) with ¢, > 1 and ¢, — 1 s0
slowly that z,41 — =, — co. We may assume ¢, to be weakly decreasing. In addition we may choose
¢n, of the form 1 + 1/m with m = m, a positive integer and mn41 — mn € {0,1}. Increase the value
of ¢,, if necessary. Then

Un-1_ (n-1— a1 ca-1—1 _ mag

= —1.
Un (cn - l)yn cn—1 Mn

Let h be piecewise linear such that h(z,) = y,. The derivative h'(z) = an = vn/u, is constant on
the interval J, = (Zyn,Zn41), and @n/vn = 1/u, — 0. The asymptotic relation v,4; ~ v, implies
@ntm/vn — 0 for any integer m. Hence b, /v, — 0 where b, = an_1 + an is the sum of the left and
right derivative of h in the point z,. Similarly b,41/v, — 0.

We shall now give an explicit construction of the function f.
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Set f(zn) = yn so that f agrees with g in the points z,. Since f will be strictly increasing and
Yn+1 ~ Yn this ensures that f ~ g. We divide the interval J, = (zp,2,41) into two parts by a point
&n to be determined later and define

X3
Pn(2n +u) :yn+bn/ e~ dt o t+u<én
flz+u)= 0 u
Y(Tat1 —U) = Yng1 — n+1/ e?tdt zap—u>ta.
0

We shall choose £, and A, > 0 so that f is C* on the interval J,.

It is best to look at the derivatives. The function ¢/, is decreasing with initial value b, > a, in the
point z,; the function ¢}, is increasing with boundary value b,,; > a, in the point Tpt1. For A =0
the two derivatives are constant and as A increases, the slopes of the two derivatives increase. Let
£()) be the point where they intersect. The function f’ agrees with max(p,,,¥;,) on the interval J,,
and we have to choose A\, > 0 so that the average slope over the interval J, is a,, since this is the
derivative of the linear function h on J,,. Hence &, = £(A\,) € J, and f'(&,) < an.

Now observe that ¢, > 9, on J, if A = 0 since the slopes exceed a,, and that ¥, — ¢, >
Vn = (bn + bp41)/A > 0 for X > (by + bpy1)/vn — 0. This implies A, — 0, and since |(log f')’| = An
on J, we obtain the desired limit relation (log f')'(z) — 0 for z — oo.
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