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1 Introduction

The goal of this paper is to develop a formal system for reasoning about the correctness
of a certain class of parallel programs. We shall consider programs written in a
programming language, which we simply call P. The language P is a simplified
relative of POOL, a parallel object-oriented language [Am2]. POOL makes use of
the structuring mechanisms of object-oriented programming [Mey], integrated with
concepts for expressing concurrency: processes and communication.

A program of our language P describes the behaviour of a whole system in terms
of its constituents, objects. These objects have the following important properties:
First of all, each object has an independent activity of its own: a local process that
proceeds in parallel with all the other objects in the system. Second, new objects
can be created at any point in the program. The identity of such a new object is
at first only known to itself and its creator, but from there it can be passed on to
other objects in the system. Note that this also means that the number of processes
executing in parallel may increase during the evolution of the system.

Objects possess some internal data, which they store in variables. The value of a vari-
able is either an element of a predefined data type (Int or Bool), or it is a reference
to another object. The variables of one object are not accessible to other objects.
The objects can interact only by sending messages. A message is transferred syn-
chronously from the sender to the receiver. It contains exactly one value; this can be
an integer or a boolean, or it can be a reference to an object. (This is the only essential
difference between P and POOL: in POOL communication proceeds by a rendezvous
mechanism, where a method, a kind of procedure, is invoked in the receiving object
in response to a message.) Thus we see that a system described by a program in
the language P consists of a dynamically evolving collection of objects, which are all
executing in parallel, and which know each other by maintaining and passing around
references. This means that the communication structure of the processes is deter-
mined dynamically, without any regular structure imposed on it a priori. This is in
- contrast to the static structure (a fixed number of processes, communicating with
statically determined partners) in [AFR] and the tree-like structure in [ZREB].

One of the main proof theoretical problems of such an object-oriented language is
how to reason about dynamically evolving pointer structures. We want to reason
about these structures on an abstraction level that is at least as high as that of the
programming language. In more detail, this means the following:

o The only operations on ‘pointers’ (references to objects) are

— testing for equality



— dereferencing (looking at the value of an instance variable of the referenced
object)

e In a given state of the system, it is only possible to mention the objects that
exist in that state. Objects that have not (yet) been created do not play a role.

Strictly speaking, direct dereferencing is not even allowed in the programming lan-
guage, because each object has access to its own instance variables only. However, for
the time being we allow it in the assertion language. Otherwise, even more advanced
techniques would be necessary to reason about the correctness of a program (see, e.g,
[Am3]). Nevertheless, the proof system presented in this paper formalizes reasoning
about dynamically evolving pointer structures at a more appropriate abstraction level
than the system developed in [Bol where those structures are described in terms of
some particular coding of the objects.

The above restrictions have quite severe consequences for the proof system. The
limited set of operations on pointers implies that first-order logic is too weak to express
some interesting properties of pointer structures. Therefore we have to extend our
assertion language to make it more expressive. We will do so by allowing the assertion
language to reason about finite sequences of objects. (This is not uncommon in proof
systems dealing with more data types than integers only [TZ].) Furthermore we have
to define some special substitution operations to model aliasing and the creation of
new objects.

To deal with parallelism, the proof theory we shall develop uses the concepts of
cooperation test, global invariant, bracketed section, and auriliary variables. These
concepts have been developed in the proof theory of CSP [AFR], and have been
applied to quite a variety of concurrent programming languages [HR]. Described very
briefly, this proof method applied to our language consists of the following elements:

o A local stage. Here we deal with all statements that do not involve communica-
tion or object creation. These statements are proved correct with respect to pre-
and postconditions in the usual manner of sequential programs [Apl, Ba, Hol].
At this stage, we use assumptions to describe the behaviour of the communi-
cation and creation statements. These will be verified in the next stage. In
this local stage, a local assertion language is used, which only talks about the
current object in isolation.

e An intermediate stage. In this stage the above assumptions about communi-
cation and creation statements are verified. Here a global assertion language is
used, which reasons about all the objects in the system. For each creation state-
ment and for each pair of possibly communicating send and receive statements
it is verified that the specification used in the local proof system is consistent
with the global behaviour.



e A global stage. Here some properties of the system as a whole can be derived
from a kind of standard specification that arises from the intermediate stage.
Again the global assertion language is used.

We have proved that the proof system is sound and complete with respect to a formally
defined semantics. Soundness means that everything that can be proved using the
proof system is indeed true in the semantics. On the other hand, completeness means
that every true property of a program that can be expressed using our assertion
language can also be proved formally in the proof system. Due to the abstraction
level of the assertion language we had to modify considerably the standard techniques
for proving completeness.

Our paper is organized as follows: In the following section we describe the program-
ming language P. In section 3 we define two assertion languages, the local one and
the global one. Then, in section 4 we describe the proof system. Section 5 presents an
example of a correctness proof for a nontrivial program. Section 6 presents the seman-
tics of the programming language, of the assertion languages, and of the correctness
formulas. In section 7 we prove the soundness of the proof system and in section 8 we
prove completeness. The expressibility of the assertion languages is studied in section
9. Finally, in section 10 we draw some conclusions.



2 The programming language

In this section we define the programming language P of which we shall study the
proof theory. This language is related to CSP [Ho2], in that it describes a number of
processes that communicate synchronously by transmitting values to each other, but
it has the additional possibility of dynamically creating processes and manipulating
references to processes. It can also be compared to Smalltalk [GR], since it describes
a dynamically evolving collection of objects where each has its own private data, but
in P each object is provided with an autonomous local process and it communicates
with other objects simply by exchanging a value instead of invoking a method.

A system, the result of executing a program written in P, consists of objects. On the
one hand these objects have the properties of processes, that is, each of them has an
internal activity, which runs in parallel with all the other objects in the system. On
the other hand, objects are in some way like data records: they contain some internal
data, and they have the ability to act on these data. An important characteristic
of the objects in the language P is that they can be created dynamically: Whenever
required during the execution of a program, a new object can be called into existence.

An object stores its internal data in variables (also called instance variables to dis-
tinguish them from the other kinds of variables that we shall need in the assertion
language). A variable can contain a reference to an object, which can be another
object, or possibly the object under consideration itself. Alternatively, it can contain
an element of a standard, built-in data type, of which our language P contains only
integers and booleans. The contents of a variable can be changed by an assignment
statement. The variables of one object cannot be accessed directly by other objects.
They can only be read and changed by the object to which they belong.

Interaction between objects takes place by sending messages. The language P uses a
synchronous communication mechanism, that is, the sender and receiver of a message
perform the communication at the same time; the one that reaches its communication
statement first will wait for its partner. The sender of a message must always specify
the receiver explicitly. The receiver however, has the possibility of mentioning the
sender that it wants to communicate with, but it can also omit the indication of its
communication partner, in which case it is willing to communicate with any sender
that sends a message of the correct type. A message consists of a data value, which
is transferred from the sender to the receiver. This data value can be a reference to
an object or it can be an integer or boolean.

In order to describe by a program the unbounded number of objects in a system, we
group them into classes. All objects in one class (the instances of that class) have
the same structure of variables (each object has its own private variables, but the
variables of all instances of a class have the same names and types) and they execute



identical local processes. In this way a class can be considered as a blueprint for
creating new instances.

Let us now give a formal definition of the language P. We assume as given a set C
of class names, with typical element ¢. By this we mean that symbols like ¢, ¢/, ¢;,
etc. will range over the set C of class names. (Appendix A.1 gives an overview of the
sets used in this paper, together with their typical elements.) The set C' U {Int, Bool}
of data types, with typical element d, we denote by C'*. Here Int and Bool denote
the types of the integers and booleans, respectively. For each ¢ € C and d € C*
we assume [Vary to be the set of instance variables of type d in class ¢, with typical
elements 23 and yj3. Such a variable z§ occurs in each object of class ¢ and it can
refer to objects of type d only. We assume that IVar{n [Varfdl, = 0 whenever ¢ # ¢’
or d # d'. In cases where no confusion arises we omit the subscripts and superscripts.

Definition 2.1

We define the set Erpy of expressions of type d in class ¢, with typical element €.
Such an expression ¢§ can be evaluated by an object of class ¢ and the object to which
it refers will be of type d.

These expressions are defined as follows:

c o 2nC
€y U= .L:‘i
self ifd=c

nil

n if d = Int

I

!

| true|false if d = Bool
l

| €1nt T €20t if d = Int

|  e1yp =€y  if d = Bool

An expression €5 will be evaluated by a certain object a of class ¢c. An expression
of the form = denotes the value of the variable z that belongs to the object a. The
expression self denotes the object « itself. The expression nil denotes no object at
all. It can be used for every type, including Int and Bool. The symbols true and
false stand for the corresponding values of type Bool. Every integer n can occur as
an expression of type Int; it simply denotes itself. We assume that the standard
arithmetic and comparison operations on integers are available, but we list only the
operator ‘+’. We assume that all these operations result in nil whenever an error
occurs (e.g., division by zero or nil as an operand). Finally, for every type we have a
test for equality. The expression e; = €, evaluates to true whenever e; and e, denote
the same object (or both denote no object, viz. nil). Note that in the programming



language we put a dot over the equality sign (=) to distinguish it from the equality
sign we use in the metalanguage.

Definition 2.2
We next define the set Stat® of statements in class ¢, with typical element 5¢. These

statements can be executed by an ohject of class c.

Statements can be of the following forms:

c .o — 2C . c
S§¢ u= a§i=e€f

newy if d # Int, Bool

| x5
|oxsley

|t

Ty

|51 5%

| if €ggq then ST else S5 fi
| while eg | do 5 od

A statement 5S¢ can be executed by an object of class ¢. The object executes the
assignment statement r := e by first evaluating the expression e at the right-hand
side and then storing the result in its own variable . The execution of the new-
statement 2 := newy by the object a consists of creating a new object 3 of class d and
making the variable r of the creator « refer to it. The instance variables of the new
object /3 are initialized to nil and 3 will immediately start executing its local process.
It is not possible to create new elements of the standard data types Int and Bool.

A statement z¢,!e§ is called an output statement and statements like x¢,?y5 and ?yJ are
called input statements. Together they are called I/O statements. The execution of
an output statement ;5 'e§ by an object a is always synchronized with the execution
of a corresponding input statement J.'gf?yf,' or ?yfil by another object 3. Such a pair
of input and output statements are said to correspond if all the following conditions
are satisfied: '

o The variable z; of the sending object « should refer to the receiving object 3
(therefore necessarily the type of the variable 2, coincides with the class ¢’ of 3).

o If the input statement to be executed is of the form .tggl?yj', then the variable 2,
of the receiving object 3 should refer to the sending object a (again, this means
that the type of the variable 2, coincides with the class ¢ of a).

o The type d of the expression €] in the output statements should coincide with
the type of the destination variable yg' in the input statement.
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If an object tries to execute a I/O statement, but no other object is trying to exe-
cute a corresponding statement yet, it must wait until such a communication partner
appears. If two objects are ready to execute corresponding I/O statements, the com-
munication may take place. This means that the value of the expression e in the
sending object « is assigned to the destination variable y in the receiving object 3.
When an object is ready to execute an input statement ?y there may be several
objects ready to execute a corresponding output statement. One of them is chosen
non-deterministically.

Statements are built up from these atomic statements by means of sequential com-
position, denoted by the semicolon ‘;’, the conditional construct if-then-else-fi and the
iterative construct while-do-od. The meaning of these constructs we shall assume to
be known.

Definition 2.3

Finally we define the set Prog of programs, with typical element p, as follows:
piu=(c1— S, ... ,cno1 — S77 1SS

Here we require that all the class names cy,...,c, are different. Furthermore we

require for every variable z§ occurring in p that its type d is among ¢y, . . ., ¢y, Int, Bool

and that in every new-statement z := newy the type d of the newly created object is

among ¢1,...,Cn_1-

The first part of a program consists of a finite number of class definitions ¢; —
S;, which determine the local processes of the instances of the classes cy,...,¢n_1.
Whenever a new object of class c; is created, it will begin to execute the corresponding
statement S;. The second part specifies the local process S, of the root class c,,. The
execution of a program starts with the creation of a single instance of this root class,
the root object, which begins executing the statement S,. This root object can create
other objects in order to establish parallelism. Due to the above restriction on the
types of new-statements, the root object will always be the only instance of its class.

An example program

We illustrate the programming language by giving a program that generates the
prime numbers up to a certain constant n. The program uses the sieve method of
Eratosthenes. It consists of two classes. The class G (for ‘generator’) describes the
behaviour of the root object, which consists of generating the natural numbers from
2 to n and sending them to an object of the other class P. The objects of the class P
(for ‘prime sieve’) essentially form a chain of filters. Each of these objects remembers
the first number it is sent; this will always be a prime. From the numbers it receives
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subsequently, it will simply discard the ones that are divisible by its local prime
number, and it will send the others to the next P object in the chain.

The class G makes use of two instance variables: f (for ‘first’) of type P and c (for
‘count’) of type Int (note that n is not an instance variable but an integer constant).
The class P has three instance variables: m (‘my prime’) and b (‘buffer’) of type Int
and | (‘link’) of type P. Here is the complete program:

(P — 7m;
if m # nil
then | := new;
?b;
while b # nil
do if m fb then |!b; fi
b
od;
I'b
fi
f:=new; c:=2;
whilec < ndoflc; c:=c+1od;
f Inil)
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3 The assertion language

In this section we define two different assertion languages. An assertion describes the
state of (a part of) the system at one specific point during its execution. The first
assertion language describes the internal state of a single object. This is called the
local assertion language. It will be used in the local proof system. The other one, the
global assertion language, describes a whole system of objects. It will be used in the
intermediate and global proof systems.

3.1 The local assertion language

First we introduce a new kind of variables: For d = Int, Bool, let LogVar, be an infinite
set of logical variables of type d, with typical element z43. We assume that these sets
are disjoint from the other sets of syntactic entities. Logical variables do not occur
in a program, but only in assertions.

Definition 3.1
The set LEzpS of local expressions of type d in class ¢, with typical element I3, is
defined as follows:

true | false  if d = Bool

5 == z4
|
| self ifd=c
| nil
| n if d = Int
|
|

ll(l:nt + lﬁnt if d = Int

| LS =% if d=Bool

Definition 3.2
The set LAss® of local assertions in class ¢, with typical element p°, is defined as

follows:
C

p == CBooI

| -p°

| PIAPS

|  Jzgp¢ (d = Bool,Int)
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We shall regard other logical connectives (V, —,V) as abbreviations for combinations
of the above ones.

An example of a local assertion is
S(b=nil) - Vi(2<iAi<m— =(z | b)),

which we might abbreviate to b # nil — Vi(2 < i < m — ¢ fb). Here i is a logical
variable of type Int. (Most of our examples will be in the context of the program at
the end of section 2.)

Local expressions [§ and local assertions p° are evaluated with respect to the local
state of an object of class ¢, determining the values of its instance variables, plus a
logical environment, which assigns values to the logical variables. Therefore they talk
about this single object in isolation. It is important to note that we allow only logical
variables ranging over integers and booleans to occur in local expressions, so that
only quantification over integers and booleans is possible. (By the way, the value nil
is not included in the range of quantifications.) As we shall see below, quantification
over other types would require knowledge of the set of existing objects, which is not
available locally.

3.2 The global assertion language

Next we define the global assertion language. Since in the global assertion language
we also want to quantify over objects of any class ¢ € C't, we now need for every ¢ € ('
a new set LogVar, of logical variables of type ¢, with typical element z.. To be able to
describe interesting properties of pointer structures we also introduce logical variables
ranging over finite sequences of objects. To do so we first introduce for every d € ct
the type d* of finite sequences of objects of type d. We define ('* = {d* :d e C*}
and take C! = C* U C*, with typical element a. Now in addition we assume for
every d € C'* the set LogVar,. of logical variables of type d*, which range over finite
“sequences of elements of type d. Therefore we now have a set LogVar, of logical
variables of type a for every a € C'1.

Definition 3.3
The set GExp, of global expressions of type a, with typical element g,, is defined as
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follows:

o U= Zg
| nil
| n ifa=Int
|  true | false if a = Bool
| ge.z§ ifa=d
| |ga| ifa=Int
I gd* * 9Int ifa=d
| 91y + 92, ifa=lnt

| if ggool then g1, else ga, fi
I 914 = 924 ifa= BOOI

A global expression is evaluated with respect to a complete system of objects plus a
logical environment. A complete system of objects consists of a set of existing objects
together with their local states. For sequence types the expression nil denotes the
empty sequence. The expression g.z denotes the value of the variable z of the object
denoted by g. Note that in this global assertion language we must explicitly specify
the object of which we want to access the internal data. |g| denotes the length of
the sequence denoted by g. The expression g; : go denotes the nth element of the
sequence denoted by g;, where n is the value of g, (if g is less than 1 or greater than
|g1], the result is nil.) The conditional expression if go then g, else g, fi is introduced
to facilitate the handling of aliasing (see definition 4.3). If the condition is nil, then
the result of the conditional expression is nil, too.

Definition 3.4
The set GAss of global assertions, with typical element P, is defined as follows:

P == gBool
| =P
| PAPR
|  Jz P

Again, other logical connectives are regarded as abbreviations.

Quantification over (sequences of ) integers and booleans is interpreted as usual. How-
ever, quantification over (sequences of)) objects of some class c is interpreted as ranging
only over the eristing objects of that class, i.e., the objects that have been created
up to the current point in the execution of the program. For example, the assertion
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3z, true is false in some state iff there are no objects of class ¢ in this state. More
interestingly, the assertion

VpIss(s:1=gfAs:|s|=pAVi(l1<i<|s| = (s:7)l=s:(i+1)))

expresses that every object of class P is a member of the I|-linked chain that starts
with g.f (where g is the generator object).

Next we define a transformation of a local expression or assertion to a global one. This
transformation will be used to verify the assumptions made in the local proof system
about the I/O and new-statements. These assumptions are formulated in the local
language. As the reasoning in the cooperation test uses the global assertion language
we have to transform these assumptions from the local language to the global one.

Definition 3.5

Given a local expression /5 and a global expression g. we define a global expression
15| g.. This expression denotes the result of evaluating the local expression / in the
object denoted by the global expression g. The definition proceeds by induction on
the complexity of the local expression [:

llg =1 if I = z,nil, n, true, false
zlg = gz

self | ¢ = g

(h+l)lg = (Wlg)+(l2lg)

(h=bk)lg = (Llg)=(lyg)

For a local assertion p¢ we define the global assertion p° | g. as follows:

(-p)lg = (-plg)
(prAp)lg = (p1lg)A(p2lg)
(3zp)lyg = 3z(plyg)

As an example, note that (b # nil — Vi(2 < i < m — i /b)) | pis equal to
pb #nil = Vi(2<i<pm—1i [pb). :

3.3 Correctness formulas

In this section we define how we specify an object and a complete system of objects,
using the formalism of Hoare triples. We start with the specification of an object.
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Definition 3.6
We define a local correctness formula to be of the following form:

{r}s{q}.

Here the assertion p is called the precondition and the assertion ¢ is called the postcon-
dition. The meaning of such a correctness formula is described informally as follows:

Every terminating execution of S by an object of class ¢ starting from a
state satisfying p will end in a state satisfying q.

As said before, reasoning about the local correctness of an object will be done rel-
ative to assumptions concerning those parts of its local process that depend on the
environment. These parts are called bracketed sections:

Definition 3.7

A bracketed section is a construct of the form (Sf; S¢; 55), where S denotes an I/O
statement or a new-statement, and in S; and S; neither I/O statements nor new-
statements occur (note that S; and S, can each be composed of several statements
by means of sequential compositions, conditionals, or loops). Furthermore, if § =
2 := new then the variable * must not occur at the left-hand side of an assignment
occurring in S,. The additional condition on the variable z, which is used to store the
identity of the new object, is to ensure that after the execution of the corresponding
bracketed section this new object is still referred to by the variable z.

Next we define intermediate correctness formulas, which describe the behaviour of an
object executing a bracketed section containing a new-statement or a communication
between two ob jects.

Definition 3.8
An intermediate correctness formula can have one of the following two forms:

o {P}(z,5°){Q}, where S is a local statement or a bracketed section containing
a new-statement.
o {P}(z,,57") 1| (2,,552){@}, where > and z' are distinct logical variables and

(S1) and (S,) are bracketed sections that contain I/O statements.

The logical variables z., z,, and :éz in the above constructs denote the objects that

are considered to be executing the corresponding statements. More precisely, the
meaning of the intermediate correctness formula {P}(z, §){Q} is as follows:



Every terminating execution of the bracketed section S by the object
denoted by the logical variable z starting in a (global) state satisfying P
ends in a (global) state satisfying Q.

The meaning of the second form of intermediate correctness formula, {P}(z, S1) ||
(', 82){Q}, can be described as follows:

Every terminating parallel execution of the bracketed section S; by the
object denoted by the logical variable = and of S; by the object denoted
by z' starting in a (global) state satisfying P will end in a (global) state
satisfying Q.

Finally, we have global correctness formulas, which describe a complete system:

Definition 3.9
A global correctness formula is of the form

{p° | z}p{Q}

The variable z in such a global correctness formula denotes the root object. Initially
this root object is the only existing object, so it is sufficient for the precondition of
a complete system to describe only its local state. We obtain such a precondition by
transforming some local assertion p to a global one. On the other hand, the final state
of an execution of a complete system is described by an arbitrary global assertion. The
meaning of the global correctness formula {p | z}p{Q} can be rendered as follows:

If the execution of the program p starts with a root ohject denoted by :
that satisfies the local assertion p and no other objects, and if moreover
this execution terminates, then the final state will satisfy the global asser-
tion Q.
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4 The proof system

The proof system we present consists of three levels. The first level, called the local
proof system, allows us to reason about the correctness of a single object. Testing the
assumptions that are introduced at this first level to deal with I/O statements and
new-statements, is done at the second level, which is called the intermediate proof
system. The third level, the global proof system, formalizes the reasoning about a
complete system.

4.1 The local proof system

The proof system for local correctness formulas is similar to the usual system for
sequential programs.

Definition 4.1
The local proof system consists of the following axiom and rules:

Assignment:
{ple/z]}z := e{p} (LASS)
Sequential composition:
{p}rSi{r}, {r}S2{q¢}
LSC
{p}S1; S2{q} (15€)
Conditional: (A, {ph-e}Sala)
P/Aego1qy, P/ 7€go2q .
{p}if e then S else S, fi{q} (LCOND)
Iteration:

{p A e}S{p}
{p}while € do S od{p A —e¢} (LIT)

Consequence:
= P1, S{a}
p—=p, {p}S{a}, a—g (LCR)
{r}${q}
Reasoning about new-statements and I/O statements is done by introducing assump-
tions about them, where assumptions have the form of local correctness formulas.

The substitution operation [e/x] occurring in the above assignment axiom is the
ordinary substitution, i.e., literal replacement of every occurrence of the variable z by
the expression e. This works because at this level we have no aliasing, i.e., it is not
possible that different local expressions denote the same variable. In the intermediate
and global proof systems we shall have to take special measures to deal with aliasing.
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4.2 The intermediate proof system

In this section we present the proof system for intermediate correctness formulas.

4.2.1 The assignment axiom

Definition 4.2
The assignment axiom in the intermediate proof system has the form

{Ple| z/z.z]}(z,z := e){P} (TIASS)

where z € IVar§, e € Ezp§, z € LogVar,, and P € GAss.

First note that we have to transform the expression e to the global expression e | z
and substitute this latter expression for z.z because we consider the execution of the
assignment z := e by the object denoted by z. Furthermore we have to pay special
attention to the substitution [e | z/z.2] because the usual substitution does not take
into account that there are many different global expressions that may denote the
same variable z.z. This problem is solved by the following definition.

Definition 4.3

Given a global expression g4, a logical variable z. and an instance variable z3, we
define for any global expression g’ the substitution g’[g/z.z] by induction on the
complexity of ¢’ as follows.

q'lg/z.z] = ¢ if g’ = 2/, n, nil, self, true, false
(9')g/z2] = g'lg/zzly ify#e
(9'-x)[g/z.2] = if g'[g/z.z] = zthen g else g'[g/z.z].z fi

(91 = 92)[g/z2] = (91lg/z-2]) = (g2[9/2.2])

The omitted cases are defined directly from the application of the substitution to the
subexpressions, like the last one. This substitution operation is generalized to global
assertions in a straightforward manner, with the notation Plg/z.z].

As an example, consider the postcondition Vi(1 < ¢ < |s| — (s : i).z = 1) for the
statement z := y + 1, executed by the object denoted by z. The precondition given
by the axiom (IASS) is

Vi(l<i<|s| »ifs:i=zthen z.y+ lelse (s:7).zfi =1).
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The best way to justify definition 4.3 is by comparing it to the ordinary substitution
[e/z], which is used in the local assignment axiom (LASS). The essential property
of this substitution is that the substituted expression, evaluated in the state before
the assignment, has the same value as the original expression in the state after the
assignment. Quasi-formally, we could write this as

[ile/=]](o) = [1](<")

where o' is the state that results from executing the assignment z := e in the state o.
We could say that the substitution is a way of predicting the value that an expression
or assertion will have after performing an assignment.

It is easy to prove that the substitution operation defined in definition 4.3 has exactly
the same property:

l9'lg/=-]l(e) = [4')(o")
and
ol=Plg/zz] <= o' =P

where o’ is the state that results from o by changing the value of the variable z in the
object denoted by = to the value [g](o) that results from evaluating the expression g
in the state o.

The most important aspect of this substitution is certainly the conditional expression
that turns up when we are dealing with an expression of the form g’.z. This is
necessary because a certain form of aliasing is possible: After the assignment it may
be the case that g’ refers to the same object as the logical variable z, so that g'.z is
the same variable as z.z, which has the value [g](o). It is also possible that, after the
assignment, g’ does not refer to the object denoted by z, so that the value of g’.x does
not change. Since we can not decide between these possibilities by the form of the
expression only, a conditional expression is constructed which decides dynamically.

The notation [./.] may seem overloaded now, but it is always possible to determine
the required operation from the form of the arguments (see appendix A.2).

4.2.2 The creation of new objects

Definition 4.4
We describe the new-statement by the following axiom of the intermediate proof
system:

{P[Z'/z.z][new/z']}(z, & := new){P} (NEW)

where z € IVar$, d € C, z € LogVar,, z' € LogVary, z # z', P € GAss, and z' does
not occur in P.
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This axiom reflects the fact that we can view the execution of the statement z := new
as consisting of two steps: first the new object is created and temporarily stored in
the logical variable z’, and then the value of this logical variable 2’ is assigned to the
instance variable z of the object denoted by z. The second step is dealt with by the
substitution [z’/z.z] of definition 4.3, which takes care of all possible complications
of aliasing.

For the creation of a new ohject we have to define another substitution operation
[new/z]. This is complicated by the fact that the newly created object does not
exist in the state just before its creation, so that in this state we can not refer to
it. Fortunately, we do need this substitution for all possible global expressions, but
primarily for assertions, and in an assertion the logical variable z can essentially
occur in only two contexts: either one of its instance variables is referenced, or it
is compared for equality with another expression. In both cases we can predict the
outcome without having to refer to the new object.

Definition 4.5
Let d € C and = € LogVary. For certain global expressions g we define g[new/:z] by
induction on the complexity of g. We only list the interesting cases.

='[new/z] = 3 if =/ # =z

z[new/z] is undefined

g[new/ =] = g if ¢ = n,nil, self, true, false
2'.z)[new/z] = if = # =

z.z)[new/z] = nil

(9-9)new/2].2
g1[new/z] = ga[new/z] if g1,92 # z,if ... i
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2
g1 = z)[new/z] = false if g1 # z,if ... fi
z = go)[new/z] = false if go # z,if ... fi
z = z)[new/z}] = true

Here we have ignored the conditional expressions (these can be removed before substi-
tuting). In all the other cases not listed above, the substitution [new/z] can be applied
to an expression by applying it to the constituent expressions. In this way g[new/z]
is defined for all global expressions g except for z itself (and for certain conditional
expressions). Again it is rather easy to prove that this substitution has the desired
property:
[g[new/z]}(o) = [g](o")

where ¢/ can be obtained from o by creating a new object (with all its variables
initialized to nil) and storing it in the variable z.
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Definition 4.6
We define P[new/z.] by induction on the complexity of the global assertion P.

9Boollnew/ z ] as in definition 4.5

(=P)[new/z] = —(Plnew/z])

(PL A Pp)[new/z]] = (Pi[new/z.] A Pa[new/z.])

(324 P)[new/ z ] = 3Jz,(P[new/z.]) ifa#e,c*
(3zLP)[new/ =] = 3Jz/(Plnew/z.]) V (P[zc/z!][new/z.]) if 2l # z.

(Fze- P)[new/zc] = Fzea3zggor(lzer] = |2goor* | A PlzRool®» 2/ 2e* J[new/ 2.])

Here we assume that zg, |+ does not occur in P. The substitution [2Bool*+ Zc/ ze+] Will
be defined in definition 4.7.

The case of quantification over the type c of the newly created object can be explained
as follows: Remember that we interpret the result of the substitution in a state in
which the object denoted by z does not yet exist. In the first part 3z/( P[new/z]) of
the substituted formula the bound variable 2’ thus ranges over all the old objects. In
the second part the object to be created is dealt with separately. This is done by first
substituting z for z’ (expressing that the quantified variable =’ takes the same value as
the variable z) and then applying the substitution [new/z] (note that simply applying
[new/z'] does not give the right result in the case that z occurs in P). Together the
two parts of the substituted formula express quantification over the whole range of
existing objects in the new state.

Let us consider, for example, the statement @ := new, to be executed by the object
indicated by the logical variable z, and the given postcondition

Yo(v.z # nil - vy = 1).

In order to determine the corresponding precondition given by the axiom (NEW), we
first apply the substitution [z'/z.z], which leads to

Yo(if v = = then =’ else v.z fi £ nil - v.y = 1).
We can remove the conditional expression by taking the equivalent assertion
Vo((v=2zAzZ' #nil)V(v#zAvae #nil) = vy = 1).
Now to this we apply the substitution [new/z'], resultiﬂg in
Vo((v=zAtrue) V(v £z Av.e #nil) - vy = 1)
A ((false A true) V (true A nil # nil) — nil = 1),
which can be simplified to

Vo(v = zVuv.z #nil - vy =1).
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For quantification about sequences of objects of class ¢, we need a slightly more
elaborate mechanism. The sequences over which we quantify in the old state cannot
contain the new object as an element. Therefore we use two sequence variables z.+ and
ZBool* to code one sequence of objects in the new state. The idea of the substitution
operation [zggo|*, Zc/ 2c+] is that at the places where zg, o+ yields true, the value of the
coded sequence is the newly created object, here denoted by the variable z.. Where
ZBool* Yields false, the value of the coded sequence is the same as the value of z-
and where zg,+ delivers nil the sequence also yields nil. This is formalized in the
following definition.

Definition 4.7
For certain global expressions g we define g[zg o+, zc/2c+]| as follows (again we list
only the interesting cases):

Ze[ZBool* » Ze/ Ze*] is undefined
z[2Bool*» 2/ Ze*] = z if z# ze
9[2Bool*» Ze/ 2] = g if g = n,nil, self, true, false
(9-2)[2Bool"» z¢/ Ze*] = 9[zBool*s Ze/ Zc*]-2
(2 2 9)[2Bool*s 2e/ 2] = if 2Bool* 1 (9[ZBool* s Ze/ Ze*])
then z,
else zes : (9[2Bool» 2/ 2c*])
fi

gl[ZBooP » Zc Zc‘] : gZ[zBoora zc/zc‘] if (51 7£ Zc*
Z,_.tl

ig[:Boon -"'C/zv:‘” ifg 76 Zeo

(91 : 92)[zBool*» Ze/ 2e*]
(l‘."C‘i)[zBool‘a e/ ze]
(Igl){zBool'v zc/zc‘]

The generalization of the above to other global expressions and to global assertions
is straightforward.

Again we have the desired property:
o |= Plnew/z] <= o'z P

where ¢’ can be obtained from o by creating a new object (with all its variables
initialized to nil) and storing it in the variable z.

We illustrate the last definition by another example of the use of axiom (NEW).
Again we take the statement z := new executed by the object in z, but this time
the postcondition is 3sVp Ji(s : ¢ = p). Applying the substitution [2’/z.z] leaves this
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assertion unchanged, so we can directly apply the substitution [new/z']. We calculate
in the following few steps:

(Hsz Ji(s:i= p))[new/z']
s| = |b] A (Vp Fi(s:i= p))[b,:'/s][new/z’]
= 3s3b|s| = || A (VpIi(if b : i then =’ else s : i fi = p))lnew/ ']
= 3Js3bls| = [b| A (VpHi(b AN = p)V(mbiiAs:i = p))[new/z’]
= 3s3bs| = [b| AVpIi((b:iAfalse) v (b:iAs Hi = p))
A Ji(b : i Atrue) V (b : 7 A false)
= 3s3b(|s| = [b| AVpIi(-b:iAs:i=p)Aifh: i)

=13s abBool'

Here = denotes semantic equivalence, which means that the assertions on both sides
will have the same truth value in every environment. (By the way, in any state that
can occur in the execution of a P program, the above assertions will be true, since
there is only a finite number of objects of any class.)

4.2.3 Communication

Now we define an axiom and some rules which together describe the communication
between objects.

Definition 4.8

Let S, € Stat” be of the form 2?y or ?y and S, = z'le € Stat® such that z € IVarS o
FS IVarC , and the variable y is of the same type as the expression e. Such a pair
of I/O statements are said to match. Furthermore let z € LogVar, and ' € LogVar,
be two distinct variables and let P be a global assertion. Then the following is an
instance of the communication axiom:

{Ple | ='/z4]}z 51) || (', S2){ P} (COMM)

Note that the communication is described by a substitution that expresses the assign-
ment of e | z’ to z.y (definition 4.3).

The following two rules show how one can use the information about the relationship
between the receiver and the sender which must hold for the communication to take
place, that is, the sender must refer to the receiver, and if the receiver executes an
input statement of the form 2%y, it must refer to the sender.
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Definition 4.9 ‘

Let z7y,?y € Stat® and z'le € Stat® be such that both input statements match with
the output statement. Furthermore let z € LogVar, and z' € LogVar,. be two distinct
variables. Then we have the following two rules:

{PAzaz =2 AN #nilAZ2 =2zAz#nil AR}z 2%)| (2, 2"e){Q}
{P}(z,2%) || (', 2"e){Q}

(SR1)
and
{PAZ2' =zAz#nlARMz )| (£, 2"e){Q}
{P}z ) |l (=',2"e){@}

where R = (z # 2') if ¢ = ¢’ and R = true otherwise.

(SR2)

The following rule describes the independent parallel execution of two objects.

Definition 4.10

Suppose that 5, € Stat® and S, € Stat® do mot contain any I/0O or new-statements.
Furthermore let = € LogVar, and z' € LogVar. be two distinct variables. Then we
have the following rule:

- ")
(PY SR}, {R}(.52){Q) (PARL)
{P}(z, 51) IH (', S2){Q}
Note that this rule models the fact that the parallel execution of two local compu-
tations can be sequentialized. The next rule takes care of the case where the two
bracketed sections do contain I/O statements.

Definition 4.11

Let (S1;5; S,) € Stat® and (S1; S'; S4) € Stat® be two bracketed sections containing
I/O statements. Furthermore let z € LogVar, and z’ € LogVar. be two distinct
variables. Then we have the rule

{P}(z,5) | (<, S){P}, {PiH=9) (2, 9){@Q1), {@Q1}(=,5:) || (¢, 53){Q}
{P}(z,81;5; 82) || (¢, 51; §'5 S2){Q}

(PAR2)

Finally, the intermediate proof system contains rules for sequential composition (ISC),
the conditional statement (ICOND), the iterative construct (IIT), and a consequence
rule (ICR). These are straightforward modifications of the corresponding rules of the
local proof system, so we only give the iteration rule as an example.

Definition 4.12
Let while t do S od € Stat® and z € LogVar,. Then we have the following rule:

{PAelz}(z5){Q}
{P}(z,while e do S od){P A —e | z}

(IIT)



4.3 The global proof system

In this section we describe the global proof system. Two bracketed sections containing
I/O statements are said to match if the corresponding I/O statements match. A
program p is said to be bracketed if every I/O statement and new-statement occurs in
a bracketed section. An assumption is defined to be a local correctness assertion about
a bracketed section. Given a set A of assumptions, the construct A F {p°}S°{q°}
denotes the derivability of the local correctness formula {p°}S5°{¢°} from the local
proof system using the assumptions of A as additional axioms. Now we are ready to
define the notion of the cooperation test:

Definition 4.13

Let p = (c1 « S°,...,cn1 « S1 : §°") be bracketed. Furthermore, for each k,
1 < k < n, let A* denote a set of local correctness formulas about the bracketed
sections occurring in 5% such that A F {p*}S5{¢°*}. Finally, let I be some global
assertion, which we shall call the global invariant. Now we say that the cooperation
test holds, notation Coop(A,..., A I, p),if the following conditions are fulfilled:

1. The invariant I does not contain any instance variable that occurs at the left-
hand side of an assignment outside a bracketed section.

o

Let ($1) and (S3) be two matching bracketed sections such that {p;}S;{q:} €
A% and {p2}S2{q2} € A9, where 1 < i< n-1,1< j < n. Furthermore let
z € LogVar,, and 2’ € LogVach. be two new distinct variables. Then we require

F{IAp1 | zAps | 2}z S1) | (2, S){IAq1 L 2Aq2 | 2'}.

3. Let (S) be a bracketed section containing the new-statement z := new,, such
that {p1}5{q1} € A%. Furthermore let z € LogVar, be a new variable. Then
we require that

F{IAp | z}(z,S){IANq:1 | zA D% | 2.2}.
4. Let z., be a new variable. Then the following assertion should hold:

P Loz, AV2L (20, = Ze,) A /\ (V=2 false) — I.

1<i<n

n

The syntactic restriction in clause 1 on occurrences of variables in the global invari-
ant I implies the invariance of this assertion over those parts of the program that are
not contained in a bracketed section. The clauses 2 and 3 imply, among others, the
invariance of the global invariant over the bracketed sections.
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This global invariant expresses some invariant properties of the global states arising
during a computation of p. These properties are invariant in the sense that they
hold whenever the program counter of every existing object is at a location outside a
bracketed section. The above method to prove the invariance of the global invariant is
based on the following semantical property of bracketed sections: Every computation
of p can be rearranged such that at every time there is at most one object executing
a bracketed section containing a new-statement, and an object is allowed to enter a
bracketed section containing a I/O statement only if there is at most one other object
executing a bracketed section.

Clause 2 establishes the cooperation between two arbitrary matching assumptions,
where two assumptions are said to match if their corresponding bracketed sections
contain matching I/O statements. Note that since there exists only one object of
class c,, the root object, we do not have to apply the cooperation test between two
matching assumptions of the set A°".

Clause 3 discharges assumptions about bracketed sections containing new-statements.
Additionally the truth of the precondition of the local process of the new object is
established. Note that by definition of a bracketed section we know that the variable »
of the new-statement cannot occur as the left-hand side of an assignment after the
new-statement. Therefore it refers to the newly created object immediately after the
execution of such a bracketed section.

Clause 4 establishes the truth of the global invariant in the initial state. Note that
the assertion Vz. false expresses that there exist no objects of class ¢. The assertion
Vz[ (2l = zc,) expresses that there exists precisely one object of class c,.

“cn

In the following definitions, let p = (¢; « S,...,cp_q — S°r-1: 5°).

Definition 4.14
The program rule of the global proof system has the following form:

Coop(A°, ..., A", I,p) A - {p*}Sr{g*},1<k<n
7 Loe AU A € [ 2en A Rugren Voo, 0 L 20)

Note that in the conclusion of the program rule (PR) we take as precondition the
precondition of the local process of the root object because initially only this object
exists. The postcondition consists of a conjunction of the global invariant, the asser-
tion ¢ | z., expressing that the final local state of the root object is characterized
by the local assertion ¢, and the assertions Vz., ¢ | 2, which express that the
final local state of every object of class ¢; is characterized by the local assertion ¢¢.

(PR)

Definition 4.15
We have the following consequence rule for programs:
oty (P Lz dp{@1), @1 - Q@ (PCR)
{p | 2, }p{Q}
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Definition 4.16
Furthermore, we have a rule for auriliary variables: For a given program p and a
(global) postcondition @, let Auz be a set of instance variables such that

e for any assignment r := e occurring in p we have that IVar(e)N Auz # 0 implies
that © € Aux,

e the variables of the set Aur do not occur as tests in conditionals or loops of p,

o [Var(Q)N Aux = 0.

Let p’ be the program that can be obtained from p by deleting all assignments to
variables belonging to the set Aur. Then we have the following rule:

{P}r{Q} (AUX)
{P}r{Q}
The rule for auxiliary variables can be explained as follows: To be able to prove some
properties of a program p’ it may be necessary to add a number of extra variables and
statements to do some bookkeeping. If these additions satisfy the above conditions,
we are sure that they do not influence the flow of control of the program, and therefore
they can be deleted after the proof of the enlarged program p is completed.

Definition 4.17
Next we have a substitution rule to remove instance variables from preconditions:

{r*" | ze. }p{Q}
{(pen(l/2]) | 2. }p{Q}
provided the instance variable r does not occur in p or Q. In practice, this rule is
mainly used for auxiliary variables.

(1)

Definition 4.18
The following substitution rule removes logical variables from the precondition:

{p*~ | 2., }p{Q}
{(p=[1/2]) | 2, }0{Q} (S2)

provided the logical variable z does not occur in Q.

Definition 4.19
Finally, the following rule makes explicit the knowledge that in the initial state all
instance variables are nil:

{(p> A =nil) | 2. }p{Q}
{per | 2, }0{Q}

(INIT)

where z € |, IVare™.
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5 An example proof

As an illustration of the proof system we shall now formally prove a property of the
program listed at the end of section 2. We want to prove that exactly the primes up
to n are generated. This amounts to proving the postcondition

Vi(Prime(i)Ai < n < dpp.m = 1) (5.1)

Here i and p are logical variables ranging over integers and objects of class P, respec-
tively. The predicate Prime holds for an integer if and only if it is a (positive) prime
number.

To establish this postcondition we first introduce an auxiliary variable v (for ‘valid’)
of type Bool in class P, which indicates that the value stored in the variable b is valid.
The variable v is false precisely from the moment that the object sends the value of
its b variable to its neighbour until the moment that it receives a new value for the
variable b. Now we take a global invariant I which is the conjunction of the following
assertions:

I;: Vp(p.m # nil — Prime(p.m))

I: VYpV¥p'(p.m # nil » (p'.m = nextpr(p.m) — p.l = p’))

Is: VpVp'(p.b < p'.b— pm>p'.m)

Iy: VpVp'(pm=p'.m—p=p)

Is: VgVi(Prime(i)Ai < g.c — 3p(p.m =iV pb = 1))

Is: VgV¥p((p.m #nil - 2 < pm < gc)A(pb#nil =2<pb <g.c)
I: YpVp'(p.m#nilAp'b #nil Ap'v— pm<pb)

Is: Vp(p.m # nil Ap.b # nil — p.m < p.b)

In the above definition g is a logical variable of type G, so it will always denote the
root object. The function nextpr applied to an integer gives the next prime number.

The assertion I expresses that successive primes are stored in successive P objects in
the chain. Assertion I3 states that the prime candidates flow through the chain in their
natural order. Assertion I, states that each prime number is uniquely represented.
Next, assertion I5 states that all the prime numbers among the candidates sent are
represented or being processed. On the other hand assertion I essentially expresses
that all the numbers which occur in the chain have been sent by the generator. Finally,
I; and I5 says that a candidate is always greater than any prime number already found:
I; states this globally, but only if the variable b containing the candidate is marked
as valid by the flag v, and Ig expresses it locally.

The easiest way to represent the outcome of the local proof system is by means of a
proof outline. This consists of an expanded version of the program: the statements



30

concerning auxiliary variables are added, the bracketed sections are indicated by angle
brackets, and the assertions that play a role in the local proof are inserted at the proper
places, surrounded by braces. The proof outline for our example program is given in
figure 1.

Now we have to check the assumptions of the cooperation test. Here we shall deal
with one pair of I/O statements and one new-statement. We first treat the following
case:

{INYo v A3 | s}r,?m)| (s, 11b; v:=false){I A9y | P A(-v) | s} (5.2)

Here s and r are logical variables of type P denoting the sender and the receiver.

We prove (5.2) using the rule (PAR2). The following nontrivial premisses are needed:
{IANY1 | r}(s,vi="false){I Aepy | 7 A (V) | s} (5.3)
{IAPo L Aeps | s}(r,?m) || (s, I'D){IA ¢y | 7} (5.4)

In order to prove (5.3), by the rule (IASS) and the consequence rule, we must show
that the postcondition, after applying the substitution [false/s.v], is implied by the
precondition. Now it is clear that I;-Ig, Is, and ¥; | r are not changed by this
substitution, so they are subsumed by the precondition. For the other parts we first
calculate as follows:

((=v) | s)[false/s.v] (—s.v)[false/s.v]

= =if s = s then false else s.v fi

= true
Finally, we observe that I7[false/s.v] is the formula
VpVp'(p.m # nil A p'.b # nil Aif p' = s then false else p'.v fi » p.m < p'.b)

and this is clearly implied by I7.

By the rule (SR2) and the axiom (COMM) the proof of the second premiss (5.4)
amounts to establishing the truth of the formula

INYolrAps|sAsl=r— (IAyY;|r)sb/rm].
Here we only show the following part of this:
IANYg P ANtp3 | sAsl=r— I[s.b/r.m].
Now I;[s.b/r.m] is the formula

Vp(if p = 7 then s.b else p.m fi # nil — Prime(if p = r then s.b else p.m fi)),
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(P — {do:1=nil Am=nil Ab = nil}
(?m); {¥1: 1 =nil A b =nil}
if m # nil
then {I = nil}
(I := new); {true}
(?b; v := true);
{2:vA(b#nl -Vi(2<i<m—i/[b)}

while b # nil
do{vAVi(2<i<m—1[b)}
if m /b
then {3 :vAVi(2<i<m—1 fb)}
(I'b; v := false)
fi; {-v}
(?b; v := true) {¥2}
od; {b = nil}
(1'b) {b = nil}
fi {b = nil}
{true}
(f := new; c:=2); {2 <c<max(2,n+1)}
whilec < n
do {2 < c<n}
(fle; c:=c+ 1)
od; {c = max(2,n+ 1)}
(f I'nil)

{c = max(2,n+1)})

Figure 1: The proof outline for our example program
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which is equivalent to
Vp((p # » — p.m # nil = Prime(p.m)) A (p = r — (s.b # nil > Prime(s.b))).

For p # r we have that p.m # nil » Prime(p.m) is implied by I;. For p = » we have
to show that T Ao | » A3 | s A sl = r implies Prime(s.b). Here the main point
is that there exist no primes between s.m and s.b. For suppose that ¢ is the least
prime such that s.m < ¢ < s.b. Now by I5 and [g there exists a p’ such that p’.m = ¢
or p.b = ¢. If p’.m = 7 then it follows by I, that s.| = p’. But, as s.I = r we have
p' = r,so p’.m = nil, which contradicts p’.m = 7. Suppose now that p’.b = i. We then
have that p’.b < s.b, so by I3 it follows that p’.m > s.m. But since p’.m is a prime
by I;, and 7 is the least prime greater than s.m, it follows that p’.m > ¢ = p’.b, which
contradicts Ig. Therefore there can be no primes between s.m and s.b and then y3 | s
implies that s.b is a prime number.

As another example of an assumption for the cooperation test, we consider the fol-
lowing new-statement:

{IA(=nil) | z}(z,1:= new){T Ao | z.1}.

Here : is a logical variable ranging over objects of class P. By the axiom (NEW) the
proof of this correctness formula amounts to proving the validity of

IN(=nil) | z—= (I Ao ] z0)[2'/z]][new/],
where z’ is another new logical variable of type P. We only show that I A (I = nil) | z
implies I»[z'/z.l][new/z']. Now I,[z'/z.1] is the formula

<ot

VpVp'(p.m # nil — p'.m = nextpr(p.m) — if p = z then 2 else p.| fi = p’).
This is equivalent to

VpVp'(p.m # nil = p'.m = neztpr(p.m) = (p=z — ' = p')A (p # z = pl = p')).

To this formula we apply the substitution [new/z'], which gives us

VpVp'(p.m # nil — p'.m = neaxtpr(p.m) — (p = z — false) A (p # z — p.l = p'))
AVp(p.m # nil — nil = nextpr(p.m) — (p = z — true) A (p # z — false))
AVP'(nil £ nil — p'.m = nextpr(nil) — (false — false) A (true — nil = p’))

A (nil # nil — nil = nextpr(nil) — (false — true) A (true — false))

Note that the first conjunct corresponds to interpreting p and p’ as ranging over the
old objects. The second conjunct results from interpreting p’ as the new object, the
third from interpreting p as the new object, and the last from taking both p and p’ as
the new object. All conjuncts but the first are trivially true, and we can get the first
conjunct from I if we can show that VpVp/(p.m # nil — p’.m = neatpr(p.m) — p # z).
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Let p # nil, p’ # nil, p.m # nil, p’.m = neztpr(p.m), and p = z. By I; we derive that
z.l = p’. But this contradicts the precondition z.l = nil.

The other parts of the cooperation test can be dealt with in the same way as the
above ones. After that the program rule (PR) can be applied, with the following
result:

{true}p'{I A g.c = max(2,n+ 1) AVpp.b = nil}

Here p’' is the program with the auxiliary variable v, but by applying the auxiliary
variable rule (AUX) the same result can also be obtained for the original program p.
It is easy to see that the above postcondition implies the desired assertion 5.1, so the
latter can be obtained by the consequence rule (PCR).
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6 Semantics

In this section we define in a formal way the semantics of the programming language
and the assertion languages. First, in section 6.1, we deal with the assertion languages
on their own. Then, in section 6.2, we give a formal semantics to the programming
language, making use of transition systems. Finally, section 6.3 formally defines the
notion of truth of a correctness formula.

6.1 Semantics of the assertion languages

For every type a € C', we shall let O% denote the set of objects of type a, with typical
element a®. To be precise, we define o'"t = 7 and 0B°°l — B, whereas for every
class ¢ € C' we just take for O° an arbitrary infinite set. With O‘i we shall denote
o¢u {L}, where L is a special element not in O¢, which will stand for ‘undefined’,
among others the value of the expression nil. Now for every type d € C't we let O
denote the set of all finite sequences of elements from O‘i and we take O‘f = 0%
This means that sequences can contain L as a component, but a sequence can never be
L itself (as an expression of a sequence type, nil just stands for the empty sequence).

Definition 6.1
We shall often use generalized Cartesian products of the form

I1 BG).
iI€EA

As usual, the elements of this set are the functions f with domain A such that
f(%) € B(z) for every i € A.

Definition 6.2

Given a function f € A — B, a € A, and b € B, we use the variant notation f{b/a}
to denote the function in A — B that satisfies

b ifa'=a

f(a') otherwise.

f{b/a}(d') = {

Definition 6.3
The set LState® of local states of class ¢, with typical element ¢, is defined by

LState® = O° x [[(IVarg — 01).
d
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A local state 6 describes in detail the situation of a single object of class ¢ at a certain
moment during program execution. The first component determines the identity of
the object and the values of the instance variables are given by the second component.

It will turn out to be convenient to define the function y° € [[; IVar§ — O‘j_ such
that °(z) = L, for every ¢ € |J; IVarg. Note that this function 57 gives the values
of the variables of a newly created object: these are all initialized to nil.

Definition 6.4
The set GState of global states, with typical element o, is defined as follows:

GState = (H P?) x H(Oc - H([V‘”'Z! - O‘.iL))
d ¢ d

where P¢, for every ¢ € C, denotes the set of finite subsets of O¢, and for d = Int, Bool
we define P? = {09}.

A global state describes the situation of a complete system of objects at a certain
moment during program execution. The first component specifies for each class the
set of eristing objects of that class, that is, the set of objects that have been created
up to this point in the execution of the program. Relative to some global state o an
object a € O can be said to exist if a € 0(1)(d)- For the built-in data types we have
for every global state ¢ that O(1)lnty = Z and 0(1)(Booly = B- Note that L ¢ o(;)q)
for every d € C'*. The second component of a global state specifies for each object
the values of its instance variables.

We introduce the following abbreviations: oy;)4) will be abbreviated to @ and

@y {L} to a’ﬁ_d). Whenever it is clear from the context that a € O°, we abbre-
viate o(3)c)(a) by o(a). Furthermore, for any variable z € IVarg, we abbreviate
0(2)(c,d)(@)(2), the value of the variable z of the object a, by o(a)(z).

Definition 6.5
We now define the set LEnv of logical environments, with typical element w, by

LEnv = H(LogVara — 09).

a

A logical environment assigns values to logical variables. We abbreviate W(a)(%a)
to w(zq).

Definition 6.6
The following semantic functions are defined in a straightforward manner. We omit
most of the detail and only give the most important cases:
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1. The function £5 € Ezp5 — LState® — O% assigns a value £[e](6) to the expres-
sion €§ in the local state 6°.

o

. The function £§ € LEzpG — LEnv — LState® — 09 assigns a value L[I](w)()
to the local expression [ in the logical environment w and the local state 6°.

3. The function G, € GEzp, — LEnv — GState — O% assigns a value Gg](w)(o)
to the global expression g, in the logical environment w and the global state o.

4. The function A° € LAss® — LEnv — LState® — B assigns a value A[p](w)(8)
to the local assertion p° in the logical environment w and the local state 6.
Here the following cases are special:

true if L[IJ(w)(8) = true

AllBooll(w)(6) = { false if L[I](w)(8) = false or L[IJ(w)(8) = L

true if there is an a¢ € O? such that A[p](w{a/z})(8) = true
false otherwise

A[3zap](w)(8) = {

Note that in the latter case d = Int or d = Bool and that the range of quantifi-
cation does not include 1.

5. The function A € GAss — LEnv — GState — B assigns a value A[P](w)(o)
to the global assertion P in the logical environment w and the global state o.
The following cases are special:

true if L[g](w)(o) = true

Alsgoal)() = { false if Llgl(w)(«) = fale or L[gl(w)() = L

true if there is an a? € o(%) such that A[P](w{a/z})(c) = true

A[3z4 Pl(w)(0) = {

false otherwise

Note that here d can be any type in C'* and that the quantification ranges
over (@) the set of eristing objects of type d (which does not include 1).
true if there is an a? € O% such

that a(n) € a(ld) forallne N

and A[P](w{a/z})(o) = true

false otherwise

A[3z4- P(w)(0) =

For sequence types, quantification ranges over those sequences of which every
element is either L or an existing object.

The values G[g,](w)(c) of the global expression g, and A[g](w)(¢) of the global
assertion P are in fact only meaningful for those w and o that are consistent and
compatible:
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Definition 6.7
We define the global state o to be consistent, for which we use the notation OK (o)
iff

1. Ve € CVa € o9 Vd € CVz € IVarg o(a)(z) € a’f)
2. Vee CVB €0\ ol Vde Ct Ve € IVarg o(B)(2) = L

In other words, the value in ¢ of a variable of an existing object is either L or an
existing object itself, and the variables of non-existing objects are uninitialized.

Furthermore we define the logical environment w to be compatible with the glohal
state o, with the notation OK(w,¢), iff OK (o) and, additionally,

Vde C'Vz € LogVaryw(z) € aid)

and
Vd € C'Vz € LogVary. Va € Nw(z)(n) € aﬁ_d).

In other words, w assigns to every logical variable z; of a simple type the value L
or an existing object, and to every sequence variable z;+ a sequence of which each
element is an existing object or equals L.

6.2 The transition system

We will describe the internal behaviour of an object by means of a transition system.
A local configuration we define to be a pair (5¢,6°). The set of local configurations
is denoted by LConf. Let Rec = {< a,8 >,< a,8,7 > «a,8 € U.09, 7 €
Ug 09 Yu{e}. A pair < a,3 > is called an activation record. It records the information
that the object « created 3. A triple < «, 3,7 > is called a communication record.
It records the information that the object v is sent by a to 3. ¢ will denote a
transition which is due to alocal computation. We define for every r € Rec a transition
relation —"C LConf x LConf. To facilitate the semantics we introduce the auxiliary
statement F, the empty statement, to denote termination.

Definition 6.8
We define

o (z4:=eq4,0) —°(E.0),
let 8 = (a, s), then 0 = («, s{&[eq] (8)/2})-

o (zq4:=new,8) -<*B> (E ¢,
let 8 = (a, s), then 8’ = {a, s{B/z4}) and 3 € O%.
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o (z.leg,8) =<*B7> (E §), :
let 6 = (a, s), then 8 = s(z) # L and v = ]eq] ().

. (?ydve) —< B> (Eyel)v
let § = (B,s), then 6’ = (8, s{7/ya}) and y € O14.

o (z.7y4,0) =<*P7> (E,9),
let = (B, s), then 0’ = (83, s{7/y4}), @ = s(z.) # L, and 7y € O9.

o (8,0) =< (S,0).
o (E;S,0) —¢(S,0).

(51,0) =" (53,0")
(51;5,0) = (52; 5,6

o (if egoo| then Sy else S5 fi, 0) —¢ (S1,0),
if E]egooll () = true.

o (if egyol then Sy else S3 fi,0) —€ (S2,0),
if E[epooll (6) = false.

o (while egyo) do S od,8) —¢ (S; while egy,) do S od, 8),
if £]legooll (€) = true.

o (while egyo) do S od,8) =< (E,¥0),
if E]eggoll (8) = false.

Note that locally the value which is received when executing an input statement is
chosen arbitrarily, the same holds for the identity of the object created by the exe-
cution of a new-statement. We define |J, —"= TC(Urcree —")- Here the operation
TC denotes the transitive closure which composes additionally the communication
records and activation records into a history h, a sequence of communication records
and activation records.

Next we describe the behaviour of several objects working in parallel. The local
behaviour of the objects we shall derive from the local transition system as described
above. But at this level we have the necessary information to select the right choices.

We define an intermediate configuration to be a tuple (o, (e, S;*);), where a; € olei),
assuming all the a; to be distinct. The set of intermediate configurations will be
denoted by IConf. We define —"C IConf x IConf as follows (note that we use the
same notation as for the local transition relation, however this will cause no harm):
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Definition 6.9
We define

. (85,61) —° (S5, 62)
(o, (e, 8i)i) =< (o', (0, S)i)
where 0, = (aj, o(aj)),
Sio= S i#j

= §] otherwise,

and 0'(’1) = o(1), 0'('2) = 0(3){s/a;}, with 0, = (a;, s).

(Sj,61) =<23P> (S, 85)

(o, (ai, Si)i) —=<28> (o', (e, S);)
where 0; = (aj, o(q;)),

Sio= Si i#]
= §] otherwise,

and 3 € 0%\o%), ‘7(1) = 0(1){a(d) U {B8}/d}, and C’fz) = o(y{s/a; H{v/B}, with
02 = (aj,b‘).

(55,61) =" (S},02), (Sk,61) =" (S, 65)
(o0, (i, $i)i) =7 (o', (e, S1)i)
where 0, = (aj,0(q;)), 0] = (ag,o(ar)), j # k, and r =< aj,ar,y >, 7' =<
a;,ak,'y >, with v € Uy O‘j_ and a; = aj, L, furthermore we have
Sl = S i#,k
= S i=jk
and "61) = 0(1) 0‘(2) = 0(2){31/aj}{32/ak}, with 02 = (aj, s1) and 6, = (ay, s2).

The first rule above selects one object and its local state and uses the local transition
system to derive one local step of this object. The second rule selects an object which
is about to create a new object. The variables of this new object are initialized to
nil. The local state of the creator is modified according to the local transition system.
Note that knowing the set of existing objects we can now indeed select a new object.
The third rule finally selects two objects which are ready to communicate with each
other. Note that r’ =< 1, ak,y > models the possibility that o) executes an input
statement of the form ?y.

We define |J,, —"= TC(UrcRec —")» again using the same notation as for the tran-
sitive closure of the local transition relation, from the context however it should be
clear which one is meant.

To describe the behaviour of a complete system we introduce the notion of a global
configuration: a pair (X,o), where X € [[,O° — Stat®, and a transition relation
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—"C GConf x GConf. We note again that we do not notationally distinguish be-
tween the different transition relations, from the context however it will be clear which
one is meant. The set of all global configurations we denote by GConf. We will ab-
breviate in the sequel X(c)(a), for a € O°, by X(a). The idea is that X (a) denotes
the statement to be executed by a.

Definition 6.10
We have the following rule

(0’,((1{,}{(05));) -7 (a,v(ai?sfi)i)
(“(1 0‘) ndd (X'val)

where ; € o(%) (all the a; distinct) and X' = X{S]"/a;}:.

This rule selects some finite set of objects which execute in parallel according to the
previous transition system.

We define |, —="= TC(U,cpec —")- We proceed with the following definition which
characterizes the set of initial and final global configurations of a given program p:

Definition 6.11
Let p = (U7 : S¢*), with U = ¢ — S{',...,¢n1 < Sit. Furthermore let X €
[1. O — Stat®. We define
Init,(X) iff
o X(a)=5"c€{c,....cn}, a € 0%,

e X(a)=E,a€ O cg {c1,...,cn}

We define for a state o such that OK(o):
Init,(o) iff

o o =9 ce{er,... a1}

={a} c¢=cy, for some a € O°"

e o(a)(z) = L, for a € o**) and z € IVargr.

We next define Init,((X, o)) iff Init,(X) and Init,(c). Finally, we define

Finalp((X,a')) lﬁ‘X(a) = Eaci € {cla- . '7Cn}; for a € O'(Ci).
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The predicate Init,(Final,) characterizes the set of initial (final) configurations of
9. Note that the value of a variable zS» of the root-object, ¢ € {c1,...,¢cn}, is
undefined initially. This follows for ¢ # ¢, from the fact that we consider only
consistent states and that initially only the root-object exists (with respect to the
classes ¢1,...,¢,). But the consistency of the initial state would also allow the value
of a variable z € IVarl™ to be the root-object itself. However, as it will appear to be
convenient with respect to the formulation of some rules which formalize reasoning
about the initial state, we define the initial state to be completely specified by the
variables ranging over the standard objects.

Now we are able to define the meaning of the following programming constructs: 5S¢,
(Zc’ 5°), (Zcx'v Sfi) H (301152]) and p.

Definition 6.12
We define
S[S°](65) = {65 : for some h (S¢,85) =" (E,05)}

Definition 6.13
We define Z[(, S)](w)(e1) = 0if not OK (w, 01), and T{(ze;, 55°) || (2¢;. 52)](w)(e1) =
0 if not OK (w,01) or w(z,) = w(z,). So assume from now on that OK(w, 0y), fur-
thermore that w(z.) = @, w(z;,) = a;, and w(2'¢,) = aj.
I[(ze, S)(w)(o1) = {o2 : for some h (o1, (, §)) —h (a4, (a, E))}
Assuming furthermore that «; # a’:
I[(ze;r S§) Nl (='e;5 S2 ) (w)(o1) =
{os : for some h (0'1,(ai,51°"),(a3-, S;j)) —P (o2, (i, E),(a;,E))}

Definition 6.14
The semantics of programs is defined as follows:

Plel(e1) = {o2 : for some h (X;,01) —h (X, 02)}
where Initg((X1,01)) and Finalg((X2,02)).

Note that P[p](c) = 0 if it is not the case that Init,(7).
6.3 Truth of correctness formulas

In this section we define formally the truth of the local, intermediate, and global cor-
rectness formulas, respectively. First we define the truth of local correctness formulas.
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Definition 6.15
We define

= {p°}S{¢°} iff Vw,0:,0; € S[S](01) : b1, w =D = br,w = ¢

Next we define the truth of intermediate correctness formulas.

Definition 6.16
We define

= {P}(z., S){Q}iff
Yw,o1,03 € I[(2, S¢)(w)(o1) : o1, w = P = og,w = Q.

And

FA{PHzei S) || (2, S9){Q} iff
Vw, 01,02 € I[(2¢;,5) || (2'¢;, §9)w)(a1) : o1, wE P = o2,w = Q.

Finally, we define the truth of global correctness formulas.

Definition 6.17
We define

= {P}p{Q} iff Vw,01,02 € Plp](c1): o1, w = P = o3,w= Q.
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7 Soundness

In this section we prove the soundness of the proof system as presented in the previous
section. The soundness of the local proof system is proved by a straightforward
induction on the length of the derivation (see, for example, [Apl]). In the following
subsection we discuss the soundness of the intermediate proof system.

7.1 The intermediate proof system

We prove the soundness of the assignment axiom (IASS) and the axiom (NEW).
The soundness of the intermediate proof system then follows by a straightforward
induction argument. To prove the soundness of the assignment axiom (IASS) we
need the following lemma about the correctness of the corresponding substitution
operation. This lemma states that semantically substituting the expression g’ for
z.z in an assertion (expression) yields the same result when evaluating the assertion
(expression) in the state where the value of g’ is assigned to the variable z of the
object denoted by z.

Lemma 7.1
For an arbitrary o, w such that OK(w, o) we have:

Glglga/ ze-2dll(w) (o) = Glgl(w)(")

and

AlPlga/ zexdll(w)(e) = A[P)(w)(o")
where ‘7(1) = o(1) and ”fz) = a(3){Glggl(w)(o)/w(zc), za}-
Proof

By induction on the complexity of g and P. We treat only the case g = g,.z, all the
other ones following directly from the induction hypothesis. Now:

Glglgy/ ze-zdll(w)(o) =
Glif 91(9a/zc-za] = zc then g’ else gi[g'/zc.z].z fi](w)(o)

Suppose that Gg1(gl/ 724 l(w)(7) = w(z.). We have: Glg1.2]()(e") = o' (Glarl(w)(e"))(=).
So by the induction hypothesis we have that:

Glgr-z[(w)(o') = o'(w(z))(z) = Glgal(w)(<)-
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On the other hand if G[g1[g)/zc.za]](w)(o) # w(2:) then:

Glgilgq/ ze-xal-zal(w)(o)

o(Gla1l9h/ zc-xall(w)(a))(zq) (definition of d’)
a'(Glg1lgy/ zc-24d)[(w)(o))(24) = (induction hypothesis)
a'(Glgrl(w)(a"))(za)
Glg1.-zal(w)(o’).

The following lemma states the soundness of the axiom (IASS)

Lemma 7.2
We have

= {P[e | :/:..r]}(z,.t = e){P},

where we assume z := ¢ € Stat® and z € LogVar,.

Proof

Let o,w, with OK(w, ), such that o,w |= Ple | z/z.2| and ¢’ € T[(z,2 := e)](w)(0).
It follows that ‘7('1) = o) and o,y = o(z){G[e | J(w)(o)/w(z),2} (note that Gle |
zJ(w)(o) = E[e]({(a, o(a))), with o = w(z)). Thus by the previous lemma we conclude

o .wl= P.

To prove the soundness of the axiom describing the new statement we need the follow-
ing lemma which states the correctness of the corresponding substitution operation.
This lemma states that semantically the substitution [new/:z] applied to an assertion
yields the same result when evaluating the assertion in the state resulting from the
creation of a new object, interpreting the variable z as the newly created object.

Lemma 7.3
For an arbitrary w,w’,0,0’, 3 € 0°\o(®) such that OK (w,o) and

a1y = oy{ol? U {B}/c}
(5 = o2{V/B}
o = wi{d]z},

we have for an arbitrary assertion P:

Al Plnew/z][(w)(e) = A[P[(w")(o").
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The proof of this lemma proceeds by induction on the structure of P. To carry out
this induction argument, which we trust the interested reader to be able to perform,
we need the following two lemmas. The first of which is applied to the case P =g
and the second of which is applied to the case P = 3zP', z € LVar,, a = ¢, c".

Lemma 7.4
For an arbitrary o, w, with OK (w, o), global expression g and logical variable z, such
that g[new/z.] is defined we have:

Glgl(w)(a') = Glglnew/z][(w)()

where o[}, = ay{ol U {B}/c}, ofy) = o(2){V/B}, and W' = w{B/z}, 8 & olo.

Proof
Induction on the structure of g. o

The following lemma states that semantically the substitution [zgoq|-, Z¢/2c+] applied
to an assertion (expression) yields the same result when updating the sequence de-

noted by the variable z.+ to the value of z. at those positions for which the sequence
denoted by zggo|- gives the value true.

Lemma 7.5
Let w,0, @ = w(ze), &' = w(zgge) such that |a| = |a'| and OK (w,0).

Let a” € O such that

o [a"| = [o]

o forne N: a’(n) =w(z) ifa'(n)=true
= a(n) if a(n) = false
=1 ifa'(n) = 1

Let ' = w{a"/zc+}. Then:

1. For every g such that g{zgggls» Zc/2c+] is defined:

Gl9(zBooles 2e/ ze= 1 (w)(0) = Glgl(w)()
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2. For every P such that ZBool* does not occur in it:

AlP[zBools » 7e/ e ][(w)(0) = A] P[(w')(0)

Proof
Induction on the structure of g and P. a

Now we are ready to prove the soundness of the axiom (NEW).

Lemma 7.6

We have
= {P[z'/z.w][new/z']}(z,;c = new){P},
where z := new € Stat®, z € LogVar,, and 2’ is a new logical variable of the same
type as .
Proof

Let o,w, with OK(o,w), such that o,w |= P[Z'/z.z][new/z'] and o' € T[(z,z :=
new)](w)(o). We have by lemma 7.3 that ¢”,w’ |= P['[z.z], where o' = w{3/z'},
with 3 € 0%\ 09, assuming d to be the type of the variable z, and ‘7(”1) = 0'(1){0(“” U
{8}/d}, 06’2) = 0(2){V/B}. Now by lemma 7.1 it follows that o’,w’ |= P. Finally, as

z' does not occur in P we have o/, w |= P. O

7.2 The global proof system

In this subsection we prove the soundness of the global proof system. We will prove
only the soundness of the rule (PR), the other rules being straightforward to deal
with. The problem with proving the soundness of the rule (PR) is how to interpret
the premise A - {p}S{q}. We solve this problem by showing that a proof A - {p}S{q}
essentially boils down to a finite conjunction of local assertions. We start with the
following two definitions.

Definition 7.7
Given a bracketed program p, R a substatement of p, we define R to be normal iff
every bracketed section of U occurs inside or outside of R.

Next we define After(R,S), where R is a substatement of S, to be the statement to
be executed when the execution of R has just terminated. On the other hand we will
define Before(R, S) to be the statement to be executed when the execution of R is
about to start.
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Definition 7.8
Let R be a substatement of the statement S. We define After(R,S) as follows:

o If R = S then After(R,S)=FE

e If §=251;5,
then After(R,S) = After(R,S1); Sz if R occurs in 53
After(R,S) = After(R, S2) otherwise

If S = if e then 51 else S5 fi
then After(R,S) = After(R,S1) if R occurs in §;
After(R,S) = After(R,S2) otherwise

e If S = while e do S; od then After(R,S)= After(R,S51); S

Next we define Before(R,S) as follows: Before(R,S) = R;S’, where After(R,S) =
E; S’

Note that for the above definition to be formally correct we have to assume some
mechanism which enables one to distinguish between different occurrences of an arbi-
trary statement. We will simply assume such a mechanism to exist. So in the sequel
when referring to a statement we in fact will sometimes mean a particular occurrence
of that statement.

We have the following lemma which can be seen as a particular formulation of the
soundness of the local proof system.

Lemma 7.9

Let § € Stat® be a statement such that every /O statement and new statement
occurring in it is contained in a bracketed section. Furthermore let A be a set of
assumptions about the bracketed sections occurring in S. Then: A F {p}S{q} iff
there exist for every normal substatement R of S local assertions Pre(R) and Post(R)
such that:

{Pre(R)}R{Post(R)} € A, for R a bracketed section

p — Pre(S), Post(S) — ¢

Pre(R) — Post(R)le/z], R=z:=¢e

Pre(R) — Pre(Ry), Post(R1) — Pre(R,), and Post(R;) — Post(R), R =
Rq; Ry
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o Pre(R)Ae — Pre(Ry), Pre(R) A e — Pre(Ry), Post(R,) — Post(R), and
Post(R2) — Post(R), R = if e then R, else R, fi

o Pre(R) A e — Pre(R,), Post(R,) — Pre(R), and Pre(R) A ~e — Post(R),
R = while e do R; od

Proof
Straightforward induction on the structure of S. O
Al

Given a derivation A F {p}S{q} we define VC4({p}S{q}) to be the set of local
assertions corresponding to the last five clauses of the above mentioned lemma.
Given a bracketed program p = (U : S¢), with U = ¢; — St eno = S
a global assertion I, and the derivations A F {p*}Sc*{qz*}, the set of formulas
and assertions which have to be verified in the cooperation test will be denoted by
CP(Ay,...,Ap 1, 2.).

Now we can phrase the soundness of the rule (PR) as follows: If all the local as-
sertions of V', ({pi*} S {¢t*}). 1 < k < n, all the formulas and assertions of
CP(Ay,....An, 1, 2.,) are true, and finally the global assertion I satisfies the syn-
tactic restriction mentioned in the cooperation test then the conclusion of the rule
(PR) is valid.

It is easy to see that this formulation of the soundness of the rule (PR) is implied by
the following theorem.

Theorem 7.10

Let p= (U : Si*), with U = ¢; — S, ..., cno1 — S:»7', be bracketed.

Suppose that there exist for every normal statement R of p local assertions Pre(R) and
Post(R) such that for Ax = {{Pre(R)}R{Post(R)} : R a bracketed section occurring in S}
all the local assertions of V.4, ({pg*}S:*{q;*}) are true. Assume furthermore that

we are given that all the formulas and assertions of CP(4;,..., A,, I, z,) are true,

and finally that I satisfies the syntactic restriction mentioned in the first clause of the
cooperation test.

Let 7 = (X}, 0i)i=0,..,m be a sequence of global configurations such that for every 0 <
J < m we have (X;,0;) =™ (Xj;+1,0j41), where INIT ,((Xo,00)), and for every ¢ €
{c1,..,en}, a € o'¢) we have Xm(a) = E, or Xp(a) = Before(R, S°), After(R, §°),
R a bracketed section. Additionally we have to impose the following restriction on the
computation 7: For an arbitraryc, a € U,(,f) we have if X;(a) = Before(R, 5¢), for some
0 <7 < m, then for some 7 < j < m we have X;(a) = After(R, S¢). This additional
condition is necessary to ensure that in the configuration (X,,,0,,) every existing



49

object is about to enter a bracketed section or has just finished executing one or has
finished executing its local process. We have to exclude situations like: X,,(a) =
Before(R, S¢), with R =< while e do Ry od;R" >, and X,,_1(a) = After(R,,S°).
Note that in the configuration (X,,, o) the object « is in fact executing inside a
bracketed section.

Finally, suppose that: oo,w |= p5* | z.,.. Then:

n

1. omyw=1

2. Forc; € {c1,...,¢n}, @ € a,(,f‘):
o If X,,(a) = Before(R, S;*) then (a,on(a)),w |= Pre(R).
o If X,,(a) = After(R, S{*), and for some 1 < k < m, Xi(a) = Before(R, S;*)
such that for every k < [ < m, X;(«) = Before(R', S{*) implies that R’ is
a proper normal substatement of R, then (a,on(a)),w |= Post(R).
o If X,,(a) = E then (a,0n(a)),w = ¢

The additional condition in this second clause above can be shown to be nec-
essary as follows: Suppose the statement if ¢ then R; else R, fi occurs in S°¢.
We then have that After(R;,S) = After(R2,5). So we need some additional
information about which of the statements R;, R, has actually been executed.

Proof
The proof proceeds by induction on |h|, the length of the history of the computation
T.

|h| = 0:

Because og,w |= p5* | z.., INIT,((Xo,00)), and the implication of the last clause
of the cooperation test holds, we have that og,w |= I. Now o,, agrees with oo with
respect to the variables occurring in I (the computation T consists solely of a local
computation of the root-object), so o,,,w = I. Next we will prove by induction on

m, the length of the computation 7 (let w(z.,) = «):

o If X,,(a) = Before(R, S5), and R is minimal with respect to the relation “is a
proper normal substatement of”, then (o, o,(a)),w |= Pre(R).

o If X,,(a) = After(R, SS*), and for some 1 < k < m, Xp(a) = Before(R, S5*),
such that for every k < | < m, X;(a) = Before(R',S¢) implies that R’ is
a substatement of R (this property of R will be abbreviated to “After(R) is
r-reachable”), then (a,on(a)),w |= Post(R).

o If X,,(a) = E then (a,on(a)),w = ¢5.
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The additional condition in the first clause above can be shown to be necessary as
follows: Let R = Rq;R; occur in S¢S, where Ry, = while 0 <z doz:=z — 1 od.
Note that Before(R, S;») = Before(Ry,Si*). Suppose that Pre(R) = 0 < z and
Pre(Ry) =0 < z. Wehave = 0 < 2 — 0 < z, but of course not the other way
around, so when X,,(a) = Before(R, S5*) then 0 < & does not hold necessarily. Here

we go.

m =0: Xo(a) = S5. We are given that |= pi» — Pre(Sc) and (@, op(@)),w = pSr.
So we have that (a,on(a)),w |= Pre(SS*). Now let R be minimal such that
Before(R, S;*) = Sg». Then S = Ror S¢» = R; R, for some R'. In the latter
case we are given that |= Pre(S5») — Pre(R). So (a,0,(a)),w |= Pre(R).

m > 0: We distinguish the following cases:

1. X;n(a) = E;R,E.
(a) Xm—1(a) = Before(z := e, Se):
By the induction hypothesis we have (a, ,,_1(a)),w |= Pre(z := e).
We are given that |= Pre(z := e) — Post(z := e)[e/z]. Furthermore
we have that (a,on(a)) € S[z := e]({a,om-1())). From which by
the soundness of the local assignment axiom we infer (a, o, (a)),w |=
Post(z :=e). Let After(R',S5») = E; R, E, such that After(R') is -
reachable. An easy induction on the complexity of R’ establishes that
|= Post(z := e) — Post(R'), implying that for X,,(a«) = E we have
that (@,0m(a)),w = ¢ because we are given that |= Post(S") —
4"
(b) Xm-1(a) = Before(R', S;*), R' = while e do Ry od, and (a, 0, _1(@)) |=

—e:

By the induction hypothesis we have that (@, om_1(a)),w |= Pre(R').
We are given that |= Pre(R') A me — Post(R'). Furthermore we have
that oy = 0. Thus (o, 0n(a)),w |= Post(R'). For R” such that
After(R",S8*) = E; R, E, and After(R") is T-reachable, one can prove
by induction on the complexity of R” that |= Post(R') — Post(R").
Furthermore, as in the previous case, we have for Xm(a) = E that
<a7 om(a)),w = 4"

2. Xn(a)=R(# E):

(a) Xim-1(a) = Before(R',Si), R' = if e then Ry else R, fi, and Before(R,, §*) =
R:
By the induction hypothesis we have that (@, om_1()),w |= Pre(R').
Furthermore we know that (a,o,_1(a)) = e. We are given that |=
Pre(R') A e — Pre(Ry). So {(a,0m(a)),w = Pre(R,). Let R" be
minimal such that Before(R",SS*) = R, it follows that R, = R",
or Ry = R";R", for some R". In the latter case we are given that
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Pre(Ry) — Pre(R"), so (a,om()),w |= Pre(R"). The case that R =
R, is treated in the same way.
(b) Xm_1(a) = Before(R',Sc*), R’ = while e do Ry od, and Before( Ry, S;*) =
R: Analogously to the previous case.
(¢) Xm-1(a) = E;R:
Let Ry be the minimal normal statement such that R = Before(R1, S5*),
and R, be maximal such that After(R,, Si*) = E; R, After(R;) be-
ing T-reachable. Note that by the additional restriction on the com-
putation 7, which ensures that in the configuration (X,,,o,) every
existing object is executing outside a bracketed section, we have that
R, is a normal statement. By the induction hypothesis we have that
(a,om-1(@)),w | Post(Rz). There are the following two cases to
consider:
i. Ry; Ry is a substatement of S5»:
We are given that |= Post(R;) — Pre(Ry). So we have that
(a,om(a)),w |= Pre(R1).
ii. R; = while e do Rj od:
We have that |= Post(R;) — Pre(R,), from which follows the
desired result.

Next we consider the case |h| > 0:
h = hjo < a,3 >, where, say, a € 0%,3 € 0%

It is not difficult to see that we may assume that
T =(X0,00)s - s (Xksok)s- - s (Xpy01)y oo, (Xpyopr), oo (Ximy o)

where,

1. Xi(a) = Before(R, S£), Xi(a) = After(R, S;*), R the bracketed section execu-
tion of which by a consists of the creation of 3

2. From (X, o) to (X, op) only a is performing

3. From (X1, 0p) to (X, om) only 3 is performing

Of course this can be proved formally. However a formal proof being straightforward
but rather tedious notationally we think we are justified in giving only the following
informal explanation: Consider the moment of the computation 7 that the object
is about to enter the bracketed section execution of which consists of the creation of
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#. From that moment on all objects execute independently from each other, which
implies that from here on we can sequentialize the local computations in an arbitrary
way.

Let for ¢ € {c1,...,¢cn}, 7(# a,B) € 0%, Xi(y) = Xm(y) = Before(R', 5*), R' a
bracketed section. By the induction hypothesis we have that (y, ox(y)),w |= Pre(R’').
But or(7) = om(7), 50 (7,0m(7)),w |= Pre(R'). Analogously for Xi(y) = Xm(y) =
After(R',S;*), E (R’ a bracketed section).

Furthermore it follows by the induction hypothesis that

ouw{a/ze} I A Pre(R) | =,
where z.; does not occur in I. We are given that

= {I A Pre(R) | 2o, }zers RI{I A Post(R) | zo, Ap% | 20,72/, ]},

assuming that & := new occurs in R. We have that

01 € T[(z,, B)(w{a/ 20, 1) (n)-
So we may infer that

o, w{a/ze,} E (I A Post(R) | ze; Ap7 | ze[ze;-2/ 2, ])-

As z., does not occur in [ and oy agrees with o, with respect to the variables occurring

in I we have that o, w |= I.

From {a, oy(a)),w |= Post(R) we infer by an argument similar to the one applied to
the case |h| = 0 that (a, om()),w |= Pre(R'), (@, om()),w [= Post(R'), (a,om(a)),w |=
¢, in case X, () = Before(R', S5;*), Xim(a) = After(R', S{*), R' a bracketed section,
and X,,(a) = E, respectively. From (3, 0,(3)),w |= p;’ we derive in a similar way an

analogous result for 3. (Note that by the definition of a bracketed section we have

a(a)(z)=5.)
Finally, let A = hjo < «, 3,7 >, where, say, a € O%,3 € 0%:
Again it is not difficult to see that we may assume that

T = (JYO,UO), ceny ()(k, (Tk), ey (X'I,G'l), ceey (X'p,a'[l), ey (;\’m, O'm),

where

1. Xi(a) = Before(R, S{), Xi(B) = Before(R',S7), X)(a) = After(R, S{*), and

J

Xi(B) = Aﬁer(R',S;’), where R, R' are the bracketed sections execution of

which by a and 3 consists of the transfer of 4 from a to 3
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2. From (X, k) to (Xm,0m) only a and § are performing
3. From (X, 01) to (Xyr, 0p) only a is performing

4. From (X, op) to (Xm,0s) only B is performing

For ' # a, 3 the desired result follows from the induction hypothesis as in the previous
case. Furthermore we have by the induction hypothesis that

o wl=1,
(a,ar(a)),w = Pre(R), and
(B,0k(8)),w |= Pre(R').

Let z € LVar,,,:' € LVar., do not occur in I. It then follows that
orw{a,B/z, 2"} |= (I A Pre(R) | = A Pre(R') | =').
Furthermore we are given the truth of the formula
{IAPre(R)| =APre(R') | '}z, R) | (', R'){I A Post(R) | = A Post(R') | Z'},

and
o€ II[(:L'.” R) ” (:L,’ R,)E(w{avﬂ/zcn;é,})(ak)-

From which we derive that o7, w |= I (s0 o, w = I), (a,01()),w |= Post(R), and
(3,01(B)),w |= Post(R'). Finally, reasoning in a similar way as in the case |h| = 0
will give us the desired result. m|
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8 Completeness

In this section we prove the completeness of the proof system, that is, we prove that
an arbitrary valid global correctness formula is derivable. Without loss of generality
we may assume the sets C' and [Var to be finite.

8.1 Historles

First we want to modify a program p by adding to it assignments to socalled his-
tory variables, i.e., auxiliary variables which record for every object its history, the
sequence of communication records and activation records the object participates in.
In languages like CSP such histories can be coded by integers: In CSP we can as-
sociate with each process an unique integer and thus code a communication record
by an integer [Ap2]. As there is no dynamic process creation in CSP a history is a
sequence of communication records, which, given the coding of these records, can be
coded too.

Given some coding of ohjects, it is not possible in our language to program an internal
computation, using auxiliary variables, which computes the code of an object. That
is, we cannot program a mapping of histories into integers. Therefore to be able to
prove completeness, using the technique applied to the proof theory of CSP, we have
to extend our programming language. We do so by introducing for each d € C'*t a
new finite set of instance variables IVar§., for an arbitrary c. We define now the set
of expressions Ezp{, with typical element €, as follows:

Definition 8.1

e u= xg
self a=c
nil

|

l

| n a = Int

| true | false  a = Bool
|

(4 c .
e1fpt t €2l €= Int

| |eS | a = Int
I CY a=d
] €15 0 el a=d
|

e15=e25 a = Bool
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The value of the expression |eS.| is the length of the sequence denoted by the expres-
sion eS.. The value of the expression e;§ o ez is the result of concatenating the two
sequences denoted by the subexpressions e;§, es5. Finally, the expression (eg) denotes
the sequence consisting of one element, i.e., the value of the expression eg.

The set of statements Stat® is defined as before, but for the assignment statement.
Assignment statements now have the form: z{ := eg.

Programs are defined as before. Note that we introduced only some very restricted
repetoire of operations on sequences in our programming language. The main reason
being that more elaborate operations will complicate our substitution operations.

However to prove completeness the operations introduced above suffice.

The set of local expressions LErp; is extended as follows:

Definition 8.2

I = z, a =d,d* de {Int,Bool}
2
self a=c
nil
n a = Int

b tlyy a=d

[15.] a = Int
() a=d
LS olys e=d*

|
|
l
|
| true | false a = Bool
|
l
|
l
|

c [4 —_
lijpe + by @= Int
| L=1g a = Bool
The added operations on sequences are interpreted as described above. Local asser-
tions are defined as bhefore.
As we do not want to redefine our substitution operations we do not change our

global assertion language but for allowing instance variables of type d*, for d € C +,
As a consequence we have to redefine the definition of the transformation of a local
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expression, local assertion to a global expression, global assertion, respectively. We
do so by viewing the global expressions (g), g1 o g» as abbreviations in the following
sense: Suppose the expression (g) occurs in the assertion P. Let P’ be such that
P'[{g)/z] = P. Then we can view P as an abbreviation of the assertion

Iz(|z] =1LAz:1=gA P').

In case an expression of the form g; o g2 occurs in P, let P’ now be such that P'[g; o
g2/z] = P. Then we can view P as an abbreviation of the assertion

Jz |
1z] = |g1] + |g2|A
Vi(l<i<|g| = z:1=g1:9)A
Vi(lga|| < i < 2] = 210 = ga 1 9)A
PI

Definition 8.3
We can define now [ | g simply as follows:

zlg = z

zlg = gz

self | g = g

Hlg = (llg)
liclylg = Llgolylyg

The transformation p | ¢ is defined accordingly.

Note that the resulting assertion, in the case that p contains these newly introduced
expressions, really is an abbreviation of an assertion.

Next we describe how to code histories in the extended version of our programming

language. First we order the set {cy,...,cn, Int, Bool}, assuming C' = {c1,...,¢n}, as
follows:

Ord(c;) = i

Ord(lnt) = n+1

Ord(Bool) = n+2

Given this ordering we assume the set of pairs < ¢, d > to be ordered lexicographically.
Now we introduce variables which will be used to code the history of an arbitrary
object.
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Definition 8.4
For an arbitrary ¢ we associate with each pair < ¢;,d > the variables:

inl,, € IVari., in2,, € IVarg., in3,, € IVarfnt.,

¢
outl m € IVarc., out2m, € IVarg., out3m € IVary ..,

where m = Ord(< c¢;,d >), and with each d the variables
in?2,, € [Varg., in3,, € IVarfnt.,
where m = n? + 2n + Ord(d), and, finally, with ¢; the variables

actl,, € IVart.

c?
:

act2, € IVary .,

Ord(ci).

where m

Finally, for each ¢ we introduce a fresh variable count € I'Varf,.

Definition 8.5
For 1 < i < n the set of variables, as introduced above, belonging to IVar®, we denote
by H*¢.

Let m = Ord(< ¢;,d >). Then for an arbitrary object of class ¢ the variable in/,,
will record the order in which objects of class ¢; communicated an object of class d to
it. These communicated objects are stored in the order of their arrival in the variable
in2,,. The variable ind,, will record for each of the above communications the local
time it occurs.

Analogously we have that for an arbitrary object of class ¢ the variable out?,, will
record the order in which objects of class c; received an object of class d from it. The
communicated objects are stored again in the order of their arrival in the variable
out2,,. The variable out3,, will record the local time of each of these communications.

Let for d € C* m = n? 4+ 2n + Ord(d). The variable in2,, will record for each object
of class ¢ the sequence of objects of class d communicated by an unknown object. The
variable in3,, again will record the local time of each of these communications.

Let m = Ord(c;). Then for an arbitrary object of class ¢ the variable act1,, will
record the order of objects of class ¢; which have been created by it. The variable
act2,, will record for each of these activations its local time.

Finally, for each object of class ¢ the integer variable count will record its local time,
i.e, this variable simply counts the number of communications and activations of this
object.
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As we introduce instance variables ranging over sequences only to be able to code
histories we assume that IVarg. = HS., ford € C'*.

According to the above informal explanation we transform a program p, assuming
IVar(p)nU,. H® = 0, to p’ as follows:

Definition 8.6
First we transform an arbitrary 1/0 statement and new statement:

z:, Tyg = g, Tyg; count := count + 1;
iy, 2y, i3, = inl,o < zg, >,mn2,0 < yg >, 30 < count >,

where m = Ord(< ¢;,d >)

z; leg = ¢, leg; count := count + 1,
outl o, out2,,, out?,, := outl o < zg,. >, o0ut2,0 < €5 >, outd o < count >
where m = Ord(< ¢;,d >)

?yg = ?yS; count := count + 1;

N2, N3 1= in2p0 < y§ >, indmo < count >,
where m = n? + 2n + Ord(d)

ry=new = 25 :=new;count:= count + 1;
actlm, act,, := actlmo < 2§ >, act2,,0 < count >,
where m = Ord(d)

Here 21,...,2, := €1,..., e stands for z, := e;;...; 2% := er. Let for an arbitrary
statement S¢ the result of applying the above transformation to S, defined by in-
duction on the structure of §, be denoted by §’. Given a program p = (U : S,
with U = ¢; « S7',...,cay « Si27', we define p/ = (U’ : Sy, with U = ¢; «
51'-‘1 c . Slfn—l

19+ 1Cn1 & 570

We introduce the following notation to refer to the history of an object of class ¢
encoded by the values of the variables of H°.

Definition 8.7
Let o and a such that a € ¢(¢). We define ho to be the history encoded by the
values of the variables of H¢ of a, if such a history exists, otherwise hs & is undefined.

8.2 A most general proof outline

Let p = (U : Si»), with U = ¢; « S{',... ¢y — !, be a program such
that IVar(p) N U, H® = 0, and for which the formula {p | z., }p{Q} is valid, where
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IVar(p,Q) N U. H® = 0. We define a most general proof outline for p’, that is,
we will define a global invariant I and for every occurrence of an arbitrary normal
substatement S of p’ local assertions Pre(S) and Post(.S) such that for

Ay = {{Pre(S)}S{Post(S)} : S an occurrence of a bracketed section of S'“*}

we have Ay - {Pre(5'*)}S"*{Post(S5'*)} and Coop(Ai,...,An,I,z.,). By an ap-
plication of the rules (PR), (PC), (S1), (52), (INIT) and (Aux) the derivability of
{p !l 2z, }p{Q} then can be shown to follow. First we modify the precondition p*~ as
follows:

Definition 8.8
We define

Pt =p A /\ (z = zz) A Thist,

zeW

where W =1 Varlc;t ul Va-ch"OOI, z; being a new logical variable uniquely associated
with the instance variable . These newly introduced variables are used to “freeze”
that part of the initial state as specified by the integer and boolean variables. Fur-
thermore Ihist stands for the assertion

count = 0/\/\ /\ lz| = 0.

d mGH::‘
The assertion Jhist initializes the history of the root-object.

We start with the definition of the global invariant. This global invariant describes all
states o for which there exists an intermediate configuration (X', o’) of a computation
of p' such that ¢ and o’ agree with respect to the existing objects and with respect
to the histories of these objects. Furthermore, in the configuration (X', ') every
existing object is executing outside a bracketed section, so no object is involved in a
communication or the creation of some object.

Lemma 8.9
There exists a global assertion I, IVar(l) C U, H¢, such that:

o,w |= I iff there exist configurations (Xp, 0q), (X1, 1) such that:

e For some history h : (Xo,00) —h (X1,01), where Init,((Xo,00)), and for

(ca)

a € oy ™’ we have (a,0p()),w = p'“".

e For an arbitrary c and a € 0'§c) we have that X;(a) is normal.

, and for every a € o©) we have hoo =

o For an arbitrary ¢ we have o(°) = crgc)

hoy a-
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Proof
See section 9. O

The next lemma states the existence of a local assertion Pre(R), R a normal substate-
ment of $'. This local assertion describes all the local states § = (a,s) for which
there exists an intermediate configuration (X, o) of a computation of p’ such that «
exists in o and s equals o(«a), furthermore, in the configuration (X, o) the object «
is about to execute R.

Lemma 8.10
Let R be a normal substatement of S’;*. There exists a local assertion Pre(R) such
that:

6°,w |= Pre(S) iff there exist configurations (Xo, o), (X1, 1) such that:

e For some history h we have (Xp,00) —" (X1,01), where Init,((Xo,00)), and

(cn

for o € o) we have (o, 00()),w = p"".

e For some a € a(lc‘) we have (a,o1(a)) = 0 and X;(a) = Before(R, S"S').

Proof
See section 9. a

Analogously we have a lemma asserting the existence of a local assertion Post(R),
R a normal subprogram of, say, S';': Just substitute dfter(R, S’s*) for the phrase
Before(R, S'}').

Now we define our sets of assumptions.

Definition 8.11
Let

Ay = {{Pre(R)}R{Post(R)} : R a bracketed section occurring in S’{*}.

We have the following lemma stating that from this set of assumptions A, we can
derive the local correctness formula { Pre(S"*)}S* { Post(S';*)}.
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Lemma 8.12
For the set of local correctness formulas A, as defined above we have

Ap F {Pre(S8"*)}S i { Post(S'y})}-

Proof
Follows in a straightforward manner from the semantics of the assertions Pre(R) and
Post(R), R a normal statement of S’, as described above, using lemma 7.9. a

To show that these assumptions cooperate we need the following definition and lemma:

Definition 8.13

Let, for an arbitrary ¢, B¢ C o9, and, for a € B, R4 be a bracketed section of S’ or
be the empty statement E. We call the set J.{< a, Ry >: a € B} (o,w)-reachable
iff there exist configurations ( Xy, 09), (X1, 1) such that:

e For some history h: (Xo,00) —" (X1,01), where INIT ,((Xo, 00)), and for

ac a(()c") we have (o, gp(a)),w |= p'".
e For an arbitrary ¢ we have B¢ C agc), for a € B® we have Before(Rq,S'S) =
Xi(a) if Ry # E, X1(a) = E, otherwise, and o(a) = a1(a).

If, additionally, we have for an arbitrary ¢ that o(°) = a'gc) and for all a € o(°) we

have that X;(«) is normal and hy, o = hy, o We speak of (I,0,w) — reachability.

Note that o,w = Pre(R) | z, assuming R to be a bracketed section of S’° and
z € LogVar,, implies the (o,w) — reachability of < a, R >, where a = w(z). We have
the following lemma, which is called “the merging lemma”, about merging different
computations into one computation.

Lemma 8.14

Let, for an arbitrary ¢, B¢ C o(¢) be such that for « € B and R, (a bracketed section
of §'° or the empty statement E) we have that < a, R, > is (o,w) — reachable and
o,w |= I. It then follows that J.{< a, Ry >: a € B} is (I,0,w) — reachable.

Proof
By o,w |= I we have for some configurations ( Xy, 09), (X1, 01):

e For some history h : (Xo,00) —" (X1,01), where Init,((Xo,00)), and for

a € a(()c“)

n

we have (a, go(a)),w |= p"“".
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e For an arbitrary c and a € a'gc) we have that X;(a) is normal.

(e)

e For an arbitrary ¢ we have o(¢) = o,”’, and for every a € o(©) we have heo =

ho, a-
By the (o, w)—reachability of < a, R, > we have for some configurations (X4, 04), (X2, 0% ):

o For some history hq:(Xa,0q) —"= (X7, o.), where Inity((Xq, 04 >), and for
B € o&™) we have (3, 0a(B)),w = p'".

o Fora € a’ff) we have o(a) = o/, (a) and X/ (a) = Before(R4, S™).

As a local computation of an object which is executing outside a bracketed section
does not affect the history variables, i.e., the variables used to encode the local history,
we may assume without loss of generality that there exists no configuration (X, o)
such that (X;,01) —° (X, 0), so every existing object in (X7, 07) is about to enter
a bracketed section or has terminated. (Just execute the local process of an object
until a bracketed section has reached or it has terminated.) It suffices to prove that
for a € B¢ we have (X;(a),o1(a)) = (X (), ol (a)).

Now let a € B¢, with ¢ # ¢, From the definition of the global transition sys-
tem and the construction of p’ it follows that (S5'¢, ) —hola (X\(a),0l(a)) and
(8¢, v7) —=hoe (Xi(a), o1(a)). Now by hot o« = hoa = hoy  (the first identity follows
from o(a) = ol (a), the second from o,w |= I), and the fact that the environment

completely determines the local behaviour of an object we have (Xi(a),o1(a)) =
(Xa(a), og(a)).

Let a € B": From (a, 0o()),w |= P/, (a, 0a(@)),w |= P, and Init ,((Xo, 00), (Xa, 0a))
it follows that ogo(a) = oq(a) (the assertion A cw (2 = z) freezes the part of the

initial state specified by the variables ranging over the standard objects, the predi-

cate Init, fixes the part of the initial state specified by the variables ranging over the

non-standard objects, and, finally, the assertion Ihist fixes the variables introduced to

code the local history). So we can apply an argument similar to the one given above.

a

Given the merging lemma we are now ready to prove that the assumptions intro-
duced above cooperate. First we show how to discharge assumptions about bracketed
sections containing a new-statement.
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Lemma 8.15
Let R = z := new; R; be a bracketed section occurring in $’{*, assuming the type of
the variable z to be c;, then:

F{IA Pre(R) | z}(z, R){I A Post(R) | z A Pre(5'7) | 2')[z.z/2]}.

where z € LVar,; and 2’ € LVar,; are two distinct new variables.

Proof
Let [act] abbreviate the substitution corresponding to the updating of the local history
as described by Ry:

[z.actljo < z.z >, z.act2jo < z.count + 1 >, z.count + 1/z.actl, z.act2;, z.count].
By the axioms (IASS) and (NEW) it suffices to show that:

=IAPre(R)] z—
(I A Post(R) | zA Pre(S’jj) | '[z.z/2"])act][z"] z.2][new/ "]

where 2" € LVar., is a new variable: Let o,w |= I A Pre(R) | z. Now o,w |=
Pre(R) | z implies the (o,w) — reachability of < w(z), R >. An application of the
merging lemma gives us the (I,0,w) — reachability of < w(z), R >. So there exist
configurations (X, 01), (X2, 02) such that

e For some history h: (Xi,0) =" (X2,07), where Inity((X1,01)), and for a €

cn)

ag we have (a,o(a)),w = p"".

e For an arbitrary ¢ we have o(9) = agc), and for a € o{°) we have that X;(a) is
normal and h, o = b, o-

o For a = w(z) we have o(a) = o2(a) and Before(R, ") = X,(a).

Let o' € I[(z, R)](w)(o). It then follows that for o3 such that

o) = u{B} c=
= 0'(2'6) otherwise,
with 3 = o'(a)(z), and o35y = oy {0'(@)/a}{V/B}, with a = w(z), we have
(X1,01) N (X3,03), where b’ = ho < a,3 > and X3 = X,{After(R,S"")/a}.

By (Xi,01) —h (X3,03) we have o/,w |= I. Furthermore it follows that ¢’ ,w |=
Post(R) | z and o', w{B/2'} Pre(S’;’) | ', or, equivalently, ¢/,w |= Pre(S') |
2z.z/2].
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Summerizing we have
o',wl= (I A Post(R) | z A Pre(5') | 2'[z.z/2"]).

From which in turn it is not difficult to derive by an application of the lemmas 7.1
and 7.3 that:

o,w = (I A Post(R) | z A Pre(§'7) | 2'[z.z/2")[act][z"]z.z][new/2"].

Next we show how to discharge assumptions about matching bracketed sections.

Lemma 8.16
For two arbitrary matching bracketed sections R; and R, occurring in, say, S';', S’jj ,
1<i<mn,1<j<mn, we have:
{I A Pre(Ry) | zA Pre(R2) | 2'}
F (erl) “(zlvRZ)
{I A Post(Ry) | z A Post(R,) | z'}

where z € LVar., and z' € LVar., are two new distinct variables.
i J

Proof

We prove the following case, the other ones are treated in a similar way: Let Ry =
zle; RY, Ry =y; R}, and 7 # j. Let [in] abbreviate the substitution corresponding to
the update of the local history as given by R}:

[ Zlanlpo < 'y >, in2p0 < '.count + 1 >, ' .count + 1/ ]

Z'inly, 2'.in2y, 2 .count.

And [out] abbreviate the substitution corresponding to the update of the local history
as given by R5:

[ zooutljo < z.x >, z.out2jc < € | = >, z.0utdjo < z.count + 1 >, z.count + 1/

z.outly, z.out2;, z.out3;, z.count.

By the axioms (COMM) and (IASS), the rules (SR2), (PAR1) and (PAR2) it suffices
to show that:

= IAPre(Ry)| zAPre(Re) | 2 Nz =2 AN zz #nil —

(I A Post(Ry) | z A Post(R,) | z')[in][out][e | z/=".y].
Let o,w |= (I A Pre(Ry) | = A Pre(Ry) | 2/ A z.z = ' A z.z # nil). It follows that
< a,Ry > and < 3, Ry > are (0,w) — reachable, where a = w(z) and 3 = w(z’). From

lemma 8.14 then we infer the (I, o,w) — reachability of {< a, Ry >,< B,R; >}. So
there exist configurations (X, 0y), (X2, 02) such that
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e For some history h: (X1,01) =" (X2, 02), Initp:((Xl,al)), and for a € a_g(.‘u) we

have (a,0(a)),w = p"".

o For an arbitrary ¢ we have () = a'gc) and for a € o{°) we have that X»(a) is
normal and hs o = hoya-

e We have Before(R1,5"') = Xa(a), Before(Rg,S'jj) = Xo(B), and o(a) =
a2(a), o(B) = a2(B)-

Let o' € I[(z,R1) || (z',R2)|(w)(c). Note that such a o' exists because we have
owlzz =z Aze #nil

By the definition of the global transition system it follows that for o3, with cr:(f) = agc),

¢ arbitrary, and o3z = oyz){c'(a)/a}{s'(8)/B} we have (X1,01) —h" (X3, 03),
where A’ = ho < a,f3,7 >, for somey,and X3 = X-z{Aﬂe-r(Rl,5":-")/01}{.-4fter(R2,S’;’)/ﬂ}.

From (X1, 04) N (X3, 03) it then follows that ¢',w |= I. Furthermore we have
o',w |= Post(R;) | z and ¢',w |= Post(R,) | 2'. Summerizing we have:
o' ,w|= (I A Post(Ry) | = A Post(Rs) | z').

From which in turn we derive by applying lemma 7.1 that

o,w = (I A Post(Ry) | = A Post(R2) | Z")[in][out]le | =/ .y}

We summerize the above by the following theorem.

Theorem 8.17
The following formula about p’, which is called the most general correctness formula
about p’, is derivable:

{Pre(577) | ze.}

p
{IA Nign V2e; Post(S'5) | ze; A Post(S'7) | zen }-

Proof
By lemma 8.12 we have

Ap F {Pre(S')}S"E{Post(S"s")}.
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Furthermore it is not difficult to prove that

= Pre(S'77) | zen AVZL (2L, =z, ) A\ (Vzfalse) — 1.
1<ikn

From this and the lemmas 8.15 and 8.16 it follows that Coop(A,,..., A, I, 2.,)-
Applying the rule (PR) then finishes the proof. a

We are now ready for the completeness theorem.

Theorem 8.18
The valid correctness formula {p | z.,}p{Q} is derivable (assuming IVar(p, Q,p)N

U 2 = 0):
F {p ! 3Cu}p{Q}'

Proof
By the previous theorem we have the derivability of the correctness formula

{Pre(S") | ze, }

p
{I A Nign Vze, Post(S'') | z¢; A Post(S';}) | zc, }-

It is not difficult to prove that |= p"* A e 2 = nil — Pre(S';), where W =
U. [Varg. Next we prove

= IA N Vze Post(S'5) | ze; A Post(S';") | 2z, — Q.
1#£n

Let the antecedent of the implication be true with respect to some logical environment
w and some global state 0. Note that for an arbitrary ¢, a € 6(¢), we then have that
< a,E > is (0,w) — reachable. Applying lemma 8.14 thus gives us the (I,o,w) —
reachability of |J,{< a, E >: a € ¢(9)}. Tt thus follows that (X;,0;) =" (X3, 0) for
some history h, where Inity((X1,01)), Finaly((X2,0)), and o1,w = p | z.,. Now
the validity of the formula {p | z.,}p{Q} implies that of {p | z.,.}p'{Q} (note that
IVar(p,Q,p)N U, H¢ = 0, and that the updating of the history variables does not
affect the flow of control of p), from which we conclude o,w |= Q.

By the consequence rule and the rule (INIT) we thus have

H{p' | z.}0'{Q}.

Applying the substitution rules (S1) and (S2), substituting every logical variable z,
by the corresponding instance variable z, substituting the instance variable count by
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0, and every variable z € H3?, d € C*, by nil, the empty sequence, then gives us,
after an trivial application of the consequence rule,

F{p | z.}p'{Q}.
An application of the rule (Aux) then finishes the proof. o
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9 Expressibility

In this section we show that the assertions I, Pre(R) and Post(R), as defined in
the section on the completeness of the proof system, can indeed be expressed in our
assertion languages. We assume throughout this section the sets ¢’ and IVar to be
finite. We start with a description of the coding techniques we will use to express
these assertions.

9.1 Coding techniques

We will have to use some coding mechanism to arithmetize the semantics of programs
and assertions. However we will not go into the details of the construction of the
mechanism we need. We will just assume such a coding mechanism to exist, and list
some of its properties we shall make use of. For the details of the coding mechanism
we refer to [TZ]. Let p’ be the program defined in the section on completeness (see
definition 8.6), relative to which the assertions I, Pre(R) and Post(R) are defined.

For an arbitrary statement S, variable z, the code of S and z will be denoted by
[S],[z] € N, respectively.

For an arbitrary d we assume given an injection [|g € O¢ — N such that [1]; = 0.
For d = Int we assumne []4 to be surjective too.

Furthermore we assume given for an arbitrary d an injection [|4« € O¢" — N such that
for a« =< B1,...,3, > 0%, with d € C, we have [a]gs = [< [B1ld, - -+ [Bnld >]jnt*-

The code of an arbitrary global state ¢ and a global configuration (X,o) will be
denoted by [o],[(X, )] € N, respectively.

We assume the representability in the local assertion language of []|,;~ and of the
coding functions [}|; and [Jgeol- S©, for example, we assume the existence of an
assertion p(zy, z3), where z; € LVarg., 2 € LVarg, d = Int, such that for an arbitrary
w, 8 we have

6,w |= p(z1, 22) iff [w(z1)]gr = w(z2).

As we will explain in the following subsection the coding function [| is not rep-
resentable in the local assertion language or in the global assertion language. For
example there exists no local assertion p(z, z), the type of the variable z being ¢ and
that of the variable z being Int, such that for every § and w:

b,w = p(z, 2) iff [6(2)]. = w(2).
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However we will see that we do not need these functions to be representable in the
assertion language.

Next we present a list of relations between natural numbers which we assume to be
recursive, and thus definable in the local assertion language:

Definition 9.1
We define

o Leng(n) = m iff there exists a sequence a € 0% such that [a]sge = n and the
length of a equals m.

o Concy(n,m) = k iff there exist a, 3 € O such that n = [a]g-, m = [Bl4-, and
k =[coBla-.

o Elty(n, m) = k iff there exist a € 0%, B € O'L"t such that [a]ge = n, [B]j, = m,
and [a(3)]a = k.

o Act.(n,m) iff there exist a global state o, a € () such that m = [o], [a]c = n.

o Vals(k,l,m) = niff there exist a program variable z{, a global state o, a € ole)
such that [o] = m, [a]. = k, [2¢] = [, and [o(a)(z§)]. = n.

o Trans(n,m) iff there exist global configurations ( X, 0¢), (X, @) such that [( Xo, 00)] =

n, [(X,a)] = m, Inity((Xo, 00)), and for some history h (Xo, o) —h (X, 0).

e Norm.(n,m) iff there exist a global configuration (X,0), a € () such that
[a]e = n, [(X,0)] = m, and X(a) is normal.

o Before (k,1) = m iff there exist statements R and S°¢ such that [R°] = &,
[S¢] = I, and [Before(R¢, 5¢)] = m.

o After (k,1) = m iff there exist statements R° and S¢ such that [R] = k, [5°] = [,
and [After(R¢,S5¢)] = m.

o Prog.(n,m) = k iff there exist a global configuration (X,7), a € o(°) such that
(X,0)] = m, [¢]c = n, and [X(a)] = k.

o State(n) = m iff there exists a global configuration (X, o) such that [(X,0)] = n

and [o] = m.

In the sequel we identify the relations defined above with their representations in the
local assertion language.

Next we code the truth relation o,w = p° | z., p¢ a local assertion. We do so by
translating a local expression I° and a local assertion p° to an arithmetical one, which
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we denote by I¢|u, v] and p°|u, v], where u, v are fresh logical integer variables. We call
an expression (assertion) arithmetical if only logical variables ranging over (sequences
of) integers occur in it. (So occurrences of instance variables are not allowed.) The
idea is that the translated expression (assertion) “speaks” about a state in terms of
the arithmetical structure of its code number. The variable » will be interpreted as
the code of the current state, and the variable v as the code of the object with respect
to which the expression (assertion) is evaluated. The translation runs as follows:

Definition 9.2
We define

o zglu,v| = [z4]q

o 25 |u,v] = Val(v,[z5], u)
o nillu,v| =0

o self[u,v] = v

o nlu,v] = [n]jn

o true|u,v]| = [true]gyol

false|u,v| = [false]ggol

(€5 : e5)|u, 0] = Elt(es [u, ), e5|u,v))
o <e > u,v) = [< e, v) Sy
o (€5 0e5)lu,v] = Conc(efu,v], e5|u,v])
o [e°l|u,v] = [Len(e®|u, v])]jnt
o (ef = ef)|u,v] = efu,v] = €5u, v]
o (=) |u, o] = ~(pu,v])
o (piAP3)|u 2] = pilu, v] Aps)|u,v]
¢ (3zap°)|u, v] = Fz(p° |, v])
Note that by definition of the local assertion language we have in the first clause above

that d = Int,Bool. With respect to the last clause we have a = d,d*, d = Int, Bool.
We have the following semantical property of this translation:



Lemma 9.3
For an arbitrary o,a € o(9, w such that OK (o,w) we have

[£155 | zef(w{a/ze})(0)]a = LI v, ] [(w {[o], [a]c/u, v})(o),

and

Alp° | zel(w{a/z})(0) = Alp®|u, v])(w {[o], [a]c/u, v})(o).

This lemma states that taking the code of the object denoted by the expression !
yields the same result as when we evaluate the translation of [ into an arithmetical
expression, interpreting the variables « and v as the current object and the current
state, respectively. With respect to assertions this lemma expresses a corresponding
proposition. Note that in fact the state with respect to which we evaluate the trans-
lated expression (assertion) is irrelevant because there do not occur instance variables
in the translated expression (assertion).

Proof
Straightforward induction on the structure of IS and p°. a

9.2 Object-space isomorphisms

To proceed we next introduce the notion of an object-space isomorphism, an os: for
short.

Definition 9.4
An object-space isomorphism (osi) is a family of functions f = ( fd)deCh where f? ¢
O‘_iL — O‘i is a bijection, f¢(L) = L and f9, for d = Int, Bool, is the identity mapping.

Given an os: we define the isomorphic image of a local state as follows:

Definition 9.5
For an arbitrary local state 6¢, osi f we define the local state f(6°) as fcllows:

o f(0°)a) = f(6;))-

e For an arbitrary variable z € IVarg we have f(6)(;)(z) = fd(ﬁfz)(z)).

Given an os: we define next the isomorphic image of a global state.
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Definition 9.6
For an arbitrary global state o, osi f we define the global state f(o) as follows:

o For an arbitrary ¢ we have f(o)() = f(a(9)).

e For an arbitrary ¢, a € o(®) we have f(o)(a) = f¥(o(g9°(a))), where g = f1
and f~! denotes the inverse of f: f~! =< (f¢)7! >q.

Finally, given an os: we define the isomorphic image of a history.

Definition 9.7
Let h be a history and f be an ost we define f(h) as follows:

f(h) =e
ifh=c¢
= f(h1)o < fh(a), fH(3) >
ifh=ho<aB> ac0% 3e0?
= f(h1)o < f%(a), f4(B), f*(7) >

if h = hjo < a,3,7 >, a € 0%, 3e07,ye 0%

The following theorem states that isomorphic states cannot be distinguished by the
assertion languages.

Theorem 9.8
For an arbitrary osi f, local state 8¢, logical environment w and local expression [g,
local assertion p¢ we have

o fULIEN)(6°)) = LIEI(F(@))(F(6°))-
o A[p°l(w)(6°) = Alp(fF(w))(F(6))-

where f(w)(z) = f*(w(z)), z € LVar,. Furthermore for an arbitrary global state o,
logical environment w such that OK(w, o), global expression g, and global assertion
P we have

o f2(Glgal(w)()) = Glgal(F(w))(f(2))-
o A[P)(w)(e) = A[P](f(«))(f(2))-
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Proof
Induction on the structure of I, p¢, g. and P respectively. ]

The following theorem states that our transition system is closed under isomorphic
images.

Theorem 9.9
For two arbitrary global configurations (Xo, 09), (X1, 1), osi f and history h we have
if

(Xo,00) =" (X1,01)

then
(f(Xo), f(a0)) =T (£(X1), F(a1)),

where f(X)(a) = X(f!(a)).

Proof
It is not difficult to see that it suffices to prove the corresponding proposition for the

local transition system: If
(51,61) =7 (52,02)

then
(51, F(61)) =5 (Sa, £(82)).

This is proved by a straightforward case analysis, making use of theorem 9.8. O

9.3 Coding the global invariant

Now we are ready to show how to express the global invariant as defined in the section
on completeness. One of the main difficulties with expressing the global invariant is
caused by the fact that we cannot express directly for example the relation a(¢) = ¢'(¢),
o and ¢’ arbitrary, in terms of the code for ¢'. More precisely, there exists no assertion
P(z) such that for every state o and environment w, with OK(o,w) and w(z) = [¢'],
for some state o', we have

o,w |= P(2)iff o() = g'(),
This is an immediate consequence of theorem 9.8: We have
o,w = P(z)iff f(o), f(w) = P(2),

for an arbitrary os:i f. But it is not the case that for every osi f we have f(a)(c) = ')
(note that f(w)(z) = [¢']). However using theorem 9.9 we will see that we do not
need to express this coding relation directly.

To proceed we first introduce some new logical variables.
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Definition 9.10
For an arbitrary c let bij, € LVar... Furthermore let bij denote a sequence of these
variables.

Given a state o and an osi f these variables bi; will be used to code the restriction
of f to the existing objects of o in the following way:

Definition 9.11
For an arbitrary state o, environment w, with OK (w, o), and osi f we define
Code(w, a, f) iff for an arbitrary ¢, a € o(9) we have w(bij,)([f(a)].) = a.

So every existing object of an arbitrary class ¢ is stored in the sequence denoted by
bij. at a position which equals the code of its image under f.

Now we are ready to define an assertion Bij(H¢€, z.,n,m) which expresses for two
arbitrary states 0,0y, a € ¢{°, and osi f the relation flhoo) = hs, fe(a)- The idea
is that the logical variable z. is interpreted as the object a, the integer variable n as
the code of f¢(a), and the integer variable m as the code of o;. In the formulation
of the assertion Bij(H¢, z.,n,m) we will assume that the variables of bij code the
restriction of f to the existing objects of o.

Definition 9.12 ,
Let n and m be two logical integer variables. We define

Bij(HC’zmn’m): /\ P(zc.:c,n, m),
r€H<

where
P(z..z,n,m) =

V1<j<zex| ( zew:j = nil > Elt( Val(n,[z],m),[j]jn) = OA
Vk(ze.z : j = bij,, : k # nil — Elt(Val(n,[z],m), [j]jnt) = kA
|z = Len(Val(n, [z],m))
)

Here we assume the type of z to be c}. If on the other hand the type of z is Int* we
have
P(z;.xz,n,m) =

V1< < lsezl ( 2oz # il  Bl(Val(n, [2],m), [lag) = (2 : !
ze.z : j = nil = Elt(Val(n, [z],m), [j]jnt) = OA
|zc.2| = Len( Val(n,[z], m))
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The meaning of the assertion P(z..z,n,m), with ¢} the type of z, can be explained as
follows: Suppose that the variable n is interpreted as the code of the object a = w(z,)
and the variable m as the code of the state ¢ such that a € o(9). The assertion
P(z..z,n,m) then states that every element of the sequence denoted by o(a)(2) occurs
at a position in the sequence denoted by b7j,, which equals its code. Formally we have
the following lemma about this semantical property of the assertion defined above.

Lemma 9.13
Let Code(w, o, f), a € o(9) and o' such that f(o) = o'. (Here o7 =~ o3 holds iff for

every ¢ we have o\ = ¢{).) We have

o,w{a/z,[f(a)lc/n,[e']/m} = Bij(HS, ze,n,m) iff f(hso) = hot f(a)-

Proof
It is not difficult to prove that

f(ho,.a) = hal'ft(a) iff
for every d, 2 € Hg. : f(o(a)(z)) = o'(f(a))().

Furthermore from Code(w, o, f) and f(o) =~ o' it follows by a straightforward but
slightly tedious argument that

flo(a)(z)) = o'(f())(2) iff o,w{a/z, [f(a)le/m,[0"]/m} |= P(zc.,n,m).

Now we can express the global invariant as follows.

Lemma 9.14
We define
I =
n,m,k ( Trans(n,m) A p'|u,v]|[State(n), k/u,v] A Act.,(k, State(n))A
A:Vi(Act.(i,m) — Norm.(i,m))A
6T (AN < < [bil(bif, G = A
Ac Vi(Act(i, State(m)) & bij, : i # nil)A
VL < § < |bij| Bij(H?, bij, : j,j, State(m))



(Here “3! is interpreted as “there exists an unique”, which can be expressed by the
usual quantifiers.) Note that the quantification dn, m corresponds to the phrase “there
exist configurations (Xo, 0¢),(X1,01)”. The assertion Trans(n, m) then corresponds
to “there exists an history h such that (X, o) —h (X1,01) and Inity((Xo,00))”. The
assertion 3k(p'|u,v|[State(n), k/u,v] A Act., (k, State(n))) translates the phrase “for

(Cn.)

a € o5 "' we have (a,0¢(a)),w |= p'”. The assertion Vi(Act.(¢,m) — Norm.(i,m))

corresponds to “for an arbitrary ¢ and a € aic) we have that X;(a) is normal”.

Finally, the assertion

3bi; ( AV AN < j < [bijbig, s = zeA
A ViAct(i, State(m)) — bij, : ¢ # nilA
A V1 < j < |bij |Bij(H¢, bij, : j, j, State(m))
)

(c

will correspond to the phrase “for an arbitrary ¢ we have o(¢) = a’i ) and for every

Y +
a € o'¢) we have hoo = hoy o

Proof
Let o,w |= I. So there exist 71,72,73 € N such that o,0’ |= I, where o' =

W{')’lv 72, 73/”7 m, k}

By o,u' |= Trans(n,m) we have Init,((Xo,00)) and (Xo,00) =" (X1, 01), for some
history h, where [(Xo,00)] = 71 and [(X1, 01)] = 72.

From o,w’ |= p'|u, v|[State(n), k/u.v]A Act,, (k, State(n)) by an application of lemma

9.3 it follows that (a, op(a)),w = p', where a € a((,c").

By 0,0’ |= A Vi(Act.(i,m) - Norm.(i,m)) we have that X;(a) is normal for every

a € a&c), c arbitrary.

Now let o; € O%" such that for w” = w{a;/bij, } we have

L oo, = AVz 3 < j < b l(bij, : j = =)
2. o,w" = A\ Vi(Act(i, State(m)) — bij, : i # nil)

3. o,w" |= A V1 < j < |bij,| Bij(H®, bij, : j, 7, State(m))

Let f be an osi such that for an arbitrary ¢;, a € o(%) we have a;([Ble;) = a iff
f(a) = 3. Note that this is well-defined because of 1 and 2.
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By 3 and an application of 9.13 we have f(hsa) = ho, sc(a), for an arbitrary ¢ and
a € ol9). (Note that we have Code(w, o, f) and f(o) = 0.)

Finally, applying theorem 9.9 gives us

(FH(Xo), f~(00)) =T ™) (£7Y(Xy), fN(on))-

(Note that we have Init,((f~(Xo), f~}(0o))) and that f~(X:)(a)) is normal, o €
f~Yo1)'9, ¢ arbitrary.)

It then follows that for an arbitrary ¢, a € o(9): h, o = f”l(h,hfc(a)) = ht-1(6))a-
(The second equality is an instance of the general fact that for an arbitrary o, a € o(¢),
and osi f we have f(hy o) = hg(o),55(a)-)

The other way around: Suppose for the configurations (Xo, 0p), (X1, 01) we have

e For some history h : (Xp,d0) —" (X1,01), where Inity((Xo,00 >), and for

a e ar((f")

n

we have (a,0o(a)),w = p'".

e For an arbitrary ¢ and a € agc) we have that X;(«) is normal.

(¢

e For an arbitrary ¢ we have of¢) = o0, ), and for every a € o{¢) we have hoo =

ho, a-

Let v1 = [(Xo,00)];72 = [(X1,01)], and 73 = [a]., where a € og*. Furthermore let
W= UJ{'}’l, Y2, 73/"1’ m, k}

By (Xo,00) —" (X1,01) and Init,((Xo, 00)) we have o,w’ |= Trans(n, m).

Cn

By (a,00()),w |= p'" and lemma 9.3 we infer 0,0’ |= p'|u, v|[State(n), k/u,v].
(cn)

Furthermore from a € oy "’ it follows that o,w’ |= Act(k, State(n)).

From the second clause above it immediately follows that o, |= Vi(Act.(7,m) —
Norm.(i,m)).

Finally, let a; be a sequence of objects of class ¢; such that for B € o(%) we have
ai([B]e;) = B- So a; stores every existing object of (") at a position which equals its
code number. Furthermore let w” = w'{a;/bij,, }i. It then follows that

o,w’ = /\VZ.:E”l <7 L by(by, 15 = z.).

(e)

From o(¢) = o, we infer that

o,w" = [\Vi(Act(i, State(m)) < bij, : i # nil).
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As hyo = hyy o, for a € o(%), ¢ arbitrary, we have by lemma 9.13 that

o,w" = A\ V1< j < |bij,|Bij(HS, bij, : j, ], State(m))

(take for the osi f the family of identity mappings). a

9.4 Expressing preconditions and postconditions

We next show how to express Pre(S) and Post(.S) as defined in the section on com-
pleteness. First we define some local assertions which partly express an isomorphism
between a local state § and some local state (a, o(a)), for some o and «, in terms of
the code numbers for a and o.

Definition 9.15
We define

C (pC c —
o LCode; (z¢,,ys,n,m) =

m:“; = yg, = Val(”’ {mi,]im) = Val(n’ [yz.]’m)

o LCodel(zS,self,n,m) =

zi = self & Val(n,[zf],m)=n

o LCodej, (=], m) =
zf,¢ = nil = Val(n, [2f,],m) = 0A

zj¢ # nil = Val(n, [2] ], m) = [2] \]int

o LCodej ,+(2] \osn,m) =

V1<k < 2f el

(2],¢e : & = nil > Elt(Val(n, [z -], m), [k]jne) = OA

) 4o B # nil = Elt(Val(n, [z} .],m), [K]jne) = (2] 4= 2 K]ineA
= Len(Val(n, [z} ..], m)))

|:E(I:nt'

o LCodei.(zl,self,n,m) =
V1<k<|zd|
(e : k = self & Elt(Val(n,[2S.],m), [k]jqt) = 1)

o LCode, .(z¢,y,n,m) =
V1<k <yl
(0 & = 25, o Blt(Val(m, [y5.], m), (Hpy) = Val(n, 28], m))
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o LCodeZ:(z(.,yc.,n,m) =
V1< k <25Vl <1< fyc|
(6 + b = gt L os Blt(Val(, 25,1, m), [F)gg) = BUt( Val(n, 45.], m), [(1a))A

|:c§:| = Len( Val(n,[zz._.],m))/\ |y§:| = Len( Val(n, [ygi.],m))

To explain the interpretation of these assertions consider the assertion LCode(z,y,n, m),
where z and y are of a type ¢ € C. The idea is that the variable n is interpreted as
the code of some object a and the variable m as the code of some state o such that
a exists in 0. The assertion LCode(z,y,n, m) then states that in the current local
state the variables £ and y denote the same object iff they denote the same object in

og(a), ie., o(a)(z) = o(a)(y).

Given the above definition we now define a local assertion which describes an isomor-
phism between a local state § and a local state (a, o(a)) in terms of the codes for «
and o.

Definition 9.16 .
Let n and m be two distinct logical integer variables. We define LCode(n,m) to be
the following local assertion:

Act.(n,m)A

At Az yervare, LCodec(2,y,n, m) A Aperya,e LCodec(z, self,n, m)A
/\zEIVar‘I"nt LC’Od€|nt(J}, n, m) A AzYEIVarint. LCOdelnt(z’ n, m)/\

Ac Az yervare,, LCodey=(z,y,n, m) A Azervare, LCodecs(z, self, n, m)A

Ac’ AzGIVarZ,.yE [Vu.rz,. LCOdec’.c" (13, y,n, m)

We have the following lemma about the meaning of the local assertion LCode(n,m).

Lemma 9.17
For 0,a € 09, w and 6° we have

0,w{[a]c, [o]/n, m} |= LCode(n, m) iff
there exists an os: f such that f(6°) = (a, o(a)).

Proof
Let f be such that f(8°) = («,0(a)). Now let z and y be two variables of type, say,
¢’. The other cases are treated similarly. We have

0=z =yiff (a,0(a)) | z = yiff Val([a],[2],[0]) = Val([a]e, [4], [2])-
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Note that the first equivalence follows from theorem 9.8. On the other hand using
6°,w{[a]., [o]/n,m} |E LCode°(n, m) it is not difficult to construct an osi f such that
for B € O°, ¢’ arbitrary, we have: If 3 is referred to by some variable in 6 we put
f"(ﬁ) = v, where v is the object referred to by the same variable in (a,o(a)). It
then follows from the construction that f(6) = (a, o(a)). O

Finally we are ready to express Pre(R) and Post(R) in our assertion language.

Lemma 9.18
Let n,m, k be three distinct logical integer variables. We define
Pre(R) =
In,m,k (Trans(n,m) A p'|u, v|[State(n), k/u,v] A Act.,(k, State(n))A
3i( L Code(z, State(m)) A Prog (i, m) = Before([R], (51
)

Post(R) is defined analogously.

The assertion 3i(LCode(i, State(m)) A Prog (i,m) = Before([R],[S")])) will corre-
spond to the phrase “for a € a§°‘) we have (o, 01(a)) = 6% and X1(a) = Before(R, S").

Proof
Let ,w |= Pre(R). So there exist 71,72, 73 such that 8,0’ |= Pre(R), where v’ =

w{‘yly 72, ']'3/Tl, m, k}

By 0,u' |= Trans(n, m) we have that there exist configurations (Xo, 00), (X1, 1) such
that (Xo,00) —" (X1,01) for some history Ak, Init,((Xo,00)), and [(Xo,d0)] = 71,
[(Xl,tfl)] = Je-

From 8,u’ |= p'|u, v][State(n), k/u, v]A Act.,(k, State(n)) by an application of lemma

9.3 it follows that (a, oo(a)),w |= p', where a € o™,

Next let v and w” = w’{y/i} be such that 8,w" |= LCode(i, State(m)) A Prog (i, m) =
Before([R], [S'(c)]). It then follows, by an application of the previous lemma, that for
a € a'gc) such that [a] = ¥ we have X,(a) = Before(R, S'(c)) and f(0) = (a,01(a))
for some ost f.

Finally, an application of theorem 9.9 gives us
(F7H(Xo), F7(00)) =17 (£73(X0), £ (0n)).

Note that we now have f~1(X;)(8(1)) = X1(f(0(1))) = Xi(a) = Before(R,S’(c))
and f71(01)(6(1)) = f~H(o1(f9(8(1)))) = FH(o1(a)) = 6(2).

The other way around we invite the reader to check. |
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10 Conclusion

We have developed a proof system for the partial correctness of programs of a par-
allel language with dynamic process creation. The basic ingredients for dealing with
parallelism in this proof system are the same as in a proof system for CSP [AFR], but
they have been enhanced considerably to deal with the present, much more powerful
programming language. One of the main problems we solved is how to reason about
the dynamically evolving pointer structures that can arise during the execution of a
program. A previous proof system [Bo] did this by considering pointers simply as
numbers, which is of course not very abstract. Our present proof system allows rea-
soning at an abstraction level which is as high as that of the programming language,
using a technique developed for a sequential language [Aml].

We have proved that the system is sound and complete. Again, the techniques devel-
oped for CSP [Ap2] could be used only after drastic modifications. Special care was
necessary to be able to represent, in a finite number of variables, complete compu-
tations involving an unbounded number of objects. Also the programming language
had to be extended to allow instance variables of sequence types. This extension,
however, does not seem to be necessary in concrete proofs.

We have already mentioned that our language and our proof techniques can be con-
sidered as very powerful extensions to CSP [Ho2, AFR, Ap2|. A different kind of
extension, where processes can split themselves recursively into subprocesses, is dealt
with in [ZREB], for example. Here, the reasoning is not only based on states, as in
our case, but also on traces (communication histories). The limitation of the possible
process interconnection structures to trees allows a nice form of compositionality. In
[Mel], a language similar to ours is tackled with trace-based reasoning. The problem
of dynamic pointer structures is not dealt with explicitly.

We do not have the illusion that the proof system presented in this paper is suit-
able for proving ‘practical’ programs correct. One of the problems is that too much
information is centralized in the global invariant. This seems unavoidable with the
completely dynamic process structures allowed by our language. We would not like
to dispense with this flexibility altogether, but we hope that by a judicious combina-
tion of our techniques with the compositional techniques developed elsewhere, future
systems will allow us to have the best of both worlds.
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A Index of notation

A.1 Sets and their typical elements

Typ. elt. Set Description Where defined
,5,k,n Z integers -

¢ (& class names above definition 2.1
d ct data types above definition 2.1
x5 IVar§ instance variables of type d in class ¢ above definition 2.1
€ Erp§ expressions of type d in class ¢ definition 2.1

Se Stat® statements in class ¢ definition 2.2

p Prog programs definition 2.3

5 LEzxp§ local expressions of type d in class ¢ definition 3.1

p° LAss® local assertions in class ¢ definition 3.2

d* c* sequence types above definition 3.3
a ct data and sequence types above definition 3.3
Za LogVar, logical variables of type a above definition 3.3
Jda GExp,  global expressions of type a definition 3.3

P GAss glohal assertions definition 3.4

A.2 Syntactic transformations

Notation Where defined

151 gc definition 3.5

¢l g definition 3.5

[e/] standard

(9/z.2] definition 4.3

[new/z] definitions 4.5 and 4.6

[ZBool'v zc/zc‘] definition 4.7



