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1. INTRODUCTION

We shall present a selection of the work we have performed in recent years on the semantics of
object-oriented (O0) and logic programming (LP) languages, in particular focusing on their control
flow. As a unifying theme, we have singled out the use of continuation semantics. Moreover, we
systematically comparc operational and denotational models. Altogether, we shall be concerned
with Comparative Continuation Semantics for OO and LP.

To position the present paper with respect to our earlier work, we start with a bit of history on
the general framework we have developed. Since 1981, the Amsterdam Concurrency Group (ACG)
has been investigating control flow semantics, with special emphasis on concurrency notions, and
employing metric topology as main tool. The key observation explaining the relevance of the metric
approach is the following: Consider two computations p. p,. A natural distance d(p, p>) may be
defined by putting d(p, p) =27" where n (=y4 sup { k: p (k) =p2(k) }) is the length of the long-
est common initial segment of p; and p,. Details vary with the form of the py, p;. If computations
are given as words (finite or infinite sequences of atomic actions), we take the standard notion of pre-

fix; if p,. po are trees, we use truncation at depth k for p (k). Other kinds of computations, e.g.
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2
involving function application, may be accommodated as well.

Complete metric spaces (cms’s) have the characteristic property that Cauchy sequences always
have limits; this motivates their use for smooth handling of infinite behaviour. In addition, each con-
tracting function f: (M, d) - (M, d), for (M, d) a cms has a unique fixed point (by Banach’s
theorem). Contracting functions f: (M, d) — (M, d;) bring points closer together: it is required
that, for some real ae [0, 1), d>(f (x), f(¥)) <o - d (x, y). Uniqueness of fixed points may con-
veniently be exploited in a variety of situations.

In the paper [BZ82] we showed how to apply metric techniques to solve domain equations

IP=5(P) (1.1)

or, rather, (IP, d )= % (IP, d ), with (IP, d) the cms to be determined, = isometry, and ¥ a mapping
built from given cms’s (A4,dy),... , the unknown (IP, d ), and composition rules such as o (disjoint
union), X (Cartesian product), and 2.,(-) (compact subsets of -). Section 2 will provide more infor-
mation on this method.

In a series of papers, starting with [BZ82, BBKM84, BKMOZ86, BM88, BMOZ88], we
developed denotational (2) and operational (0) semantics for a number of simple languages with con-
currency. Here a denotational semantics 2 for a language £ is given as a mapping : £ — IP; (for
some IP; solving (1.1) for a suitable %), which is compositional and treats recursion through fixed
points. O is a mapping : £ — IP,, which is derived from some Plotkin-style transition system
([P183]), and which handles recursion through syntactic substitution. Also, in the papers referred to,
we encounter the contrasting themes of linear time (LT, sets of sequences) versus branching time
(BT, tree-like structures) semantic domains, and of uniform (uninterpreted atomic actions) versus
nonuniform (interpreted actions) concurrency.

After an initial phase in which ACG developed the basic machinery of metric semantics, the
group directed its efforts towards concurrency in the setting of object-oriented and, subsequently, of
logic programming. In a collaborative effort with Philips Research Eindhoven, within the framework
of a project with substantial support from the ESPRIT programme, we designed operational and
denotational semantics for the parallel object-oriented language POOL, and investigated the relation-
ship between the respective models ((ABKR86, AB88, ABKR89, AR89a, B89, R90a]). Throughout
these studies, fruitful use was made of the metric formalism. Two further papers deserve special
mention. In [AR89b], the technique from [BZ82] for solving domain equations (1.1) was generalised
and phrased in the category of cms’s. In [KR90], a powerful method was proposed to establish
equivalences such as 0 = 2, by (i) defining O as fixed point of a contracting higher-order mapping @
(obtained from an appropriate transition system), and (ii) proving that 2 = ®(2). By Banach’s
theorem, 0 = 2 is then immediate (cf. also [BM88], where several more examples of the KR-method
are treated).

Logic programming and some of its parallel variations were first studied by ACG in [B88,
K88]. The paper [B88] proposed to investigate control flow in LP abstracting from the logical com-
plexities (no substitutions, refutations, etc.), and shows how the basic metric techniques apply as well
to this, at first sight rather remote, problem area. Related work includes [BK90, BoKPR90].

Since 1989, we have been pursuing the research directions as outlined above as part of the
ESPRIT Basic Research Action [Integrating the Foundations of Functional, Logic and Object-



3
Oriented Programming. One of the tasks of this action is in particular devoted to the semantics of
parallel OO e‘md LP. Representative papers produced by it so far are [AR90, BoKPR91, JaM090].

Now back to the aims of the present paper. We shall demonstrate the machinery of metric
semantics by the investigation of two case studies. From parallel OO we take the notions of process
creation and rendez-vous between processes. From (sequential) LP we consider the backtracking
notion of PROLOG. In both cases we consider only the uniform or schematic version: the elementary
actions remain atomic and are not supplied with some form of interpretation as state (or substitution)
transformation. Also, both case studies serve as illustrations of more elaborate work reported else-
where. The OO notions are based on our study of POOL as mentioned earlier; the LP part is an intro-
duction to the paper [B88].

We conclude this introduction with an outline of the paper. In Section 2, we provide a brief
summary of our metric tools, including a short discussion of the definition of suitable cms’s as solu-
tion of metric domain equations (1.1). In Section 3 we illustrate our techniques by means of the dis-
cussion of a very simple language with as only notions elementary actions, sequential composition,
nondeterministic choice, and recursion. (The reader may recognise here the control structure of con-
text free grammars.) Operational and denotational semantics - both of the LT and BT variety - are
developed for this language, and their equivalence is established. By way of preparation for the sub-
sequent sections, the treatment is based on (syntactic and semantic) continuations. In the next section
we deal with process creation. Compared with [BM88], some details missing there in the main
equivalence proof have been added. Section 5 is devoted to backtracking. Originating with [DeBr86],
this notion has also been studied extensively by De Bruin and De Vink, e.g. [BrVi89]. In this TAP-
SOFT 89 paper they also included a study of PROLOG’s cut operator (using cpo rather than metric
techniques). Our paper culminates in Section 6 with the treatment of the rendez-vous construct. This
is an abstracted (and considerably streamlined) version of the analysis of this notion in [ABKR89,
R90a]. Firstly we propose a more convincing operational semantics. Next, in the design of the deno-
tational semantics (which avoids some of the intricacies of [ABKR89] in the definition of the seman-
tic parallel composition) and the ensuing equivalence proof (0 =2) we exploit and advance the tech-
nique of using higher-order functions. Firstly, we provide a simultaneous definition of 2 and of the
semantic operator(s) concerned. Secondly, we give an equivalence proof based on the principle of
[KR90] combined with a refined complexity measure.

Acknowledgement. We are much indebted to the members of the ACG for fruitful cooperation over
the years, especially to Pierre America, Arie de Bruin, Joost Kok, and Jan Rutten, co-authors of the
papers to which the present one serves as an introduction. We thank Franck van Breugel for suggest-

ing several corrections.

2. MATHEMATICAL PRELIMINARIES
This section is mainly devoted to a summary of the basic facts from metric topology which we need

in the sequel.
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2.1 Notations

We use the phrase: let (x €)X be a set such that - to introduce a set X with variable x ranging over X
such that ---. With 2(X) we denote the collection of all subsets of X, and with #(X) the collection of
all subset of X which have property m. The notation f: X — Y expresses that f is a function with
domain X and range Y. If f: X — X and f(x) = x we call x a fixed point of f. If f has a unique fixed
point, we denote it by fix(f).

2.2 Metric spaces
DEFINITION 2.1 A metric space is a pair (M,d) with M a nonempty set and d a mapping

d:M xM — [0,1] (a metric or distance) that satisfies the following properties:
(i) Vx,yeM, : dxy)=0=x=y
@) Vx,yeM, : dxy)=d(y.x)
(i) Vx,y,zeM : d(x,z)<d(x,y)+d(y,z).
We call (M,d) an ultrametric space if the following stronger version of property (iii) is satisfied:
(i)’ Vx,y,ze M : d(x,z) <max{ d(x,y),d(y,z) }.

DEFINITION 2.2 Let (M,d) be a metric space, let (x;);— (or (x;); for short) be a sequence in M.

a.  We say that (x;); is a Cauchy sequence whenever we have Ve>03IN € INVn ,m>N: d(x,,x,)<E.

b. Let xe M. We say that (x;); converges to x and call x the limit of (x;); whenever we have
Ve>03dNe NVa 2N: d(x,x,)<e. Such a sequence we call convergent. Notation:
lim;_yoo X; = X.

c.  The metric space (M,d) is called complete whenever each Cauchy sequence converges to an
element of M.

DEFINITION 2.3 Let (M ;,d;), (M5,d5) be metric spaces.

a. We say that (M,d,) and (M,,d,) are isometric if there exists a bijection f: M — M, such
that Vx,y e M: d(f(x),f(y))=d(x,y). We then write M; =M.

b. Leta=0. With M; -»% M, we denote the set of all functions f from M, to M, that satisfy the
following property: Vx,y e My: d,(f(x),f(y)) < a-dy(x,y). Functions in M; —! M, we call

non distance increasing (ndi), functions in M| —% M, with 0 < a<1 we call contracting.

THEOREM 2.4 (Banach’s fixed point theorem) Let (M,d) be a complete metric space (cms, for short).
Then there exists x € M such that

(i) f(x)=x(xis a fixed point of f),

(i) VyeM: f(y) =y = x =Yy (xis unique),

(ili) Vixge M :lim, .. f"(xo) =x where f"*'(xo) = f(f"(x0)), f°(xo) = Xo.

DEFINITION 2.5 A subset X of a metric space (M,d) is called compact whenever each sequence in X
has a subsequence that converges to an element of X.

Each compact set X is closed (i.e., each Cauchy sequence in X converges to an element of X). The
main role of the compactness property for our purposes is based on the theorems of Kuratowski
([Ku561) and Michael ([Mic51]). The former states that the space of compact subsets (equipped with
a suitable metric) of a complete space is itself complete. The latter is useful for showing the well-



5

definedness of certain semantic operators (such as Definition 4.10; for more details on these issues
which are somewhat glossed over in our paper cf. [Br91]).

DEFINITION 2.6 Let (M,d), (M,d), (M,,d,) be metric spaces.

a. We define a metric dr on M| — M, as follows: for every f1,fore M; > M,,
dr(f1.f2) = sup{ dr(f1(x),f2(x))| xeM;}. For >0 the set M; -»* M, is a subset of
M > M,, and the metric on M, > M, can be obtained by taking the restriction of the
corresponding dr.

b. With M, UM, we denote the disjoint union of M; and M,, which can be defined as
{1}xM;U{2}xM,. We define a metric on M, UM, as follows: for every
x,yeM, oM,,dy(x,y)=d;(x,y)ifx,ye { i } xM;,i=1or 2, d;(x,y) = 1 otherwise.

c¢.  We define a metric dp on M ; x M, by the following clause
dp((x1,%2),(y1,¥2)) =max{d (xy,y1),ds(x2,y2) }.

d Let 2, (M)={XcM| X is compact and nonempty }. We define a metric dy on 2,.(M),
called the Hausdorff distance, as follows: For every X,Y € 2,.(M),
dy(X,Y) = max{ supyex{d(x,Y) }, supyey{ d(y,X) } } where dw,Z) = inf,.z{ d(w,z) }, for
everyZC M, we M.

In P.,(M) = { X €M| X compact } we also have the empty set as an element. We define dy
as above but extended with the following case: If X # @ thendy(X, @) =dy(2,X)=1.

e. Leta=>0. We define idy(M,d) = (M,o.-d).

THEOREM 2.7 Let (M,d), (M {,d{) (M,,d>3), dr, dy, dp and dy be as in Definition 2.6, and suppose
that (M,d), (M 1,d ) (M,,d;) are complete. We have that

a. M, ->M,dr), M, 5%*M,,dr),

b. M,;uM,dy),

c. (M;xM,,dp),

d.  (PncM).dy), (Peo(M),dy)

are complete metric spaces. If (M,d) and (M;,d;), i=1,2, are ultrametric spaces then these composed

spaces are again ultrametric.

The proof of Theorem 2.7, parts a, b, ¢ are straightforward. Part d is more involved. It can be proved
with the help of the following characterisation:

THEOREM 2.8 Let (P.,(M),dy) be as in Definition 2.6. Let (X;); be a Cauchy sequence in P.,(M).
We have lim; X; = { lim; x;| x;€ X;~(x;); a Cauchy sequence in M }.

The proofs of Theorem 2.7d and Theorem 2.8 are due to Kuratowski ([Ku56]), as a generalisation of
a similar result for closed subsets, see e.g. [Ha48].

The following alternative definition of the Hausdorff distance is sometimes convenient:

LEMMA 2.9 Let &H(X,Y) = infle | VxexdyeY:d(x,y)<e, VyeY3IxeX:d(y,x)<e}. Then
(}H = dH'

We conclude this subsection with the important
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THEOREM 2.10 (Michael) Let X € P,(P,(M)). Then UX € P ,(M).

2.3 Sets of sequences
Let A be a finite alphabet, and let A™ =A% UA® consist of the set of all finite and infinite words

over A. We define metrics on A and A” in

DEFINITION 2.11

a. On A we define the discrete metric dy: for all x,y € A, ds(x,y) =0 if x =y, dy(x,y) =1 other-
wise.

b. Let, for xe A=, x(n) denote the prefix of x of length n, if length(x) 2 n, and x otherwise. We
put d(x,y) = 27#{nl x(W=y(M} yith the convention that 2™ =0.

We have

LEMMA 2.12

a. (A™.,d)is a complete ultrametric space.

b. (P,(AT),dy) is a complete ultrametric space.

c. Let,forXe P, (A"),X(n)={x(n)| xeX ). Thendy(X,Y)=2"wlrl Xm=Ym}

The space #,.(A) will be used extensively in the sequel.

2.4 Domain equations
In [BZ82], [AR89b], a method has been developed to determine complete (ultra)metric spaces as
solutions of domain equations of the form

IP=%(P), 2.1)

where ¥ is a functor (on a category of cms’s) satisfying certain conditions. Natural examples of & are
obtained by building it in terms of the operations on metric spaces encountered in Definition 2.6. We
shall restrict ourselves here to the discussion of only one example of (2.1). For the general theory we
refer to [AR89b]. Several more intricate examples may be encountered in [ABKR89], [AR90].

We shall be concerned with (IP,d) - or IP, for short, - solving the domain equation

P={po}oPe(Axid,(P)) . (2.2)

Elements p in IP are usually called processes. The equation (2.2) assumes the discrete metric on {pg}
(consisting of the nil process po only) and on A, and, moreover, the various metrics (for U, X, 2,
idy,) as defined earlier. As a consequence, the metric d on (the non-nil processes in) IP equals the
Hausdorff metric dy induced by the following metric donA x IP:

d(ay.p1)az.p2) = %dpipy) ifai=a;

=1 otherwise .
The metric dy may, alternatively, be characterised by

dH(Pl p2) = 2_5“»9{ n| py(n)=py(n)}
where p(n), the truncation of process p at depth n, is defined by po(n) =py, and, for p #po,
p©) = 2,p(n+)={(ap’(n))| (a.p’lep}.
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A process p € IP can be viewed as a tree-like object. It is either the nil process (which ter-
minates normally) or the empty set (which models abnormal termination or deadlock), or it consists
of a nonempty set of pairs { a,p’ ) which represent all possible steps a that a process p can take (each
followed by its resumption p’, itself another process). In a picture, a process p(#po, @) may be
drawn in a tree-like fashion:

, where each p; is either py, @ or another such ‘tree’. Each ‘tree’ is commutative, absorptive (the
successors of any node form a set rather than a multiset) and compact.

EXAMPLES

1. po. 2,{{a,{{azpo){as.po)})} {{a1.{{az.po)} ) ai.{(as.po)})}

2. The process p determined by p =lim; p;, pis1=1{{a1,pi »(az,p;)} (note that p satisfies
p=1{{ay,p ){az,p)}. This p may be depicted as

3. Let us, informally, define the operation of sequential composition o : IP x IP — IP by putting:
P1op- is the process obtained by replacing, in py, all ‘leaves’ pg by p». Now let p be defined
as the process satisfying p={ {a,po ) } U (p°{(a,po) }). Since p is compact (hence closed),
it must include the infinite branch { (a,{{(a, -+ )} ) }.

(Warmerdam has shown (personal communication) that the operation of sequential composition
sketched above is not well-defined if processes are only required to be closed and infinite alpha-
bets are allowed.)

We conclude with two more remarks on processes.
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REMARK Let us call two processes p,p, bisimilar if there exists a bisimulation R such that pRp,.
Here a bisimulation is a relation R on IP x IP satisfying

(@) IfpoRporpRpgthenp =pg

(iil) Ifp,Rp, and (a,p’ )€ p;, then there exists {( a,p” )€ p, such that p’Rp”.

(iii) If p1Rp, and (a,p” )€ p, then there exists { a,p’ )€ p, such that p’Rp”.
Now an important property of the domain IP is the fact that two processes are bisimilar iff they are
equal. For more information about processes and bisimulation cf. [BeK87], [Ru90b].

REMARK LT (sets of sequences) - domains may as well be obtained as solution of (systems of)
domain equations. Let P; ={ {€} } U?,.(A* UA®). This domain (which is almost as #,.(A°) of
Subsection 2.3, the only difference being that, for p € IPy, if €€ p, then p = {€}) is isometric to IP,
which is (the first component of) the solution of the system of equations

P = {pp}o?,.@Q |
Q = pov(Axidy(Q) 2.3)
po = (g}

This way of defining IP; in terms of the isometric IP, may bring out the (dis)similarities between the
BT-domain IP (solving equation (2.2)) and the LT-domain IP; (or IP;).

3. BASIC CONTROL FLOW
As a means to introduce our techniques in an elementary setting, we use a very simple language
featuring elementary actions, sequential composition, nondeterministic choice, and recursion. We
baptize this language £ a program in £ has the same expressive power as a context free grammar
(generating languages with finite and infinite words). For £ we shall introduce operational (0) and
denotational (2) semantics, both of the linear time (LT) and branching time (BT) variety (for the
latter one also uses the name bisimulation semantics). Throughout, we shall use (syntactic and
semantic) continuations. For the present language this is convenient but not essential. Our reason for
employing these techniques here is to prepare the way for their use in the three remaining sections,
where continuations are indeed crucial. Recursion will be handled by fixed point techniques, in par-
ticular through fixed points of contracting functions. We present two alternatives, one based on fixed
points of environment transformations, the other defining the denotational meaning function 2 itself
as fixed point of a contracting higher-order mapping ¥. The operational semantics ¢ will - both for
the LT and BT case - be derived from a Plotkin-style transition system J. A contracting higher-order
mapping ® will be associated with 7, and the operational semantics O - which may be viewed as a
means to collect all steps determined by J for a given program - is obtained as fixed point of this ®.
Moreover, we shall prove - following the approach of [KR90] - that 2 (or, technically, a related func-
tion involving 2) is as well a fixed point of @, thus obtaining 0 = 9 as a corollary. (Incidentally, for
the LT-setting this yields a new proof of Nivat’s equivalence result described in [Ni77,78], which in
turn generalises the classical Chomsky-Schutzenberger theorem for (finitary) context free languages.)
Altogether £ - though itself a language without advanced control flow notions - will be used as
a tool to illustrate the convenience and power of the metric framework in control flow semantics.



3.1 Syntax

Throughout the paper we use a self-explanatory BNF-like notation for syntactic definitions. We start
with the introduction of two basic syntactic sets:

° (a €) A, the alphabet of elementary actions,

e  (x €) PVar, the alphabet of procedure variables.

DEFINITION 3.1

a.  The class (s €) £ of statements is given by s ::=a | x| s1;82] s1+s2.

b. Theclass (g €) £% of guarded statements is given by g ::=a | g:51 g1+¢2.
c. Theclass (d €) Decly of declarations consists of mappings d : PVar — L.
d. Aprogram is a pair (d,s).

REMARK The guardedness (or ‘Greibach’) condition ensures that the execution of each procedure
body (each d(x), for x € PVar) starts with the execution of an elementary action (rather than of
another procedure variable). Technically this condition yields contractivity of an associated function
(Lemma 3.15¢ or 3.17f).

EXAMPLES Take PVar={x}, A={a,b,c, - }, and write x < g for d(x) = g. Possible programs
are: (x < a;x+b, c;x) (with intended meaning ca® +ca*b), or (x & asx;b+c, x) (with intended
meaning { a”ch”| n>0} v {a®}). The construct (x ¢<=x;b+a,x) is not a program, since
x;b+a e £5.

In this and subsequent sections we shall extensively use both syntactic and semantic continuations.
The former - to be introduced here - are to play a role in the operational semantics definitions, and the
latter in the denotational ones.

DEFINITION 3.2 Let E be a new symbol (standing for termination). The class (r €) R of syntactic
continuations is given by r ::= E| (s;r) where s € £.

Parentheses in (s;r) will often be dropped when no ambiguity arises.

3.2 LT-operational semantics
We first introduce the complete metric space which will be used as range for the operational seman-

tics:

DEFINITION 3.3

a. Let(u,ve)A” =de* UA® where A is the alphabet from Subsection 3.1. (A%,d) is the cms
as introduced in Section 2. Let - be the operation of prefixingon A x A, defined by a-u =4 au.

b. Let(pe)IP=2,.(A™) be the family of all nonempty compact subsets of A%, equipped with the
Hausdorff metric dy with respect to the metric d of part a. Leta-p ={ a-u | uep}.

The operational semantics © mapping programs to elements from IP will here and subsequently be
given based on a labeled transition system J. J determines a transition relation R which is given as

the least relation satisfying (in the natural way) its axioms and rules.
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DEFINITION 3.4 The transition system 7, and associated relation R are given as follows:

a. A transition is a four-tuple (r1,a,d,r,) in R X A X Decly X R; we usually write it as r; -4 r,.
b.  The axiom and rules of 7 are as follows:

o  ayr-gr (el.action)
gir =ar .

° —,dx)=g (recursion)
x;ro9r

s1;(s05r) =41
. — (seq.comp)
(5158207 =471

s;ir—=9r )
° —_— (choice)
(s+8);r »4r

S+s)r =47

CONVENTION 1. Rules with the same premise and different conclusions are combined in a self-
explanatory notation. Cf. the choice rule. 2. In the notation —, the subscript d will sometimes be
suppressed. 3. Instead of r; = r; € R.s, we simply write r; —g r, when R (or its successors in
subsequent sections) is understood.

LEMMA 3.5 9 is finitely branching, i.e., for eachr, the set { (a,r')| r =% r" } is finite.
PROOF Direct from the definition of 7. O

REMARK Note that, without the guardedness condition, Lemma 3.5 does not hold.

In the technical arguments in this and subsequent sections (in particular in establishing 0 = 2) we
shall often use (i) an auxiliary relation ‘—»’ between syntactic continuations and (ii) the complexity
c,(r), where c,: R > IN.

DEFINITION 3.6 We define the relation —» to hold between r, r; if there is a rule (in the correspond-
ing transition system) of the form
rp —4 ;

r _)a;

The relation r; —» r, may be read as: in order to execute r, find out how to execute r,. Next, we
introduce the complexity of the elements in R and £ :

DEFINITION 3.7

a. ¢,:R > Nisgivenbyc,(E)=0,c,(s;r) =cs(s).

b. ¢:£y—>IN is given by cia)=1, ()= cs(dx))+1, c5(s1;82)=cs(s1)+1,
cs(s1+52) =c5(s1) +c5(s2) + 1.

We have
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LEMMA 3.8
a. ¢, are well-defined.
b. Ifry —>»ry then c (ri)>c,(r;).
PROOF Well-definedness of c; is proved by induction on the syntactic complexity of first g then s.
Part b is clear form the definitions. O

We now define the mapping 0;: R — IP as fixed point of a higher-order function ®; which maps
meanings to meanings:

DEFINITION 3.9 Let F e R — IP. The mapping ®,: (R - P) —» (R — IP) is given by

OyF)E) = {e},
DyF)r) = U{aF@)| r-4r'}, ifrzE.
LEMMA 3.10

a. Dy(F)(r)is nonempty and compact for each F, r.

b. @, is contracting in F.

PROOF Part a follows from the fact that J is finitely branching (Lemma 3.5); part b is direct from
the definition of ®; and elementary properties of the Hausdorff metric. O

At last, we are ready to define

DEFINITION 3.11
a. @d =ﬁX(d)d).
b. 0(d,s) = 04s;E).

3.3 BT-operational semantics

Only minor changes have to be made in the definitions of the previous subsection to obtain the BT-
operational semantics. Let us use the superscript b to indicate the BT-variant of the various defini-
tions. Thus, we shall define (Ofi’ t L IP?, etc. The main step is the change in the range of the
operational semantics (now IP® rather than IP):

DEFINITION 3.12 Let IP? be the cms which solves the domain equation (2.2):
P={po} o P, (A Xxidy(P)).

For more information on IP® we refer to Subsection 2.4. We proceed with the definition of 0J.

There are no changes in 9, (or R,). The only change we adopt is in the definition of (the new) 0 b

DEFINITION 3.13 Let F € R — IP?. The function ®2: (R — IP?) - (R — IP?) is given by
QLF)E) = po.
QLF)r) = ((aF()) r—o4r'), ifr#E.

Note the crucial difference between the second clause in this definition, and that of Definition 3.9,
where U{ a-F(r’)| -~ }is used. In the latter, outcomes a-p;,a-p,. - are set-theoretically united
to yield the result a<(p; Up, U -+ ), whereas in the present domain outcomes (a,p; ), (a.p; ), -
are collected into the (compact) set {’ (a,p;).{a,py), - }, rather than united in the form
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{{ap;up,u ~ Y} A simple example may clarify the situation: 0g4(a;;(a2+a3);E)
Oi(@iadHayas)B) = {aapaiaz),  whereas  07(aii(az+as)E)
{(a1.{{az2,p0 »(as.po)})} and 05(((a1;a2) + (@1;a3));E)
{(a1,{{a2.p0)}).(ar.{{as.po)})}

3.4 Denotational semantics
We devote most of this subsection to the development of the LT-denotational semantics for £y; at the
end of it, we discuss what variations are required to obtain a BT-denotational model. We shall
employ semantic continuations as counterpart of the earlier syntactic ones. Also, we shall provide
two ways of handling recursion, one through (fixed points of) environment transformations, the
second one using another (besides ®,;) higher-order mapping from meanings to meanings.

We start with the introduction of the set of environments (| €) Env = PVar — IP -1 P. In the
following (and many subsequent) definitions we suppress most of the parentheses. If deemed neces-
sary, they may be restored on the basis of the types of the mappings involved.

DEFINITION 3.14 (denotational semantics for £, first definition)
a.  The mapping ¥: £ — Env — IP — IP is given by

Sanp = ap

Sxmp = Mxp
L(sy3s2)np = I in(Ls2np)
S(s1+s2)Mp = (Fsimplu(Ls2np).

b. Hy: Env > Env is given by Hym = Ax.sd (x) M.
C. N4 =ﬁx( Hd ), Ld,s)=4s Na {e}.

The above definitions are justified in

LEMMA 3.15

a. JIsneP-!P

b. YseEmv->'P-'P

c. SgmelP %P

d. YgeEnv %P %P

e H, e Env —% Env.

f.  2(d,x)=2Dd,d(x)).

PROOF Simpler than that of lemma 4.13 and therefore omitted. O

We next turn to the definition of 2 as fixed point of a higher-order mapping:

DEFINITION 3.16 (denotational semantics for £, second definition)
a. Let Fe£;— P —!P. The function ¥y: (£ — P o' P) - (£ — P ' P) is defined as

follows:
Y;Fap = ap
Y,Fxp = YyFdx)p
YaF (s1582)p = WaFsy(Fsap)
WaF (s1+s2)p = (WaFsip)o(YyFsyp).
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b.  Ly=fix(¥y), Dd,s) =S4 {€}.

The above definition is justified in

LEMMA 3.17 Let F,F,Fye £y —>P ' P,p,py,ps e P.

a. W, F siswell-defined for each F,s.

b. Foralls,d¥sFsp,,¥YsFspjy)< %d(p,.p2).

c. Foralls,d Wy F,s,¥Y4F,5)< Y%d(F,F,).

A Yie(Ly> P! P) " (£ > P! P).

PROOF Simpler than that of Lemma 5.12 and therefore omitted. O

Comparing Definitions 3.14 and 3.16, and using the uniqueness of the fixed point £, we easily obtain
that, for all 5, ¥;5 =¥s1ny. Thus, we see that there are (at least) two ways of defining the denota-
tional semantics 9 via fixed point techniques. This will allow us in subsequent sections to adopt the
most appropriate definition technique.

No more than a small adjustment is necessary to obtain the BT-denotational meaning: introduce
P® as before (Subsection 3.3), replace in the definitions of (the types of) & or ¥ the domain IP by
IP%, and keep all clauses in the definitions, apart from the first ones (in Definition 3.14.a and Defini-
tion 3.16.a) where a-p is replaced by { (a,p ) }. This seemingly small variation is sufficient to han-
dle the new range for D®: Instead of sets of sequences now ‘trees’ are delivered, and no further meas-
ures are required to handle the semantic operators corresponding to the respective syntactic con-
structs.

3.5 0 and D are equivalent
The stated equivalence result holds for © and 2 as well as for 0% and 2°. We shall present the
former, leaving the negligible variations to obtain the latter to the reader.

We first introduce the mapping &, : R — IP relating syntactic and semantic continuations:

DEFINITION 3.18
84(E)
Ealsir)

{e},
SsNg8a(r) (=Lq564(r)).

LEMMA 3.19 If ry —» r, by (seq.comp.) or (recursion) then 84(ry)=84(r2). If ry —>»r; and
ri —» r3 (by (choice)) then 84(r1) = 84(r2) L 84(r3).
PROOF Clear from the definitions. O

The key idea as to how to relate 0 and 9 is contained in the next lemma (a simple example of the
technique first introduced in [KR90]):

LEMMA 3.20 ®4(84) = 64.

PROOF We show that, for all 7, ®4(8,4)(r) = 84(r) using induction on c,(r). A typical case isr=x;r".
Dy(8)(x;r")

(def. @) U{ a-84(r)| xir’ =471}

(def. Ip) U a-84r)| gir' >r}
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(ind.) 84(g:;r")
(Lemma 3.19) 84(x;r"). O

COROLLARY 3.21 0, = 8,.
PROOF Both 0, and &, are fixed points of the contraction ®;. O

Finally we have

THEOREM 3.22 0 =29.
PROOF 0(d,s) = O4(s;E) = 64(s;E) =S5 {e} =D(,s). O

4. PROCESS CREATION

Processt creation occurs in parallel languages such as, e.g. the parallel object-oriented language
POOL ([A89, AR89a]). A dynamically evolving configuration of processes which may refer to each
other through (pointer) variables results from execution of such a program, and the creation of a new
process is a central programming concept in this setting. We study here (as everywhere in our paper)
a schematic (i.e. variableless) version, abstracting from the pointer structure. What remains is, at
each moment, a set of n > 1 processes executing in parallel. Process creation here amounts to the
addition of an n+1-st process to this set, together with the initiation of its execution. For some more
details on this notion at this abstract level we refer to [AB88]; further details are supplied in
[ABKR89, AR89a, AR90, BV91]. (In Sections 4 and 5 we shall only be concerned with LT-
semantics; BT returns in Section 6.)

4.1 Syntax
Let (a,b,c,d €) A and (x,y €) PVar be as in Section 3. We introduce the language £, which extends
£.s with the new(s) construct for process creation.

.DEFINITION 4.1
a.  Theclass (s €) £, of statements is given by
su=al x| s1;82] s1+5,| new(s).
b.  Theclasses (g €) L5, (h e).fgc are given by
g =hl| g15821 g1+82| new(g).
hu=al| h;s| hy+h,.
c.  Theclass (d €) Decl, has elements d : PVar — £§..
d. A program is a pair (d,s).

REMARKS

a. The new(s) construct serves to create a new process with body s. For example, executing
new(a;new(b);c);d will result in parallel execution of a;new(b);c and of d, to be denoted (for the
purposes of this explanation only) by (a;new(b);c)|| d. Performing an a-step results in the

T The programming concept of ‘process’ has nothing to do with the mathematical notion of a
process p in a domain IP.
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remainder program (new(b);c) || d which may evolve, in turn, to the program b || ¢ || d. Note that
the parallel operator || is not itself in the syntax of the language (see also the remark at the end
of Section 4), but used here only to sketch its intended semantics in familiar terms. Precise
definitions will follow.

2. In a procedure declaration such as d(x) = new(a);x, execution of the body new(a);x may start
with execution of x (since new(a);x has the same effect as a|| x). In order to avoid such
unguarded behaviour, the auxiliary 4 is employed.

The syntactic continuations (r €) R are now given in
DEFINITION 4.2 r :=E | (s;r)] (r1,72).

Execution of (r;,r;) will be defined in such a way that it amounts to the parallel (here taken in the
interleaved sense) execution of r; and r,. It will be convenient to adopt, throughout this section, the
following

CONVENTION We shall always identify (E,r) and (r,E) with r.

4.2 Operational semantics

wu,ve)A=, pe)PP, awu, ap are as in Section 3. Transitions are again fourtuples in
R x A X Decl,. X R, with R and Declp, as given in Subsection 4.1. The transition system 7, (and
associated relation X)) is given in

DEFINITION 4.3

] (el. action), (recursion), (seq. comp.) and (choice) are as in Definition 3.4.
(s;E.r)-4r
B (new)
new(s);r o4r

ry—ogr;

. . (par.comp.)

(ry,r) =4 (ra,r)

(r,ry) =5 (r,rp)

The definition of 0, and O proceeds in the same way as in Section 3:

DEFINITION 4.4 Let F e R — IP, and let ®;: (R — IP) = (R — IP) be given by
D, (F)E) = (e},
QUF)r) = U{aF@F):r-4r'}, ifrzE,

where r =g r’e Rp,.

LEMMA 4.5

a. Dy(F)(r)is nonempty and compact for each F, r.
b. @, is contracting in F.

PROOF As usual. O
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DEFINITION 4.6
a. @d =ﬁX( d)d )
b.  0(d,s) = 04s;E).

DEFINITION 4.7 ry —» 7, is as in Definition 3.6 (but now with respect to 7).

The definition of the complexity /: R — IN is now more involved. [/ is given as a pair I ={k,c),
where k(r) gives account to the number of unguarded occurrences in r of a procedure variable, and
c(r) gives a certain form of syntactic complexity of its argument r. (Note that the definition here
differs from that of Definition 3.7') We order the /-complexity by putting (k,cq ) < {kj,cp )if
either k; <kpork; =k and c; <c».

DEFINITION 4.8 .

a. ki R >IN is given by kK(E)=0, k(ry,ry) = k(ry) +k(rs), k(a;r) = 0, k(x;r) = 1+k(r),
k((sy552)r) = k(syi(s257)), k((sy+s52)r) = max{ k(sy;r), k(s2;r) ), k(new(s)r) =
k(s;E) + k(r).

b. ¢ R —> N is given by c(E)=0, c(r,,r2) = c(ry) +c(ra), cla;r) = 1+¢(r), c(x;r) = 1 +¢(r),
c((sy382)ir) = T+ce(syi(s25r)), c((sy+s2)r) = 1+c(syr) +c(sair), clnew(s)r) =
1+ c(s;E) + c(r).

LEMMA 4.9

a.  k(h;r)=0, k(g;r) <k(r).

b. Ifry —»rythenl(ry) > Il(ry).

PROOF Part a is shown by induction on the syntactic complexity of first A, then g. Part b is direct
from the definitions. O

4.3 Denotational semantics

Before proceeding with the definitions of the various meaning functions, we first define the operator
|I: IP x IP — IP, which shuffles the elementary actions in its (possibly infinite) arguments p, p, yield-
ing the result p; || p2. Note that || only occurs in the semantics of £,.. We shall define | as fixed
point of a higher-order mapping. This technique, which may seem somewhat overdone in the present
setting, is applied firstly to handle finite and infinite arguments in one go, and secondly to prepare the
way for the definitions in Section 6, where a higher-order definition for (a more involved version of) ||
seems essential.

DEFINITION 4.10

a. Let¢ePxIP—'IP. We define the mappings
Q : PxP-'P)>PxP-'P)
o : (PxP-'P)>@A°xA" > P)
Q, : PxP->'P)->PxP-'P)

as follows:
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Q O@1.p2) = V{0 @) uep,veps)
o @)EY) = (v]
® @)auy) = a-¢({u}.{v})
Q, 0P 1.p2) = QOP1.p2) O OP2.P1)
b I =fi@,), L =Q.(I).

EXAMPLE Let a® be the infinite sequence of a’s. Then a®||b={a® } U (a*ba®). Note that the

‘unfair’ outcome a® (b never got its turn) is included in the result.

LEMMA 4.11
a.  All operators in Definition 4.10 are well-defined. Q_, ® , Q, are contracting in .

b. pillpa=(p1 Lp2)u(p2 Lpr)
PROOF Part a follows by Michael’s theorem; part b is direct from the definitions. O

The denotational mappings are collected in the next definition. We draw attention to the clause deal-
ing with new(s). Also, the meaning of a procedure variable is handled in the customary way through

environments.

DEFINITION 4.12
a. L&y o Env > P — Pis given by

Samp = ap

SxmMp = Mxp
S1isdnp = ISsin(Ismp)
SL(s1+s)np = (Lsimp)u(Isamp)
Snew(s)Mp = (Lsni{ePlp

b.  Hy: Env — Env is given by
Hynx=4(dx)M
c. Mg =fix(Hy), Dd,s) =S s Mg {€}.

The justification of this definition follows in

LEMMA 4.13

a. JSsnelP-!P

b. SseEnv->'P-o'P

c. ShneP %P

d. SheEnv—>"P %P
e. sgneP-!P

f. YgekEnv "% PP
g.  Hye Env —% Env.

PROOF We exhibit a few selected subcases. Throughout, we argue by induction on the syntactic
complexity of the statements concerned.
c. Caseh=h';s.

d(S(h"s)mpy, Sh'5s)Mp2)
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AN (Isnpy), Lh'N(SLsnp2))
(ind) %2d(Ssmp,.Ssnp2)
(parta) 2d(py,p2)

d.  Take p arbitrary, case h = h’;s.
dS(hs)mp, S (h'ss)Mz2p)

NN

< (def. ¥, d an ultrametric)
max{ d(Sh' Ny (LsMp), SH'M(Lsmp)) (*),
AR M(LsMp), Lh' M (Lsyp) (F*) )
< Yd (M, M), since
(*)
< (partc) Yed(Ssnyp,SsM2p)
< (partb) %2d(n;,1n2), and

(**)
< (ind) %d(Mmp,mm).
e. Case g =new(g’).
d(Smew(g")np;, S mew(g’)Np;)
d((£g'n{eHlpr,.(Lg'n{e})l p2)
(I nd)d(p,,p2). O

IA

REMARK It is also possible to define 2 as fixed point of some higher-order ¥. Note, however, that
some care has to be applied in ¥’s definition: simply following Definition 3.16 would not work.
Instead, a definition which is organized following the s, g, and & syntax is required.

4.4 0 and D are equivalent
Let 6;: R — IP be given in

DEFINITION 4.14

64(E) = {¢g},
a(sir) = FLsngéyr),
Ea(ri,r2) = 64(r1)ll 84(ra) .

LEMMA 4.15 If ry —» r by (recursion), (seq.comp.) or (new) then 84(ry) = 84(rz). If ri —» ry and
r1 —» r3 (by (choice)) then &4(r)=84(r,) U 84(r3).

PROOF Clear by the definitions. Observe that the (par.comp.) rule does not contribute to the —» rela-
tion. O

LEMMA 4.16 ®4(8,) = 8,.
PROOF We prove that, for all r, ®4(8,)(r) = 64(r) by induction on /(r). We exhibit two subcases:
Case r =x;r'.
D4(84)(x;r")
= Ulaén| xir’ =57}
= (definition J,) U{ a.84(r)| gir’ —47 )
= @u(8,)(g:r")
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(ind.) &4(8:r")
(Lemma 4.15) &4(x;r").
Case r =(ry,ra).

Dy(84)(r1,r2)
= Ulagn)| (ri.r2) =47}
= (def. Tp) U{ a-8,4(r'",r3)| ry =G r" }u (symm.)
= (def. §z) U{ a-84(") || 84(r2) : ry % r’ v (symm.)
= (def. L)YU({a8y(r):ri-5r" } L 84(rp))u (symm.)
= (prop. L) (V{a84(r):ry =G r }) L 84(rz) v (symm.)
= (def. ®y) (Pg(8)(r1) L 84(r2)) v (symm.)
= (ind.) (84(ry) L &4(rp)) v (symm.)
= (def.]) a(r) |l 84(r2)
= (def. &) E4(rq,rp). O

It is now immediate that

THEOREM 4.17 0 = 2.
PROOF By Lemma 4.16 and Banach’s fixed point theorem 2.4, 04 = ;. 0 = 2D now follows as in the
proof of Theorem 3.22. O

We conclude this Section 4 with a

REMARK The programming concept of process creation has been modeled in terms of the semantic
||-operator (from Definition 4.10). As a natural consequence of this, one may want to compare £
with the language £, which extends £, with the syntactic merge operator (i.e. which has syntaxis
s(€2y)u=al x| s1;52] s1+s2| 511 52, and derived definitions). Now a somewhat surprising
result of Aalbersberg and America (personal communication) is that £,. and £y are incomparable:
Assuming the natural semantics for £y, (relating the syntactic || to the semantic ||), we have that there
exists a program in £, without an equivalent program in £, and vice versa. We have thus falsified
a conjecture stating that the new-construct may as well be expressed in terms of the merge operator.
The nontrivial counter examples as mentioned involve combined use of recursion and process crea-
tion or merge. One final point: continuation semantics does not fit well with merge. We do not know
how to provide a clause for (s || s,)Mp in terms of sy Mp; and S5, M p, for some suitable con-
tinuations p, p».

5. BACKTRACKING

Our next language, £,,, has as characteristic feature failure (in the form of the atomic fail statement)
and backtracking (expressed by s, os,). The nondeterministic choice s; +s, has disappeared; recur-
sion and sequential composition remain. In order to execute s;os,, we assume two kinds of syntac-
tic continuations, viz. the success continuation r and the failure continuation t. Execution of
((s;os2);r):t is performed by executing s, with success continuation r and failure continuation

(s2;r): . 1f somewhere in the execution of 5 we encounter failure, we continue with the execution
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of (s9;r) : 2. If not, we continue with execution of r : ((s2;r) : ¢ ).

In the papers [B88, BrVi89, Vi90] we have shown how to apply this construct to model the
backtracking feature of PROLOG. The present model being logicless, in the papers just cited (cf. also
[BK90]) we also discuss how to interpret the atomic actions and how to instantiate the procedure
variables in such a way that the usual PROLOG semantics in terms of computed answer substitutions is
obtained. Moreover, in [B88, BrVi89] it was also shown how the simple backtracking formalism to

be presented below may be extended with a continuation semantics for the cut operator.

5.1 Syntax
Let (a €) A, (x €) PVar be as usual. We shall from now on be somewhat more succinct in the vari-
ous definitions and lemmas.

DEFINITION 5.1

a. s(efy)=al x| fail] s,;5,] s;058;.

b. g(e¥§)=al fail| g;s| g,o82.

c. d (e Decly,) is a mapping d: PVar — £§,, a program is a pair (d,s).

DEFINITION 5.2
a. r(eR):=E| (s;r)
b. t(eT)u=f| (r:1)

f is short for fail. Parentheses will be omitted when convenient. We do not identify ¢ and E:z !

5.2 Operational semantics

Since the behaviour of an £,,-program is deterministic, single sequences rather than sets of those are
now delivered. For consistency in notation, we use in this section p to range over IP =4 A§ =4
A* UA®.8 UA®. Here A*-8 denotes the set of all finite sequences over A, with & postfixed. We

define the operator o of concatenation on IP as follows:

DEFINITION 5.3 Let ¢ range over P x IP -! PP,
a  Q:(PxP-' P)— (IPxP —' IP)is given by

Q oep = p
Q ¢dp =0
Q ¢ap’p = a-0p'p
b. o =fix(Q).

Thus, o’ is the usual concatenation with, in addition, the property that dop = 8.
Transitions are four-tuples in 7 X A X Decly, x T, written as t —g t’. The transition system Jy,
(and associated transition relation R,,) is given in

DEFINITION 5.4

o (ar)t-Yrua (el.action)
(g;r):t >§ !

4 =,dx)=g (recursion)

(x:r):t —9%¢
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1 oGt
° —_— (failure)
(fail;r):t &5 ¢
(5135257t 41
. = (seq.comp.)
((s1382)r):t g1

. (s15r):((s257):0) =g t (backtrack)

((syos2);r)it =51

With J,, we associate the usual —» relation:

DEFINITION 5.5
a. 1y —»t, if there is a rule in J,, of the form

tz—)gl

o9t
—»™ is the reflexive and transitive closure of —».
b.  We say that t terminates if, for some ¢, t =™ E:t’. Also, ¢ fails if t > 1

For the syntactic constructs from £, R, T we define a complexity measure which is a slight extension
of that introduced in Section 3:

DEFINITION 5.6 The mappings ¢;: T — IN, ¢,: R — IN are given by

a. ¢, (0H=0,c,(r:t)=c.(r)+c1).

b. ¢, (E)=0,c,(s;r) =cg(s).

c. @) = cfail) = 1, c(x) = c(dx))+1, c(s1582) = c5(s9)+ 1, cg(sy083) =

cs(851) +c(s9) + 1.

LEMMA 5.7

a. ¢, ¢, g are well-defined.

b.  Ifty >ty then c,(ty) > c,(t7).

c.”  For each t, either t terminates, or t fails, or t —° t’ for some a, t’.

PROOF Well-definedness of c,, ¢, is clear. Well-definedness of c; follows by induction on the syn-
tactic complexity of first g, then arbitrary s. Part b is clear from the definitions, part c uses induction
onc(t). O

We are now ready for

DEFINITION 5.8 Let F range over T — IP. The mapping ®,: (T — IP) = (T — IP) is given by
Oy(F)1t) = &, if t terminates ,

OyF)1) = 0O, if ¢ fails,
DUF)t) = a-F({), ift-g1.

We have the usual
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LEMMA 5.9 @, (F)(t) is well-defined for each F, t. Also, ®, is contracting in F.
PROOF Easy. O

The operational semantics for £, is given in

DEFINITION 5.10
a. O0y=fix(Dy).
b.  0(d,s)=04(s;E):f).

5.3 Denotational semantics

To prepare the way for a related definition in Section 6, we now vary the denotational definition for-
mat by replacing the use of (fixed points of) environments by the use of (<4 as fixed point of) a
higher-order mapping ¥,. (Recall that both approaches were already used for the simple language
£, of Section 3.) We use as semantic success continuations functions ¢ in IP —! IP, and as semantic
failure continuations elements p in IP. Moreover, we shall use F to range over
Ly = (P>!'P)— (P>'P).

DEFINITION 5.11
a.  The function ¥,: (£, = (P o' P) = (P 5! P)) - (£, » (P> P) > (P! P)) is
given by

YyFaop = a-¢p

Y,Fxop Y, Fd(x)op

Y, Ffailop = p
Y, F (sy;82)0p Y Fsy(Fs,0)p
VaF (s1082)0p = WyFs10(¥aFs20p).

b.  Sy=fix(¥,); Dd,s)=Y,s5 (A\p.€)d.
This definition is justified by

LEMMA 5.12 Let ¢, ¢;. 0, P> IP.p,p,, po e P.
a.  Vs:d(WyFsop,,¥yFsopy)<d(p,.py).
b Vs:d(VaFs¢,.d(YyFsdy)< %d(d,0).
C.  Vs:d(WyF,s,YyF,5)< %d(F,,F,).
d. Yie (Ly > (P>'P)— (P->'P)) =% (£, > (P >'P)> (P! P)).
PROOF We present a few typical subcases.
a.
d(WY,F failop, , ¥, F failop, )
= d(p1.p2);
d(¥yF (s1352)0p 1, WuF (s1352) 0p2)
= AV F s\ (Fsa0)p . YaF s (Fsy0)ps)
< (the ind. hyp. applies since F s, ¢ IP —! P) d(p, ., p»).
c.  Choose some ¢, p. We consider the case 5;;5,:
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d(WaF1(s1352)0p, YaF2(s1352)0p)
(def., d an ultrametric)
max{ d(WygF 151 (F1520)p, VYaF 151 (F2520)p) (*),
d(WaF151(F2820)p ., YaF251(F2520)p) (*%) },

IA

*)

<(partb) %2d(Fs20,F25,0)
< Y%2d(Fy,F,),

(**)

<(ind.) %d(F,,F,). 0

5.4 0 and D are equivalent
We define functions &; and F; relating syntactic and semantic success and failure continuations,
respectively.

DEFINITION 5.13
a.  The function §;: R — (IP -' IP) is given by
E4(E) = Ape,
Ea(sir) = Lu(s)64(r) .
b.  The function #;: T — IP is given by
Fqf) = 3,
Fq(rit) = 64(r)F4() .

LEMMA 5.14

a.  Ifty >ty then Fy(t1) = F4(15).

b.  Fu((a;r):t)=a-Fy(r:1); F4E:1t)=¢.

PROOF We exhibit one typical case for part a:
Fq((s1082)5r:1)

= 64((s1082);r)F4(1)

= F(s1082) 84(r) F4(1)

= Fus184(r)(Fs3E4(r) Fy(t))

= F4((s15r):((s25r):t)). O
Next we have the usual

LEMMA 5.15 (Dd( )= I,
PROOF We show, employing induction on ¢,(#), that ®4(F,)(t) = F4(t), forall 7. O

THEOREM 5.16
a. @d =%,4.
b. 0=2.
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PROOF As usual. O

6. RENDEZ-VOUS

In this section we investigate (a schematic kind of) the rendez-vous programming construct as occur-
ring in ADA [ANS830] or POOL. The version studied here extends the communication mechanism
of CCS [Mi80] in the following way: Whereas in CCS synchronised execution of the actions c, ¢ in
two parallel components results in the execution of a T-step (as expressed by the equation ¢| ¢ = 1), in
our language £,, we extend the class of elementary actions with methods m, m (which thus occur in
pairs as well), together with an extension of the declaration map d which now also maps each m (and
m) to an associated statement d(m) (= d(m)) as body. The intended execution of this construct is as
follows: Imagine two parallel components rq, 7o, the first ready to execute m;r’, and the second
ready to execute m;r”. A successful communication will then result in the execution of d(m);(r’,r"”).
Thus, the procedure body d(m) associated with m is executed first; after its completion, the parallel
execution of 7’ and r”’ is resumed.

Following the plan to discuss key features of the language POOL, we embed the rendez-vous
notion in a language with process creation. Since the denotational meaning of an element in £,, now
involves (in the new(s) case) the semantic operator || which in turn - by the argument as just given -
involves the communication operator | calling for the denotational meaning of d(m), it may become
apparent to the reader that we are confronted with a more complex situation than that encountered
earlier: We shall have to design a simultaneous higher-order definition for the denotational meaning
function and for the semantics || -operator.

One further point to mention in this introduction is that we shall employ a branching time
semantic domain (elsewhere often called a bisimulation-model): The need for a BT-domain arises -
just as for CCS - from the possible deadlock behaviour of an £,,-program: We want to distinguish
between the meaning of a;(a» + m) and (a;a;) + (a1;m) since, in the presence of a parallel m, their
deadlock behaviour differs.

A final word on the relationship with [R90a]: We have designed here a BT-operational model
which is self-contained (expressed only in terms of the familiar transition system formalism). In
[R90a], the (intermediate) operational BT-semantics involves as well an application of the denota-
tional meaning function. Compared with [ABKR89], the approach adopted here is more demanding
since continuations are passed as arguments of functions (necessitating the solution of a domain equa-
tion of the form

P= (P> «)). (6.1)

In the present setting dealing with a skeleton-version of the rendez-vous construct we have managed
to avoid these complexities. In [BV91] we show how the method to be described below works as
well in a setting for the rendez-vous with individual variables, parameters, and a resulting value to be
returned.
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6.1 Syntax
Let (a €) A and (x €) PVar be as usual, and let (m €) M be a set of method names. Let~: M — M be

a mapping such that m = m. Let e range over A U M.

DEFINITION 6.1
a.  s(efy)u=e| x| sy:52] s1+52] new(s),

g(ety)=h| g1;821 g1+82| new(yg),
h(eLh):=al h;s| hy+h,.

b.  (d €) Decl,, consists of mappings d = (d,,d,), where
dy:PVar > £8,,d>: M — £8,
such that d,(m) = d,(m). For simplicity, we drop indices on d when no confusion is expected.
c.  Programs are as usual.

REMARKS

1. Note that the syntax for & involves a, not e. For guarding purposes, method names have the
same role as procedure variables.

2. The codomain for d; is £%, rather than £%, (or £,). This is motivated by our wish to have con-
tracting functions in the semantic definitions (cf. Subsection 6.3).

Syntactic continuations are as in Section 4:
DEFINITION 6.2 7 (eR) ::=E | (s;r)| (ry.7r3).
Again, we identify (E,r) and (r,E) with r.

6.2 Operational semantics
Transitions are four-tuples in R X (A U M) X Decl,, X R, written as r; =5 r,.

DEFINITION 6.3 J,, and associated R,, are given by
a. All axioms and rules as in 7, of Section 4, with e replacing a.
b.  In addition, the rule

o™y S T R ) o r
] ,dm)=nh (rendez-vous)
(r] ,r;_) —)e r

The relation —» is as in Section 4 (the rendez-vous case will obtain special treatment below). The
complexity definition is slightly amended:

DEFINITION 6.4 The complexity /=(k,c) for re R is as in Section 4, with the addition that
k(m;r)y=1+k(r), and c(m;r) =1 + c(r).

Again we have
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LEMMA 6.5

a.  k(hr)=0, k(g;r) <k(r).

b. Ifry—»rathenl(ry)>Il(ry). O

As semantic domain we use here the complete metric space IP which satisfies the domain equation
P={po} 0 Pe((A v M)xid,(IP)) (6.2)

Here p is the nil-process - modeling the nil action. Also, from Section 2 we recall that (6.2) is actu-
ally an equation in (complete) metric spaces.
Let F range over R — IP. We give the usual

DEFINITION 6.6 ®,;: (R —» IP) > (R — IP) is given by
@,(F)(E)
D4(F)(r)

Po-
{({e,Fr))| r=4r},ifr2E.

REMARK See also Definition 3.13 and the comments following it.
DEFINITION 6.7 0, = fix(®4), 0(d,s) = 04(s;E).

The 0 as just given yields branching time (BT) results; moreover, it preserves m-steps which have not
synchronised with a corresponding m. For example, 0(d, (a+m);E) = {(a,py Y, {m,py)}. The
main advantage of this 0 is that it equals the denotational . On the other hand, it is possible to
define a linear time ©" which, in addition, suppresses m-steps in the result. The details are as follows:
Let P’ =4 ?,.(A% ). The mapping 0,: R — IP’ satisfies

04E) = (e},
04(r) = U{e040)) r—4r',ecA}ifr#Eand{e| ro§r,ecA}z 2.
04(r) = {3}, otherwise

Here r =4’ is from R,, (but note that ¢ may not be from M). Well-definedness of 0, may be
shown in the usual manner. Examples are
Oy(ar(a+m)E) ={ aa; }.
0a((@y;ax)+ay;m))E) = {ayaz,a,8 ).
Furthermore, we may show that 0 = absec 04, where the abstraction mapping abs: IP — P’ firstly
replaces a tree by the set of all its paths (thus collapsing the branching structure), and secondly omits
all m- --- paths. We define abs to satisfy
abspo) = (g},
abs(p) U{ e-abs(p’)| (e,p’Yep.ecA}if{e| (e,p’)ep,ecA}# o,
abs(p) {8} , otherwise .

This definition may be justified by the familiar higher-order argument.

REMARK Though the rendez-vous rule (and the subsequent denotational definitions) is sound (it
yields only ‘correct’ computations), one might argue that it is not complete: In certain situations it
yields deadlock where it should derive some successful computation. Consider, e.g., the situation that

d(m)=a;m’, and that r, =(m;E,m";E), ry =m:E. Since r{ -»>"m"E=r’, ry " E=r", and
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dm)(r’,r’”") =% m’;(r’,r’”’), we may infer that (r;,r) >%m’;m”;E. Now in this result (ie.,
m’;m”;E), a rendez-vous between m’ and m’ is not possible, due to the occurrence of m’ after m’, and
a deadlock has been yielded where a successful computation should have been delivered. A way out
of this problem is the introduction (taken from [ABKR89]) of a distinction between dependent and
independent resumptions. This works as follows: labels in transitions are now from A UM X R, and
the r’ occurring in a transition r Sy > is the so-called dependent resumption which may resume
only after the rendez-vous for m has taken place (and r; is the independent resumption). The induced
modifications in J,, are (besides the fact that e now ranges over A UM X R):
e a;r-‘r

m;r " E

(these rules together replace the rule e ;r —° r of the former 7,,).

e the (par.comp.) rule is as before (but note that it now affects only the independent resumption).
P S ST () () S r
. ,dim)=h
(ri,r) o°r

(revised rendez-vous)

Next, in the definition of IP we replace M by M x IP. Finally, we change the definition of ®,(F)(r),
for r # E, to read

Dy(F)r) = {{aF ()| r=2r YU [ (mFE").F))| r=""r),
with — with respect to the amended J,,. (We shall not address below how the denotational defini-
tions and the proof of 0 = 2 have to be modified accordingly.)

EXAMPLE Letd(m)=a;m’. We have, in the revised system, that
(m;E,m";E) > m".E
m;E —»™E E
(a;m";E,m";E) = (m’;E,m";E)

Hence, by the revised rendez-vous rule, we infer that
((m;E,m”:E),m;E) =2 (m”;E,m";E).

6.3 Denotational semantics
We define the mutually dependent £;:£,, — IP —>!Pand || : PxP —'IP as simultaneous fixed
points of the higher-order ¥, Q. The definition for ¥, uses auxiliary ¥, ;" which are defined
for g € £8, and h € £%, (rather than for s € £,,). The separate introduction of ¥4, ¥,” is necessary to
obtain contractivity of ¥,.

DEFINITION 6.8 Let Fe £,, »IP ! IP, 0 IP x P —! IP. The mappings
V) : @y o Po3'P)x(PxP-SIP) - (£, 5P P)
¥/ £y o P P)x(PXxPo'P) » (8, 5P P)
¥,/ Gy P>'P)x(PxP>'P) - (¢4 5P ! P)
Q : &, oP>'P)x(PxP->'P) 5 (PxP-'P)

are defined as follows:
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WyFoep =Y, Foep=¥Y;"Foep={(ep)}

YyFoxp="Y,/Fod(x)p

WaFO(s1:52)p =YaF 051 (WaFos2p)

YiFo(g1:82)p=YiFog,(YiFdg2p)

Yi"Fo(h;s)p="eFOh(Fsp)

WaF dnew(s)p = QuF ¢(¥yF s po)p

Yy Fonew(g)p = QuF §(Ys/Fogpo)p

YiFo(s1+52)p = (YyFos p) v (WsFds,p)and similarly for ¥/, W,”

QuFoppo=QuFopop =p

QuFdp1p2 = (QuF p1p2) U (QaF 0papy) U (QIdFd’P 1p2) ifpr.pa#po
where

QuFop1p2 = ({e,0(".p2))| (ep’Yep ) |

QLFop 1py = U W, Foho@,p”)| Im{mp’ Yep,(ip” e pyd(m)=h ).
Moreover, we put (¥, || ) = fix(¥;,Q,) and D(d,s) = SL4(s)(Po)-

EXPLANATION Using Wy(Sy. | ) =% Qu(Fa. 1) = ||, putting L =Qu(a. 1), | = Qld(ffd, I ), and
using part j of Lemma 6.9, we obtain the equalities

Fanew(s)p =(SLaspo)llp
pillp2=(p1 Lp)o@2 Lp)v@ilpl)
Pilp2=V{Ly)P’ I p”)| 3m(m,p’Ye p,,(m,p” )ep,,d(m)=h}.

Note that the last of these equations is the denotational counterpart of the operational rendez-vous
rule. The terms p, L p, and p, [L p,; in the second equation describe individual one-sided steps
which do not lead to communication.

A lemma justifying Definition 6.8 follows:

LEMMA 6.9 For all relevant arguments:

Y, Y,/ , ¥,” and Q, are well-defined.
d(¥y"FOhp,,Yg"Fohpy)< %2d(py,ps)
d(¥,"F101,¥y"Fa0) < 2d((F 1,01 ) (F2.02 )
d(QuFOp1p2.QuFop,'py)<d(pip) i=12
d(QuF 191,Q4F 207) < %2d((F 1,01 ).(F2.¢; )
d¥,Fogp,YiFogp2)<d(p.p2)
d(¥YeFosp . YyFOsp2) <dpi.p2)
dWq'F101, Yy F202) < 2d((F 1,01 ).(F2.02 )
d(YyF 191, YaF 202) < %2d((F 1,01 )(F2,92 )

o YLl h=Sh, VYLl g =Fag.

PROOF We prove a few selected subcases, organized by the various possibilities for the s, g or h. We
use | or 2 to abbreviate {( F{,9; Yor ( F1.0; ).

b. Casea.

Fm oo a0 oo

—
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d(Y4"Foap, ¥, "Foap,) =d({ {a.,p, ).{{a,pz)}) = %d(p,.p,)
Case h;s.
d(¥y"Fo(h;s)p 1, Y Fo(h;s)po) =
d(W"Foh(Fsp,),Y ;" Foh(Fsp,)) < (ind.)
Yad(Fsp1,Fsp,y) < (Fnd.i.inp) %d(p,,p2)
Case h;s. Take any p.
d(¥g"1(h;s)p,Wy"2(h;s)p) < (def. ¥;”, d an ultrametric)
max{ d(¥"1h(F 15p), 4" 1h(F 35p)) (*),d(¥ 4" 1h(F 25p), ¥ 4" 2h(F 15p)) (**) }
(*)<(partb)
Yod(F 1sp,F osp) < Y2d(F(,F5) < %d(1,2)
(**)<(ind.) Yd(1,2)
Take arbitrary p;,p,. We only consider the terms Q'd 1p1p, and Qld2p \Pa:
d(Q'dlpmz,thmz) =
d(U{¥Ys"1h(0:1p’p")| Imm,p’Yep,(mp” Yeprdm)=h},
U{¥y"2h(02p'p")| 3m:{m,p’Ye p\.(mp”)epydm)=h})<
sup{ d(Wg"1h(@1p'p"), ¥4"2h(@2p'p" )| Im:(m,p’ Ye py (mp” e padm)=h ) <

sup{ max{ d(¥"1h(9,p’p"), ¥4 1h($2p'P")) (*),d(¥ s 1h($20"P"), ¥ s 2h($2p"P")) (**) ) },

(*)<partc Y2d(¢;,¢2) <d(1,2)
(**)<(ind.) %d(1,2).
Case (s1;57).
dYaFo(s1552)p 1, YaF0(s 1 :852)p2) =
d(YuF 9s1(YaF 952p1),(YaF 051 (¥ 4F 052p>)) < (ind.)
d(YaF ¢s2p 1, YaF ¢sop2) < (ind.)
dp.p2)
Case new(s).
d(YoF dnew(s)p |,V sF pnew(s)p,) =
d(QaF OC¥4F dspo)p 1, QiF O(¥aF dspo)p2) < (part d.)
d(p1.p2).
Case new(g). Take any p.
d(‘¥y Inew(g)p,' Vs 2new(g)p) =
d(Qq1(¥ " 18p0)p, Qu2(¥ s 28p o )p < (as usual)
max{ d(Q1(¥,"1gp)p.Q1(¥y"2gp0)p) (*),d(Qu1(¥ 1 28p0)p. Q42(¥ 128D 0)p) (**) )
(*)<(partd) d(¥, 1gpo, ¥, 2gpo) < (ind.) %2d(1,2)
(**) < (part e) %2d(1,2).
Case x. Take any p.
d(¥ 1xp, ¥ 2xp) =
d(Wy'1d (x)p,¥;2d (x)p < (part h) ¥:d(1,2).
Case (s ;5;). Take any p.
d(Wyl(sy 152)p,Wa2(s1552)p) =
d(Wyls 1 (Yyls,p), W 251 (Yy25,p)) < (as usual)
max{ d(Wyls (¥ 152p), Wyls | (Yy259p)) (*),d(Wyls1(¥a252p), ¥a25 1 (¥ 125,p)) (¥*) )
(*)<(part g) d(¥ ls:p.¥Y425,p) <(ind.) "d(1,2)
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(**)< (ind.) 2d(1,2).

j- Case (h;s). Take any p.
Fa(h;s)p = YaFgll (his)p = ¥oF g | R(¥aSasp) = Lah(Lasp) = (ind.) W Sy || h(Fysp) =
Wi "Lyl (his)p.

REMARK Note how the proof of part e builds on part ¢ which is stated (at this moment in the proof)
for W,” only. This explains the earlier restriction that d (m) e £%,.

6.4 0 and D are equivalent
We first define &, in a similar way as in Section 4 (cf. Definition 4.14):

DEFINITION 6.10 8;: R — IP is given by
84E) = po,
Ea(sir) = SLu(s)64(r),
E4(ryira) = 84(r1) |l 84(ry) .

We have the usual

LEMMA 6.11 If ry —» ry by (recursion), (seq.comp.) or (new) then 84(ry) = 84(ry). If ri —» ry and
r1 —» r3 (by (choice)) then &4(r)=84(r,) U 84(r3).
PROOF Standard. O

In order to be able to obtain the main technical result (viz. ®4(8,) = 8,4, see Lemma 6.13), we need

some auxiliary facts:

LEMMA 6.12
a. Ifh;r; 5%ra, thene e A.
b.  Ifry 5" ry then k(ry) > k(r»).
c. If (ry.rp) >°r has been obtaincd by an application of the rendez-vous rule, then
I(rq,ra) > I(h;(r',r")).
PROOF
a.  Clear by the definition of £%,.
b.  Induction on /(r;). We consider a few typical subcases, depending on how r; =™ r, was
obtained.
(elaction) Then ry =m;r’, ry =r’, k(ry) = k(m;r’) = 1 + k(r’) > k(r’) = k(r5).
(recursion) Then r is of the form x;7 and the rule
gir-o"ra
has been applied. Since k(x;r) =1+ k(r) > k(r) = k(g;r), we have I(g;r) < I(x;r). By induction,
k(g:r) > k(ry), and k(x;r) > k(r,) follows.
(rendez-vous) By part a, this case cannot occur.

c. By partb,if riy »"r" and ry - r” then k(r;) > k(r’) = 0 and k(r,) > k(r”") 20. Hence
k(ry,r) > k(hi(r',r”)) = 0,and I(ry,ry) > I(hy(r’,r")) follows.
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LEMMA 6.13 For all r, ®;(8,)(r) = 84(r).
PROOF We use induction on /(). The interesting case is r = (r1,r2). We have
D (E4)(r1.72)
= {(e84(r)) ri = YL 84(r)u{ (e840 ) 13 > r” } L 84(ry)u
{Ce.8aM) ri o™ ry 5™ r”  hy(r',r”) = r,d(m)=h }
= Py(84)r1) L 84(ra)u Dg(8g)(ra) L E4(rp)u
U D(E)(hs(r'sr” )| 1y =™ 1 ra =™ r” ,d(m)=h }
= (ind) 84(r1) L E4(ra) w 84(r2) L 84(ra) v
U{ E4(h;(r'sr”) | 1y =™ 1 ry 5™ r” d(m)=h )
= (def. 84, @y) 84(r1) L E4(r2)u 84(ry) IL E4(ra)u
U{ La(W)@ Il p")| (m,p”)e ®y(E4)(r1),{m.p” Ye ®y(E4)(rs),d(m)=h }
= (def) &4(r1) L 84(r2) v 84(ra) L E4(ra) 0 ®y(E5)(r )| D(8g)(r7)
= (ind., def || ) 84(r1) |l 84(r2)
= (def. 83) 84(ry,r2). O

Finally, we conclude with our main

THEOREM 6.14 For all s € ¥£,,,d € Decl,,, 0(d,s) = D(d,s).
PROOF Follows from Lemma 6.13 by the familiar argument. O
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