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1 Introduction.

In this paper, we describe a modification of the mixed finite element method for a second
order elliptic equation. The modified method is based on standard mixed finite elements with lowest
order Raviart-Thomas elements on rectangles[1]. To give a short description of our method, we
recall, that a mixed finite element formulation of

—divagradutcu = f on @,

ulag = g,
can be written as
(op, /@)= (divrp,u) = — < gmyMmg > V 7, €V,
(div o, ty) +(cuptpy) = (ity) V th EWy,

where u;, is a discrete approximation of u and o, is a discrete approximation of —a grad u. In this
paper, we show that, if we use a special quadrature rule for the inner product (o4,7,/a) and if the
coefficient a is piecewise constant, then the difference between a suitable projection of the continu-
- ous solution and the discrete approximation is of order @(h*). We give numerical evidence that
confirms the theoretical result for smooth o. In section 2, we formulate the boundary value problem
to which we apply the modified mixed finite element method. Section 3 describes our mixed finite
element discretisation and the quadrature rule for the inner product. There we also give a motiva-
tion for the use of the special quadrature rule. We give two other choices for the quadrature rule in
section 4. One choice results in the usual scheme for lowest order Raviart-Thomas elements, the
other choice corresponds to the use of the trapezoidal rule. We derive an error estimate for the
modified version in section 5. In section 6, we use a one dimensional example to illustrate the
importance of the ratio ch?/a for the usual scheme and our modified scheme. For these methods,
the value of this ratio determines whether or not u, satisfies a local maximum principle (cf. Polak,
Schilders and Couperus[2] ) For the scheme based on the trapezoidal rule, uj, satisfies a local max-
imum principle for all ¢ = 0. In Section 7, we show numerical results. Section 8 gives an a
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posteriori error estimator for the method based on the trapezoidal rule. In the last section, we sum-
marise our results.

2 The equation.

We consider a second order elliptic equation with Dirichlet boundary conditions, as given in
equation (1),

— divagradu + cu = f on @, _ (1a)
u=g on 0Q. (1b)

on a rectangle & = 10,L,[X]0,L,[. We introduce a special notation for —a grad u,
0:= —agradu . (1c)

We assume, that there is a finite set of rectangles, the union of which covers {, such that a , ¢ are
constant on each separate rectangle. We assume that ¢ > 0 and ¢ = 0. We also assume, that
a,c, fand g are such, that (1) has a unique solution u € C(£), with a ¢ that is sufficiently smooth
for our purposes.

3 The discretisation.

In this section, we give a description of our discretisation. We divide £ into rectangular sub-
domains £ 4 ;+ 4, We introduce some notation and we define our test function spaces ¥, and W,,.
We then introduce two projections P, and II,. Such projections were suggested by Fortin[3] and are
used by Raviart and Thomas[1] and Douglas and Roberts[4]. Next, we give the discretisation and
discuss the special quadrature rule.

3.1. The partitioning of the domain.

We restrict ourselves to subdivisions of the rectangle 2, that can be generated by the Carte-
sian product of subdivisions of its sides. Let

D]={0=xl'o<x|,,< L <x1_N|=L1}
and
Dy ={0=1x30 < x33 < -+ <Xy, =Ly}

be partitions such, that a and ¢ are constant on the interior of each separate rectangle of the subdi-
vision D; XD, of 2. We set

Brive = Xpie1 — X3, (2a)
hajrs = X341 _>x2,j , (2b)
and '
Qirgjrn = (x| X1 < X1 < X401, %) < X3 < X2j41 ), ©)]
Tijrn = { Gux2) | x1 = x50, %25 < X3 < X541}, (4a)
Tivp; = { x| X1 < X3 < Xpi41,%2 = X35} (4v)

3.2. The approximation spaces.

We define our approximation spaces for o and u, by giving a basis for each space. We then
introduce two projections onto the discrete spaces.

For each cell, £;, 4 ;+ 4, We use the characteristic function x; ., 5, b4
Xi+wj+sn = 08y on Rpip iy, )

as an element in the set of basis functions for W,. For V,, we introduce the basis functions Nij+%
and #; 4 j, Where 1, ;4 is linear in x, and constant in x, on each cell with



Nj+5 = 8a8yer on Typpy, ©)

for i,k=0,1,...,N;,j,l=01,...,N,—1 and ;4 is linear in x, and constant in x; on each
cell with

Ni+s; = OpBpey on Tyyy,, )
for i,k=0,1,...,N;—1,jI=0,1,...,N,. Here e; and e, are unit vectors in the x;- and x;-

direction respectively.
With these basis functions, we construct ¥, and W3,

Vh:Span({",i.j-f-ﬁIizoaly'--)Nl ,j=0,1,...,N2—1}U . (8)
{‘l],-_;.%.'j l i=0,1, .. .,N]“] ,j=0,1, . .,Nz }),
Wh = SPan({ x1+9$,j+46 l i'_—'O’l: LRI le_l aj:O:I) .. ')Nz_l }) ’ (9)

The product space ¥, X W, is the space of lowest order Raviart-Thomas elements. To prepare for
the definition of the two projections onto the discrete spaces, we introduce averages over cells and
cell boundaries for f € C(Q),

1

PIQ;yyj+5)(N) = m o) S, (10)
PIT, 4l = ;‘ﬁ;  ran, ay
P[Trn ) = YI‘%T,) rj fdn. a2

In the above definitions, A is the Lebesgue measure on R and p is the Lebesgue measure on R2. We
define, for all u € L2(Q),

Pyu = P[Qiyjrul@) on Qiiyiy V ij, 13
and, for all 0 € H'(R)2,
I40); = PIT;j14l(01) on Tjjip, (14a)
([40); = P[Ti4p)(02) on Tiny; V ij. (14b)
The spaces ¥, and W, and the projection II, were introduced by Raviart and Thomas[1,3]. The

projections have the following special properties,

Lemma 1.
V u€ L2, t €W, : (uty) = (Prnty), (15a)
Vv o€ H®@)?, t, EW, : (dive,t,) = (divIe,z,). (15b)
Proof.
Equation (15a) follows immediately from the definition of P,. Green’s formula,

f divodp = f omg,,, .y dA,

QHKJH& 14 %+ %

proves equation (15b) [

3.3. The discretisation scheme.

We first give the discretisation without specifying the quadrature rule. The choice of a quadra-
ture rule is discussed in section 3.4.

We introduce the space
V = H(div,Q):= { 7 € L}@)? | divT € L*®) }, 16)



with inner product,

(0,7)y = (0,712 + (div o, div 1)y - an
This space is discussed by Roberts and Thomas[5]. We also introduce
W= 1XQ) . (18)

Note, that II, is only defined on H'(Q)? C H(div,Q). In this paper, when we apply II, to the o
defined in (Ic), the assumption that this ¢ lies in H'(2)? is included in the condition "o is smooth
enough.”

We can now write problem (1) in the form:
(U e VW,

a(0,7) — (divru) = — < gTmye > V 7€V, (19a)
(divet) + (cut) = (fit) ViEW, (19b)

where
oa(e,7):= (0,7/a) V o, 7EV . 20)

For our discrete problem, we take
(O, ) EVy X W,

ay(0n,7h) — (diVThuy) = — < T > VYV 7, EV, (21a)
(div o4,8;) + (cup,ty) = (ity) V 4, EW,, (21b)

where «; is a bilinear form on V' X ¥}, that approximates « and that satisfies
o(0,74) = ay(I140,75) . 22

3.4. The definition of ;.

The bilinear form «a; describes the quadrature rule used to evaluate a. The idea behind the
introduction of a special quadrature rule is the following, if we combine (19), (21) and (22) with the
results of lemma 1, we find,

ay(Iyo—04,m) — (div 7, Pyu—1y) = ay(IL,0,m) — afo,7,) , (232)
(div (ITI,6—o04),1,) + (cty,Pou—u,) = 0. (23b)

We see, that the only term on the right hand side of this equation is,
oy(I1,0,7,) — a(o,7) . (2]

If the discrete problem is uniquely solvable, then it is invertible. In that case this term is a measure
for the difference between (II,0,P,u) and (os,u;). We now seek to minimise (24). To do this, we
construct a special quadrature rule for the evaluation of a(o,7,) by defining this rule for a(e,7,) and
a(o,7,), for each 7, , 7, given by (6) and (7). We first introduce the obvious notations,
Qityj+p = P[ﬂi+4£-.j+4é](a) ,

OLij+% = P[ri,j+4€-](ol) ,

02i+4%,j = P[ri-é—%,j](oZ) .
Our two-dimensional integration rule corresponds to the use of a one-dimensional three-point rule
in one direction and exact integration in the other. To simplify the definition of the quadrature rule,
we introduce the following functions,

= ~3

AL , __hL KR

A(h,h,LR) = . —
12 12(h+h)  12h(h+h)

(252)



- h(h+4m)R . h(h+4h)L
= + = 25b
B(hhLR) = T2 ot (25b)
C(h,h,L,R) = A(hh,R,L), (25¢)
~ =3
piLR)= 2L 4 ML _ AR __ @5d)
12 12(h+h)  12h(h+h)
~ -2
~ _2WR , KR , 2hL | AL
EGALR) = 5= + o + 0+ = (25¢)
F(h,hL,R) = D(h,hRL). (259)

Where (25a-c) are used in rules for basis functions with their maximum in the interior of & and
(25d-f) are used in rules for basis functions with a their maximum on the boundary of Q.

Now, we define a;, for all basis functions. We start by defining its action for the e; component
of 6. We have to distinguish between basis functions with their maximum on the left boundary of £,
(26a), in the interior, (26b), or on the right boundary of £ (26c).

o, (0,m0,j+ )/ ho 4= (26a)
D(hy,h1, 14061/ @5 15,0010+ + E(hyshi1+41/0y 44,0001 545 +
Fhyyhy1+61/ayj4+4,0)012)44 ,
o, (0,m;j+5)/ hojry i = (26b)
Ahyi—yhyivm 1/ G-y jrm 1/ Gy jen)0ri-1j+u T
Byi—sshyivm 1/ Gy jr5 1/ Gy jru)01;j4s +
Chyi—sshrivn 1/ G-y 951/ Gy jr5)01it1j+% >
(0N, j+4)/ haj+ s = (260)
Dy, —1-whin,—6:0,1/an, 4+ 6)01 N, —2j+5 T ERin,—1-s:h18-%0,1/a8 —yj1 )01 N, —1j+5 T
Fhyn, —1-sh18,- 50,1/ 8y — i+ 6)O1N, j+% 5
for i=12,...,N;—1,j=0,1,...,N;—1.

Next, we define the rule for basis elements for the e, component. Again, we have to distinguish
between basis functions with their maximum on the boundary of &, (26d, 26f), and basis functions
with their maximum in the interior (26¢€).

(0, M+ 15,0)/ i 1= (26
Dy ysho 51/ 80 1s,15,0)02 i 50 + E(hos.ho145,1/8;444,0)02,141 +
F(ho,usho1+5,1/ 01445 5,0)00 142 ,
(0 Mi+5)/ hyivy = (26¢)
Ay j-ssho s 1/ iy g j—16 1/ i j 1 58)02 445 —1 +
Bhyj—pshajr 51/ Givssj— 10y 1/ i j 1 )00 i 4355 +
Choj—s5sh2 s 1/ Givssj5s 1 iy 4 )02 54541 5
(0,04 5.8,/ Briv s = (26£)
D(han,—1-s:h2 N, ~0,1/ 814 .~ 16)02 i+ 5,8, —2 + E(hon,—1-46,ho N, —%,0,1/ 811 45 N, — )02 i1 5 v, —1 +
F(hyn,—1-nh2on,—6:0,1/ 14y N, - 5)02 i+ 18,

for i=0,1,...,N;—1, for j=12,...,N,—1, .



In section 5.1, we show, that for the above choice of coefficients, (24) is O(#>). The use of a
three point integration rule means, that we cannot obtain a higher order than this for (24) unless the
mesh is uniform and the coefficients are constant on £, in which case we gain a factor of & due to

symmetry.
4 Other quadrature rules.

If we take different coefficients in our quadrature rule a;, we find other variations on the
mixed finite element method for lowest order Raviart-Thomas elements.

4.1. Exact evaluation of the form « on test and trial functions.

If we assume piecewise constant coefficients and we use exact integration for the product of
test and trial functions, we obtain,

AGBLR) = 1=, @7a)
B LR) = 22+ 2K @)
C(h,h,L,R) = A(hh,R,L), : @270

D(h,h,L,R) = % : Q7d)
E(hh,LR) = % + hTR Q7¢)
F(h,h L,R) = D(h,hR,L), 276

this choice results in the usual mixed finite element scheme for this choice of test and the trial func-
tion spaces.

4.2. Use of the trapezoidal rule.
The use of the trapezoidal rule corresponds to the choice,

Ak LR) =0, (28a)
B(i,h,LR) = % + h—ZR— , (28b)
C(hh,L,R) = A(hhR,L), (28¢)

DhLR) = —"2£ 28d)
E(,hLR) = 0 (28¢)
F(hh,L,R) = D(h,hR,L) . (289)

For this scheme, elimination of ¢, by static condensation is trivial. For ¢ = 0, the resulting matrix
is an M-matrix. This implies, that u, satisfies a local maximum principle for ¢ = 0. If a = 1 and
¢ =0 then the matrix after static condensation corresponds to the classical five point finite
difference stencil for the Laplace operator.

S An error estimate.
We derive estimates for ||II,6—0y || 1%q) and || Pyu—uy || gy under the conditions,
c=0on Q, ((o3))
¢ is smooth enough, (C2)

and



Ao(thm) < ay(Th,m) < A1(Thm) 5 (C3)

where A, and A, are positive real numbers, independent of the mesh. To derive error estimates, we
need an estimate of the quadrature error, given in section 5.1, and a special norm on ¥}, given in
section 5.2. Section 5.3 contains the proof of the error estimate. In section 5.4 we show that condi-
tion (C3) is satisfied for a special case.

5.1. Error estimates for integration formulas.

We derive an error estimate for our special two dimensional quadrature rule. This rule is
based on the interpretation of the values of II,0 on the edges of cells as averages over those edges.
Combined with a piecewise constant a and essentially one-dimensional weight functions, this allows
a simple extension of one dimensional integration rules to two dimensions.

To prove this, we combine a special case of Theorem 2 of Bramble and Hilbert[6] with
Fubini’s theorem(7, 8] and a Sobolev embedding theorem[9]. In lemma 5 we combine these results
to give an error estimate. In lemmas 6 and 7 we show that the coefficients given in section 3.4
satisfy the conditions of lemma 5. In lemmas 2, 3 and 4 we formulate the theorems used.

Lemma 2.
Let © be an interval of length p < oo and let 1 < p < oo. If F is a linear functional on the
Sobolev space WX (L), which satisfies

1C>0:|Fu)| < Cllullwe@ V u€EWQ), @)
FMH=0 VveE{lLx,...,.x*1}, (ii)
then
3C>0:|Fu| < Cot|d*usdx*| v -

Proof.
This is a special case of Theorem 2 from the article by Bramble and Hilbert[6].
O
Lemma 3.

Let ©,,2, be bounded intervals in R. For x €%, let f[x] be the function on £, given by
fiIxlp) = fix,y) V y €. If fis integrable on €, X, then f[x] is integrable on £, for almost
all x €9, F(x):= ﬁ{f[x] dA is integrable on £, and

[ fap= ﬁ( Fdh.
2, X%, ]

Proof.

This is a special case of the theorem of Fubini. [7, 8]

a

We use the Sobolev embedding theorem to give a relation between the maximum norm and the
norms on W>!(Q) and W>%(Q) if Q is a bounded interval.

Lemma 4. .
If Q is a bounded interval in R, then there are C,C > 0, such that
lull =@ < Cllullwe VYV u€H®,
lull =@ < Cllullwi@ V uEW(©).
Proof.



Sobolev embedding theorem, see e.g. Girault and Raviart Theorem 1.3[9].
O

The next lemma gives an error estimate for our special two dimensional quadrature rule. To obtain
this estimate, we use that our weight functions (i.e. the basis functions 1) are essentially one dimen-
sional. We also use that the values for o;, can be interpreted as averages over cell edges and that we
can define these averages for o, if 6 is smooth enough.

Lemma 5.
Let ;, 9, and ©; be bounded intervals in R, with €; CQ, and p = A(2,), the length of Q,.
Furthermore, let x1,X3, . . . , X2k +1 € &, let w EL®(Q)), wi, Wy, ..., Wx+1 ER, and let n = 0.
Set
U+1
G(u):=i{wud}\ - 3 wulx) Y uewrtt,

1 Jj=1

If

GwW)=0 Vue{lx,...,x"},

f € C(Qy Xs), f[y](EW"“’1 V y €Q;, where we have flyl(x):= f(x,y) V x €%,, and
"t 1f7ax"t! € L1(R,X9s) then

[ G dp < Com*H |+ f7ax™ || Lg,xay -
2,
Proof. -
For G, lemma 4 implies the existence of a C > 0, such that,
6w < Cllullwgy ¥V ueEW"@).
Fubini implies,
2%k+1
N / _ WEfGeydp = 3w n/f(x,-,y) d| = | g G(Hdy| .
2,%Q, j=1 X A

We combine this and find, that there exists a C > 0, such that
I:{ G() dy| < Cp"*M||a" 1 f/3x" " || Lg,xay -

This follows immediately from lemma 2.

O

In the above lemma, G corresponds to the error for a one dimensional integration rule. Next, we
relate the condition on G to the coefficients from (24a-f).

Lemma 6. _
If f € H3(—h,h]), A,B and C are given by (24a-c) and

 hex
h
[A(h,iz,L,R)f(—h) + B(h,h,L,R)f(0) + C(h,ﬁ,L,R)f(ﬁ)] ,

0 h+ h
G(f):= L_jhf(x) hx dx + R{f(x)

dx — 29

then

GP)=0 Vpe({lxx?}.
Proof.



This can be proved by direct substitution of the appropriate functions in G(p).

O

Lemma 7. _
If f € C3(—h,h]), D,E and F are defined by (24d-f) and

0 h
G(h:=L[ fox)—>dx + R[ f)Z dx — T @0)
Zh h 0 h
[D(h,ﬁ,L,R)f(—h) + E(hh,LR)fO) + F(h,iz,L,R)f(ﬁ)] ,

then

Gp)=0 Vpe{lxx’}.
Proof.
This is proved as in the previous lemma.

a

Lemma 5 and 6 show, that, we can find a quadrature rule for o(.,.), that is o). If h = h and
L = R, then we gain an additional order #,

Lemma 8.
If f € C*(—h,h)),

h+x

0 h
6= [ et E a + [ oty

X h
7 dx — —l—z-f(—h)+

10h h
—ITf ©) + Tz_f ) (€})

then
GP)=0 V pe{lxxx’}.
Proof.
Again, this can be proved by calculating G(p) for the appropriate functions.

|

5.2. A special norm on V.

The space V;, is a finite dimensional vector space. Its natural norm is the Euclidean vector
norm. For later use, we introduce ||.||,, a weighted version of the Euclidean vector norm on Vi
and we prove, that this norm is equivalent with the L%(Q) norm.

IfO';, (S Vh and

Nl Nz_l Nl—l Nz
o = D D SnijrsMijrs T D 2 S+t (32)
i=0 j=0 i=0 j=0
then we define ||. ||y, as,
, N , , ,
lowlly, = 2 3 %m@Rivsj+0)6Tij+s T stivrjrs T 52, + sSivnj+1) - (33)
i=0 j=0
Lemma 9.

For the o0, as given in (32),



(LA

3 < loallte < o, (342)
and
B+ s+ 50) || 08 || i"(ﬂmm)’ < 2||o4 |3, . (34b)
Proof.
For both norms, we have
llonll* = ||(ner)es || + || (ohe)es||?,

so it suffices to prove the inequalities for a single component of ¢;. Furthermore, we know, that
N,—1N,-1

[ (or-er)e; || 2@y = 2 2 | erene || ...y -

We compare terms for corresponding cells,

2 _ X177 Xy X1—Xy;
ll©@reder | T@.,,.0 = [ |s1ij+4 == +Sl,i+l,j+9£-'*'_h .
nl+hJ+5 l,l+5’f ],l+%

The contribution of
Il (or-erer || %,
for this cell is,

Vi g )6 +5% 14 1j+%) -

The inequalities in (34a) now follow from,

1 24122
_ 2 — a +b 2ab
{ (a¢+b[1—¢))? a¢ — +—6 ,

and

2 2 2 2 2 2
a +b a“+b 2ab a“+b
6 -~ 3 "¢ S 3 -

Inequality (34b) is trivial.

a

5.3. The error estimate for the modified method.

In theorem 1, we give an estimate for 11146 —04 || L3y and in theorem 2, we give an estimate
for ||P,,u—-u,, ” L@ -

Theorem 1.
We define,

hy = max iy,
hy = max hyjiu,
If we assume, that conditions C1 to C3 hold, then
10— 0, || 2y + n \/Z(P,,u—u,,)u o) < (352)

K(h1+hz)3maX(ll e 2@, 122 ™ 7l @)

[”Hho“"h Il e + (hl+h2)ll(nh°_°h)'nan IIL’(asz)] ,

-10 -



and
ITho—04 || 1 + || Ve@ru—u)| L <
K+ hPmax(| £2 [ o, 125 120 | =03 | v
ox dy
Proof.
Condition C3 implies, that
Ao(II0—0p,Il0—0;) < a,,(II,,o—o,,,H,,o—d,,) .
If we set 7 = 7, and ¢ = ¢, in (19) and combine the resulting formulas with (21), we get,
@ (I1;0—0;,m) — (div 7, u—w,) = a4(0,m,) — a(o,7,) V 7, EV,
(div(o—op),ty) + (c(u—w),t,) =0 V 1, EW, .
If we take into account (22) and the properties of P, and II;, from lemma 1, then we find,
a,(ITy0—0y,7) — (div 74, Pyu—u,) = ay(0,7,) — af0,7,) V 7, € f/,, ,
(div Lyo—o0p), 1) + (c(Pru—w),t) =0 V t, EW,, .
If we set 7, = II,0—0y, #, = Pyu—u,, then we find
ay(I1yo— 0y, 110 —04) + (c(Phu—uy), Pyu—uy)
= a(0,Il,0—0;) — ay(0,11,0—0y) .
by adding (37b) to (37a).
We introduce
Ke={Gj—%|i=1...,N,,j=1,...,N; },
Ky ={(G@—-%))|i=1...,Ny,j=1,...,Ny },
Ky = { G,j—%)|i=0,...,N;—1,j=1,...,N, },
Ke={(G—-%p|i=1,...,N;,j=0,...,N;—1}.

(35b)

(36a)
(36b)

(37a)
(37b)

(38a)
(38b)
(38¢c)
(38d)

The measure of the support of 7, is denoted by p(Supp(nx)). We denote the length of the support in

the e, direction by A, (Supp(ny)). If 4 and B are sets, we use,
AAB = (B—A)|J(A—B),
(the symmetric set difference).
If we combine lemma 5 with lemma 6, lemma 7 and (C3), we find,

a(0,11,0—0;) — ay(0,Il,0—0;) <

> | P[Tk )T 0— 04)-€, | (a(0,m1) — o (0,m1))
k € (K, M Kx) U (KuAK;)
+ 2 l P[rm ](Hho - 0;,)'02 l (a(o""m) —ap (0, "m)) <
m € (Ky n Ky) U (KyvAKy)
33
c > | PITI(@s0— 03 e:) | Supp i)\ (Spp ) |5 Il vy +
k € Ky M Kx) U (KyAK;) x
a3
+C > | PIT ) (@50~ 04)€2) | H(Supp )Mo (Supp @) || o || 120y -
m € (Ky (M) Ks) U (KyAK) dy

From this formula we can derive (35a) and (35b). We start by deriving (35a),
a(0,I1,0—0,)—ay (0,116 —0,) <
% e

Cl2u(® X pSupp()PITi)(Ty0—04)-e;)?| 8k ) = +
k€K, NK: x

-11-



% 3
clav@e X Al(rk)P[I‘k]((Hho_oh)’el)z} Sh?hzllgx%”r(m

k € (KyAK)

# 3
+C [2}*(9) 2 P(SLPP(ﬂk))P[Tm]((IThG—Uh)'ez)z] 8h3 ||_g}j¢3l|| @ t

m €Ky [ Ks
%
) 30
Cl2n® X MTPTH)Ixe —Uh)'ez)z} 8h k3 || 93 2@ <
m € (KyAKy) y

c || Ipo—03) || 2@ (r1 +h,)?

d%c %o
”—ax3 L@ + ”__ay3 I L”(ﬂ)] +

~ ol % 90
C|| 1,0 —0x)mag || L@ey(h1 +h2) ”_E—)F” @ T ”'53_” L@ | -

Here, we used the equivalence proved in lemma 9. Next, we derive (35b),
a(o,H;,o— O'h) - ah(o, Hho— Gh) <

%

i 90

Clp@ I wSuppm)PITil(@o—oy)en)?| 81| |l1=@ +

k €Ky N Ke 0x

%
83
clan@ 3 wSuppm)PT o —o)ye)?| 8h3h% || -5 Il °@)
k € (KyAK>) dax

% 3
+C [2#(9) > IL(SWP('lm))P[Tm]((HhU—Oh)'ez)z} 8h3 ||%3"H @ T

m €Ky Ks
% 9’0
Cl2nE X wSupp(m)PIT ) (AT0 _Oh)'ez)z] 8hih3 || Py i@ <
m € (KyAKs) X

c

O

For cells in areas of constant @ and uniform mesh-size, the proof of lemma 8 implies that their
contribution to the global error is of order h*. If the areas of constant a and uniform mesh-size are
large enough, we treat the cells adjacent to the boundaries of such areas in the same way as the cells
adjacent to the boundaries of £, this results in an O(h*) error. If furthermore,

|| Myo—op)mae || 2@a Yagy < |[TLno—0n]| L) »

where 94 is the union of edges between areas of constant a and uniform mesh-size, then formula
(35a) gives us an O(k 4y error estimate. These effects are seen in our numerical results.

Next, we express || Pyu—uy || 13g) in terms of ||II,0—0; || 1%q)-
Theorem 2.
Take h; and h, as in theorem 1. Under the conditions C1, C2 and C3, we have

6301 4 330]
P | 2@ + 2h3 ||'5;‘3‘|| rel|- 9

| Pru—wi || @y < K| Tho—o, || ey + A ||
Proof.

To obtain this estimate, we examine P,u —u, for each subdomain separately. We use the following
relation, which can be obtained from (19) and (21),
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a(o,'r,,)—a,,(o,,,f,,)—( div T,,,P,,u—u,,) =0 Vv Th (S Vh .
This implies,
(div 7, Piu—uy) = ay(0,7) — a(0,7) + ay(05, —I140,1) V 1, €V . A)

We concentrate for the moment on the sub-domain ;4 ;5. We define a special 4,

0 on ﬂk+%,l+% if [ <] or / >j,
0 on Qk+%,j+9$ if £k < i,

Thi = 3 1 on Qyipjiu if k > i (402)
X1 X1,i
—— on &;;
| hiivu /
Th,2 =0 on . (40b)

Substituting this for 7,, we find,

hyj | Pr—up |l 12@ ) <

6301 N,—1
Clhyjrsll == e | 2 Biwrn + hly + By —u| +
ox k=0

N1
kgo B 155+ 1) || Lo — 03 || L”(ﬂkwﬂ)] .

The first two terms in this expression correspond with the quadrature error in (A) in the interior
and on the edge respectively, the third term corresponds with the remaining term in (A). So,

| Prot =ty || L=, ) <

3 N, -1
1 1
(h3 + 2]1])“ 3 ” L*(®) + — 2 ""(Qk+9",j+9")|lnho Op ”L (ﬂkns.ﬂn)]

where we used that P,u—u;, is constant on SZH%,, j+#, Cauchy-Schwartz and (35b). We multiply
both sides of this equation by the square root of the area of the cell,

B s g+ )" IIPh" U || 2@y = I PhU— || @) <

l“'(ﬂi+4§,j+%)%c

N,—1
1 1
[h3 + 2h4] “ 3 ” L*@) + h2 2 p’(ﬂk‘l'%',j'f'”)”r‘[ho—oh ”L”(Qundwn)} *
J k=0

If we square the left and right hand sides and then sum over / and j, we find,

| Pout—uy || L2y < [h, Il II 1r@ + 2k || 3 || 1~@ t [|Hxo—ox]| L(ﬂ)]

O

Again, if the conditions following the proof of theorem 1 hold, then we gain an additional order of
h, because in that case ||I1,0—0, || 12q) is O(k*) and we can replace the term h} || 90, /8x3 || =)
that represents the quadrature error, by % || 8%0;/0x1 || L=(q)-

If, in the above proofs, we replace the explicit expression for the local quadrature error by a
more general form, we see, that the order of the error is equal to the order of the quadrature rule
used.
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5.4. A proof of condition (C3) on a uniform mesh with constant a.

We show that, on a uniform mesh, a; satisfies condition (C3) if a is constant. Without loss of
generality we take a = 1.

Lemma 10.
Assume a = 1. If the mesh is uniform, then

48 96
lowll%, < Ta@non < 2ol -

5
Proof.
If we write 0, as a linear combination of basis functions 7,
Op = 2 sl,m"'m + 2 s2,m7'm )
m e Ky |J Kx m €Ky |J Ks
then we find,
a,(0,0;) =
(. X SuMm, X Sl T (D sk, D Sl - @41
k€K, |JK; meK, | JK; ke K, |JK; meK,|JKs

where Ky etc. are defined in (38). For the term in (41) corresponding to the e, component, we find:
a( 2 SiaMks, D Simlm) =

k€K, |JK: m €K, | K,
1 10 1
hihy 3 Sim [Esl,m—(l,O)'*‘E'sl,m+Esl,m+(l,0) +
m €K, K
by 3 s lsl +‘§“51 +(10)+:_51m+(20) +
g M| 240m T g 00 T TS m

m €K,
—1 6 7
hihy 3 Sim | S5Sim-@0 T 35S1m-00 T SoS1m|
meK—K, 124 70" 24" 247"
where m—(1,0) = (i—1,j— %) if m = (i,j — %) etc.
Next, we interpret the coefficients s, ,, with m € Ky |J K¢ as a vector s in R DN e

introduce the notation f; ,, for the unit vector along the coordinate axis corresponding to s ,,. We
define the matrix 4 by,

i Af,, = M1k M1,m) -
We can write this as follows, '
sTAs = #sT(4+A4 s .

According to the fundamental theorem on symmetric matrices, this implies that all eigenvalues of
A+AT are real and that,

A+AT = 0"po ,

where O is an orthogonal matrix and D is a diagonal matrix with as diagonal elements the eigen-
values of A. Gershgorin’s theorem implies that all eigenvalues are larger than

14 8 1 )
AT T2 T gt
and smaller than
10 , 1 1. _
h,hz(12 + 2 + 12) = hih, .

The same reasoning can be applied to the e, component of o,. We find,
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ay(04,04) = 4sT(A+AT)s = #sT0TDOs = 4%”8”%/. )
O

Lemma 11.

For a constant coefficient g, the bilinear form o, satisfies condition (C3).
Proof.

This follows immediately from lemma 9 and lemma 10.

O

6 The effect of a non-zero c.

We use a one-dimensional example to illustrate the problems associated with a zero order term
mentioned in the introduction (cf. Polak, Schilders and Couperus[2] ) The one dimensional problem
is studied, because we can easily obtain the discrete system of equations in u. We see, that, for the
quadrature rule given in section 4.1, ch?/a > 6 results in the loss of the conditions for the local
maximum principle for ,. For our new quadrature rule, the corresponding bound for satisfying the
local maximum principle is ch?/a < 12. As any one-dimensional problem can be trivially extended
to an example for two dimensions, the same difficulties will appear in two dimensions.

If we write down our modified discretisation in one dimension on a uniform grid with a=¢,
c¢=1, f=0and g(0)=0, g(1)="U, then we find the following system of equations:

Th 6h h _
24€GO+ 24601 24€oz+u%——0, (423..0)
h 10h h . .
‘—1‘2?0'1_.1 + —1‘2_6‘0',' + "I‘Z:O'H_] — Ui—yp + Uity — 0 for l:1,2,...,N‘_1 , (423..1)
e S+ DLy —uy_y = U (42aN)
24e OV -2 24 V-1 24¢ °N IN— % ; .
_Oi_]+0i + hui_% =0 for i=l,2,...,N . (42b)
Elimination of o yields,
4h? 4p? _
3u,(1+ 24€) (1 e Yi+u =0 (43a.1)
h? 5h? h? .
-1~ '1"2:)“:—95 +2(1 + E)ui—fﬁ -(1- Tz?)”"“ﬂ‘% =0, (43a.)
i=1,2,.,N—2,
4h? 4h?
- uN_,_,é(l—E—‘k—) + 3uN_,5(l+—2-4—€-) =2U. (43a.N)

We see, that the matrix is always diagonal dominant, but for #2/e > 12 it is not an M-matrix.
If we use exact integration for Raviart Thomas mixed finite elements, then we find,

h? h?
3u95(1+—6—€—) - (l—gg)uhws =0 (44a.1)
h? h? h?
-1 - -a)ui—% +2(1 + ‘3_“)“:'”5 -1 - 'a')ui+1+u» =0, (44a.i)
i=12,.,N—2,
h? h?
- uN_,_%(]——E) + 3uN-%,(l+—6?) =2U. (443,N)
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2
Here we see, that there is no qualitative difference in sensitivity to the ratio -’1‘— between our

method and the standard method. However, for the trapezoidal rule we find:

2
3u”(l+h¥) — uysy =0 @5a.1)
2
— Uiy + 2(1 + "’"2:)“,-4_95 - Uiti4+p — 0 for i=l,2,...,N"‘2 s (45a.i)
hZ
— UN-1-5 + 3uN_,5(1+—5(—) =2U. (458..N)

In this case, we do get an M-matrix.

We recall from section 5, that the accuracy of a method is determined by the accuracy of the
quadrature rule used in a;. If o is sufficiently smooth, then we find the following orders for the
above schemes, O(h3*) for (42) ( O(h*) if the error is not concentrated at the edges), O(h?) for (45)
and for (44). The latter result may seem strange, because this scheme is based on exact integration
of products of test and trial functions. However, by inspection of the formulas, we see that the need
to integrate products of continuous piecewise linear functions results in coefficients, that are not
optimal for approximate integration of products of smooth functions and continuous, piecewise
linear functions.

In scheme (42) and (44), we find the same equations for boundary cells. The equations for
boundary cells in (45) however, are different. As (42) is O(h**) accurate, the equations for the boun-
dary given by this scheme are more accurate than those given by (45). So, on the same mesh, we
expect the error in the boundary cells for scheme (45) to be larger than for scheme (44), but we
expect to find the same order behaviour for both schemes. Our experiments confirm this expectation.

7 Numerical experiments.

This section gives numerical results for problem (1) on a uniform mesh. We take c =0, @ =
the unit square and f, g such that

y = &XpGx—%)—1) (expy—#%)—1) ,
a

is the solution of the continuous problem. First we give results for a=1 on the unit square, then we
divide the unit square into four smaller squares and give results for a discontinuous coefficient a,
a=1 in the lower left square, =10 in the upper left square, =100 in the lower right square and
a=1000 in the upper right square (Figure 1).

X2
)
1 .
I
I
a=10 | a= 1000
1
1
———————— l—_—_..___
!
]
1
a=1 :a=100
1
]
0 1
0 1
- X
Figure 1.
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For uy, the size of the error is expressed in the L3(Q) norm. For o, the size of the error is
expressed as the Euclidean norm in the space of vectors of coefficients of the 7 basis vectors, scaled
by the square root of the area of one cell.

We give results for the discretisation from section 3 and the two discretisations from section 4.
We indicate the quadrature rule used in the discretisation by roman numbers, I denotes the quadra-
ture given in section 3.4, number II denotes exact quadrature (section 4.1) and discretisation III
denotes the trapezoidal rule (section 4.2).

h log || Pru— s || £ log, || TTs0—04 || £
1 I I 1 I III
1/2 | -13.03 -13.03 -1.22 -9.18 -7.43 -5.13
1/4 | -16.32 | -14.88 -9.13 | -12.67 -9.25 -6.42
1/8 | -20.06 | -16.81 | -11.04 | -16.41 | -1121 -8.05
1716 | 2395 | -18.79 | -12.99 | -20.25 | -13.21 -9.83
1/32 | -27.90 | -20.78 | -14.97 | -24.14 | -1521 | -11.67
1764 | -31.87 | -22.78 | -16.97 | -28.07 | -17.21 | -13.56
17128 | -35.86 | -24.78 | -18.97 | -32.01 | -19.21 | -15.47
1/256 | -39.86 | -26.78 | -20.97 | -35.96 | -21.21 | -17.39

Table 1
Errors for the three methods for the constant coefficient case.

h logzﬂPhu—u,, "E lng ”H},O""O},“E
I II 111 1 I III
172 | -16.23 | -16.23 -8.23 -9.26 -1.59 -4.91
1/4 | -17.89 | -16.94 | -10.22 | -12.53 -9.31 -6.12
1/8 | 21.75 | -18.72 | -12.20 | -16.24 | -11.26 -1.71
1/16 | -25.69 | -20.67 | -14.18 | -20.06 | -13.25 -9.47
1732 | -29.67 | -22.65 | -16.17 | -2394 | -1525 | -11.31
1764 | -33.67 | -24.65 | -18.17 | -27.85 | -17.25 | -13.18
17128 | -37.67 | -26.65 | -20.17 | -31.78 | -19.25 | -15.08
17256 | -41.67 | -28.65 | -22.17 | -35.72 | -2125 | -17.00

Table 2
Errors for the three methods for the discontinuous coefficient case.

Starting at £ =1/8, we see, for case I, convergence of order 4 as predicted in section 5.2 for a
uniform mesh and large areas with constant coefficients. The other schemes show second order
behaviour. We recall, that the error analysis in section 5 shows that the accuracy of a method is
determined by the accuracy of the quadrature rule a; applied to o. Our o is smooth, so we indeed
expect the following orders for the above schemes, O(h*) for (D), O(h 2y for (1), O(h?) for (III).

8 An a-posteriori error estimate.

We see that there is a difference in order of accuracy between our special method, given in
section 3.4 and the method based on the use of the trapezoidal rule, given in section 4.2. This sug-
gests that the special scheme may be used to obtain an a-posteriori estimate of the error in the solu-
tion of the trapezoidal scheme.

In this section, we shall use the following notation, ay 3 is the bilinear form we obtain if we
use the three point rule given in section 3.4 to evaluate a; and ay,, is the bilinear form we obtain if
we use the trapezoidal rule given in section 4.2. Furthermore, let (o,u) be the solution of problem
(19), let (o4,u;) be the solution of the discretisation (21) given in section 3.3 with a, =ay; and let
(5, 45,) be the solution of the same discretisation, with a, =ay, 3.
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The simplest way to obtain an a-posteriori error estimate is to solve both schemes. Given the
solution of both schemes, we can obtain estimates for
| T1h0— 04 || naiv.) »
and

| Patt = || '@y >
as follows, we insert an extra term in the above expressions and use the triangle inequality to find,

105 =04 || n@we — 1 TIh0— 04 | navey < ||T1h0—04 || nav) <

188 —0n || vy + 1140 —0% || Heaiv,2) »
and
=l 2@ — | Pau—tll v < [ Pau—thlli@ <
N —w |l 2@ + | Pau—th || @) -
Next, we assume that ¢ is sufficiently smooth and we recall that
| ooy || navey + 1| Pa— |l @y = OGF)-
and

N TL,6 -84 || naivey + || Pru—ity || 2@y = OG'?),

where k,/=2 if the mesh is uniform and a is constant and otherwise k=1 or 2,/=1 or 2 depend-
ing on the mesh and a. This implies, that

|0 =0 || navgy = (1 + O*)|| 64— 04 || naiv,9) »
and

| Pru—uy || 2@ = (1 + OG) || un—wy || L2 -
where 4 is the maximum cell diameter of the mesh.

9 Conclusions.

For equation (1), we have increased the accuracy of the mixed finite element approximation of
(I1,0,P,u) by introducing a particular quadrature rule for a(s,7,). This leads to a scheme, that has
the same complexity as standard mixed finite elements for lowest order Raviart-Thomas elements,
but that is of O(#%) in stead of O(h?) if ¢ is sufficiently smooth. This behaviour is confirmed by
numerical experiments.

In section 8, we show that this difference in order can be used to give an a posteriori error
estimator for the less accurate version. '

If we compare the usual method (section 4.1) with the other two methods, we see, that the
only advantage of the method given in section 4.1 over the method that uses the trapezoidal rule
(section 4.2) is a better treatment of boundary cells (see the discussion in section 6). The only
advantage of the method given in section 4.1 over our modified method is, that the method from
section 4.1 may give exact results for less smooth solutions, viz. for solutions with ¢ € V.

To decide whether to use the method based on the trapezoidal rule or our modified method,
we must weigh the advantage of a simpler matrix, that reduces to an M-matrix for u;, forall ¢ = 0,
against the loss of accuracy. The numerical experiments show the loss of accuracy to be considerable
for smooth o. So, only if it is known, that the combination of a, ¢ and # may lead to instability (for
instance if ch?/a = 1), or if o is not smooth enough, is it more efficient to use the method based
on the trapezoidal rule. In all other cases our modified method would be the better choice.

The choice between our method and the method discussed in section 4.1 is simple. Both
methods are equally sensitive to a zero order term. Both methods also have the same sparsity pat-
tern in their matrices, so they roughly need the same amount of work to solve. As the method
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section in 4.1 is of lower order than the modified method, the modified method is more efficient if
we look at accuracy obtained versus complexity.
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