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In this note we show how to derive, by a mechanistic argument, an expression for the saturating
contact rate of individual contacts in a population that mixes randomly. The main assumption
is that the individual interaction times are typically short as compared to the time-scale of
changes in, for example, individual-type, but that the interactions yet make up a considerable
fraction of the time-budget of an individual. In special cases an explicit formula for the contact
rate is obtained. The result is applied to mathematical epidemiology and marriage models.
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1. Introduction

A problem that has been around for a long time in mathematical epidemiology, is that
of giving a mechanistic description of the saturation in the number of (re)new(ed) contacts
that an individual can make per unit of time, given that the time that an individual has
available for these contacts is limited. Of epidemiological importance is of course the number
of contacts between infected and susceptible individuals, which determines the possible number
of new infections per unit of time [1]. The same problem occurs in marriage models, where
one needs to model the number of ’steady relationships’ that are established per unit of time.
The idea here is that individuals have a number of short lasting contacts per unit of time
within a limited time available, and that steady relationships ("marriages’) may result from
these brief encounters. Frequently a Holling-type argument, borrowed from predator-prey
systems, is thought to be the solution to the problem. However, as we explain below, on closer
examination the application of the usual Holling argument to epidemic- and marriage models
cannot be justified. In this note we give a mechanistically based answer to the ’contact-rate
problem’ in sections 3 (epidemic models) and 4 (marriage models).

Suppose we have a well-mixed closed population, divided into n different types of individ-
uals (think e.g. of infected or non-infected males and females), of total density N(t) at time
t. Suppose furthermore that two individuals can together establish a temporary complex, and
that these complexes are formed according to law-of-mass-action kinetics. The rate constants
of complex formation and dissociation are allowed to depend on the types of the individuals
involved. Our key assumption is that the complexes are of short duration, as compared to
the time-scale on which the individuals change their type (where the latter also comprises the
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formation of more permanent relationships), or the various type-densities change by births or
deaths.

Instead of ’saturating contact rate’ one could also speak of ’the functional response’ in the
number of individual contacts, but this formulation is traditionally reserved for predator-prey
systems. There we can distinguish, for example, two types (prey individuals, and predators
that are searching for prey) and one complex (predators that are busy handling prey). The
Holling argument then gives an expression for the number of prey caught by a predator, taking
into account that a proportion of the predators’ available time is spent handling the already
caught prey. A prerequisite for the Holling argument is that on the time-scale on which the
predator changes from ’searching’ to ’busy with prey’, the environment of the predators (in this
case the density of the prey population) stays constant. This is not the case if interactions also
occur between individuals of comparable type (think for example of predators fighting with
predators). For those types of individuals the differential equations are no longer linear in the
type density itself, but contain quadratic interaction terms. This then makes it impossible to
study the problem by following one individual and describing the possible type-changes by a
continuous time (semi)-Markov chain (which is one fruitful way of looking at the Holling-type
problems). In the case of self interaction, the time-scale on which the density of individuals of a
particular type changes is the same as that on which their environment changes. Therefore, the
usuai Holling-type arguments are not applicable to the description of social interactions such
as marriages and contacts between infected and susceptible individuals, where interactions
between comparable types are important. Our argument in section 2 serves as a replacement.
In section 5 we discuss a slightly more involved Holling argument that does work in our
situation. However, we could only deduce this argument from the results of the mathematically
correct calculations in the intervening sections.

2. Main result

Let X;(t) denote the density of free individuals of type ¢, ¢ € {1,...,n}, at time ¢. In
this paper we assume that complexes are formed between two individuals and we therefore
disregard larger groups. Let I(;;(t) denote the density of complexes at time ¢ involving two
i-type individuals; 2K;;(t) denotes the density of complexes at time ¢ involving one - and one
j-type individual (K;; = K;;). There are then 3n(n + 1) different complexes.

The rate constant for the formation of an (¢,7)-complex is denoted by r;;, the dissociation
rate constant by s;; (we assume r;; = 7j;, and $;; = s;;). Type-changes of free individuals of
type i are described by a function F}, type-changes by individuals that are part of a complex
ij are described by a function G;; (describing, for example, infections or marriages). Birth and
death of individuals are included in these functions as well. The F; and G;; will, in general,
be functions of (X1, ..., Xn; K11,-., Knn) and we assume that they are Lipschitz continuous in
all variables (in many applications they are actually linear). Our main assumption is that the
time-scale of type-change is much longer than that of complex formation and dissociation.

We can write down differential equations for the changes in X; and K;;. For 1< 4,5 < n
we have

dX; e =
---;i—t—z = —X,ZTZJXJ'*'zZS”I{;J'*'-Fn (S]‘)
j:l j=1
di;; 1
dtJ = Erinin — 8i;Ki; + Gij (52)

In order to correctly apply a time-scale argument, we rewrite (S) as a singular perturbation
problem. If the processes of type-change occur with rate constants expressed per unit of -
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time, then the processes of complex formation and dissociation occur, by assumption, with
rate constants (r;; and s;;) expressed per unit of €i-time, for € < 1. If we re-scale by writing
Tij = pij/€ and s;; = 0i;/e, then all processes involved in our system are on the same time-
scale, and (§) turns into

dX; & -
e—==-Xi ZPinj + 22‘71']'1(1':' +ek, (51)
i=1 j=1
dK;; 1
g-—-—(F = §p1]X1XJ - O'ijI{,'j + €Gi]‘. (‘952)

Define 6;; := ;"’—ﬁ— = %;— and, for ¢ € {1,...,n}, let

&i(t) == Xa(t) +2 zn: Ki;(t),
j=1

be the total density of i-type individuals in the population at time ¢. Then Yo &i(t) = N(2).

Theorem 1: For the solution X.i(t), K.i;j(t) of system (S.), we have

lim Xoi(t) = X7 (2.1)
lim Keis(t) = K7, (2.2)

where the convergence is uniform on bounded intervals bounded away from zero. Here
(XY,..,Xy) is the unique positive solution of the system

X+ X; Zginj = & = constant (2.3)
i=1
1€ {1,...,n}, with & > 0 a constant for each 1,

1

K;“j = §0in;X; (2.4)
and &; is the solution of
d¢; =
—d—ti = F( X7, X0, Ki1, o K )+ 2 Z Gi(X{, - X0, KTy, -y K. (2.5)
i=1

Proof: We use a standard singular perturbation argument (see, e.g. [8]) for system (S.). We
start by regarding system (5.) on the fast time-scale’ by first substituting 7 := ¢/¢, and then
taking the limit € | 0. The substitution leads to

dX, . ~

——=-X ZPinj + zzf’ijf‘ij +ek, (2.6)
j=1 J=1

dI(i' 1

-E;l = §pin,'Xj —oi; Ki; + 8Gij, (2.7)



1 the following system of equations for the quasi-steady state

n n
0=-X; ZPinj + 2ZUinij, (Sol)
i=1 i=1
1
0= Epinin - Uin,'j (302)

Write K;; = 10 ;i XiX;, then both (S¢1) and (802) are satisfied. On the fast
have an a,ddmonal reta,tlon between K;;, X; and X;. On that time scale N and
t change:

d& = ¢F; +2£ZG,]

i=1

we have % = 0, which implies that we have to solve (So) within the manifolds
. This leads to the conservation equations X; + 235, K;; = & = constant or

j=1
n
Xi+ X; Zeinj = §; = constant (2.8)
i=1
ypendix we show that there is a unique positive solution (X7Y,..., X;;) to system

at the corresponding positive solution (X7,..., X, Kfy,... K,m) of (Sp) is an
y stable steady state of (2.6)-(2.7) at € = 0.

ion of the singular perturbation theorem from [8] now gives that, for ¢ | 0, the
'stem (S.) converges to (X{,..X}, Kf1, .., Kjin) uniformly on intervals bounded
ro and infinity. Remember that the X}’s and the K;’s are functions of time.
on the ’slow time-scale’ because on that time-scale N and the £;’s change. We
(1 < i < n), is the solution of

IS = ,
dft = Fi(X], o X5 Ky K3) 423 Gig(X1 s s Xy Koo K, (2.9)
i=1

es the changes in the density of i-type individuals on the slow time-scale.

%

special cases one can explicitly solve (2.3) in terms of the &;.

: Let 6;; =6 forall 1 <1,j < n. Then

-1+\/1+40N£i (2.10)

A= 20N
. 142N —JITWN
K3 = 20N 2 &€ (2.11)

ie solution of (2.5),1< 4,5 < n.
( := Y iy Xi, and K := 3. K;;. Then system (2.3) can be written as

X +6X%=N. (2.12)




Its unique positive solution is

-1+4++/14 46N

20
From the relation K* = %HX *2 we then obtain

1+20N —+/1+ 46N

44

X*=

K* =

We express K% in terms of K*. If we substitute (2.4) in the definition of £;, then we can
write X

«_ & & .
X = 1Tex- WX

where, in the last equality, we have used equation (2.12). Then

€Z 6] If *

K =22

¢

The following special case was suggested by sexual activity models in the AIDS-literature.

Corollary 3: Let 0;; = a;o; and define A := z -1 a]X Then

Xi=1 +£:1,-A
K= 1+ a,-ZS?lJ—I— ajA)&fj
where A is the unique positive solution of
A= Z - f’ (2.13)

and where &; is the solution of (2.5).
Proof: From (2.3) we obtain X; + ;X;A = &; which gives

&
XF=
¢ 14+ azA

from which the result follows by using (2.4). Substituting X7 in the defining relation for A
gives (2.13), which can easily be seen to have a unique positive solution.
%

3. Application to mathematical epidemiology

In non-pair formation models for sexually transmitted diseases it has been argued (see e.g.
[7]) that the number of new cases of the infection arising per unit of time, should be written
as

I
BC(N)S+




» probability per unit of time of transmitting the infection between two individuals
1 a contact; C(NV) is the 'unknown’ probability for an individual to take part in
wnd I are the densities of the non-infected and infected populations, respectively.
ble demands on C(N) are that it should be a non-decreasing function of N and
" should be a non-increasing function of N. Furthermore, the function should
1y in N, for small N, and it should be independent of N, for N large. Of
functional forms can, and have been, suggested that have these properties, but
:ally derived form was lacking.

nd X, denote the densities of susceptible and infected singles, respectively. The
.ess constitutes a change from K33 — Ka2, which we assume to happen with some
or unit of time 8. If we now write § := X1 + 2K11 + 2Ky and I := N — § for &
-tively, then the number of new cases of the disease appearing per unit of time is

. 1+20N — T+ 40N

the simplest case where the disease has no influence on the propensity to form
d the time spent in a complex. We find therefore the following expression for

simplest case
14 20N —/1+ 40N
20N ’
on has the four properties mentioned above. If we multiply both the numerator

minator by 1+ 20N + +/1+ 40N to obtain
20N

)= TN s ATy

hat, for N small, C(N) ~ 20N, whereas for N large, C(N) ~ 1. Furthermore,
decreasing and C(N)/N is non-increasing.

we equate 'time-scale of the infection process’ with the length of the infectious
ime-scale of the complex’ with the inverse of the dissociation rate constant, then
ctious diseases in many different populations our assumption that the infection
| the formation of complexes are on two different time-scales, is reasonable. This
lies to sexually transmitted diseases. For example, regard influenza or measles
ts are often on the scale of minutes or hours, whereas the infectious period is on
ays. The problem with the present approach for these non-sexually transmitted
wer, is that complexes in these cases may sometimes consist of more than two
In order to describe the contact process for these cases more realistically, the
“heorem 1 should then in theory be generalised to allow for larger complexes. The
1at such a generalisation immediately leads to an almost limitless proliferation
ants. Moreover, one should be very careful about what one considers to be
this generalisation, and which variability in contacts one could better take care
ing the number of individual types. For example, classmates in school, fellow
. a commuter train, and colleagues at work are not met randomly, but over and
[his means that, if these contacts would be important transmission risks, your
he commuter train you take, and the place where you work, all should be made
individual type. In a certain sense (to be discussed more fully in section 5) our
lis the simplest mechanistical model that can account for the fact that individuals
time-budgets for their social interactions, as well as variability among types.

C(N) =

C(N




4. Application to marriage models

The calculations in this paper can also be applied to marriage models. In that case, one
would let X; and X5 be single females and males, respectively. The complexes would signify
the brief encounters between singles, for example in a bar, in a theatre, on the street, etcetera.
"Brief” should here be interpreted as short relative to the time-scale of ’steady partnerships’
between two individuals (for convenience called: marriages). One introduces a new group
within the population, the married couples. The saturating contact rate then determines, in
randomly mixing population (a well-stirred society), the possible number of new marriages
formed per unit of time.

To illustrate the use of the approach in section 2, we will now derive a well-known simple
marriage model, based on our mechanistic principles. Let the index ’1’ refer to female indi-
viduals, and ’2’ to male individuals. The longer lasting relationships are the married couples
(p), that are assumed to be exclusively heterosexual; the shorter lasting encounters are the
complexes K11, K12(= Ka1), and Ka3. The idea is that a considerable fraction of the time
that an individual has available to find ”the one-and-only”, is wasted by brief encounters with
both sexes. We want to determine K7J5.

Let p denote the per capita death rate, b the constant birth rate, ¥ the probability per
unit of time for a complex consisting of a male and a female to get married, and « the divorce
rate for married couples. The other parameters are as in section 2.

System (5) now reads

dX
—Jt_l = -1 X7 — r12 X1 Xo 4 2811 K1 + 2810 K12 + b — p Xy + 2ulqq 4 pKqp + (g + @)p
dX , . .
Ti—tz = —112 X2 X1 — 102 X7 + 2822 K03 + 2812 K12 + b — pXo + 2ukKas + pK12 + (1 + a)p
dK 1 9 . -
dtll = 57‘11X1" — 811y ~ 2#]\11
diK 1 . . .
dt12 = '2"T12X1X2 — s12 K12 — 2K — 7 K12
dK 1 . .
dt22 = -§T22X22 — 89 9y — 2[.LI\'22
d
=K1z - (2u+a)p.

If we carry through our time-scale argument from section 2, we can collapse the above
system into a standard system of three differential equations describing heterosexual pair
formation in a two-sex population (see for example [3]). In the process we get a specific form
of the marriage function. Define 2 := X; + 2K;; + 2K9, and y := Xy + 2K5y + 2Ky as
the total density of females and males that are not members of a married couple, respectively.
Then we arrive at

dl‘ - %
T b—pz+(u+a)p -7k,
d -
d—'z =b—py+(p+a) 7Ky,
d

= = 7K, — (2 + a)p.

Here 1y
Ir* — _ﬁX*X*
Y12 2 512 142




is the unique positive solution, in terms of z and y, of the system

X1+ 011X} +60:X1X, =2
Xz +022X3 + 012 X1 X, = y.
aduces to an equation in one unknown of degree 4, and can therefore be solved

the not unreasonable special case that = y =: z (equal sex-ratio in the
1d 011 = G2 =: 0, we easily obtain the unique positive solution

N * —1+\/1+4Z_z
X1=X2= 20 ’

- b12.

Tolling squared

roduction we argued that the usual Holling argument could not be applied to
ite problem’ because both individuals that are involved in a contact are time-
ver, we can adapt the Holling argument to this situation, and we christen this
olling squared”.

nience only, we regard the easiest case with only one type of single individual.
estriction on the method, it is similar for the general setting of Theorem 1. Let
number of (re)new(ed) contacts in time interval T' by a given individual. Let
;h 7 = 571 we denote the mean contact duration, with 7 we denote the complex
constant among singles. We let NV be the density of individuals, and K and X
complexes and singles, respectively. We have K = %N Yr,and X + 2K = N.
ling argument would be

rX
146X

[n our case however, the singles are time limited, and the available singles are

Z=rX(T-Zr)=>Y =rX(1-Yr)=2Y =

T-~ZT1
T

n the equation for ¥ above, we find

X = N( )= X=n(1-Yr1).

Y=rN(1- Y'r)2
ith K = %NYT, to
1
= —0Xx*
K 3

wctly the condition found in Theorem 1, for this particular special case. This
Holling squared leads to the same saturating contact rate expression as Theorem
" one shows that the general case of Holling squared leads to the conditions (2.3)-

that the equilibrium conditions are the same for both the heuristic Holling
1e rigorous mechanistic Theorem 1, raises an important point. In the Holling
loes not use the fact that 7 comes from any particular probability distribution.
hat, in the general approach, we can replace the exponential distribution by an
bution and take for our parameter s, the inverse of the mean duration of the
seriod.
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Appendix

In this appendix we prove that the system

dX; - =~
de = —Xininj +220’ijlk,'j, (Al)
i=1 J=1
dK;; 1
dTJ = Epinin — O'ijI(,'j, (A2)
together with the conservation equations
Xi + QZI(ij = 61" 1 < i < n, (A3)

=1

has a unique asymptotically stable positive equilibrium.

We first prove existence of positive solutions (X7, ..., X}) to system (2.3). Solutions to
(2.3) correspond to equilibria of (A1-A3) by letting K}; = %O;jX:-“X;‘. For given &,...,€, > 0
and 8;; > 0, (i, € {1,...,n}) define the map A : R™ — IR" acting on a vector X =
(X1, Xn)T by

61 fn )

1+ a1(X) 7 14 an(X)

where a;(X) := E;;l 0;;X;. Note that positive fixed points of A correspond to positive
solutions to system (2.3). The operator A is continuous and maps the bounded, convex and
closed set A := {X € R": 0 < X; < &} into itself. Therefore, there exists at least one X* € A
with AX* = X*, by the Brouwer fixed point theorem (see, e.g. [2]).

(Xl, ,Xn) — (
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Lemma A1l: The solutions to system (2.3) are isolated.
Proof: Define 2 map F : R” — IR" acting on a vector X = (Xj,...,X»)T by

(X, ey Xn) = (X114 01(X)) = £1, ooy XL+ an(X)) = ),

whith a¢;(X) := E;-z:l 0;;X;. Then F'is differentiable and a solution to (2.3) corresponds to a
zero of F. Let X > 0 satisfy F(X) = 0, and regard the derivative D := DF(X) of the map F
at the point X in IR™:

14 611.X1 + ai1(X) 012X o 61 X,
D = (dijhicijgn = 124 + 022 X3 + a2(X)
Hlan 1+0nan +lln(X)

Regard the transpose DT of D. Note that for DT we have

di; > Zdij. (A4)

J#i
It is elementary that such a matrix is non-singular by the following well-known argument.
Suppose to the contrary that there exists a non-trivial solution z of DTz = 0. Let k be one

of the indices with maximal |2;| and consider the k’th equation of DTz = 0. Rearranging this
equation and taking absolute values leads to the estimate

dilz] <D dijlzil <Mzl ) di;
i#k i#k
which is a contradiction to (A4).

We can apply the inverse function theorem to F' at X. This asserts that F is a homeo-
morphism in some neighbourhood of X. The zeros of F' are therefore isolated.

¢

We now consider system (Al-A3). Let m = 3n(n + 1), and write ¢ = (c1,....,Cm)
for (X1,..c, Xn, K11, -..; Knn) (where we order the components of the latter lexicographically,
starting with the X;’s). We are only concerned with ¢’s in the positive cone of R™. Let

= (¢, ..., %) be a given positive equilibrium of (A1-A3) and define H~ : R™ — IR as

VI S
He(c) = ;(C, In @ ci +ci).

In [6], it is shown that H.- is a Lyapunov function for closed mass-action chemical reaction
systems, of which (A1-A3) is an example. Spemﬁcally, the following holds: 1) He«(c) > 0
for all positive ¢ € IR™, and He=(c) = 0 & ¢ = ¢*; 2) & (c) < 0 for all positive ¢ € R™,
and ii—I—’r—*?—"-(c) =0 < de/ dt =0; 3) 5 -8—11‘3- = In 2. The Lyapunov function H.- assures that in
the case of a unique positive equlhbrlum c*, this equilibrium is asymptotically stable. What
remains to be shown is that we indeed have a unique positive equilibrium ¢* of (A1-A3).

Lemma A2: There exists only one positive equilibrium ¢* to (A1-A3).
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mma, A1, the equilibria are isolated. So assume, without loss of generality, that
y, 7,8 € R™, with 7 # s. Construct the Lyapunov function H, based on the

Then H.(s) =: hs > 0. The graph of the function H.(c1,...,¢n) in RrR™H
zero for ¢ = 7, and in every coordinate direction 7, H, strictly decreases when
tictly increases for ¢; > r;. This implies that levelsets of fixed values of H, have
— 1. Regard thelevelset {c € R™ : H.(c) = h,}. Because this set is of dimension
it follows that in every neighbourhood of s there is a point z € IR™ such that
But H, decreases along the trajectories of system (A1-A3), so the equilibrium s
vble. Now construct the Lyapunov function H based on the equilibrium s. By
»f Lyapunov it follows that s is stable, and we have found a contradiction.

¢

it completeness we mention that the claim in [6] that the function H.~ is also
unction for open mass-action chemical reaction systems, was proved false in [4].
there is an alternative way to show asymptotic stability of the equilibrium of
[5], a general theory for mass-action kinetics is developed. One can show that
A1-A3) is, in the terminology of [5], so-called complex-balanced, and therefore
dynamic. According to Lemma 4c in [5], this is sufficient to assure asymptotic
ie unique equilibrium.



