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1 Introduction

Category Theory [20] is a field of mathematics that seeks to discuss and unify many
concepts occurring in mathematics. In the last decade it has proved useful for computing
science as well; this may be evident from the rapidly growing number of conferences and
publications with ‘Category Theory’ and ‘Computer Science’ in their title [16, 3, 26, 27,
13, 29, and so on]. Not only is category theory helpful to formalise and prove results
for theoretical aspects of computing science, like lambda calculus theory, denotational
semantics, and fundamentals of algebraic specification, but also to formalise and prove
results for practical aspects like language design and implementation (e.g., Hagino [15, 14],
Reynolds [28] and Cousineau et al [6]) and program derivation (e.g., Malcolm [21, 22] and
Fokkinga and Meijer [10}). ,

In this paper we pave the way for a style of proof that is an alternative to the conven-
tional one in Category Theory: calculation instead of diagram chasing. In effect, it is a
form of Functional Programming. Let us explain the key-words.

Category Roughly said, a category is just a collection of arrows with the closure property
that “composition of two arrows f and g with target(f) = source(g), is an arrow again.”
Thus, a mathematical structure, when studied categorically, must be modeled as a system
of arrows. This may pose serious problems to the newcomer; Arbib and Manes [1] teach
how to think in terms of arrows. The prominent role of arrows invites to use pictures
containing (a lot of) arrows, so-called diagrams, as a tool in categorical proofs. Take any
book on category theory and you’ll see what I mean! The conventional style of proof is
diagram chasing (explained below); we offer an alternative: algebraic calculation. To do so,
we give a systematic treatment of the calculation properties brought forward by initiality,
and show them in action on a variety of examples. Initiality is a categorical concept by
which many, very many mathematical constructions can be characterised.

Diagram chasing There are several reasons why diagrams are so popular among cate-
goricians, and one has to face all of them when judging the relative merits of an alternative
style of proof. Let us consider (all?) four of these reasons.

~ o Typing. A picture may clearly indicate which arrows have a common source or
target, much more so than a linear listing of the arrows with the source and target
given for each of them.

Remark. The need for an overview of the sources and targets of the arrows is partly
caused by the notation f:a — b and ¢ : b — ¢ to indicate the source and target
(called typing), and the notation gof for their composition. We choose the notation
f:g for composition, so that fig : a — ¢ falls out naturally. (An alternative would
be to use the notation f : a «— b and g : b « c so that fog : a « c. However,
this direction of the arrows conflicts with the conventional left-to-right direction of
arrows and input-to-output in our Western Culture.)

[S]



e Naming. Initiality means that for certain pairs of source and target there is precisely
one arrow in between. A picture is a suitable tool to indicate such an arrow, typically
by a dashed line, and to attach a name to it so that you can refer to it in the text.
Without pictures one usually introduces such an arrow by a phrase like “Let f be the
unique arrow from this to that that exists on account of initiality of such-and-so.”

Remark. We shall use a standard notation for various ‘unique’ arrows; the notation
will clearly suggest the source and target, as well as some other properties. Thanks to
the availability of a notation there is no need to interrupt an argument or calculation
for a verbose introduction of such an arrow: you can just denote it.

o Commuting diagrams. Equality of arrows can be indicated pictorially if, by con-
vention, in the picture any two (composite) arrows with the same source and the
same target are equal. Thus f;g = h appears as a triangle, and f;g="h;) asa
quadrangle. This convention is called commutativity of the diagram. A commuting
composite diagram is a very economical way of showing several equalities simulta-
neously without duplication of subterms that denote arrows. Moreover, it is easy to
indicate all sources and targets explicitly in the diagram.

Remark. It would be absurd if triangles and quadrangles are clearer than formulas
of the shape f;g = h and f;g = h;j. In fact, even complicated formulas like
foifii--rifme1 = 03 G1i---:gn-1 are not more (and no more) understandable
by drawing the left-hand side and right-hand side as a stretched, possibly wriggled
quadrangle. In almost any diagram there is one equation of interest (the theorem)
and the other equations in the diagram are just auxiliary, for use in the proof only;
in that case there is no need to display them all at once (if an alternative proof does
the job). Similarly, the information about source and target of each term occurring
in a proof is often not helpful for understanding the main equation or verifying the
proof steps, as we will see.

e Diagram chasing. Pasting several commuting diagrams together along common ar-
rows gives a commuting diagram as result. It is an easy, visual, reliable style of
proving equality of arrows. This is the real reason why there appear composite dia-
grams that are more complicated than the simple polygons.

It is particularly easy to extend a diagram with an arrow; in a calculation one would
have to copy the equation obtained thus far, and transform that a little.

Remark. This use of diagrams may be quite helpful when conducting a proof on a
blackboard, with an eraser at hand. (Also, it lends itself well for presentations with
an overhead projector, using overlays.) However, in the final picture the history is
completely lost. It is then just a puzzle, called diagram chasing, to find out what
arrows exist for what reason, and what subdiagrams commute on what grounds.
Moreover, it is even much harder to read off from the final diagram for what reason
a certain arrow is the only one possible that makes a certain subdiagram commute.
It is all this implicit information that is so clearly present in the calculations below.



So far for the reasons to use pictures and diagram chasing, and some objections.

Calculation The pasting together of two diagrams is calculationally rendered by tran-
sitivity of equality: if the two diagrams “prove” f =g and ¢ = A respectively, and they
are pasted together along arrow g, then the resulting diagram proves the new equality
J = h. There is no problem in presenting this step in a calculation; for example:

f

= reasoning of one diagram
g

= reasoning of the other diagram
h

or, alternatively,

f=9 N g=h
= transitivity
f=h
More important is a formalisation of initiality that lends itself to such a calculational,

equational reasoning. By definition, a is initial if for each target b there is precisely one
arrow from a to b. Formally, a is initial if

Iz zia—=b A Yy yra—b = y=uz)),

for all 4. It is the presence of the existential quantifier (and the universal one in its scope)
that hinders equational reasoning. An equivalent formalisation of initiality of a reads:
there exists a function F such that

z:a—>b = z=Fb,

for all = and b. Indeed, substituting = = Fb gives Fb:a — b (there is at least one
arrow), and the implies part of the equivalence gives that there is at most one arrow. We
shall see that this formalisation is the key to calculational reasoning (of the second kind
illustrated above). The use of equivalences to characterise initiality (and more generally,
universality) has been thoroughly advocated by Hoare [16]. As far as we know, Malcolm [21]
was the first to use this style of reasoning for the derivation of functional programs over
initial algebras.

The format of a calculation We present a calculation in the way we have actually
derived it (or would like to have derived it). In general, we start with the main proof
obligation (an equation), and reduce it step by step to simpler proof obligations (equations),
until we finally arrive at true. (When calculating with terms denoting arrows, we usually
start with the more complicated form, and transform it step by step to the simpler one.)
This style of conducting and reading proofs requires some exercising to get used to; once
mastered it turns out to be an effective way of working. Dijkstra and Scholten [7] discuss
this in detail, and attribute the calculational format to van Gasteren [11] and Feijen.
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Functional programming In this paper all arrows (in the sequel called morphisms) may
be interpreted as typed total functions; there is simply no axiom for the category under
consideration, that prohibits this interpretation. Therefore one may interpret our activity
as functional programming, though for a bit unusual specifications. The combinations
and transformations of morphisms (functions) are fully in the spirit of Backus [2] and
Meertens [24]. One should note that nowhere in this paper a morphism (function) is applied
to an argument; it is just by composing functions in various ways that new functions are
formed and equalities are proved. The absence of restrictions on combining functions
(except for typing constraints) has often been claimed to be a major benefit of functional
programming, e.g., by Hughes [17].

Historical remark Our interest was in the development of a calculus for the derivation
of algorithms from a specification, as proposed by Meertens [24] and Bird [4, 5]. Cate-
gory theory provides a suitable medium to formalise the notion of datatype, as shown by
Lehmann and Smith [19], Manes and Arbib [23], and many others. Then Malcolm [21],
Spivey [30], and others showed that many of the properties that are actually used in pro-
gram derivations can be inferred from the categorical description of a datatype. It is from
here a small step to apply the calculational style of program derivation more generally to
category theory itself.

The overall acceptance of diagram chasing is presumably the cause that this style
of deriving categorical properties is relatively unknown. Indeed, only recently books and
papers have appeared on category theory in which equational reasoning is explicitly strived
for; for example by Lambek and Scott [18], Hoare [16].

* % ok

The remainder of the paper is organised as follows. In the next section we explain our nota-
tion and terminology, define some lesser known categorical concepts, and discuss initiality.
We assume that the reader is familiar with the basics of category theory; Goldblatt [12,
Chapters 2,3,9] and Pierce [25] give a good introduction. Then we specialise the laws for
initiality to products and coproducts in Section 3, to initial algebras in Section 4, to co-
equalisers and kernel pairs in Section 5, and finally to colimits in general in Section 6. Each
section contains one or more examples of a calculation for the derivation of a well-known
result.

The proof of the pudding is in the eating: the categorician should compare our calcu-
lations with the usual pictorial proofs, and pay attention to the precision, conciseness, and
clarity with which various steps in the proofs are stated, and to the absence of verbose or
pictorial introductions of various unique arrows.

2 Preliminaries and Initiality

We use the word morphism instead of arrow.



Nomenclature Variables A,B,C denote categories, and capital letters vary over func-
tors. Formula z : a —4 b means that z is a morphism in A with source a and target b
(stca z =a and tgt, = =b). In each section, the category that underlies the construc-
tion of another, or several others, is denoted C, and is called the base category. Unless
stated otherwise, a morphism is a morphism in C, and similar for ob jects. We shall mostly
suppress mentioning of the base category C, certainly where it would occur as a subscript.
In particular, we almost always write — for —¢. By default, a,b,c,... vary over objects
in C,and f,g,h,5,...,p,¢,...,%,¥,... over morphismsin C. We denote composition of
the base category (and all the categories that inherit the composition of the base category)
in diagramatic order: if z:a — b and y : b — ¢ then z; Yy : a — c. Composition of
functors and other mappings is denoted by juxtaposition: (F G)f = F(GY).

Category Set has as objects sets, and as morphisms typed total functions. We shall
nowhere impose an axiom on base category C that prohibits to interpret it as Set.

Remark It is the morphisms in a category that are important; the objects only serve an
auxiliary role, mainly for the well-formedness of morphism composition. In each category
A, including those of functors and so on, each morphism has a unique source and target,
so that you need not mention them explicitly; they can be retrieved from the morphism
itself by the functions srca(.) and tgta(-). Thus we view a functor mainly as a mapping
of morphisms; its action on objects can then be derived. In the same vein, we shall define
concepts in terms of morphisms as much as possible, and suppress the auxiliary role of
objects when that can be derived or is clear from the context. O

Categories built upon C Often an interesting construction in C can be characterised
by initiality in a category C built upon C. We say C is built upon C if each morphism
of C is a -special- morphism in C and C’s composition is that of C. So, C is fully
determined by defining its objects and morphisms. Here are some examples that we’ll
- meet in the sequel; skip the description upon first reading. (The specialist may recognise
V(D) as the category of cocones for the diagram D . Dually, the category of cones for D
is denoted A(D).)

Category \/(d), where @ is an n-tuple of objects in C. An object in V(@) is an
n-tuple of confluent morphisms in C with the objects @ as sources, as suggested by the
symbol V in case n = 2. Let f and § be such objects; then a morphism from f to g
in' V(@) is a morphism z in C satisfying f;;z = g; for each index i of the n-tuple. It
follows that z : tgt f — tgtg. (For n =1, category V(a) is known as the slice category
‘Under a’, usually denoted a|C or a/C.)

Category V(fl|g), where f and g are morphisms in C with a common source and
a common target. An object in V/(f||g) is a morphism p for which f;p =g;p. Let p
and ¢ be such objects; then a morphism from p to ¢ in V(fl]lg) is a morphism z in C
satisfying p:x = g¢. (So, V(fl|g) is a full subcategory of \/(a) where a = tgt f = tgtg.)

Category Alg(F), where F is an endofunctor on C. An object ¢ of Alg(F) is
a morphism ¢ : Fa — a in C, for some a called the carrier of ¢. Let ¢ and v be
such objects; then a morphism from ¢ to v in Alg(F) is a morphism z in C satisfying
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é;z = Fz;v. It follows that z : carrier ¢ —> carriert, and carrier ¢ = tgt ¢. An object
é is called an F-algebra, and a morphism z is called an F -homomorphism. We shall
later explain this in more detail.

Initiality
Let A be a category, and a an object in A. Then a is initial in A if:
T:a—ab = z=(a-0), CHARN

Here (a-b), is just a notation, a name, for a morphism (depending on A,a and b),
and all free variables in the line are understood to be universally quantified, except those
that have been introduced in the immediate context ( A and a in this case). ‘CHARN’ is
mnemonic for Characterisation. The = part of CHARN says that each morphism z with
a as its source, is uniquely determined by its target b (if it exists at all). From the <«
part, taking z := (a—b), , it follows that for each b there is a morphism from a to b.
Thus () is a standard name for the unique morphisms from a. Often there is a more
specific notation that better suggests the resulting properties (see the following sections).

Of course, when A is clear from the context we omit the indication of A. It often
happens that one initial object in A is fixed, and in that case (b) abbreviates (a—0).
(The usual notation for (b), is !s. The !-notation doesn’t work well for categories built
upon A .) Finality is dual to initiality: an object a is final if for any object b there exists
precisely one morphism from b to a. The default notation for this unique morphism is

(b-a)a-

Let us now give some consequences of CHARN. By a substitution for = such that the
right-hand side becomes true we find SELF, and by a substitution for b,z such that the
left-hand side becomes true we find ID:

(a—=b)p:a—ab SELF
id, = (a—a), Ip

Next we have the Uniqueness and Fusion property (still assuming a initial in A):

T,y:a—ab = T=y UNIQ
r:b—oac = (a=b)piz=(a—~c)y FUsION

The proof of UNIQ is left to the reader. For FUSION we argue (suppressing A and a):
(B ;= = (e
= CHARN[b,z := ¢, (b)) ; 2]
(b);z:a—c

&= composition



(B):a—b A z:b—c
= SELF, and premise
true.

These five laws become much more interesting in case category A is built upon another one,
and —4 is expressed as one or more equations in the underlying category. In particular
the importance of law FUSION cannot be over-emphasised; we shall use it quite often. If
the statement z : b —4 ¢ boils down to the equation ¢ = b;z (which is the case when
A =V/(a)), law FUSION can be formulated as an unconditional equation (by substituting
c:=b;z in the consequent, giving (b);z = (b;z)). In the case of initial algebras UNIQ
captures the pattern of proofs by induction that two functions z and y are equal; in
several other cases UNIQ asserts that a collection of morphisms is jointly epic.

Application Here is a first example of the use of these laws: proving that an initial
object is unique up to a unique isomorphism. Suppose that both a and b are initial. We
claim that (a — ) and (b- a) establish the isomorphism and are unique in doing so. By
SELF they have the correct typing. We shall show

t=(a-b) N y=(b-d) = ziy=1td, N y;T=1dy

that is, their composition is the identity, and conversely the identities can be factored only
in this way. We prove both implications of the equivalence at once.

r=0-d) A y=(b-4d)
CHARN
z:a—b A y:b—>a

= composition

z;y:a—a A y;x:b—b
CHARN

z;y=(a-a) A y;z=(b-10)
ID

ziy=1d, A y;x=1idp.

The reader may show (a - b); (b~ a) = id, alternatively using ID, FUSION, and SELF in
that order. (This gives a nice proof of the weaker claim that initial objects are isomorphic.)

3 Products and Coproducts

Products and coproducts are the categorical formalisation of what is known in Set as
cartesian product and disjoint union. (In other categories products and coproducts may
get a different interpretation.)



Let a,b be objects of C. By definition, a coproduct of a and b is an initial object
in V(a,b); it may or may not exist. Let inl,inr be a coproduct of a and b; their
common target is often denoted a +b. We write fvg instead of (inl,inr - f, gDV(a,b) ,
thus suppressing the dependency on a,b and nl,inr. (The usual categorical notation is
[f,g], and its type is a 4+ b — ¢ provided that f:a — ¢ and ¢ : b — ¢.) Working out
—\/(a.) in terms of equations in C, morphisms inl,inr and operation v are determined
(“up to isomorphism”) by law CHARN, and consequently also satisfy the other laws.

inl;z=f N wnr;z=g = z=fvyg v-CHARN
inl; fvg=f A wnr;fvg=g v-SELF
inlvinr =d v-ID

inl;z=1wnl;y A inr;z=1nr;y = r=y (inl,inr jointly epic)-UNIQ
fiz=h A g;z=] = fvg=hvy v-FUSION

Law FUSION may be simplified to an unconditional law by substituting h,j := f;z, g;:T:
fvgiz=(f:;z)v(g:x) v-FUSION

Similar simplifications will occur often in the sequel.
The reader may check that her favourite ‘implementation’ of disjoint union in Set, namely
‘inleft’ inl, ‘inright’ inr, and ‘case’ v, satisfies these laws.

Products are, by definition, dual to coproducts. Let outl,outr be a product of a and
b; its common source is often denoted a x b. We write fag for (f,g — outl,outr] Adarb) *
(The usual categorical notation is (f,g) , and its type is ¢ = a x b provided that f:c—a
and ¢ :c— b.) The laws for outl, outr and a read now:

zioutl=f A z;,outr=g = z=fag 4 CHARN
fag;outl=f AN fag;outr=g 8-SELF
outl a outr = id 4-Ip
z;outl =y;outl AN x;outr=y;outr = T=y 8- UNIQ
z.fag=(z;f)a(z:9) 8-FUSION

Law UNIQ now asserts that outl,outr are jointly monic. (A morphism f is monic if
z;f=y;f implies z =y, for all z,y.)

Application As a first application we show that inl is monic (and by symmetry inr
too, and dually each of out! and outr is epic):

r=y
aiming at “ ;inl” after = and y, use v-SELF[ f := id]

Il

ziinlidvg=y;inl;idvyg
&= Leibniz



z;wnl=y;inl

as desired. The choice for g is immaterial; id certainly does the job.
As a second application we show that v and a abide (expressed by the next line):

(fvg)a(hvg)=(fah)v(gaj)
= v-CHARN [z, f,g:=1hs, fah, gaj]
inl;(fvg)a(hvj)=fah A inrt;(fvg)a(hvj)=gaj
a-FUSION (at two places)
(inl;fvg)a(inl;hvj)=fah A (inr;fvg)a(inr;hvj)=gaj
= v-SELF (at four places)
fah=fah A gaj=gajg
= equality

Il

true.

For later use we define, for f:a —b and g:¢c—d,

f+g = (fsinl)v(g;inr) D at+c—b+d
fxg = (outl;f)a(outr;g) : axc—bxd.

The reader may wish to prove that 4+ and x are bifunctors: id+id = id and f+g:ih+g =
(f:h)+(g:7), and similarly for x .

4 Algebras

Let F' be a functor from C to C. Recall from Section 2 that an F -algebra is just a
morphism ¢ : Fla — a for some a, called the carrier of ¢, and a homomorphism from ¢
to 1 is a morphism f satisfying ¢; f = Ff;4. It follows that f : carrier ¢ — carrier .
We abbreviate — Alg(F) to just —p. To motivate the terminology, consider the following
two cases. (An extensive motivation is given by Fokkinga and Meijer [10].)

A single binary operation ¢ : axa — a is an F -algebra, where functor F is defined by
Fr=zxz. Then‘f:¢ —p 1 means ¢;f = fx f1, saying that f commutes with the
operations. Now consider two algebras (or n -ary operations) of different type but with the
same carrier, say ¢; : Fya — a for 1 =0,1. We can then form ¢ = $ov o1 : Foa+ Fia — a;
this is an F' -algebra, where functor F is defined by Fz = Fyz + Fyz. From the composite
¢ we can retrieve the constituent operations by ¢ =inl;¢ and ¢1 =nr; ¢. Statement
f 1 d0vé1 =F+F %o vy boils down to the two statements fiéi—p Y for i =0,1.
Thus, classical single-sorted algebras can be modeled as F -algebras. In another paper [§]
I've shown how to deal with equations (like associativity) in this frame-work. Many-
sortedness and general ‘datatypes’ require only a slight generalisation [9, 8.
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Let o« be initial in Alg(F) (supposing it exists). We fix this a throughout what follows,
and we write (8) for (&~ @)y, and call it a catamorphism. Then the laws for a and
() work out as follows.

a;z=Fr;¢ = z = (¢) cata-CHARN
a; (@) =F(¢);:¢ cata-SELF
id = (a) cata-ID
a;z=Fz;¢ N a;y=Fy;¢ = r=y cata-UNIQ
¢,x=Fz;¢ = (#);z = (%) cata-FUSION

Let a be the carrier of «. Below we shall show that o is an isomorphism: «a: Fa — a,
the inverse of which we denote av. We might call o a “constructor”, since in Set each
element of a can be obtained as an outcome of a for precisely one argument, called the
“constituents” of the element. The inverse au is then a “destructor”; it maps each element
of a into the constituents. Using avu, the premise of cata-CHARN may be reformulated
as = = av; Fz;¢. Thus cata-CHARN says that the “inductive definition” z = av; Fz; ¢
has a unique solution for z. (If o were not initial, such an equation might have no or
several solutions.) Similarly, cata-UNIQ says that if two morphisms and y both satisfy
the same “inductive pattern”, namely ¢ = av; Fz;¢ and y = av; Fy; ¢, then they
are the same. One sees that cata-UNIQ captures, in a sense, induction. Law cata-FUSION
may also be read as giving a sufficient condition on z and ¢ in order that the composite
(#) ; z can be expressed in the form (...). Much more explanation is given by Fokkinga
and Meijer [10].

Application As an example calculation let us show that the initial F'-algebra a is —
up to isomorphism— a fixed point of F,ie., Fa >~ a in Alg(F). This requires us to
establish a pair z,y of morphisms in Alg(F) ( F -algebra homomorphismsin C ),

z : Fa—-rpa

y : a-—fFa,
that are each others inverse. Since initiality of « in Alg(F) is given, we know by the
proof of the uniqueness of initial objects that the only choice for y is (Fca). By unfolding

the requirement for % we immediately find that the only choice for z is a. It remains to
show that these choices are each others inverse indeed. For this we argue:

(Fa) ;o =1d
cata-ID

(Fa);a=(a)

< cata-FUSION

Fa;azFa;a

= equality

11



true.

So (Fa) is a pre-inverse of «. It is a post-inverse too:

a;(Fa)
= cata-SELF
F(Fa); Fa
= functor, above: (Fa) is pre-inverse of a
Fid
= functor
id.
Since Alg(F) is built upon C, an immediate corollary of the isomorphism a : Fa ~ o
in Alg(F') is the isomorphism a : F(carrier @) =~ carriera in C.

5 Coequalisers and Kernel pairs

Let C be Set. Each parallel pair (f,g) with common target a represents a relation Ry,
on a, namely R;, = {(fz, gz)| zin the common source of f,g} C a x a. Also, each
morphism p with source a represents an equivalence relation R, on a, namely R, =
{(z,y)] pz =py} Caxa. Observe that R;, C R, if and only if f;p=g;p.

A p for which R, is the least equivalence relation including relation Ry, , is categor-
ically characterised as coequaliser of (f,g). A pair (f,g) for which Ry, is the greatest
relation included in an equivalence relation R, is categorically characterised as kernel pair
of p. We shall present their properties in a way suitable for calculation.

Coequalisers

By definition, a coequaliser of a parallel pair (f,g) is an initial object in \/(f|lg). Let
p be a coequaliser of (f,g), supposing one exists. We write p\;,q or simply p\g in-
stead of (p— q])v( flle) Since, as we shall explain, the fraction notation better suggests the
calculational properties. Then the laws for p and \ work out as follows.

pPiT=q = z=p\q \-CHARN
Pip\g=¢ \-SELF
id = p\p \-Ip
piz=q A piy=q = z=y \-UniQ
ie, p;iz=p;y = zT=y (p epic)
g;z=r = p\g;z =p\r \-Fusion

ie, p\g;z=p\(¢;z)
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In the laws \-CHARN, \-SELF and \-FUSION we have omitted the premise that ¢ is an
object in \/(f]|g); this is rather harmless if we agree that the notation ...\¢ requires a
separate proof of the well-formedness condition f;q = g;q. Notice also how \-FUSION
simplifies to an unconditional fusion law. Similarly law \-UNIQ simplifies to the assertion
that a coequaliser is epic.

Now that we have presented the laws the choice of notation may be evident: the usual
manipulation of cancelling adjacent factors in the denominator and nominator is valid
when composition is interpreted as multiplication and \ is interpreted as a fraction. (See
also law \-COMPOSE below.) This may also help you to remember that there is only
post-fusion here; the equation z;p\g = (z;p)\¢ is not meaningful and not valid in general.

Additional laws As the reader may expect, the following law is valid too:

p\q; ¢\r = p\r \-COMPOSE
One can prove this in various ways; here is one way:

p\g; g\r
= \-FusioN

p\(g;:q\r)

\-SELF
p\r.

The interesting aspect here is that the suppressed subscripts to \ may differ: e.g., p\s4¢
and ¢\n;r, and ¢ is not necessarily a coequaliser of f,g. Rephrased in the standard
notation, law \-COMPOSE reads:

(a=b) :(b—-c)g=(a—c)y, COMPOSE

where A and B are full subcategories of some category C(C) and objects b, c are in both
A and B; in our case A = V(f|lg), B = V(k||j), and C(C) = V(d) where d is the

common target of f,g,h,j. Then the proof runs as follows.

(a=0),:(d-c)g=(a—c),
= FusioN
(b=c)g:b—ac
= both A and B are full subcategories of C(C),
each containing both b and ¢
(b=c)g:b—nmc
= SELF

true.

Il
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Another law that we shall use below has to do with functors.
if Fp\... is well-defined, then F(p\q) = Fp\Fq \-FCTR

Clearly, the premise of \-FCTR is met when F preserves coequalisers. For the proof we
argue

F(p\q) = Fp\Fq
= \-CHARN

Fp;F(p\q) = Fq
= functor

F(pip\q) = Fq
= \-SELF

true.

Kernel pairs

By definition, a kernel pair of a morphism p is a final object in A(p_Jp).' Let (f,g) be a
kernel pair of p, supposing it exists. This time we use the notation (d,e)/,(f,g) or simply
(d,e)/(f,g) instead of [d,e~ f,g] AG_p) (for which the well-formedness condition reads
d;p=-e;p). Then the laws for (f,g) and / work out as follows.

d=z;f N e=z;g g z=(d,e)/(f,9) /-CHARN
d=(d,e)/(f,9):f N e=(d,e)/(f,9):9 /-SELF
id = (f,9)/(f.9) /-ID
znf o ezes) . e o
ie, z;f=y;f N z;9=y;g = =y ((f,»g) jointly monic)
z:(d,e)/(f,9) = (z:d, z:€)/(f,9) /-FUSION
(d,e)/(f,9):(f,9)/(h,5) = (d,e)/(h,]) /-COMPOSE

if .../F(f,g) is well-defined, then F((d,e)/(f,g9)) = F(d,e)/F(f,g) /-FCTR

Notice that there is pre-fusion only. Due to the presence of so many pairs the notation is
quite cumbersome, but we refrain from simplifying it here.

Application As an example of the use of the laws we prove that the coequaliser and
kernel pair form an adjunction. Specifically, let C denote a mapping that sends each
parallel pair with common target a to some coequaliser of it, and similarly let K send

! Don’t bother about the definition of C = A(p_Jp) . All that matters is the laws that follow. (C is the
category of cones for the diagram _J with both legs being p, so that a kernel pair of p is just a pullback
of p,p.)
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each morphism with source a to some kernel pair of it. We extend these mapping to

functors C : A(a,a) — V(a) and K :V(a) — A(a,a), by defining

Czx = C(d,e)\C(f,g) : C(d,e) —\/(a) C(f,g) forz:(de) = A(aa) (f,9)
Ku = Kp/Kq i Kp o pa) Ka for u:p —\/q) ¢

We shall establish natural transformations € : CK — I and 5 : I — KC such that
nK;Ke=1dK and Cn;eC =1dC. Take e¢¢q=CKq\q: CKq —\(a) 4 for all ¢ in V(a).
The naturality of € is shown as follows. For arbitrary wu: ¢ =\ T
CKu;er
= definition C, K and €, noting that u: ¢ =\ T
CKq¢\CKr;CKr\r
= \-COMPOSE
CKq\r
= equation
CKq\(g:uv)
= \-FusIioN
CKq\q;u

= definition ¢ and [

¢ ”»

‘u:q—»v(a)r

€q; lu

as desired. Further we take n(d,e) = (d,e)/KC(d,e) : (d,e) —p(qa) KC(dye). We
omit the proof that 7 is natural; this is quite similar (but not categorically dual) to the
naturality of €. Next we show that nK ; Ke = idK . Let g be arbitrary, then |

(nK ; Ke)q

= definitions of 7, €, and composition of natural transformations
Kq/KCKq,K(CKq\q) ‘

= definition K (see above with u,p,q:=¢\CKq,q,CKq)
K(¢\CKq); K(CKq\q)

= functor, \-COMPOSE
K(q\q)

= \-Ip
K(id,) notice that id,(: ¢ —\/() ¢) is idygeq(: tgtg — tgtq)

= functor

idKgq.

The proof of Cn;eC = 1dC is again quite similar to the above one.



6 Colimits

An initial object is just a colimit of the empty diagram, and conversely, a colimit of a
diagram is just an initial object in the category of cocones over that diagram. Let us
therefore present the algebraic properties of colimits.

A diagram D is a collection of morphisms. The sources and targets of members of D
are collectively called its objects. Category VD, built upon C, is defined as follows. An
object in VD, called cocone for D, is a collection 7 of morphisms v, : a — ¢ (one for
each object a in D) where ¢ is some common target (called the target of v ), satisfying

V(ifra—=binD: v=fiv).

We write v = {a object in D :: «,}, or simply v = {a:: 4,} when D is understood.
(A cocone must have a distinguished target even if it is empty.) Let v and § be cocones
for D; then a morphism from v to é in VD is a morphism z in C satisfying

Viein D v,52=46,).

By definition, a colimit for D in C is an initial object in \VD. Let 4 be a colimit for D,
supposing it exists. We write y\pé or simply v\6, instead of (y - 6])VD . Then the laws

for v and \ work out as follows (a ranges over the objects of D).

V(a: ~p52=26,) = z=7\6 \-CHARN
V(e ~a59\6 =68a) \-SELF
id =\ \-Ip
V(a: 752 =9;:9) = z=y (v jointly epic) \-UNIQ
Y6z =v\{a: &,;z} \-Fusion
v\6; 6\e = v\e \-COMPOSE
if F4\... defined, then F(y\6) = Fy\F¢ \-FcTR

for each D -cocone 6,¢ (6 being a colimit in law \-COMPOSE).

Improved description In view of the explicit quantifications the above laws for colimits
are not very suited for algebraic calculation. We can avoid a lot of explicit quantifications
by treating a cocone as a family of functions, and defining for example v;z = § to mean
V(a it 7,32 = 8,). It turns out that we can perform this trick in a categorical fashion
by using natural transformations, which are families of morphisms indeed. Several (not
all) manipulations on the subscripts can then be phrased as well-known manipulations
with natural transformations as a whole. So let us redesign the definitions. (I've got the
suggestion from Jaap van der Woude; Lambek and Scott [18] use the following formulation
too.)

As regards the property of being a cocone we can assume without loss of generality
that a diagram is a subcategory: just add all the compositions of composable arrows, and
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all the appropriate identities. Going one step further we can consider the subcategory to
be the image under a functor D : D — C, where D is a category that gives the shape of
the diagram. So we define: a diagram in C is a functor D : D — C, for some category
D, called the shape of the diagram. Now we define category VD as follows. An object in
VD, again called cocone for D, is a natural transformation 4 : D — ¢ for some object
¢ in C (¢ is the constant functor mapping each object a into ¢, and each morphism z
into the identity id. : ¢ — ¢). Indeed, by naturality we have for each Df : Da — Db in
the ‘diagram’ DD in C

vya;ef = Df;vb : Da— ca that is,

~va = Df;vb : Da—c
which expresses the required “commutativity of the triangle.” Let v and § be cocones
for D; then a morphism from 4 to § in VD is a morphism ¢ in C satisfying v;z =6
(the compostion of v and z is defined below). Again, a colimit for D is an initial object
in VD.

Since cocones are natural transformations, we have the following standard transforma-

tions available. For v: D —-¢c and 6: D — d:

e foreach z:¢c— d,
v;z=MAa: va;z):D —d is a cocone for D again.

e for each functor F: C — C,
Fy=MXa: F(ya)): FD — Fc is a cocone for FD (note that F¢ = Fc).
If in addition F' preserves colimits, then F+ is a colimit for F'D if v isso for D.
Since (Fvy)a = F(ya) we omit the parentheses.

e for each functor S: D —- D,
vS = Ma = v(Sa)): DS — ¢ is a cocone for DS (note that ¢S = ¢).
If S transforms the shape somewhat, 4S5 is the transformed cocone.
Since v(Sa) = (yS)a we omit the parentheses.

Let 4 be a colimit for D. Then the laws for 4 and \ work out as follows.

viz=16 = z=9\6 \-CHARN
yiy\6 =6 \-SELF
v\ =i , \-ID
ViT=75yY = z=y (v jointly epic) \-UNIQ
Y\6;z =~\(6;2) \-FusIiON
Y\6; é\e=~\e \-COMPOSE
if F4\... defined, then F(y\é6) = Fy\Fé \-FcTR

for each D -cocone 6,¢ (6 being a colimit in law \-COMPOSE). Notice also that

75:7\6 = (v:7\§)S = 65,
but in general y\§ # vS\é6S since S need not be a colimit and therefore the latter
right-hand side is not well-defined.
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Application We present the well-known construction of an initial F'-algebra. Our in-
terest is solely in the algebraic, calculational style of various subproofs.

Given endofunctor F' we wish to construct an F-algebra, a : Fa — a say, that is
initial in Alg(F). Forgoing initiality for the time being, we derive a construction of an
a: Fa— a as follows.

a:Fa—a

<= definition isomorphism (a)
a:Fa~a

= definition cocone morphism (taking a = tgty = tgtS) (b)
a:Fy~~4SinV\(FD) N FD=DS

= F~ is colimit for FD (taking o = Fy\vS) (c)

~S is colimit for DS A FD = DS.

Step (a) is motivated by the wish that o be initial in Alg(F), and so « will be an
isomorphism (see the section on algebras); in other words, in view of the required initiality
the step is no weakening. In step (b) we merely decide that «, a come from a (co)limit
construction; this is true for virtually all categorical constructions. In order that the step
is valid we have to define a diagram D, a D -cocone v (a colimit say, which we assume
to exist), and we have to define an endofunctor S on srcD (that transforms D -cocone
v into a DS (= FD)-cocone vS). In step (c) the claim ‘ F'y is colimit for F'D’ follows
from the assumption that F preserves colimits. The definition a = Fv\vS is forced
by (the proof of) the uniqueness of initial objects. (It is indeed very easy to verify that
F~y\7S and yS\F~ are each others inverse.) We shall now complete the construction in
the following three parts.

1. Construction of D, S such that FD = DS.
2. Proof of ‘45 is colimit for DS’ where v is a colimit for D .
3. Proof of ‘« is initial in Alg(F)’ where a = Fy\vS.

Part 1 (Construction of D,S such that FD = DS.) The requirement F'D = DS says
that F'D is a ‘subdiagram’ of D . This is easily achieved by making D a chain of iterated
F applications, as follows.

Let w be the category with objects 0,1,2,... and a unique arrow from ¢ to j (denoted
i<j ) for every ¢ < j. So w is the shape of a chain. The zero and successor functors
0,5 :w — w are defined by 0(i<j) = 0<0 and S(i<j) = (i+1)<(y+1).

Let 0 be an initial object in C. Define the diagram D : w — C by D(i<j) =
F'(F?~'0) (where () abbreviates (0~ ) ). It is quite easy to show that D is a functor,
i.e., D(i<j;j<k) = D(i<j); D(j<k). It is also immediate that F'D = DS, since

FD(i<j) = FF(F0) = F*(FUH-60) = D((i+1)s(j+1)) = DS(isj).
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Part 2 (Proof of ‘45 is colimit for DS’ where v is a colimit for D.) Our task is to
construct a morphism (yS - 6])\/( ps) such that

(®) ySiz=6 = $=([’YS"6])V(DS)

for each 6 : DS — d (an arbitrary cocone). Our guess is that v\(6’,6) may be chosen for
(vS - 6I)V(DS) , where (&,8) : D — d is defined by

(8',6)0
(8,6)S

& : D0 - do ~ 0—-d
) : DS — dS =

for some suitably chosen é’. We prove the desired equivalence (#), deriving along the
way a requirement for §’.

T = 7\(6’, 6)
= \-CHARN
VT = (6’, 6)

= property natural transformations, w and 0, S
(viz)0 = (8,80 N (y:2)S=(8,6)S

= calculus for natural transformations, defn (&', 6)
¥0;2=6 A 4S;x=6

= define 6’ below such that 40;z = ¢’ for each = (using 7S;z=6) (¥)
7Sz =6.

In order to define ¢’ satisfying the requirement derived at step (*), we calculate

~0;z

= { anticipating next steps, introduce an identity }
70;¢(0<1) ;=

= naturality v (“commutativity of the triangle”)
D(0<1) ;71 ;z

= using yS;z =16
D(0<1) ; 60

so that we can fulfill the requirement 70 ;z = §' by defining ¢’ = D(0<1);60.

Part 3 (Proof of ‘a is initial in Alg(F)’ where o = Fy\yS.) Let ¢ : Fa — a be
arbitrary. We have to construct a morphism (a ~ ¢);: ¢ — a in C such that

(d) Fy\1Siz=Fz;¢ = z=(a-¢).
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Our guess is that the required morphism (& ~ ¢) can be written as y\é for some suitably
chosen D -cocone §. Based on type considerations one may derive a definition of 6; we
just guess it.

60 = (a)c

It remains to show that y\é for (o — ¢), fulfills the required equivalence (). First we
show the <« part:

Fy\v5;7\é
= \-Fusion
FA\(vS5:7\é)
= observed just after the colimit laws
Fy\éS
= definition 65 = Fé; ¢
FA\(Fé; ¢)
= \-FusioN
Fy\Fé;¢
= functor F preserves colimits

F(7\8); ¢

as desired. Next we show the = part.

r=9\6
= \-CHARN

vix=46
<= induction principle

(v;z)0 =60 AN VY(n: (y;z)n=46én = (v;r)Sn=05n)
= proved below in (i) and (ii)

true.
For (i) we calculate

")’0 7 T

= CHARN, using 70:0 — ¢
(dciz

= FUSION, using z:¢c—a
(adc

= definition 60
60
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as desired. And for (ii) we calculate for arbitrary n, assuming (y;z)n = én,

(vS;z)n

\-SELF (aiming at using the premise of (b))
(Fv: Fy\vS;z)n

premise, see ()
(Fy;Fz;¢)n
= functor
(F(y:z):d)n

hypothesis (v;z)n = én
(F6;¢)n
= definition 65

(6S)n

as desired. This completes the entire construction and proof.
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