1992

R.R.P. van Nooyen

A finite volume discretisation scheme with a-posteriori error
estimates for the symmetrised continuity equation

Department of Numerical Mathematics Report NM-R9203 March

CWI is het Centrum voor Wiskunde en Informatica van de Stichting Mathematisch Centrum
CWI is the Centre for Mathematics and Computer Science of the Mathematical Centre Foundation



CWI is the research institute of the Stichting Mathematisch Centrum, which
was founded on February 11, 1946, as a non-profit institution aiming at the
promotion of mathematics, computer science, and their applications. It is
sponsored by the Dutch Government through the Netherlands organization
for scientific research (NWO). '

Copyright © Stichting Mathematisch Centrum, Amsterdam



A Finite Volume Discretisation Scheme with a-posteriori Error
Estimates for the Symmetrised Continuity Equation

R. R. P. van Nooyen

CwlI
P. O. box 4079, 1009 AB Amsterdam,
The Netherlands

The purpose of this paper is the derivation of an a-posteriori error estimate
for the Scharfetter-Gummel discretisation of the continuity equations in the semi-
conductor problem. We use the deferred correction method to derive an a-
posteriori error estimate. We also prove stability and consistency of the discretisa-
tion scheme.

1980 AMS Subject Classification: 65N30

1990 CR category: G.1.8 Finite Element Methods.

Key Words and Phrases: Finite Volumes, Mixed Finite Elements, Continuity equa-
tions, Semi-conductors, Quadrature Rules, A Priori Error Estimates, A Posteriori
Error Estimates.

Note: This report will be submitted for publication elsewhere.

1 Introduction.

Before we can discuss the approach used to obtain an a-posteriori error estimate, we must give
our interpretation of the well-known extension of the one-dimensional Scharfetter-Gummel
scheme]1] to two dimensions. We take as our starting point the continuity equation for electrons in
the stationary case,

—a(gradu+ugrady) = o,
dive = f.
We sketch the derivation of the discretisation on a rectangular grid. Consider two adjacent cells. We

assume that a and the component of grady along the line segment I' connecting the cell centres are

constant. Furthermore we assume that the component of o parallel to T is constant on I' and on
the common cell edge. Under these assumptions we can give an expression for ¢ in terms of u.
Furthermore we can calculate the integral over the common cell edge of the component of ¢ orthog-
onal to the common cell edge. This gives us a finite volume scheme for the above equations. Note

that along the line segment I we get an exponential fitting scheme as described by II'in[2]. The
resulting discretisation scheme is equivalent to one of the schemes discussed in the articles by Bank
et al. [3,4].

For the error analysis we choose a trial space ¥ X W, and write the finite volume scheme as a
saddle point problem which has a solution in that trial space. We use theorem 3.1 from the article
by Nicolaides[5] to prove stability of the problem and existence of the solution. We then choose a
projection IT, X P, of the solution (o,u) of the continuous problem. We use the stability of the prob-
lem to give an upper bound on the global discretisation error in terms of the local discretisation
error. We show that we may express the local discretisation error in terms of partial derivatives of
o. Consistency follows immediately from the expression obtained. We then use the expression for
the residual to construct a deferred correction scheme, based on the finite volume scheme in that
form. We prove that, if the original scheme gives an O(h*) accurate approximation, then this
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deferred correction scheme gives an @(h**!) accurate approximation.

Our analysis shows, that the discretisation error for the Scharfetter-Gummel scheme is second
order in areas of constant cell size and slowly varying electrical potential (i.e. the jump in ¢ - the
scaled potential - between cell centres is smaller than 2). It also shows the scheme to be only first
order accurate if the ratio of adjacent cell edges differs too much from one or if the number of
boundary cells is a large fraction of the total number of cells.

In section 2 we formulate a model problem. Section 3 discusses the discretisation spaces to be
used. We give a description of the discretisation in section 4. Section 5 gives conditions that imply
existence of the solution and stability of the problem. In section 6 we describe a quadrature rule.
Section 7 shows consistency and section 8 gives the a-posteriori error estimate. In section 9 we sum-
marise our results and draw some conclusions.

2 The model equation.

In this paper we study a model equation for the semi-conductor continuity equation. For a
discussion of both numerical and physical aspects of semi-conductor modelling, we refer to the
books by Markowich[6], or Selberherr{7], or the papers by Polak et al. [8] or Engl et al. [9]. For a
review of numerical aspects of such models, we refer to the articles by Bank et al. [3,10,11]. We
consider a linearised model for the equations for one of the two charge carrier densities.

—a(gradu+ugrady) = ¢ on 2, (1a)
dive = f on @, (1b)
with Dirichlet boundary conditions on some parts of the boundary
u I T, =8, (IC)
and mixed or Robin boundary conditions on the remaining parts of the boundary
gradu-myg |1, + ugradynyg|r, = 0, (1d)
where the notation ny, denotes the outward unit normal vector on the boundary of a domain 4. In
equation (1a), ¥ corresponds to the electrical potential scaled by the thermal voltage. We place the
following restrictions on the coefficients. We assume that the coefficients a and y are continuous
and differentiable, a,y € C'(2), we also assume that @ is bounded away from zero,
3 ap > 0€R:a = ao on L, and ¥ is piecewise bilinear on £. We assume that the function g is
continuous and differentiable, g € C'(3R). Note that the connected subsets of the Dirichlet boun-
dary generally correspond to the contacts of the device. We assume that the right hand side f is
square integrable, i.e. f € L*(R), and that T; | JT, = 3R and T; T, = & . We assume that the
shape of , I'; and T, and the conditions on 4, ¢, f and g guarantee that o € Hl(ﬂ)2 and
u € C(RQ). ’

For later reference, we give an equivalent system of equations, obtained by a transformation
of the dependent variable,

6 = —aexp(—y)gradU , (2a)
dive = f, (2b)

Ulr, = exp()g]r, , (20
ony|r, =0, d)

where U = exp(Y)u. Note that, in these variables, condition (2d) implies homogeneous Neumann
boundary conditions for U on T';.

We assume that U is square integrable and that o lies in the space,
H(div;2):={ 7 € L) | divr € L*@) },

with the inner product,



T HEve = LTg T (divr,divr)rg Vo m,m € L@ ,

where

L2(Q) = { mQ-R? | f'r-'r dp < oo }
2

with the usual inner product,

(TL,m)re = f"’]""z dp VvV 7,1 € LXQ) .
Q

Properties of H(div;2) are found in Girault and Raviart[12]. We wish to define a subspace ¥ of
H(div;2) that contains all elements that satisfy the homogeneous Neumann boundary condition
given in (2d). To do this properly, we define this subspace as the closure in H(div;2) of the space
71Q) of C*(R) functions that satisfy the condition (2d),

Q)= {TEC®@) | (M) |ag = 0 on T, },

where we assume that I'; and T', are such that this definition makes sense. Now V' is by definition a
closed subspace of H(div;2) and a Hilbert space for the H(div;{) inner product.

3 The discretisation spaces.

The Scharfetter-Gummel discretisation can best be interpreted as a finite volume scheme, so
we need an mesh of finite volumes, which we call the primary or finite volume mesh, and a dual
mesh with the cell centres of the original mesh as vertices. In addition, the dual mesh needs vertices
on the centres of those edges of finite volumes that lie on the boundary of the domain. For that pur-
pose we add cells of zero thickness to the finite volume mesh, to avoid the need for special formulas
that refer to dual mesh vertices on the domain edge. We restrict ourselves to rectangular domains
and to partitions of & that are Cartesian products of partitions of the sides of the rectangle. We
assume, that the boundaries between I'y and I'; coincide with vertices of the mesh. We assume, that
Y is piecewise bilinear on the cells of the dual mesh.

We use a Cartesian coordinate system and we position our rectangular domain {2 as follows,
© = 10,L4[X]0,L . 3
We use the following naming conventions. The horizontal unit vector is denoted by e; and the verti-
cal unit vector is denoted by e,. All lower case bold letters are vectors, the corresponding lower case
italic letters with subscript 1 or 2 are the vector components in the horizontal or vertical direction.
3.1. The partition.

To introduce names for the vertices and cells we need to specify the partitions of the sides of
our domain. We use the letter P for the partition of the horizontal axis and the letter Q for the par-
tition of the vertical axis,

P={0=p 1=py <p1 < - <pny=pPwnv+1 =L1}, )
Q={0=g1=qy < q1 < -+ <gn,=gqn,+1 =Ly}, &)

where we added p _1,py,+1, §—1,9n,+1 to take into account the zero-width boundary cells. The
partition of Q is given by P X Q. In the obvious way we introduce a notation for particular points
in the primary and in the dual mesh. First, the vertices of the primary mesh,

x; = @ing)" for i=—1,0,1,2,...,Ny+1,j=-1,0,1,2,...,Ny+1. (6)
We denote the vertices of the dual cells by,

) _ Xi—yj-1 TOXg L .
)\i_%,j_y_. = '——“2'-_— for 1—0,1,2, e ,N|+] ,J—O,],Z, .- ,N2+] . (7)

Finally, we introduce,



X,j 1+X

Xij—ss = ———2—’ for i=0,1,2,...,N{,j=12,...,N,. ®)
and
Xi—1; + X; ;
Xiou; = ——‘—TL for i=1,2,...,N;,j=0,12...,N,. ©

We denote the finite volumes, i.e. the cells of the partition P X Q by,
ﬂi—%,j—%’ = {x]xi—l,j—l < X <X } for i= 1,2,. )Nl ,j:l,2,...,N2, (10)

where the notation

a<hbh, an
has its usual meaning, i.e.
a<bea <b and a;, < b,. (12)
Similarly,
Ticgj = {X|xi-1; < x < x;;} for i=1,2,...,N;,j=0,1,2,...,N,, (13)
and
Tij-u = {x]|xj-1 < x < x;;} for i=0,1,2,...,N;,j=12,...,N,. (19

In our error analysis in section 7, we also need to identify the cells and edges of the dual mesh,
these are denoted by,

A

Qi,j = {X]x,-_%,j_% <X < X,-+95,]-+;,§ } for i:0,1,2, .« e ,N] ,j=0,l,2, .« e ,N2 s (15)
Tiiyj = {X|Xi—gjop < X < Xi—wj4u ) for i=12,...,N;,j=0,1,2,...,N;, (16)

and

I‘ij_%Z{X]X,-_%,j_% <X<x,—+45j_y,} for 12012' N] ,j: NZ- (17)

Note that, at the _start of this section, we assumed y|g g, to be bilinear. This 1mphes that ¢ |t is
linear for all » € E, where E is the collection of index tuples of edge centres,

E = {e=(@j—%1}i=0,12,...,N,,j=12,...,N, }U
{e=G—%jp|i=12,...,N,,j=0,12,...,N; }.
We indicate the set of indices of all edges that are not on the Neumann boundary by,
E={e€E|T,CQ-T,).
Finally, we define the set of index tuples of cell centres, by
M= {e=(—%j—%|i=12,...,N,,j=12,...,Ny },
and we extend the definition of the Kronecker-6 to index tuples,

_ 1if r=s,
s 10 if rsts .

3.2. Local coordinates.

When we analyse the quadrature rules - in section 6 - and the discretisation - in section 7 - it
is convenient to have at our disposal a local coordinate system with its origin at the intersection of a
primary and a dual mesh line. We define this system as follows. Take a unit vector e, , parallel to
T, and let the direction of increasing coordinates correspond to the direction of increasing coordi-
nates in the global coordinate system given at the start of section 3. Take a unit vector e para]lel
to I', and directed to give a right hand coordinate system when combined with e, ,. I e e, isa



normal vector on I', and e, , is a normal vector on I',. We shall use the letters x and y for local
coordinates, so if x is an arbitrary position vector in the global coordinate system and x, is the glo-

bal coordinate vector of the intersection of I', and I‘,, then
X = X, + xe., + ye,,.

When we use the terms left and right, we shall mean left and right with respect to the local coordi-
nate system. We denote the length of T, by &, = A(T',). So, the highest local coordinate on T, is
y="%h,,. We denote the width of the cell to the left of T, - i.e. the cell to the left of the origin of
the local coordinate system - by h, 1, we denote the width of the cell to the right of T, by A, g. So,
the highest local coordinate on 1" is x = %h,g. If x, lies on the boundary of 2 where the global
coordinate along T', is highest, then we have a cell with width &, g =0 to the right of I',. The same
holds at the other boundary.

We construct a function ¥, on each f,,
¥, (x) = Y(x, + xe,,) . (18a)
By linearity, we can write this as,
W) = Bx + ¥, x €[~ Bhy, Yhg] (18b)
We define ¢, to be the difference between the values of ¢ in the two cell centres,

h.p+h
,L r,R (180)

‘Pr(x) Br
To have a convenient notation, we introduce a spec1a1 notation o, for the e,, component of a con-
tinuous vector valued function ¢ given as a function of local coordinates, i.e.

Ur(X,)’) = O(X,. + Xe€ , + yey,r)'ex,r . (19)

3.3. Some local projections.

In this paper we need several projections that are mesh dependent. To simplify their
definition, we introduce a notation for the average of a function over a given area or a given line
segment. We denote the average over an area 4 by,

PLAY() = [ fap, (0)

1
wA) 4
for all measurable and bounded 4 C @ with u(4) > 0 and all £, integrable over 4, where p is the
Lebesgue measure on R2. We denote the average over a line segment I" by,

PN = 555 [ £ @n

for all measurable finite line segments I" with A(I)) > 0 and all £, integrable over I, that lie in Q.
Here A is the Lebesgue measure on R.

3.4. Some global projections and the trial spaces.

In this paper we examine the difference between the solution of (1) and a discrete approxima-
tion of that solution. To do this we need to compare a known discrete solution with an unknown
continuous solution. We simplify the problem by using a projection II, X P, of the continuous solu-
tion onto the trial space ¥, X W,. The problem then reduces to the study of the interpolation error -
ie. the difference between the continuous solution and its projection - and the discretisation error -
i.e difference between this projection and our discrete solution -. In general the projection can not
be calculated numerically, but its properties and accuracy are known, so the problem reduces to
finding a measure for the distance - in the trial space - between the projection and the discrete solu-
tion. This approach differs from the standard approach in Hilbert spaces, because the chosen projec-
tion is not necessarily orthogonal. However, the approach can also be found in Douglas and



Roberts[13]. In this section we describe the trial space ¥, X W,. Using the local projections defined
earlier we then construct the global projection IT, X P;: H'(2)2 X LX(Q) =V}, X W,

We use the lowest order Raviart-Thomas space[14] for our trial space. The subspace ¥, of the
trial space is spanned by vector valued functions that satisfy the homogeneous Neumann boundary
conditions,

Vy = Span({ . |r €EE }), 22)
where the basis vectors 5, have a triangular prism shaped components (tent functions),
[ hr, L +x . I P
hrL € r if (X,)’) € [—hr,L,O]x[_ éhr,y; Ahr,y]
hr,R —X .
(X, T xey, +yey,r) =9 T——ex,r if (x,) €[0,h.RIX[— I/Zhr,y’ I/ﬁhr,y] (23)
r,R

0 elsewhere

L
for all » € E. For W, we use a space of piece wise constant functions,
Wy = Span({ xa_,,_,|i=12,...,N1,j=12,...,N2 }), 249
where x4 is the characteristic function of A C £, i.e.
xa®)=1if x€4 ,x,x)=0 if x€Q—4. 25)
Next we define the projection II, XPy. The map E:C(SZ)—-) W, is a projection such that the function

and its image coincide at cell centres:

P = 3 fx)xg, - (26)

SEM
and the mapping I1,: HY(2)2—V,, taken from [14], is given by,

IL®M = 3 PILI(fe.m, - Vi)

reE

These are the basic ingredients for our calculations. However, we still need some other definitions
associated with cell edges. We define the space Ej, spantied by the characteristic functions of dual
cell edges,

Ey = Span({ xr. |r €EE }),
and the space Gj,
Gy = Span({ xr, | I, CT1 ),

and we introduce a map Qy:V;—E;, similar to E,

Onh) = 2 f(x)ec,xr, - (€2))
rek
Finally, we define the additional global projection, Py: L*(Q) > W,,
k() = 3 PII(Nxq, - 29)
SEM

and we notice that the pair of projections II, and P, are those discussed by Raviart and Tho-
mas[ 14].

4 Discretisation of the system.

We construct a scheme for the approximation of the solution (o,u) of (1). We proceed as fol-
lows. We formulate the set of integral equations that hold for the solution of (1) and that
correspond to the classical finite volume equations. We then write this set of equations as a saddle-
point problem. Finally we replace exact integration by quadrature rules where appropriate.

-6-



Given a (horizontal) dual mesh edge lﬂ",-, j—#, the following formula holds for the solution (o,u)
of (1):

14D g._1+g: Ap._ . +ag;
(expyy) [P AL (expppuy | BB A @
2 2 2 2
PitPis
2
. +ag;
— ) (B | [y, LT gy
_Paitp a 2
.\:,—-——2——

This follows immediately from (2a). An analogous formula is derived for a vertical dual mesh edge.
In this way we find one equation for each dual mesh edge. Note that, if x, lies on the Dirichlet part
of the boundary, then one of the endpoints of the integration coincides with x, and u(x,) is given by
g(x,). For each cell 2, of the primary mesh, (2b) implies that

[ omgg, dr = dell- ®)
®, 2

This gives us an equation for each cell £,,. The set of equations given above is the starting point for
our derivation of a finite volume version of the Scharfetter-Gummel scheme. Our derivation is a
variation on the derivation of a finite volume scheme as given in [15].

We introduce some notation in order to write this in the form of a saddle point problem. We
define two operators &:W,— W, and &yy:C(082)—G;, and two bilinear forms, ags: ¥V X E,—»R and
b: Vh X Wh-—)RZ

Ety = 2 expUXNh(X)xe, V Lt EW,, (30)
SEM
(Cang)|r, = exp@(xNgxIxr, V I, CTy,
a56(0,05m,) = A(T,) j exp) oe,,d\ V rEE V o€ H(@)?, 31
T, ~
and
b(Ty,ty) = é divr,t,du ¥V 1, €V, , 1, EW, .
Using these definitions, we can write the equations as follows,
asg(@, Q) — b(, EPyu) = — < Expgmmg > V rEE, (32a)
and
b(e,ty) = (fity) VY t, EW,, . (32b)

Equation (32a) corresponds with (A) and gives a relation between the current along an edge and the
value of u at the endpoints of that edge. Equation (32b) corresponds with (B) and gives a relation
between the currents through the different edges of a given cell. Note that in the form ags the basis
vector 7, just serves to indicate the edge over which the integration takes place. We shall use the
same convention in the quadrature rule for ag;. We obtain our discrete system by replacing ¢ by
o;, P,u by u, and a5 by a quadrature rule oy. The discrete system has the form,

(op,up) EV X Wy,
ap (04, 0p7) — b(Th, ) = — < EoagTiMae > V T, €V, (33a)
blon,ty) = (fity) VY tbEW), . (33b)

We discuss a specific quadrature rule a;, for ag; in section 6. To facilitate the study of the proper-
ties of different versions of a;, we introduce a bilinear form (.,.),: ¥V} X E;,—R,

@, Qvmn)n = X w 10T |(04)-e,, II[T,](7)€., V 04,7, EV,

rekE



where p, is

b =AT)AT,) V reE,

and A is the Lebesgue measure on R. The bilinear form (,,.), is a weighted version of the Euclidean
inner product on V. We prove that in V¥, the norm derived from this inner product and the
L2(R)-norm are equivalent.

Lemma 1.

lonll @ < ©@nQrowk < 3|0kl i@ »
where L2(Q) = L3(Q)2.
Proof.
We start by determining the value of (6,,65)12@q) - To simplify matters, we introduce coordinates s,
for @), with respect to the basis 5, given in (23) and we split ¢, into mutually orthogonal e; parts
(=12,

N,
0y = 2"!;;,'—;45;.,'—% ’
i=0

and
N,
0y Zni—%,]sl—%,j
j=0
Now,

N, N,
©Ono)1@ = 20,00 + X(01,,0,) 1@ -
i=1 =1

We see immediately, that

N
|
(01,01 )@ = 21“3‘(3%4,,'—% 87— St i -5
i=

SO

1 N, 1 N,

E'Z‘(siz—l,j—% +5H i @imyj-n) < (01,01 )@ < 521(5?—1,,‘—95 +5F Qi 1) -

i= i=
Furthermore,
s LM
(61,,01,0n = 5 20 5455 0)ST -y + E‘El-"(ﬂi—%,j—%)sl%j—% .

O

5 Existence and uniqueness of the solution.

In this section we give sufficient conditions for the existence and uniqueness of the solution of
the discrete system.

We plan to use theorem 3.1 from Nicolaides[5] to prove existence, uniqueness and stability for
the discrete scheme. To apply the theorem, we need to define norms on our discrete spaces and to
verify the conditions (2.1, 2,2, 3.1 and 3.2) given in [5]. We shall use the norms associated with the
following inner products on ¥, and W,

©@n,Th)y, = (On, 1)y + (divey, divry)i2gy V 6,71EV,, (34a)

and



Untw, = Wt Y upty €Wy . (34b)

The conditions 1, 2 and 3 that follow are equivalent to the conditions (2.1, 2,2, 3.1 and 3.2) imposed
by Nicolaides.

Condition 1.

The bilinear form e is bounded, i.e. there is a 0 < A4 € R, independent of the mesh, such
that

o, (05,7) < A|lop]|l v, |[7all v, »

and « is coercive on the kernel of the divergence operator in ¥V}, i.e. there exists a 0 < § €ER,
independent of the mesh, such that

0 (04,01), < a4(04,0%),

for all o, € ¥, (M) A(div). Our condition 1 corresponds to conditions (3.1) and (3.2) in the paper
by Nicolaides[5].

Condition 2
The bilinear form b is bounded and there exists a 0 < y’ € R, independent of the mesh, such that
| B(Ts, 1) |
— = 4l e -
0£n, EV, “Th”V,, Y’“ h”L(Q)
Condition 3
There exists a 0 < y € R, independent of the mesh, such that ™

sup ALEML oy int oy, Vo€V,
orwew, ||wlw, 2€(Mdiv)N V)

Our conditions 2 and 3 correspond to conditions (2.1) and (2.2) in [5]. We can now give a version
of theorem 3.1 of Nicolaides.

Theorem 1.
If the conditions 1, 2 and 3 are satisfied, then the discrete system (33) has a unique solution and the
norm of the solution is bounded by,

1
y

A
I+ ve

1
losllv, < lleglly +

1
l6mllve < = [4llonlln + 1l 8ll%) -

Proof.
The proof is a direct application of theorem 3.1 in [5].

O

Now, we have to ask ourselves when these conditions are satisfied. In section 6, we shall intro-
duce an a;, that satisfies condition 1. Because the remaining two conditions are not easily verified in
the form given here, we give alternative conditions 2a and 3a that are easier to verify. Lemma 2
shows that 2a and 3a imply 2 and 3.



Condition 2a.

The corresponding Poisson problem is regular, i.e. &, T';,I', C 0@ are such that there exists a
C > 0, C €R such that

V fELYQ) Iue HAQ) :
Au=f on Q,
u=0on Ty,

gradung =0 on T,

el e < ClIfll @ »

Condition 3a
The map II; has the following approximation property, there is a K > 0, K € R, indepen-
dent of the mesh, such that
|| gradu—1II, gradu|| 2@ < KH||u|| ng »
where H is the maximum mesh diameter.

Assuming that 2a and 3a do indeed imply 2 and 3, it remains to see when 2a and 3a are
satisfied. For condition 2a we refer to Grisvard[16]. Condition 3a follows almost immediately from
the assumption that ¢ has components in H'(®). To illustrate this, we prove Lemma 3. This lemma
proves that I, has the approximation property.

Lemma 2.
If all mesh edges have a length that is bounded above by a constant Hy, then the conditions 2a and
1

3a imply conditions 2 and 3 with y=y'=
Proof.

Assume that (2a) and (3a) hold and take a fixed w € W, If we solve the Poisson problem for f=w
then, according to (2a), the solution u,, satisfies,

3C(1+KHy)

|| gradu, || vy < Cliwll v »
and
(div gradu,,w) = ||w| L) -
Furthermore, (32) implies that for all u € H*(Q)
|| gradu—1I, gradu || 2@y < KHo||u|| weo -
So we find, that
P, div gradu,, = Pyw ,
and
| 11s gradw, || Haivey < HoK||w, || wey + || gradu, || @ + || divIL, gradu, || 1) -
Our w lies in W}, so special properties of P, and I, imply,
divIl, gradu, = Pobw = w .
We combine this with condition (3a) to find,
11, gradu, || nav.e) <
o |l @y + HoK ||ty || i@y < C(1+HK)||w]| 1) -
We see immediately, that

| div || sy < 1,

-10 -



and
VweEW, 3 7,€V,: divir=w and ||7] gave < CU+H K)||w| va -
Lemma 1 implies, that
ol nawey < lmllv, < V3lmllnavey ¥ 7 EVi-
We find, that
|61, gradu, w)| 1

=

|| T gradu, || v, sca+kig 1M llve -

Now suppose o, € V;. Then the above derivation implies, that there is a 7, € ¥}, such that
divr, = dive, and || 7 || paivey < CA+HoK)|| dive,|| 12g . Moreover, 7, —6; € A(div), so

inf “6h+zh“V,, < ”Th”V,, < 3C(1+HOK)“ diVO'h” @) -
z, EV, [ Adiv)

So we find,
(divey, divey) 1@ . 1 )
- O = || dive|lve > T inf
” dive, ” LY@ 3C(1+H(K) ., EAdiv)(M V)

“0’},"2},”[/“ v O'Eth.

This implies,
|b(o,w) | 1 .
su = inf
otow EW, w ] w, 3C(A+HK) : e (#dvy N V)

le—z]|ly, VYV 6€EV,.
ad

Lemma 3.

If f is a square integrable function with square integrable derivatives on a rectangle

Q:[O,h]]X[O,hz] with sides I‘]‘| ={ h] }X[O,hz], I‘2_1=[0,h,]><{ h2 }, I‘m:{ 0 }X[O,hz] and

T,0=[0,h;]X{ 0 }, then the following inequality holds for all s € L*([0,%,]) and 2(s) C[0,1],
I/~ A=)yl —sTTy1f | vy < V2(:F +13)* || grad | vy -

Proof.
We start by proving the above inequality for f € C1(Q). Then we can extend the inequality by den-
sity to H'(Q). We see that,

ILf— Q=T ol —sIT I | e =
B, h, By 2

o [ s@e) ~ 0.2 + sCCey)—fetn, )] de| dxdy

x=0p=0| "2 z=0

We use partial derivatives to rewrite the expression,

| f— (=T of =Ty | L0 =
h, h, h,

1 _ T of Y of
x‘—£0y‘£0 h2 Z£O !:(1 S(X)) {0‘2/0 aa (a,Z)da " biz ab (x’b)db} "
2

5(x) a!h gg(a,z)da + blz—gg(x,b)db dz| dxdy .

We use Holder and extend the integrals where appropriate,
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| f— (=)L ol —sTTy,1 If | 2@y <
%y2

2

h, h, 2
i ]
f f % —llofraxiflve + hE | [ [Eg(x,b)} db| | dxdy .
x=o0p=0 | b3 5=0 v
Weuse (|4 |+ |B|)? < 2(42+B?) to write this as,

I f—A=HIT olf —sTITy 1 If || 2wy <
hy hy h;

2
2] f _’l_”af/ax,n @ + h,j [—gg(x,b)] db|dxdy .

x=0y=0
This reduces to,

| f— (=TT olf —sTTy 1 | 2 <
211 ||8f /8% || @ + 243 || 9f /0%, || L) -

O

6 The quadrature rule.

In the previous section we left open the choice of the quadrature rule for the computation of
. In this section we select a quadrature rule and we check whether it meets condition 1 from sec-
tion 5. If it is to satisfy the normal addition rules for integrals, the quadrature rule must respect the
local support and vector character of the basis vector functions given in (24), so it must satisfy,

(M j— 15 OnMic—5,0) = 0, JF1 => 0y j— 5, QM1 ) = 0, ik => (i35, QM —15,0) = 0 .

On T, weuse a one-point rule with x, as nodal point. We choose the weight at the node in such a
way, that

ah,l(ex,ra Qh"r) = aSG(ex,ry Qh"'r) ’ (353)
i.e. the rule is exact for all ¢ that have a constant component along T,.

The discretisation obtained in this way can be derived in several other ways, see e.g. the
papers by Bank et al.[3,4], the discretisation is closely related to the method given by MacNeal[15].
If we use the quadrature rule given above, we find the following formula for ey, ; (n,,Qs1;),

11,011 = 87T, [ ZEE (35b)

T,

s

this shows that the corresponding mattix is a diagonal matrix. It is clear that this rule corresponds
to the use of a Scharfetter-Gummel scheme for each of the two directions e, and e, separately.

Lemma 4.
If ¢ is piecewise linear, then

104 1| 2 minP(L, Jexptd)/a) < 4,1(0h,0%) < 3|04 || L maxPIE, Iexp)/ a) -

Proof.
This follows immediately from (35b), the definition of (.,.), and lemma 1.

O

So, formally e, ; satisfies condition 1 from section 5 and we can apply theorem 1 from section 5 to
the discrete scheine based on this quadrature rule. We use the word ”formally” to indicate that the
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constant A in condition 1 may need to be very large. This is due to the appearance of the exponen-
tial weighting function in the nodal weight for the quadrature rule. In general we shall use the words
"formal” and "formally” to indicate that certain statements hold, but only for very small A.

7 Consistency.

As discussed in section 3.4, we use a projection onto the trial space to split the difference
between the solution of (1) and its discrete approximation into an interpolation error and a discreti-
sation error as follows,

lo—oi |l navey < llo—T0]| nawey + 3| To—0nlly,
NU=éu|lvey < U-BU|lvg + |PaU—Sulw, -
The interpolation error can be estimated by standard approximation theory. Here we study the

discretisation error.

7.1. Effects of piecewise bilinear interpolation for v.

At the start of section 3 we assumed that { was piecewise bilinear. If this does not hold then
we can estimate the error caused by approximation of ¥ with the aid of the following lemma.

Lemma 5.
If ¢ € C%([0,h]) and we replace ¢ in
Z exp(@) dA ,
by ¢, defined as
) = W) ¥ x E[0A],
then

h h h
| { exp(¥) d\ — { exp¥y) dA| < | [ exp(yy) dA| [exp(hzlld2¢/dx2|'Lm([0'h])) — 1] i
0
Proof.
We start by giving an estimate for

=¥l L=qonp -
If y € C%([0,A]), then

 d d 1
/ jxk(l’)—%@d)’dz =31

0 z=0y

IS~ >

1
hz 0y

h x y h x z )
%z l l £ Y wywdydz — 71{[ [ ] i—‘zk(w)dwdydz

x h

[ —y) Loy — = f -2 @)z .
This implies that

=¥l L=qonp < A2l >/ dx? || L=qoy -
We combine integrals and reorder terms to find,

h h h
| { exp(y) dA — { exp@;) dA| = | { exp(¥;y) [exp@—¢)— 1] dA| .
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We use our estimate for

=41l L=qonp -
and move the resulting constant term out of the integral to find the desired estimate.

O

This implies that the approximation of ¥ by its bilinear interpolator causes a relative error in the
coefficients of our quadrature rules that is formally of order O(h*), where h is the maximum edge
length and the error constant is dependent on 3%/ 3x} and 8%y/9x3. As we shall see in section 7.2,
this is comparable in order to the local error resulting from the use of the quadrature rule oy, ;.

7.2. The discretisation error.

In section 5, theorem 1, we gave an expression for the norm of the solution of a saddle-point
system in terms of the right hand side. If we insert of the difference between the projection
(I1,6,P,u) of the solution of (1) and the solution (o;,u;) of (33) into the saddle-point problem
corresponding to the discrete system, the norm of the right hand side is given by

| &y (040, Q4 7h) — asG(0,QnTs)|

0%, €V, sl v,

; (36)

for (33a) and 0 for the (33b). In this section, we consider this expression for o, =a;; and a = 1.
We consider the above expression for 7, = 7, and express it in the local coordinates and local

functions defined in section 3.2. As we consider the expression for one fixed edge I',, we may omit
the subscript ». The two bilinear forms of interest take the following form,

¥hy
asq(0,0mm,) = h, [  o(x,0) exp(Bx+7) dx , (37
x=—1Y%h,
Y%h, Yy
@1(0,0m) = | [ oOydy| [ exp(Bx+y)dx. (38)
y="1h, x="—Yh,

We assume, that ¢,,0, are elements of C“(ﬁ). In the following lemma we give a formula for
the difference between (37) and (38) for an arbitrary vector-valued function ¢ € C*(@)*. To sim-
plify notation, we introduce the moments of exp(y) on all dual mesh edges,

o

L,= [ x"expW,)dx,
x=—4h,,

we see immediately, that

ah,l("n o) = AT r)Lr,O .
We also introduce scaled versions of these moments,
Tz
- f x" exp(B,x) dx
Lr,n x=—"%h,, .
= Yh, .
r,0
[ exp(Bx) dx

x=—Yh,,

Lemma 6.
We consider a vector-valued function ¢ in local coordinates around x,. Let H = max(A(T',),A(T,)).
If we assume that ¢, € C*(R?), then we can expand o, in a Taylor series around the origin of the

local coordinate system, as r is fixed we omit the subscript r on o, x and y. We write o,, o, for the
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partial derivatives in the local x and y directions.

asg(0,0pm,) — ay1(0,04m,) = (39
4,101,241 [0:0.0L,1 + Ho OO,z —
B 1 1 1 L
%_f}y(0,0)E + onxx(oxo)Lr,li + '2—4'oxxxx(l‘x:O)Lr,4 - EZG»W(O,P'}:) 80 |’

with p, € [— %hy, Y%hR), b, € [—%h,, %h,].

Proof.

to verify this, we subtract (38) from (37), expand all occurrences of ¢ in Taylor series around the
local origin and carry out all integrations over y. After integration, we are left with the above
expression for agg —ay 1,

O

The form of this expression and the earlier expression for the error due to bilinear approxima-
tion of ¢ suggest that the formal order behaviour is best studied by dividing the part of the error

corresponding to a given dual edge f‘, by a;, 1(n,, Qp1,)
The use of a one point rule for a;, can affect accuracy. We specify three cases where
(as6 — a,1)(0, Qnm,)
1007, Q1)

may be O(h) in stead of O(h?).

Case 1.

If T, CTy, ie. we are dealing with an edge on the Dirichlet boundary, then there are
p € (0,1), k., € [—K,K], where K depends only on the L*(R) norm of derivatives of @, such that

| as6(0,0wm,) — o, 1(11,0,05m,) | N )
: = wHo,(0,0) + k.H?
o 1My, Omr) kHo,(0,0) + k&

this contains a first order error term in the right hand side.

Case I1.

If a vertical edge T, lies in the interior on £ and the width of the cell on the left side of he
edge differs from that of the cell on the right side by more than a factor of order O(H?), then there
are p € (0,1), k., €[—K,K], where K depends only on the L*(f) norm of derivatives of o, such
that

o, - 3
| 2s6(0, Onn,) — 1140, Opm)| _ WHo,(0,0) + KH?
o, 11, Omr)

because the first order error terms for these cells do not cancel even when BS=0.

Case IIL

Lastly, if an interval vertical edge I, lies in the interior on £ and the jump in ¢ over the edge
is larger than 2, then there is a k, € [— K, K], where K depends only on the L®(f2) norm of deriva-
tives of o, such that

| @s6(0, Qnnr) — a1(1140,05m,) |
o, 11, Q1r)
because of the asymmetry of exp(¥). The coefficient C of ¢,(0,0) is given by

C :Lr,la

= Co0,(0,0) + k.H?,
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this is equivalent to

hg+hy
L.y = % |¥%(hg—h) + %(hr+hr)G |B 2 H s
with
zcoshz —sinhz

OO = " simhe
We see that,

46 ;) - (snhey 27

dz z%(sinhz)?
The behaviour of G is as follows,

G(z) = —G(—2),
limG(z) =1,

zZ—>00

dG
0< 20 <1,

S0
-1<G@z) < 1.

If we assume that hg =h;, then

Lr,l = I/Z(hR +hL)G 4

hg+h
i ]

So the order behaviour of L,; is determined by the order behaviour of G. Assume that
h=h; +hg < 1. The order behaviour of G is as follows. If 84 < 2, then
1B8h(1 + %(%B8h)* cosh(1)) — %Bh _ Bhcosh() < Beosh(1) n
(8h)? 2 2
so G(%Bh) is O(h). On the other hand, as long as 8h > 20,
_10cosh(10)— sinh(10) 9
J = = 2
G(4Eh) = G(10) 10sinh(10) ~ 10

so for all meshes with # > 20/, we have G(%4fh) is 0(1). We see that L, ; is at worst O(h) and at
best Oh%). Ifh < |2/B| then L., is O(H?).If h > |20/B| thenis O(H).

G(ph) <

8 An a-posteriori error estimator.

In this section we study an a-posteriori error estimate for the discretisation based on o, =ay, ;.
We calculate a correction to an initial solution and use this to improve the order of approximation,
this method is related to the deferred correction scheme as described by Fox and Mayers in chapter
6 of [17].

8.1. A derivation of a deferred correction scheme.

In this section we give a deferred correction scheme. The discussion takes into account formal
order only, i.e. it assumes that 4 is “small enough”.

In equation (33) we take ay 1, given in (35b), as our aj. If we insert (H,,o—a,,,-f’,,u— u,) in (33)
to determine an expression for the right hand side, then we find

&, 1146 — 0,,04) — (div,, E@u — ) = ' (402)
ay 1(I10,047) — as6(0,0p7,) V 1, EV,,
(diV(HhG—Oh),th) =0 Vv I € Wh . (40b)
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Our approach is the following. We assume that 0,,0, € C 4(Q) and we assume that we have Dirichlet
boundary conditions on the entire boundary of our domain. We see from (39) that we can approxi-
mate the right hand side of (40a) by an expression in the partial derivatives of ¢. If we can justify
the use of finite difference approximations based on @ for these derivatives, then we can solve (33)
with a adjusted right hand side and obtain a better solution. First we show that we can approximate
partial derivatives of ¢ of first or second order in a given direction by finite differences of II,6. Next
we show that we can use finite differences of ¢, to approximate the finite differences of II,6. We
introduce the following special notation.

fx+he)—f(%)

O, (X) = p
a%"‘f(x) _ f(x+he,‘)—2j;(2x)+f(x—he,‘) '

Lemma 7.
If f € C3(10,1]1X[0,1]), & € (0,1/4),

TxX) = {xpy) | x1=x,y €E[xy—h/2,x,+h/2] },
and x € [h,1—h]X[h,1—h], then

| 3 f(X) — ch(x+ Yhe)| = O(h?), (41a)
2

|03, — a%%(xwzhem = oY), @1b)

195,1(f— PICINX®)| = O®?), (41c)

|852(f— PIT®IN®| = 0@G?), 414d)

|35, (f— PT®IM®) | = 0k, (41¢)

|97,2(f— PITOIM®) | = OC?). (419)

Proof.
The above statements are easily verified through the use of Taylor expansions.

O

For a special case we justify the use of finite differences of o, to approximate the finite
differences of 1I,6. We assume that the mesh is uniform, i.e. AMT;—4;)=h and NMT;;—4)=h for a
fixed 2 €R for all edges. We also assume that i is linear and increasing on the entire domain, i.e.

¥(x) = Bix1+Baxaty,

with fixed B;,8;,y ER and 8,8, > 0. We introduce two vectors R;,S), in ¥}. The bilinear form
a1 acting on the sum of these vectors generates the right hand side of (40a) up to third order. We
define

45h

f x"exp(xB,) dx
x=—4h
Y%h ’

f exp(xfy) dx
x=—%h
this is equal to L, , if I', does not lie on the Dirichlet boundary I';. We define the vectors by giving
their value for each edge T',,r € E, we express this value in terms of local coordinates,

2
Riy = L10,50,0) + %L30,.00,0) — 20, ,0,0). @2

L, =
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S = (L= Lo 00 + (L,,Z—Lz)%o,,xx(o,O)] , @3)

note that §; is non-zero only on the Dirichlet part I'; of the boundary. If we compare (42) and (43)
with (39), then we see immediately that,

as(0,05m,) — ,1(0,0im,) = a1 (Ry + Sp, Q) + O (h3ah,l(7'r:Qh"'r)] V r€E. (449)

We wish to approximate & j(R;+S;,04m,) by oy 1R, Q) + < &pS,m,Myg > , wWhere R
and S are continuous functions on £ and the Dirichlet part of the boundary (I';) respectively, we
define,

%o B2 d%oe,

(X)—aa

do-
R%) = Ly = %9 + L -,

S(Xr) I T, =
2

d9°c
(L1 — Ll) (Xr) + Ly —L))Vo——— (Xr)}

L exp(— 4,0, (a4 a2

A4 X,.EI‘].

On each straight part of the Dirichlet boundary, we can extend S to a C! function on that part of
the Dirichlet boundary by replacing x, by x. We see immediately that,

o1 (IR — Ry, Q4m,) = O [hl(Ll + L, + L3)¢¥h,1(7anh7lr)} : (44b)
and

< éﬁaQS’nr.nI‘, > = ah,l(Sh’QhT'r)’ (440)

for all r such that T', is a part of the Dirichlet boundary. We see that, if problem (1) is solvable for
all (f=F,g=G), then , according to (33), the solution of (1) (p,») for F=divR on £,
G=S on I'; will satisfy the equations,

asg(p. Q) = b, EPy) = — < EwSmmr, > V reE, (452)
b(p,ty) = (divR,f) V 1, EW, . (45b)

If we subtract R from p in these equations, then we find,
asg(P—R,Qym,) — b, EPp) = —asg(R,Q4m,) — < ExSmnr, > VY r€E, (46a)
b(e—R1) =0 V 1, €W, . (46b)

We can write (46a) as follows,
o1 4P — R), Qsm,) — b(n,, EPyv) = 47a)
o, 1T (0= R), O4n,) — asg(p—R,Qpm,) —asg(R,Qpm,) — < &ExSmp,m,mr, > V r€E,

for r € E, the right hand side of this equation can be written as follows,

o, 1(IL,p, Onm,) — asg(e, Qumy) — @5 1 (IR — Ry, Opm,) — oy 1 (R, +S5, O, - (48a)
According to 47a, if we subtract 46 from 40 and we use (44,a,b,c) then we get,
%1 (o — o4 — I(R—p),Qm,) — (diva, E@su — w, — Ppy)) = (@92)
asg(p, Onm,) — oy 1(Lp, Opm,) + O [(Ll +L, +L3)h2ah,1(7lrth7Ir)] + 0 [h3ah,l("lr,Qh"'r)] Vrek,
(div(ITlyo—0y) — ILR—p)t) =0 V 4, EW; . (49b)

If we assume that L, is @(k) but not O(h?), - this holds if e. g. 81,8, > 20/h - and that problem
(1) satisfies the following regularity condition for all f € L%(R),g € H>2(3),
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lull c@ + lloilleg + llellee < CUISflve + lIgllv e

then we can derive an estimate for

| asG(P, Q) — a1 (TLup, Qpm) | -

To prove that the problem has this regularity, we use theorem 5.2.2. by P. Grisvard[16], for our
problem, the theorem states that, if we have Dirichlet boundary conditions everywhere and (1) has a
unique solution, then operator (1) - with I'; =9% is a bijective continuous mapping from H2(@) to
L(2) X H’2(3Q). From the equivalence of (1) and (2) and the ellipticity of (2), we see that - for
Dirichlet boundary conditions - equation (1) has a unique solution. Now the above mentioned
theorem states that the operator is bounded, so bounded inverse theorem (Schechter{18], theorem
4.1) implies that the operator has a bounded inverse. This in turn implies that the above regularity
condition holds.

According to our assumption that 0,,0, € C4(§) and the fact that L, is @O(h), we have R=hF
with F,F, € H4®), divR =hf with f € H(®) and S=h’g with g € H*(3R). According to lemma
6, this implies that,

|asc(P, Qnmr) — e 1(TLnp, Opm)| <
RCLy(|If )l @ + gl eee) | 21, Cm)| = O’y 1(,,Qum,) V r€E.

This implies that (¢, +I1,(R —p),uy +f’,,v) considered as an approximation to (H,,o,f’,,u) is one
order of & more accurate than (oy,u), i.c. it is O(h?).

Now assume, that L, is O(h?) - this holds if e.g B1,82 < 2/h - and problem (1) satisfies the
above regularity condition. Now according to our assumption that 6,0, € C*(Q) and the fact that
L, is O(h?), we have R=h>F with F,,F, € H%Q), divR=h%f with f € H*(Q) and S=h%g with
g € H*(39). Note that L, is O(h) if T, is a part of the Dirichlet edge. According to lemma 6, away
from the Dirichlet edge,

|asG(p, Qhmy) — ap 1 (ITnp, Qpmy)| <
CLi+Lh(|| fll vy + Nlg o) |21 Qnm) | = OBy, @, Q4m,)) ¥ 7 EE,
and on the Dirichlet edge,
|asG(p, Qnmy) — ap 1 (IInp, Oimy)| <
CL k(I fl v + llgll @) |t 1@nQm)| = O’ 1(,,Q4m,) V rEE.
This implies that
|0 -0, —IL,(R—p) || i@y = OG%),
because expression (36) for the above case is bounded by
CN N,k + 2D(N{+N,)h* .
We can summarise the two results given above as follows,
| TIi6—0;, —IL,(R—p)|| ) = OG**Y),
where k is the order of L, i.e. L= O(k¥).
This in turn implies that,
|6~ 0, —IL,(R—p)|| L>@ = O*%),
on at most a O(h) part of { and
| Tho— 0, — (R —p) || =@ = OG**)
elsewhere.

We use this to justify the approximation of the partial derivatives 3"/dx; of ¢ in R; by
divided differences 0} of o;. As
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I,0—0, = II,(R—p) + O ™),
and R — p=h*t with ¢t € C2(R)?, we find,

1 [H;,O_Uh](xr) = 05 [H,,(R—p)](x,-) + Ok ") = nk aan

1(x,) + OG*),

Xk
-for k=1,2 on a @(h) part of the domain { and
an

n
K

0« [ho—04| k) = 3 [ILR—p)| %) + OG17) = HE—r(x) + OB,

for k=1,2 elsewhere. Combined with lemma 7 we find that for k=1,2 and n=1,2,
d"o — k—n
|55 &) = dnxox)| = OGT),
xK
on a O(h) part of the domain and

" .
| ®) = de0(x)| = OG+T1),

elsewhere.

Let us denote by R; the approximation of R, and by .§,, the approximation of Sj, obtained
by substituting 9} .0, for 3" /9xy with n=1,2. We see that

R,+S,—R—S = L,0(h* ") + L, 0(h*?),
on O(h) of all cells and
R,+8,—R—S = L 0(}*) + L, 0% 1),

elsewhere. Let (0,,u;) be the solution of

&, 1(0h, Qpmr) — (divey, E@y)) = (502)
a, (R +83,04m) — < Exgmeny, > VY 1, €V,
(div(en).ts) = (ftn) V 4, €W, (50b)
then i

o1 @Ty0 — &, Q) — (divey, E@pu — @) = (51a)

o, 1 (Ry+ 84, 05m1) — a1 (Ry+ S, Q)

V 7€V,

(div(@Lo—,),5) =0 V 1, € W, , (51b)

50 - in L?() norm - (5y,;) is formally one order of & closer to (I,6,P;u4) than (o4, u;).
We can derive an a-posteriori error estimate by calculating the difference between the discrete
solution with and without a tilde. It may be possible to derive a mesh-refinement criterion from Rj.

8.2. Numerical results.

In this section we show how the deferred correction method works in practice. We consider
problem (1) with Dirichlet boundary conditions on the entire boundary,

T'y =90Q2,a =001 and ¢ = 100(x; +x,),
and data derived from a known solution,
u = tanh(8(x; —xy)) .
It follows that,
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g =ula,

f=- div(gradu +u grady)
100 ’

We show results for the Scharfetter-Gummel version of the discretisation and the results obtained
after applying the correction discussed in section 8.1 once, twice, thrice or ten times.

We take the unit square for £. On a mesh of nXn cells, with mesh width A=1/n, we have
4n —4 Dirichlet edge cells and a total of n? cells. We use the 2-norm as norm for the error vectors,

ol = |12
vl [m.%”’]’

where | 7| is the number of elements in the index set.
All experiments satisfied the expected symmetry relation

log, || ALzo—op)e || = log || Lo —dn)e || ,
for the accuracy given in the tables.

the log, of the errors for o, = ay, ;.
meshwidth | log, || Pyu—uy || | log || 1,06 —0p)e ||

1/2 -1.6 -0.9
1/4 -1.5 -14
1/8 -19 -1.9
1716 -2.6 -2.6
1732 -3.8 -3.8
1/64 -55 -54
1/ 128 -13 -1.3

We see that the large jump in ¢ per cell on the coarsest meshes, combined with the large gradient of
the solution relative to the coarsest meshes result in convergence slower than @(h). For a fine mesh,
h < 1/32, we see that the convergence behaviour tends to @(h*). For intermediate meshes inter-
mediate convergence rates are found.

the log, of the errors after one correction.
meshwidth | log, ||Pau—uy || | log, ||(I1z6—04)e ||
172 22 -1.6
1/4 -2.1 -2.0
1/38 -2.7 -2.8
1716 -3.9 -3.9
1732 -6.0 -6.0
1/ 64 -9.1 -9.1
17128 -129 -12.8

We still see slow convergence rates at the coarsest meshes, probably due to the relative steepness of
the solution on that mesh. Convergence speed on the finer meshes is improved by the correction. We
see that - as predicted below equation (4.51b) in section 8.1 - where the previous table shows first
order behaviour between meshes, we now find second order convergence. And where the previous
table shows second order behaviour between meshes, we now find third order convergence.
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the log, of the errors after two corrections
meshwidth | log, || Pou—uy || | log; ||(I1,6—0;)€ ||

1/2 -2.6 -18
1/4 -24 -24
1/8 -3.1 -33
1716 -4.7 -4.3
1732 -7.6 -1.6
1/64 -11.8 -11.7
17128 -154 -15.3

We still see slow convergence at the coarsest meshes. Again we find k+1-th order behaviour
between meshes where the previous table shows k-th order order behaviour between meshes.

the log, of the errors after ten corrections.
meshwidth | log, || Pyu—u, || | log, ||1,6—0,) € ||

172 2.8 -2.0
174 -2.8 2.7
1/8 -3.7 -39
1716 -5.9 -6.1
1732 9.2 -92
1764 -12.6 -12.6
17128 -154 -154

After ten iterations no further significant changes occurred. We see that we have third order
behaviour from 2 =1/16 onward.

9 Conclusions.

In section 4 and 6 we have seen that the Scharfetter-Gummel discretisation in two dimensions
can be written as a saddle point problem. We can use theorem 3.1 by Nicolaides[5] to show that this
discretisation is at least formally stable and consistent. We then showed consistency. In section 8
we presented a technique to obtain a local error indicator and we gave numerical results.

The results on a posteriori error estimates can be summarised as follows. We show that it
gives an approximation of the error that is an @(h**!) accurate approximation to the true error,
when the true error is @(k*). This can also be seen in the numerical results for this method.

We see that the two dimensional Scharfetter-Gummel scheme for the current continuity equa-
tion is stable and consistent. Our error analysis in section 7 yields the following information on the
order of the error. For small enough A, he error is order two only if a cell is not adjacent to the
boundary and has a size that differs at most @(h?) from its neighbours. If these conditions do not
hold the error is of order @(k). To be certain that the global order of the error is @(h?) the change
in ¢ between cell centres must be smaller than 2. For semiconductors this means that the change in
the voltage scaled by the thermal voltage must be smaller than 2. In Section 8 it is shown that is
possible to calculate a correction to the solution of the Scharfetter-Gummel scheme. From this we
can derive an a-posteriori error estimator.

A search of the literature shows that papers on a posteriori error estimates for finite volume or
mixed finite element discretisations - other than for fluid dynamics - .are rare. There are papers that
deal with a posteriori error estimates for the mixed discretisation of the Navier-Stokes equations, see
e.g. the paper by Verfurth, [19] but the techniques used there are geared to that type of problem.
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