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In this paper various methods are compared for solving nonsymmetric linear systems. Both direct
and ILU preconditioned iterative solvers are considered. The linear systems arise when the implicit
BDF time-stepping method in combination with modified Newton is applied to a system of nonlinear
time-dependent two-dimensional PDEs. The PDE system under study is a groundwater flow model
simulating transport of brine.
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1. INTRODUCTION

In [17, 15, 16, 19, 18] an adaptive-grid finite-difference method is studied to solve time-dependent
two-dimensional systems of PDEs. Among others, a general research code is developed which uses
the implicit two-step BDF method for time-stepping. This poses the task of solving at each time step
large systems of nonlinear equations. Initially modified Newton in combination with a sparse matrix
solver was used to solve these systems, but when the program was applied to nontrivial problems, as
in [18], it readily appeared that it was no longer possible to get a solution in a reasonable time, even
on a powerful vector computer. Since the computer time needed to solve the linear systems is the
bulk of the total time needed to solve the systems of PDEs, it became obvious that significantly faster
linear solvers should be implemented in our research code.

The objective of this paper is to report on a performance study of a number of linear solvers.
This performance study involves both direct and iterative solvers and focuses on application to a 2D
groundwater flow model for coupled flow and transport of brine in porous media (cf. [18]). As time
integrator we have used the (implicit) BDF family as implemented in the DASPK package. DASPK
is a modular version by Petzold, Brown, Hindmarsh and Ulrich of the public-domain code DASSL(1]
that is available from Netlib[4]. Our choice of DASPK for the performance study, rather than the
adaptive-grid code, is not essential, since at the linear system solution level both codes perform a
similar task. Hence, conclusions drawn here can be carried over to the adaptive-grid code. The
advantage of using DASPK is that we do not need to explain the (intricacies of the) adaptive-grid
method. We note that DASPK provides among others the possibility to solve the nonlinear systems
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with a combination of matrix-free Newton and the iterative method GMRES. However, we did not use
this option and restricted ourselves to modified Newton, since our aim was to compare only various
linear system solvers.

In Section 2 we describe the brine transport model we have used and we give an outline of the
method to solve the system of PDEs. There we also discuss the relevant differences between the
straightforward way we used here to solve the system of PDEs and the above-mentioned adaptive-grid
method. In Section 3 we briefly survey the linear solvers. One of the options in DASPK is to solve
the arising linear systems with the direct bandsolver SGBFA/SGBSL from LINPACK[5]. We have
added the direct sparse matrix solver Y12M of Zlatev[22] and, from the Sparse Linear Algebra Package
(SLAP) of Greenbaum and Seager (with contributions of several other authors), the iterative solvers
GMRES[12] and CGS[14] + ILU preconditioner. Both Y12M and SLAP are public domain codes
that are available from Netlib[4]. We also added a variant of CGS, the iterative solver BI-CGSTAB
(van der Vorst[20]). In Section 4 we give some implementation details on the stopping criteria used.
In Section 5 the actual comparison of the linear solvers follows, both with respect to their memory
efficiency and with respect to the computational complexity. This comparison involves running tests
in vector mode on 1 CPU of a Cray Y-MP and in scalar mode on an IBM ES/9000. The conclusions
can be found in Section 6.

2. PRELIMINARIES

In this section we give a short description of the brine transport problem and the Method-of-Lines
(MOL) approach we used to solve this problem. Since this test was set up to determine a more
efficient way to solve the linear systems in a code that employs local uniform grid refinement (LUGR),
we will also comment on the differences with respect to the resulting Jacobians in the Newton process
between the method used in this paper and the LUGR method.

2.1. The 2D fluid-flow salt-transport problem

In [18] we consider a model for a non-isothermal, single-phase, two-component saturated flow problem
which consists of 3 PDEs basic to groundwater flow: the continuity equation, the transport equation
and the temperature equation. Here, we restrict ourselves to the isothermal case, i.e., to a system
of 2 PDEs constituted by the continuity equation and (a slightly modified version of) the transport
equation. For the specific details of these equations we refer to [18].

The model describes groundwater flow in a region surrounding a salt dome (cf. HYDROCOIN,
Case 5, [13]). We present the model in scaled, non-conservative form. As independent variables we
have the pressure p and the salt mass fraction w. The continuity equation for the fluid, respectively,
the salt transport equation are

Ow
npy 5 +V - (pa) =0, (2.1a)
(3]
np—é—:— +pq-Vw+V-(pJ) =0, (2.1b)

where n = 0.2 is the porosity parameter of the porous medium, v = In(1.2) is a salt coefficient, and
p = exp(yw) is the density. Darcy’s law gives the equation for the fluid velocity q = (g1, a)T

q= —E(Vp - rg), (2:2)

with g = (0, —9.81)T the acceleration-of-gravity vector. The permeability k and viscosity p are taken
constant. Since we have scaled the problem we have k/u = 1. The equation for the salt-dispersion
flux vector is given by Fick’s law

J = —nDVuw, (2.3)



with the dispersion tensor D for the solute salt defined as
nD = (nDmot + erq’ Q)] + (az, — ar)qq”. (24)

The coefficients Dy = 31075, a7 = 0.2 and az = 2 correspond, respectively, with the molecular
diffusion and the transversal and longitudinal dispersion. Note that the definition of the dispersion
tensor D is different from [18]. This formulation was advised by [8] to avoid the difficulties that arise
when q ~ 0 (cf. [11]).

Equations (2.1) constitute a system of coupled, nonlinear PDEs. The second equation is parabolic in
nature and of the convection-diffusion type. Because w; appears twice, the first one can be replaced by
a stationary equation which is elliptic in nature (second order in p), showing that (2.1) constitutes an
elliptic-parabolic system. We emphasize, however, that we have discretized the problem in the present
form (2.1). The problem is defined on the space domain Q = {(z,y) : 0 <z < 9A -3 < y < 0}. This
domain represents a vertical cross section with the y-axis as vertical direction. The initial values at
t =0 at  are the equations for hydrostatic pressure and fresh water

p(m,y)=(1-—g)—9.81y and w(z,y)=0. (2.5)

For 0 <t < t.nq = 160 (steady state) the following boundary conditions are imposed

z=0,9, -3<y<0: qg =Y,
wz =0,
y=-3, 0<z<9: g =0,
3<z<6: w = min(¢, 1) (2.6)
0<z<3AN6<z<9: wy =0, '
y=0, 0<z<9: p=1-3,

inflow g <0: w=0,
outflow g >0: w, =0.

The interval 3 < z < 6 at the lower boundary y = —3 represents the location of the salt dome. This
salt dome is a source of saturated brine that is released to the overlying groundwater system. In this
groundwater system fresh water flows into the domain from approximately the left half of the top
boundary and leaves the aquifer from the right half of the top boundary. In the final steady state
the salt forms a plume flowing upwards and to the right. The transition brine - fresh water is rather
sharp here, especially at the left side of the plume. Furthermore, the flow field shows vortices at the
left and at the right of the salt dome.

2.2. Space and time integration

We have discretized system (2.1) in space in a straightforward way on a uniform grid. As space
discretization we used second order central differences and for the boundary equations (2.6) second
order one-sided differences. The obtained DAE system is integrated in time with the code DASPK.
Like DASSL(1], DASPK uses as time integrator the (implicit) BDF family in variable stepsize - variable
order mode. The nonlinear systems are solved with modified Newton and the resulting linear systems
with the various solvers that will be described in the next section. Required Jacobian matrices are
computed in DASPK by numerical differencing. Note that DASPK does not compute a new Jacobian
for the Newton process every time step, but only if the size of two subsequent time steps differs
considerably or when required for convergence reasons. Also note that the linear systems are band-
structured sparse matrices. Because we employ a 9-point stencil a row holds 18 nonzero entries.

2.3. LUGR method

If the solution of a PDE problem possesses sharp moving transitions in space and time, grid uniformity
requires that a very fine grid is needed on the entire domain. To restrict the refinement to those regions



where it is truly required, a variety of methods has been developed. One approach is based on static
regridding, i.e., a space grid is held fixed for (at least) one time step, combined with local uniform
grid refinement. The idea of LUGR is, while starting from a uniform coarse base grid, to generate
nested local uniform spatial subgrids which possess internal, nonphysical, boundaries. The level of
refinement will be determined by the fine scale structure of the solution. On each of the subgrids a
temporal integration step is then performed. If an implicit time integrator is used and if the nonlinear
systems are solved with a Newton process, the resulting linear systems then consist of matrices that
can be derived from the regular band-structured matrices arising from the standard uniform approach
by deleting the rows and columns for those grid points that are not part of the respective subgrid.
Consequently, at the linear equation solution level there is, apart from the structure of the Jacobian,
no essential difference between using fully or locally uniform space grids. The adaptive grid methods
studied in [17, 15, 16, 19, 18] are of the static LUGR type, so that conclusions derived here for DASPK
carry over to the research code mentioned in the introduction. This code uses the BDF2 method as
time-integrator, also in variable stepsize mode.

3. LINEAR SYSTEM SOLVERS

Roughly speaking, there are two approaches to solve linear systems. The first, the so-called direct
method, is to factorize the coefficient matrix and invert the factors. The second approach is formed
by the iterative methods. In these methods a sequence of approximate solutions is generated until
a solution satisfies a required precision. For a general overview of both approaches we refer to [3,
10]. This performance study compares the direct solvers SGBFA/SGBSL (from LINPACK]5]) and
Y12M[22], the iterative solvers GMRES[12] and CGS[14] (both from the SLAP library) and BI-
CGSTABJ[20].

38.1. Direct solvers

The easiest although not always the most optimal way to solve a linear system is by using a di-
rect method. The most widely used direct methods are based on Gaussian elimination with some
sort of pivoting to preserve the stability of the process. DASPK uses the well-known bandsolver
SGBFA /SGBSL from LINPACK[5]. On most vector computers there exists an efficient implementa-
tion of the LINPACK library, so it is expected that on such a computer the execution time will be
acceptable for a wide range of applications, even though a lot of superfluous computing will be done.
In this connection we emphasize that due to the second order discretization of the boundary terms,
the bandwidth of the Jacobian incurred by the 9-point stencil is doubled. Therefore, this way to solve
the linear system will take up a large amount of memory. Moreover, certainly so on a scalar computer,
this method readily becomes slow on a fine grid.

If the matrix has not a regular band structure, as is the case in the LUGR approach, it is natural,
especially on a scalar computer, to look at the performance of a sparse matrix solver. With a sparse
matrix solver only the nonzero elements of the matrix need to be stored and when performing the LU
decomposition the solver will try to maintain the sparsity. The computational overhead, however, is
large so that a sparse matrix solver will only be of advantage if the percentage of nonzero elements
in the matrix will be small, say 5%-10%. In [17, 15, 16, 19] the HARWELL sparse matrix solver
MA28[6, 7] (also available from Netlib) has been used. Later experiments turned out that Y12M[22]
performed better, so we decided to use the latter in this competitive examination. A sparse matrix
solver often gives the user the choice how to balance the preservation of sparsity versus stability. We
have chosen for an ‘exact’ LU decomposition, i.e., no drop-tolerance (elements in the LU decomposition
smaller than the drop-tolerance are omitted) was used. In our experience partial pivoting was sufficient
and the possibility to incorporate more rows in the search for a pivotal element made the solver slower.



3.2. Iterative solvers

An iterative method to solve the linear system Az = b, with A € RV*¥ and z,be IRY, is based on
the identity

Al=T+(IT-A)+T-A)?*+---. (3.1)
If this series converges, the iteration scheme
Tit1 = z; + (b — Az;), (3:2)

that corresponds to taking partial sums of (3.1), will produce eventually an accurate enough approx-
imation. This recursive relation can be rewritten as

Tiy1 = Tg + corg + c1Arg + - - - + c; A'rg, (3.3)

where 1o = b— Azy. So ;41 can be expressed as g plus a vector from the so-called (i+1)-dimensional
Krylov subspace

Ki+1(A;m0) = span{rg, Arg, ..., Alrg}. (3.4)

Many iterative methods belong to the group of so-called Krylov subspace methods in which a basis for
the Krylov subspace is build up iteratively and the residual is minimized with respect to this subspace.
The conjugate gradient method to solve a linear system with a symmetric positive definite matrix is
the most familiar example. One can look at CG as a Galerkin method to solve Az = b onto the Krylov
subspace K;. The solution vector z € K is chosen such that the residual vector is [3-orthogonal to
K;. The Galerkin method leads to solving a linear system with a matrix which is tridiagonal if A is
symmetric and thus can be implemented as a three-terms recurrency. For a non-symmetric matrix A
the Galerkin approach leads to an upper Hessenberg matrix in stead of a tridiagonal matrix. This
approach gives rise to the generalized minimal residual algorithm (GMRES[12]).
One can also interpret CG as a method to minimize the functional

1
o(z) = EmTAz —z7Tb. (3.5)
A widely-used strategy for this is the steepest descent algorithm, where a positive « is chosen such that
&(zr, + ary) is minimized. In CG however the search direction, py, is not along the residual vector, 7,
but is chosen linearly independent from (more precisely A-conjugate to) the previous search directions
and such that not only ¢(z + api) is minimized but that also

Tgy1 = arg min (). (3.6)
z€span{pi,...,Pk }

In this way sequences of residual and direction vectors are chosen where the vectors {ro,...,r;} are

mutually orthogonal and {py,...,pr} mutually A-orthogonal. For non-symmetric matrices A one can

preserve the efficient three-term recursion but then the functional ¢(z) and thus the residuals are no
longer minimized in each step. In practice, however, this method is still of value and especially the
more efficient version of it, CGS[14], is widely used.

Note that in the case of iterative methods it is possible to get a taylor-made accuracy that ultimately
results in the desired accuracy with which the nonlinear system has to be solved. With direct methods
the approximation of the solution of the linear system is only dependent on the condition number of
the Jacobian.



3.2.1. GMRES

As stated before GMRES iteratively builds up an ly-orthononormal basis V; of the Krylov subspace
K;. This is done using a modified Gram-Schmidt process. Then an approximate solution is determined
of the form

Te+1 = To + 2k, (3.7)
where
2z = arg znel}? |6 — A(zo + 2)||. (3.8)

Since one has to keep the complete basis in memory and orthogonalize in each step against all previous
basisvectors this algorithm is obviously not very practical if many iterations are needed. Therefore an
iterative version of the algorithm is mostly used, GMRES(m), where after m steps the approximate
solution is determined and the process is restarted with this solution as initial value. Since the
subsequent basisvectors are then no longer orthogonal to the first m basisvectors it is clear that
convergence is no longer guaranteed. Numerical experiments have shown that it is important to
choose m large enough, because otherwise the convergence of GMRES(m) is very slow if it converges
at all.

3.2.2. CGS and BI-CGSTAB

To preserve the implementational simplicity of CG for non-symmetric matrices A one can use two pairs
of three-term recursions, one to generate the residual vectors r and the direction vectors p and the other
for # and p, with 77 r; = 0 and 7 Ap; = 0 (the biconjugate gradients method[9]). It is easy to see that
in BI-CG (as in CG) r; = P;(A)ro, with P; an i-th degree polynomial in A, and 7; = P;(AT)ry. The
constant o and the direction vectors are then chosen so as to force the biorthogonality conditions above
and not to minimize the functional ¢(z). Therefore, the residuals are (theoretically) not minimized in
any sense and although convergence is guaranteed in N steps, the convergence rate will be strongly
dependent on the choice of 7. The amount of work per iteration is for BI-CG about twice as much
as for CG. Moreover, it also involves the product ATv. In a more efficient version of it, CGS[14],
only one row of residuals is constructed with #; = PZ(A)rq (the biorthogonality between r and 7 is
obtained implicitly) and the matrix vector product ATv is no longer needed.

So CGS can be seen as a polynomial variant of CG. In CG the relation r; = P;(A)ry is satisfied and
in CGS this polynomial is squared, i.e., r; = P?(A)ro. However, as van der Vorst points out in [20],
P;(A) is very dependent on rq and the fact that P;(A) is a reduction operator for ry does not at all
mean that it is also reduction operator for P;(A)rg. Van der Vorst therefore has developed a variant
of CGS, BI-CGSTAB(20], in which a polynomial of the form

QRi(z) = (1 —wiz)(1 —wez) -+ (1 — wiz) (3.9)

is used, where the constant w; is chosen to minimize r; for all residuals that can be expressed as

ri = Qi(A)Pi(A)ro.

3.2.3. Preconditioning

When applying iterative methods it is often necessary to use (explicit or implicit) preconditioning of
the system, i.e., to find a suitable, easily invertible matrix K, and to premultiply A and b with K !
with the aim to accelerate the convergence of the iterative method. As for the convergence rate it is
known that the CG method when applied to symmetric positive definite systems converges (at least)
linearly with convergence factor 1 — 2/4/k, where & = |Amaz/Amin| is the spectral condition number
of A.

With respect to nonsymmetric matrices some results are known if A has positive real eigenvalues
and a complete system of eigenvectors. For such a system the convergence rate of GMRES is [12]



< _ min .
”Tt“ > “TOH (1 ’\ma:c( QTA)) ) (3 10)

where M is the symmetric part of A. For BI-CG and CGS it can be proved that there exists an initial
7o such that these methods have a comparable convergence behavior as CG [14].

We may therefore expect that preconditioning of the system with the aim to reduce the spectral
radius of A will be with GMRES and CGS of equal importance as with CG. The simplest method
is diagonal scaling of A so that the diagonal of the resulting matrix equals 1. It is obvious that for
diagonally dominant matrices this will be often a good enough preconditioner. However, it failed in
our numerical experiments. Trivially, the best preconditioner to reduce the spectral radius is A itself.
A widely used class of preconditioners is therefore based on incomplete factorizations of A. We have
used here the standard incomplete LU factorization, ILU, that is incorporated in the SLAP-package.
In ILU, the preconditioner K = LU = A + E, where E is the deviation matrix and L and U have
a prescribed sparsity pattern, the nonzero pattern of the lower, respectively, the upper triangle of A

itself. K is obtained by applying standard Gaussian elimination but only the nonzero entries of A are
modified.

4. IMPLEMENTATION
4.1.  Solving the nonlinear system

To solve the arising nonlinear systems, here denoted by F(y*) = 0, we have used the modified Newton
process as implemented in DASPK. The Jacobian is computed only when necessary, i.e., if the stepsize
has changed much, or if the Newton process does not converge using an ‘old’ Jacobian. DASPK offers
the possibility to compute an approximation of a banded Jacobian using numerical differencing. In
this implementation the number of right hand-side evaluations is equal to the bandwidth. Since for
our problem we need only 18 right hand-side evaluations to compute the Jacobian, we replaced the
DASPK subroutine to avoid the unnecessary right hand-side evaluations and incorporated our own
code to compute the Jacobian with numerical differencing, using the same algorithm as DASPK, and
storing it either in band or in sparse storage mode. Details of the implementation of DASPK are
described in [1]. Here we discuss only those that influence the stopping criterion for the linear solver.

The Newton process is continued until the iteration error ||y* — y(¥)||,, is sufficiently small, where
the user-set time-tolerances are buried in the norm DASPK uses, a weighted root mean square norm,

(4.1)

with

w; = ATOL; + [v{° |RTOL;. (4.2)
Assuming convergence of the Newton process the inequality

p _

lly* — y™®l < 1—_;|ly(’°) —y* V], (4.3)

holds, where p is the convergence rate which is in actual computation approximated by
1
prp®) = (M) o (4.4)
ly® =y Ol
This leads to the stopping criterion for the Newton iteration as used in DASPK
(k)
p -
=, 8 — y*-1|, < 0.33. (4.5)



4.2.  Scaling problems
There are two kinds of scaling problems that influence the iterative linear system solution, viz.,

1. different scales of the solution components in a PDE,

2. different scales of the residual equations, e.g., between the boundary equations and the PDEs
defined on the internal domain.

The first scaling problem can be solved by a careful choice of the tolerances in (4.2). In [1, p.131]
the following is recommended: Set RTOL; = 10~(™*1) where m is the number of significant digits
required for solution component y; and set ATOL; to the value at which |y;| is essentially insignificant
(e.g., RTOL;. max|y;|). In this way differently scaled components of a PDE can be solved in an
equally accurate way without the need to scale the problem.

A notion that often turns up in connection with iterative linear system solvers is the scaling invari-
ance of the method or a stopping criterion. This means that the result when solving yAz = «b should
be independent of ¥ (v # 0). However, it is also possible that the equations are scaled differently per
component, i.e., Az = I'b with T" a diagonal matrix with different diagonal elements. This occurs
for instance in the discretization of a time-dependent PDE where the, time-independent, boundary
equations can be scaled in different ways.

In Section 4.4 we will discuss how to cope with these two scaling problems in the iterative solution
of the linear systems.

4.3. The influence of the linear system solution error on the modified Newton process
When solving the nonlinear system F(y*) =0 with modified Newton we get the iteration process

G.c® & G (y®) — y*-1)) = _F(y*-D), (4.6)

with G the Jacobian in some old solution value y,iq
oF
G= F,(yold) = a_y(yold)- (47)

To determine the stopping criterion for the linear solver when solving (4.6) we wish to develop a
relation between the error made by the linear system solver and the accuracy desired of the solution
of the modified Newton process. It is clear that it is not needed to solve each linear system exactly,
but on the other hand we do not want to disturb the Newton process by returning an approximation
that is not accurate enough. We therefore will examine the influence of the error made in the linear
system solver on the modified Newton process.

Supposing that the linear systems are solved exactly, the error in the k-th iterate satisfies

50y y® = 50D - G (F(yY) - F(y*Y)

= (1-GP/y") 8% + O((s+-D)2), (45
Neglecting the O((6(*~1))2) term and using the notation
ME(I-GT (), (49)
the k-th iteration error can be expressed in the initial error §(°)
6% = M0, (4.10)
If the linear system G.c(*) = — F(y(*~1)) is not exactly solved but up to a certain precision
0% 4 _ (01O 5, (5D (4.11)



the error will look like

50 = 400
S = ME® 1 D) = MO 4 D)
82 = M&D £ 2 = 260 4 M) 4 €
. . (4.12)
§k) 4 Z;=1 M*r—ield),
In order that the Newton process be convergent M has to be a contracting operator
| M| < lv]l. (4.13)
Now, if we solve the linear system up to
€P)ly < TOLLss, (4.14)
we get
- k g
||5(k)”w < ”‘S(k)”w + Ej:l ”Mk Jf(J)nw (4.15)
< ||6®]|y + &k TOLLss.
Since DASPK continues the Newton iteration until ||§*)||,, < 0.33, a choice of, say,
.0
TOLpss = 0.03 (4.16)

maz._#_Newton_it.’

implies that the error we make in solving the linear system will have only a negligible influence on the
Newton process. Because of the inequality

16l < 16®|y + &k TOLLss (4.17)

the ultimate accuracy of the Newton process too will not be violated much.

4.4. Stopping criteria for the iterative linear solvers

When solving the linear system (4.6) with the iterative solvers in the SLAP-package the breakdown and
stopping criteria need some adaptation because they are obviously not intended for solving subsequent
iterations in a Newton process arising from a system of time-dependent PDEs. Omitting the iteration
index (k) in (4.6) the linear system we want to solve is

G.c* = —F. (4.18)

The stopping criteria used in the SLAP-package are all relative to the right hand-side vector of the
linear system, e.g.,

||7‘(l)|12
1 Fl2

where r() = —F —G.c(") and ¢ is the I-th iterate generated by the solver. According to Dembo e.a.[2]
this is a natural stopping rule and they show that with an appropriate choice of TOL (dependent
on the iteration index k of the Newton process) the convergence rate of the total process will not be
influenced. Moreover this stopping criterion satisfies the second one of the scaling problems above,
viz., it is indeed scaling invariant. However, the maximum number of Newton iterations allowed is in
ODE codes very small, say 3 or 4, and it is not so much the convergence rate we are interested in as
well as the accuracy with which the linear system is solved. Upon Newton convergence F' (y*-D) >0
and therefore a stopping rule like (4.19) will result in an unnecessarily stringent bound on the residual
and thus in a lot of iterations of the iterative solver. Of course one could reformulate the linear system
that is to be solved in the k-th Newton iterate from

<TOL, (4.19)



G.c®) = —F(yk-1) (4.20)
into
Gy® =@y — F(y* 1), (4.21)

But then the iterative solver will have difficulties if the solution of the PDE is zero. Moreover it is

not possible to resolve the first scaling problem mentioned in the previous subsection. We therefore
will develop an alternative stopping criterion.

The precision with which we want to solve the linear system G.c* = —F is
€D )lw = [lc* = |y, < TOLpss. (4.22)
The following relation holds for the weighted root mean square norm

def

1
| Azl = =

1
W~
vN I VN
where W is a diagonal matrix with (nonzero) elements w; defined in (4.2).

Now, let K be the ILU decomposition of G and (!) the residual of the linear system after [ iterations
of the-iterative solver. Then

lle* = Ol I(E7G)~ (K~ D)l

[W-HKG) W] || K~1r()], (4.24)
Kka(W) D'maz((K_lG)_l) ”K_l"'(l)”wr

HAzlly < = [WTTAW 2| W el = [W AW |lp]2]|w, (4.23)

INIA I

where 04, is the largest singular value and x2(W) is the condition number, i.e., the quotient of the
largest and the smallest entry of W. Therefore if we continue the iteration until

Gmin(K_lG)

K-—l (O] w T
|IK="r""llw < TOLLss 2 ()

(4.25)
the linear system is accurately enough solved. Note, that the scaling problems are satisfied using this
stopping criterion; the first one because we use the weighted norm and the second because the scaling
of the residual equations is cancelled since the factors are both in K and in 7.

For unscaled problems the condition number of W can be very large and (4.25) could result in a
possibly too pessimistic bound. Another possibility is to solve the system

(WTKIGW) (W lc) = —(WIK~'F), (4.26)
with as stopping criterion
1K= Oy < TOLLss.0min(W™ L K~1GW). (4.27)

The implementation of GMRES in SLAP allows these extra diagonal scaling matrices and the CGS-
type algorithms could be easily adapted to this aim. However, if K~1G is not a symmetric matrix
the condition of the linear system will be probably worse than without diagonal scaling. Therefore, it
is in our opinion better to scale the independent variables of the PDE such that k3(W) ~ 1 and use
(4.25) as stopping criterion.

Since the ILU preconditioning should hopefully result in a value of Omin(K~1Q) close to 1, we have
chosen to actually implement the simpler stopping criterion

TOLyss

K10, < TOL = /7255,
I | (W)

(4.28)
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Data storage
integer floating-point
SGBFA/SL N 6.Nz.NPDE.N
Y12M 11.N+2.LUF+4NZ LUF+N+2NZ
GMRES(m) 3.NZ+4.N 2.NZ + (m+8).N
CGS 3.NZ+4.N 2.NZ+8.N
BI-CGSTAB 3.NZ+4.N 2.NZ +8.N

TABLE 1. Storage requirements for the linear solvers.
LUF =((2.Nz+5).NPDE+2).N+2.NZ.

5. NUMERICAL RESULTS
5.1. Data storage estimates

To have a good real-time performance when solving a real-life problem, memory is nowadays often a
more restrictive factor than CPU power. Most workstations have very powerful CPUs sometimes even
vector processors. However if the job to be executed does not fit into memory the computational data
will be swapped from memory to disk and vice versa. In particular, if the disk is allocatable only via
a network, swapping will be by far the dominating factor in the turn-around time. Therefore not only
computational complexity of an algorithm is of importance but also the amount of memory needed.

Below we will give the amount of data storage needed for each linear solver. For a large number
of grid points this will be the bulk of the memory requirements. Suppose the spatial domain Q is a
rectangle covered with a uniform grid with Nz points in the X-direction and Ny points in the Y-
direction. The order of the linear system is then N = Nz.Ny.NPDE, where NPDE is the number
of PDEs (in our brine flow model NPDE = 2).

The bandsolver SGBFA/SL requires the largest amount of memory. The integer storage is ne-
glectable (N), but the floating-point (FP) storage is 3.lbw.N where lbw is the half-bandwidth of the
Jacobian. If we sort the grid points along X-lines lbw = 2.Nz. NPDE. Note that the factor 2 arises
from the second order discretization of the boundary equations. All other solvers need for the storage
of the Jacobian 2.NZ integer words and NZ FP words, where NZ = 9. NPDE.N is the number of
nonzeros of the Jacobian since we use a 9-point stencil. The amount of memory needed for the sparse
solver is not so clear. The documentation of Y12M suggests for the integer amount 11.N + 8.NZ
and for the FP data 5.NZ + N inclusive the storage needed for the Jacobian. It is obvious however
that this will not be enough to store the LU-decomposition alone, since for our uniform grid the inner
band, with a bandwidth of 2.(Nz + 1).NPDE + 1, will be completely filled. We therefore estimated
the integer amount to be 11.N +2.LUF' and the FP amount to be LUF + N where LUF is the fill-in
plus some elbow room, i.e., LUF = ((2.Nz+5).NPDE+2).N+2.NZ. The iterative solvers will take
much less storage space, all O(N) plus the storage needed for the Jacobian and the ILU decomposition
O(NZ). For a complete overview we refer to Table 1.

5.2. CPU timings

We discretized our problem (2.1) on an 81x81 grid and used a time-stepping tolerance of 1E-3, i.e.,
in DASPK we have ATOL; = RTOL; = 1073 for all components. In our first test we executed the
automatically vectorized code on one processor of a Cray-YMP. We did not add any vector directives
to the code but note that the SLAP library is supplied by the authors with vector directives for a
Cray and the bandsolver SGBFA/SL is part of the LINPACK library which is in optimal vectorized
form available on the Cray-YMP. For the results of this test we refer to Table 2, which contains
integration history information accumulated over the complete integration interval. Because we are
only interested here in the performance of the various linear solvers, we refrain from discussing the
specific details with respect to the time integration. Note that the average number of iterations used
by the iterative linear solvers is LI/NI.
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Steps ETF CFN NI LI Jacs CPUsec Data storage (Mw)

integer FP

SGBFA/SL 85 3 6 174 - 51 1433 .01 13
Y12M - - - - - - - 10 5
GMRES(10) 86 4 8 177 2542 55 488 .8 7
GMRES(30) | 80 3 7 178 2341 52 461 8 1.0
GMRES(50) 81 3 8 185 2360 55 480 .8 1.2
CGS 78 4 4 151 2188 40 498 .8 .6
BI-CGSTAB 81 4 4 158 1196 41 385 .8 .6

TABLE 2. Results for the automatically vectorized code on 1 processor of a Cray-YMP.
Steps: # successful steps  NI: # Newton iterations
ETF: # time step failures LI: # linear iterations
CFN: # Newton failures  Jacs: # Jacobian evaluations

Results for the sparse matrix solver are absent. The reason for this is that a test run on a 31x31
grid took already more CPU-time than the band code on an 81x81 grid. This is very likely since the
sparse matrix code does not vectorize very well, in contrast to the band solver. It is obvious that
the iterative solvers and especially BI-CGSTAB perform well. However, the difference in efficiency
between the bandsolver and the iterative solvers stems largely from the fact that in the latter case we
solve the linear systems only approximately and use an improved stopping criterion. If we require an
‘exact’ solution of the linear systems and if we use the stopping criteria recommended by the authors,
the CPU-time for the CGS-type solvers and GMRES(50) is approximately 1200 CPU-seconds and
for GMRES(30) 2700. GMRES(10) does not converge in the very first time step. In this case the
difference between CGS and BI-CGSTAB is less striking. Finally, inspection of the residual errors
yields that for our groundwater flow problem the stabilizing influence of polynomial (3.9) is very
noticeable in the first iterations, where the CGS residuals had ‘peaks’ of a factor 10° in comparison
with the surrounding residual values. Such peaks did not occur with BI-CGSTAB.

We planned to execute these tests also in scalar mode on a workstation. But due to the limited
amount of memory (16 Mbytes) on our workstations this would involve swapping and hence take a
too large turn-around time for the direct solvers. Therefore our timings with the scalar code were
obtained on an IBM ES/9000 with a central memory of 256 Mbytes. In this case again Y12M was so
much slower than the bandsolver that we did not want to include the timings for a full run. For the
precise results we refer to Table 3. We attribute the slight difference in time-stepping behavior to the
different FP representation on both machines.

Note that in the scalar case the bandsolver is, as expected, much slower than the iterative solvers
since the bandsolver vectorizes notably better than the ILU preconditioner. For uniform grids it is
of course possible (but complicated because of the 9. NPDE diagonals) to vectorize the ILU precon-
ditioner. For the linear systems arizing from a locally-uniform-grid-refinement method however, this
is no longer feasible because of the irregular band structure. With respect to the performance on
a workstation one should bear in mind that the real time for the bandsolver to finish this job will
presumably be in the range of one week, due to the permanent need of memory-swap.

When the problem is ‘small’, as for instance a 2D scalar convection-diffusion equation with a relative
small number of nodes, the sparse matrix solver appeared to be rather efficient, but for system (2.1)
and a large number of nodes our results indicated that it is very inefficient to use Y12M. Of course,
there may exist more efficient sparse matrix solvers, but one can not expect too much of these because
ultimately half the bandwidth will be filled with nonzeros.

Since the objective of this paper was to compare the various linear system solvers in an adaptive
grid environment, we will here comment briefly on the relevant differences between the uniform grid
approach and the LUGR approach. In the LUGR approach the bandsolver will perform more or less
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Steps ETF CFN NI LI Jacs CPUsec
SGBFA/SL 84 3 165 - 44 48772
GMRES(10) 78 157 2321 44 956
GMRES(30) 87 177 2198 53 1072
GMRES(50) 87 177 2158 53 1068
CGS 87 173 2315 52 1352
BI-CGSTAB 89 184 1329 54 959

U W W W
~N == o

TABLE 3. Results for the scalar code on an IBM ES/9000.
Steps: # successful steps  NI: # Newton iterations
ETF: # time step failures LI: # linear iterations

CFN: # Newton failures  Jacs: # Jacobian evaluations

as demonstrated here since the bandwidth stays the same and only the dimension of the system is
decreased. A sparse matrix solver can benefit from the fact that computations take place only on a
small part of the grid, since an irregular bandstructure is generated and so the fill-in would possibly be
restricted. Tterative solvers will perform notably better in an adaptive grid environment since, owing
to their decreasing dimension, the condition numbers of the LUGR linear systems are readily much
less than the condition number of the linear system arising from a global uniform approach (cf. [18]).

6. CONCLUSIONS AND FUTURE PLANS

In this paper we have tested various methods for solving the linear systems that arise when a 2D
fluid-flow salt transport problem like (2.1) is solved in time with an implicit integrator. We used so
called direct methods, viz., a bandsolver and a sparse solver, and iterative methods, viz., GMRES,
CGS and BI-CGSTAB. A clear disadvantage of direct methods is the large amount of memory needed
to store the factors of the matrix. However, on a vector computer bandsolvers are, even though they
perform a lot of void operations, still relatively fast because the code vectorizes well. For systems like
(2.1) a sparse solver appeared to be very slow, on the one hand because the number of nonzero entries
per row is much too large to surpass the ‘sparsity’ overhead and on the other hand because even a
sparse solver requires more memory to hold the data alone than a moderate workstation contains.
Even if we take into account that the here used sparse solver Y12M is not state-of-the-art (e.g., it does
not switch to dense matrix techniques nor uses a frontal approach on a vector machine; see, e.g., (22]),
one cannot have high expectations of sparse matrix techniques for a system like (2.1) with relatively
dense factors. Hence, although the LUGR method genérates less regular bandmatrices and therefore
presumably less fill-in occurs, we do not advocate a sparse solver to solve the arising linear systems.

The iterative solvers appear to be by far preferable, both with respect to CPU-time and with respect
to the amount of memory. In this paper we used as preconditioner the standard ILU decomposition
which resulted in very few linear iterations, but which is presumably not the best possible choice on
a vector computer, because for irregular matrices the ILU preconditioner does not vectorize well. In
the future we plan to look after better vectorizable preconditioners, e.g., polynomial preconditioners.
We also plan to test the recently developed GMRESR method (van der Vorst and Vuik[21]), that
has so to say its own build-in preconditioner. If it would be possible to use a preconditioner that is
independent of the Jacobian of the Newton system, we plan to look also at the matriz-free Newton
process, to spare both the numerical computation of the J acobian and the storage needed.
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