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Abstract

This report first presents an analysis of the sufficient and necessary polynomial degree
for several scattered data interpolation problems. The attention is then focussed on
the construction of a piecewise triangular cubic Bézier surface that interpolates given
triangle vertices with prescribed normal vectors, and is G'-continuous everywhere. In
order to get enough degrees of freedom to define the Bézier control points, a triangle
three-split, a two-split and a six-split scheme are developed. The split into six sub-
triangles results in a surface that is G'-continuous as well as visually pleasing.
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1 Introduction

We can distinguish several scattered data interpolation problems, depending on the input
data and the continuity requirements. In each case our purpose is to construct a smooth
closed surface in 3D through the vertices. The input consists at least of a triangulation
of a set of vertices. This is equivalent to a closed polyhedron of triangular facets, for
example obtained by a reconstruction algorithm [Veltkamp, 91]. Additional data at the
vertices can be the (unit) surface normal, tangent vectors (direction of derivative) of the
patch edges, or derivatives vectors (tangent and magnitude) of the edges. Data along
the edges are for example surface normals, cross edge derivatives and curvatures. Usual
continuity requirements are G'- or G*-continuity everywhere at the surface. I will refer to
the interpolation of vertex positions as the P-interpolation problem, position and surface
normal at the vertices as the PN-interpolation problem, position and edge tangent vector
as the PT-, and position and edge derivative vector as the PD-interpolation problem.

Section 2 introduces Bézier surfaces and G'-continuity. Section 3 presents an analysis
of the required polynomial degree for the various interpolation problems in 3D, which is
not found in the literature before. Section 4 gives an overview of surface normal esti-
mation methods, and Section 5 gives an overview of existing local methods for the PN-
interpolation problem. Section 6 introduces a new solution that is cubic and based on
a splitting a triangle into three sub-triangles, and Section 7 describes how the triangle
splitting can be made adaptive, that is, dependent of the geometry of the triangulation.
Section 8 presents a scheme that split a triangle into six sub-triangles, and Section 9 gives
some concluding remarks.
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Figure 1: Left: Bézier control polyhedron. Right: corresponding cubic Bézier patch.

2 Preliminaries

This section gives some preliminary information that is needed in the rest of this report.
The following subsections introduce Bézier surfaces, G !_continuity, and the G'-continuity
conditions for two adjacent Bézier triangles.

2.1 Beszier patches

Any point D in the plane can be uniquely expressed in so-called barycentric coordinates
(t,u,w) with t + u + w = 1, relative to three ordered points A, B, and C that are not
collinear: D = tA+uB+wC. Note that this is equivalent to D = A+u(B—-A)+w(C —A).
Barycentric coordinates are treated in more detail by [Farin, 86] and [Farin, 90].
Bernstein polynomials of degree n over a non-degenerate triangle (4, B, C) are defined
by
ilglk!
where ¢, u, and w, with t + u + w = 1, are barycentric coordinates with respect to
(A, B,C). The Bernstein polynomials form a basis for all polynomials of total degree n
over that triangle. That is, every polynomial function f : (4, B, C) — IR of degree n can
be written in the form

sz,k(tsufw): tiujwk! i+j+k=mn, i,j,k20,

ftuw)= > pijaBl et u,w).
i+j+k=n
Here and in the following it is assumed that 7,7,k > 0 when i + j + kK = n. Function f
describes a surface over the domain triangle (A4, B,C). A surface patch in this form is
called a Bézier patch, and the scalars p; ; , are called Bézier ordinates.
Such a patch is functional and cannot have arbitrary shape in 3D. In particular, it
cannot be used for scattered data interpolation or form a closed surface. A parametric
Bézier patch in arbitrary dimension is defined component-wise:

P(tlu? w) = Z piJ,kB?,j,k(t!ua W),
itj+k=n

where p; ; . are points in the embedding space, and are called control points, forming an
open control polyhedron. See Figure 1 for a control polyhedron and the corresponding



cubic Bézier patch. Note that a parametric patch is defined without explicit reference

to a domain triangle. An extensive presentation of triangular Bézier patches is given by
[Farin, 86].

2.2 G'-continuity

Parametric continuity for surfaces is based on the equality of derivatives: surfaces P(s, 1)
and Q(u,w) are C"-continuous at (so,to) and (ug,wg), if and only if P (sg, tg) =
Q"9 (ug,wp), 1+ J =0,... ,n. The surfaces are C™ along a common curve if they are C"
at each point on that curve.

Note that two surfaces need not have the same first order partial derivatives in order
to have the same tangent plane. The derivatives depend on the parameterization while
the tangent plane does not. Moreover, on closed surfaces singularities occur where the
derivative of the surface is not defined [Veltkamp, 92]. Geometric continuity is based on
the surface tangent plane and curvatures. The tangent plane at P(sq,?p) is spanned by

the derivative vectors P(*%)(sg,to) and PV (sy,ty). The tangent plane is normal to the
surface normal vector

PUO(s50,t5) x PO (s5,10)
| P9 (s0,t0) x POV (s0,t0)|I’

(1) N(s9,t0) =

where ‘x’ denotes the vector or cross product. The tangent planes at P(sq,fo) and
Q(uo, wo) coincide if and only if P19 (sq,t0), POV (80, t0), @ (ug, wp), and Q1 (ug, wo)
are coplanar.

However, a common tangent plane is not sufficient for first order geometric, or G*-
continuity, since the surfaces must have the same orientation, i.e. the same unit normal
vector. Otherwise they join with a sharp ridge.

DEFINITION 1 (G!'-CONTINUITY) Two surfaces are G'-continuous at a point if and only
if their unit normal vectors coincide at that point.

Second order geometric continuity is based on curvature. For any direction d in the
tangent plane at P(sp,to), the plane through d and N(so, o) intersects P(s,t) in a curve.
The normal curvature of this curve is the normal curvature of the surface in the direction of
d: k4(80,t0). Unless k4(S0,to) is the same in all directions, there are two directions d, and
dy in which k4(so,to) takes the maximum and minimum values: the principal curvatures
k1 (80,to) and Ko(so,to) respectively.

DEFINITION 2 (G?-CONTINUITY) Two surfaces are G?-continuous if and only if their
principal curvatures coincide.

In the rest of this report we are concerned with G*-continuity between triangular Bézier
patches.

The first order partial derivatives are a special case of a directional derivative. The
directional derivative of an arbitrary surface P(so,to) in the direction d = (d,,d;) in the
parameter space, is

P(SQ + h.d,, tg + h‘dt) - P(So, to)
3 .

vdP(SQ,tQ) = }ll’l_l}%



Figure 2: Tangent plane continuity is achieved if V. P, VP = V,Q, and V,Q are coplanar.

The partial derivatives are obtained in the direction of axes of the parameter space:
V(l‘g)P(Sg,tu) = P(l’o)(SQ,tQ), and V{g‘l)P(So,tg) = P(o’l)(-ﬂo,to). The derivative of a
Bézier patch in the direction d = (d;,ds,ds) is given by

(2) VeP(t,u,w)=n D (diPis1jk + dobijr e + dsPijrer ) BEE (8w, w).
i+j+k=n-1

We are interested in the continuity of spline surfaces P(s,t) and Q(u,w), in particular
along a common curve or edge. Let us consider two patches P with control points Dijk
and @ with control points ¢;;, having a common edge. Without loss of generality we
may assume that P(t,u,0) = Q(¢,u,0). The tangent plane of P along P(t,u,0) is spanned
by any two derivative vectors having different directions, for example the directions d =
(0,1,0)-(1,0,0) = (~1,1,0) and ¢ = (0,0,1)—(1,0,0) = (—1,0,1). The derivative vector
V4P is actually the tangent v tor of P(t,u,0). Since P(t,u,0) = Q(t,u,0), we also have
V4P = V4Q. So, the tangent plane of @ spanned by V,4Q and V.Q coincides with the

tangent plane of P if and only if V.Q, V4Q = V4P, and VP lie in the same plane. That
is,

(3) determinant(V,P,V P,V .Q] = 0.

Such a situation is depicted Figure 2. Necessary and sufficient conditions on the control
points are derived from this constraint by [DeRose, 90].

Using Equation (2) we get V4P = V4Q = n(K — M), V.P = n(L — M), and V.Q =
n(R — M), where

Y Pir1i0BYo (¢t u,0),
i+j=n—1
> pij+10BrE (¢t u,0),
(4) i+j=n-1
Z Pij, IB?JS t u, 0), and

it+j=n—-1

R= Z q,JlB‘JQ(t,'M,O).

i+j=n-1

M, K, L, and R are functions of ¢, since u = 1 —¢. We see that V4P, V.P, and V.Q are
all of degree (n — 1).
The requirement that the determinant in Equation (3) equals zero amounts to

(5) (R —M) = a(t)(K — M)+ B(t)(L - M).



Figure 3: Involved control points for G' connection of two quadratic (left) and cubic
(right) patches.

Solving (%) and 3(t) shows that they are rational polynomial functions having a numera-
tor and denominator of degree n — 1 at most. An equivalent formulation for Equation (5)
is thus:

(6) E(t,u)(K — M)+ F(t,u)(L - M)+ G(t,u)(R—M)=0, t+u=1,

where E, F', and G are polynomials having at most degree n — 1.

The edge that P and @ have in common may be degenerate, that is, of lower degree
than the patch itself. Also the two patches may be of different degree. So, the degrees of
V4P, V. P, and V_.Q can all be different. The degrees of E, F, and G, and the necessary
and sufficient conditions on the control points are derived by [Liu and Hoschek, 89).

3 Analysis of surface degree

A polyhedron is a linear interpolation of the vertices with only C°-continuity. One may
wonder what polynomial degree is necessary for the various G* interpolation problems PN,
PT, and PD. It has been shown by [Piper, 87] that degree four is sufficient for the PD
problem. He has further shown by means of a counterexample, but not by analysis, that
degree three is not always sufficient. In this section I present an analysis of the required
polynomial degree for the various interpolation problems in 3D.

Let us consider the G'-continuity conditions for two Bézier patches P and Q that
have a common edge, say P(u,v,0) = Q(u,v,0). The involved control points for the
G' connection of two patches are shown in Figure 3. To simplify notation, we denote
Pijo = ¢ijo by M; (middle column of control points), p; ;1 by L; (left), and ¢; ;1 by R:
(right).

Quadratic case. For quadratic patches M, K, L, and R, given by Equation (4), are
M =tMy+uM,, K =tM; +uM,, L =tLy+uL,, and R = tRy + uR,. The functions E,
F,and G are at most linear: E(t,u) = egt+e u, F(t,u) = fot+ fru, and G(t,u) = got+giu.
Since u = 1 —t, we see that E(t,u) = t(eo — €,) + e, reduces to a constant if e, = e;, and
likewise for F' and G.

Substitution of M, K, L, R, E, F, and G into the tangent plane continuity condition
Equation (6), yields t*Cy + tuCy + u*C, = 0, with coefficients C; as given below. Since



this equation must hold for all t + u = 1, C,, Cy, and C, must all be zero:

Co = eo(My — My) + fo(Lo — Mo) + go(Ro — Mp) =0,

Cy = ex(My — Mo) + eo(My — My) + fi(Lo — Mo) + fo(Ly — My) +
91(Ro — Mo) + go(Ry — M;) =0,

Ca = es(My — My) + f1(Ly — My) + g1(R, — M;) = 0.

(7)

If not eg = ey, fo = f1, and go = gy, that is, if E, F, and G do not degenerate to constant
functions, then this set of equations is independent.

Equation (7) is a set of three vector equations, comprising nine scalar equations. For
a whole surface of N, edges we therefore have 9N, equations. In the P-problem, only the
control points My and M, of each edge are known. Control point M; and the coefficients
€, fi, 9, 1 = 0,1, are then unknown. Since the control points consist of three coordinates,
there are 9N, unknowns. So there is in general a solution to the P-problem, and if F, and
F, and G do not degenerate to constant functions, this solution is unique. In that case
however, there are no degrees of freedom left to interpolate prescribed normals, tangents,
or derivatives. We conclude that degree 2 is necessary and in general sufficient for the
P-problem, but not sufficient for the PN-, PT-, and the PD-problem.

Cubic case. For cubic patches M, K, L, and R, given by Equation (4), are M = t* M, +
2tuMy+u? My, K = 2 My+2tuMy+u?Ms, L = t2Lo+2tul, +u2L,, and R = t2 Ry+2tuRy +
u?R,. The functions E, F, and G are at most quadratic: E(t,u) = egt? + e tu + e u?, etc.
Since u = 1 —t, we see that E(t,u) = t2 (eo —e1 +e3) +t(ey — 2e;) + e, reduces to a linear
function if ey — e; + e, = 0, and to a constant if additionally e; — 2e, = 0.

Substitution of M, K, L, R, E, F, and G into the tangent plane continuity condition
Equation (6) now gives t*Cy + t3uC) + t2u*C, + tu®Cy + u*Cy = 0, with

(8a) Co = eo(My — My) + fo(Lo — Mo) + go(Ro — Mp) = 0,

(8b) Ch =31(M1—M0)+280(M2'—M1)+f1(L0—Ma)-+—
2fo(Ly — My) + g1(Ro — M) + 2go(Ry — M;) =0,

(8¢) Cs = ex(My — My) + 2;(M; — My) + eo(Ms — My) +

f2(Lo — Mo) + 2f1(Ly — My) + fo(Ly — M) +
92(Ro — Mo) + 291(Ry — My) + go(Ry — M,) = 0,

(8d) Cs = 2e5(My — My) + e1(Ms — My) + 2f5(Ly — My) +
J1(Ly — My) 4+ 2g2(Ry — My) + g1 (R; — M,) =0,
(88) 04 = 82(M3 — Mg) + fg(Lg - _Mrz) + gg(Rg - Mg) = 0.

Ifnoteg~e;+e; =0, fo— f+ f2 =0, and go — g1 + g» =0, i.e. if E, F, and G do not
degenerate to linear functions, then this set of equations is independent.

Equation (8) is a set of five vector equations, or fifteen scalar equations. For a whole
surface of N, edges and N, triangles we therefore have 15N, equations. Considering first
the P-problem, only the control points M, and M, of each edge are known. Control points
M, and M, and the coefficients e;, fi, i, i = 0,1, 2, are unknown, and for each triangle
the control point L; is also unknown. So, there are 15N, + 3N, unknowns. However,
for a closed triangulation 3N, = 2N,. This results in a total of 15N, equations in 17N,
unknowns, so that there is in general more than one solution.



The PN-problem prescribes that the control points M; and M, lie in given tangent
planes at the vertices M, and M; respectively. This results in 2N, additional equations,
giving a total of 17N, equations in 17N, unknowns. So there is in general a solution to
the PN-problem, and if £, F, and G do not degenerate to linear functions, this solution is
unique. In that case however, there are no degrees of freedom left to interpolate prescribed
tangents or derivatives. We conclude that degree three is generally necessary and sufficient
for the PN-problem, but not sufficient for the PT- and PD-interpolation problem.

[Piper, 87] shows that degree 4 is necessary and sufficient for the PD-interpolation
problem of two patches, but analogous to the previous analysis it is easily verified that
it also applies to a whole surface. Consequently, also for the PT-problem degree 4 is
sufficient, and necessary as well, as shown above.

The results of this section are summarized in the following table, giving the necessary
and sufficient polynomial degrees for the considered interpolation problems:

23] 4
P |+ .
PN +

PT +
PD ¥

4 Surface normal estimation

In the rest of this chapter only the PN-interpolation problem is considered. First, the
surface normals at the vertices must be estimated, then we we construct a G! surface that
interpolates the vertices and the surface normals. Analogous to the tangent vector of a
curve, the normal vector at V; can be estimated by weighting the unit normals of all the
incident triangles, and normalize the sum:

1. Weight by area. For each triangle, take the cross-product of two different vectors
between its vertices. This vector is normal to the triangle, and its magnitude is twice
the triangle area. Sum the vectors, and normalize to unit length. The idea of this
method is that the larger triangles correspond to a larger part of the surface, and
should affect the orientation of the tangent plane most.

2. Weight uniformly. Divide the cross-products by twice the area of the triangle so as to
give unit normals. Then normalize the sum.

3. Weight by inverse area. Divide each unit normal by the area of the triangle, then
normalize the sum. The reasoning behind this method is that a close neighboring
vertex knows more about the local surface normal and should have a larger weight
than far away vertices.

5 Local schemes

Although degree 3 is sufficient for a solution to the PN problem to exist, it is a global
solution, resulting from a large set of equations involving all the control points. Local
schemes are preferred because they are simpler, computationally cheaper, and allow local
changes of vertex position and normal.

In order to achieve local solutions to the PN-interpolation problem we need more
degrees of freedom to choose the control points so as to obtain G'-continuity. There are



Figure 4: Schematic representation of a three-split of a cubic Bézier triangle.

three well known strategies to get more degrees of freedom: blending of patches, raising the
degree of the polynomial patch from 3 to 4, and patch subdivision. Blended patches are
composed of a sum of patches giving an interpolating result, and a correction term to make
the patch G'. However, the correction term is a rational polynomial. Blending methods
are applied by for example [Herron, 85], [Nielson, 87|, and [Hagen and Pottmann, 88].

Raising the polynomial degree of the patch is performed by [Farin, 83], [Piper, 87],
[Jensen, 87], [Pfluger and Neamtu, 91], and [Schmitt et al., 91]. Some of these methods
introduce a degeneracy: [Farin, 83] and [Jensen, 87] let the patch edge be of actual de-
gree 3 (as a result the connection to cubic rectangular patches is straightforward, see
[Farin, 82]), while [Pfluger and Neamtu, 91], and [Schmitt et al., 91] contract some of the
interior control points into one.

General patch subdivision splits a patch into several patches that together have the
same shape as the original one. Subdivision algorithms for Bézier triangles are given
by [Goldman, 83]. The so-called Clough-Tocher triangle splitting scheme (named after
[Clough and Tocher, 65]) subdivides a triangular patch P(t,u,w) at the surface point
P(3, %, 3) into three new triangles. The parent triangle is referred to as the macro triangle,
the three new ones as micro triangles. See Figure 4 for a schematic representation of a
three-split of a cubic Bézier triangle.

The Clough-Tocher split has been used for cubic functional surfaces in finite-element
analysis, see [Strang and Fix, 73], and later for quartic parametric surfaces in scattered
data interpolation by [Farin, 83]. The triangle split has two effects: the number of control
points is increased, and the interpolation constraints apply to only one edge of the micro
triangle, the one that coincides with macro triangle edge. At the interior edges no inter-
polation data is prescribed, and only G'-continuity is required. Consequently, the open
control points in Figure 4 can be moved without affecting interpolation and continuity
along the macro triangle edges.

[Farin, 83], [Piper, 87], and [Jensen, 87] all use quartic patches as well as the triangle
three-split to achieve a local solution. In the following section I show that a cubic three-
split scheme generally provides enough degrees of freedom to solve the PN-problem locally.

6 A cubic three-split scheme

Let a set of vertices be given, as well as their topology (a triangulation) and surface normals
at the vertices. The notation used and the control point lay-out and naming is illustrated
in Figure 5. Let us consider the macro triangle edge between M, and Mj, and let E, F,
and G be linear: E(¢,u) = et + e u, F(t,u) = fot + fiu, G(t,u) = got + g1u. The tangent
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Figure 5: Control points used in the three-split scheme.

plane continuity condition Equation (6) then becomes t°Cy + t2uC; + tu?Ch + u3C; = 0,
with

(9a) Co = eo(My — My) + fo(Lo — Mo) + go(Ro — M) = 0,

(9b) Cy = e1(M; — M) + 2e0(Msy — My) + fi(Lg — My) + 2fo(Ly — M) +
91(Ro — My) + 2go(R, — M,) =0,

(9¢) Ce = 2e,(My; — M) + eo(Ms — My) + 2f1(Ly — My) + fo(Ly — My) +
291 (R — My) + go(Ry — M) =0,

(9d) Cy = ey (M3 — My) + fi(Lo — M) 4+ g1 (Re — M,) = 0.

The algorithm consisting of the following six steps splits each macro triangle into three
cubic micro triangles, and sets the Bézier control points so as to satisfy the tangent plane
continuity condition along all the generated Brezier patch edges, that is, all the micro
triangle edges.

Step 1. First, we are going to construct cubic macro triangles P, interpolating the given
vertices. To this end, ps,0,0, Po,3,0, and po,0,3 are set to the vertices of a given triangle.



Step 2. Control point p ; o is set as follows: py3 is projected onto the tangent plane at
Ps,0,0 8iving a point pg 5, then

P2,1,0 = P3,0,0 + (103,3,0 — P3,00)/3.

Control points py,2.0, Po,2,1, Po.1,2y P2,0,1, and P12 are set in a symmetrical way.
Step 3. Following [Farin, 83], p; 1,1 is set to as follows:

P11 = (P2,1,0 + Pr2,0 + P201 + Pro2 + Po21 + Po,1,2)/4 — (D300 + Poso + Poo,3)/6.

We now have a surface interpolating the vertices and normals, but it is not yet tangent
plane continuous.

Step 4. Each macro triangle is split at P(%,3,3) into three micro triangles by Bézier
patch subdivision. For each macro triangle edge the control points M;, 1 = 0,1, 2,3, are
computed and remain fixed. R, is set to %(pa.o,o + Pp21,0+ P20,1), and Lo, Ly, and R, are
set analogously.

Step 5. Control points L; and R; have to be set such that the tangent plane continuity
condition Equation (6) is satisfied. Since M;, ¢ =0,1,2,3, and L;, R; i = 0,2 are known
by now, Equations (9a) and (9d) determine the coefficients e;, f;, and g;, i = 0,1, up to a
constant factor, so that we can arbitrarily set e, = e; = 1. The unknowns L, and R; are
constrained by (9b) and (9¢). Rewriting gives:

2foln +2g0Ry = 2fo My + 290 M, — e1(My, — M) — 2e0(M; — M)
— fi(Lo — Mp) — g1(Ro — M),

2fiLy + 291 Ry = 2f1 My + 29, My — 2, (Mo — My) — eo( M3 — M;)
= fo(L2 = M2) — go(R, — M,)).

If this pair of equations is independent, it uniquely determines L,, and R;. Tangent plane
continuity is then achieved across the macro triangle edges.

(10)

Step 6. In order to get tangent plane continuity across the edges of the micro triangles we
set the control points Y;, Y3, Y3, and Z from Figure 5 as follows (see [Farin, 83]):

Y, = (W + X1 + X,)/3,
Yy = (Wa + Xa + X3)/3,
Ys = (Ws + X35 + X1)/3,
Z=(YM1+Y,+Y;)/3.

Correctness of this algorithm is proved by the following theorem.

THEOREM 1 Steps 1 to 6 above construct an overall tangent plane continuous surface.

Proof. By construction (Step 5), the macro triangle edges satisfy Equation (9), and are
thus tangent plane continuous. In Step 4, W; (= Rp) is set to %(103,0,0 + P2,1,0 + P2,0,1),
and in Step 6, Y3 is set to (W3 + X, + X;), and Z to (Y, + Y1 + Y2). This makes the
patch tangent plane continuous along the micro triangle edge between p3 o0 and Z, since
Equation (6), when applied to this edge, is satisfied for constant values of E(¢,u), F(t,u),

10



Figure 6: Result of the three-split scheme. Left: macro triangle Bézier control points
before splitting. Right: final control points of all micro triangles.

G(t,u). The other two edges are treated in the symmetrical way in Steps 4 and 6. Because
the same constants are used for the other two edges, there is no conflict in setting Z.

The whole surface is thus tangent plane continuous along all triangle edges. Since
cubic Bézier triangles are internally C2-continuous, the whole surface is tangent plane
continuous everywhere. []

Essentially the same three-split scheme is described by [Cottin and van Damme, 90,
but independently derived here.

Analogous to the construction of cubic G! curves, in addition to the tangent plane
continuity condition the orientation of the tangent plane must be properly defined at every
point on the common edge of two adjacent triangles, in order to achieve a continuously
changing unit normal vector, in other words, a G!-continuous surface. Only when both
conditions are met, the surface is G'-continuous. The tangent plane orientation will be
properly defined if f; and go in Equation (9a) (and also f; and g, in (9d)) have opposite
signs. This condition is satisfied for many sets of vertices whose neighboring normal vectors
direction do not change wildly. In other cases, the normal vector at a vertex should be
altered in order for the projection in Step 2 to result in opposite signs of f; and g5 A
detailed analysis on this is presented by [Cottin and van Damme, 90].

We see that a three-split gives sufficient degrees of freedom to construct a tangent plane
continuous surface of cubic patches. The tangent plane continuity along the macro triangle
edges is enforced by setting the control points L; and R; so as to satisfy Equation (10). It
turns out, however, that the resulting position of L, and R; is often far away from their
previous position. Apparently L, and R; often have enough room to satisfy Equation (10)
only when the plane through M;, M,, L,, and R, is very tilted (with respect to its
previous orientation). Although the surface tangent plane is than continuous along the
common edge, the surface oscillates wildly in such cases. Even if the surface tangent plane

11
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Figure 7: Control points used in the two-split scheme.

additionally has a continuous orientation, i.e. the surface is G*-continuous, it does not
give a visually smooth impression.

This is illustrated in Figure 6, showing the result of the algorithm applied to the
triangular polyhedral surface of the bottle shown at the left. The image in the middle
shows the Bézier control points of the macro triangles before splitting. The right image
depicts the final control points, i.e. when the resulting surface is tangent plane continuous.

The reason for this unsatisfactory result is that Equation (10) imposes too strict con-
straints on L, and R;. This could be avoided if there were additional degrees of freedom

which could be used to select a solution that is optimal in some sense. Such a solution is
presented in Section 8.

7 Towards an adaptive splitting scheme

Another disadvantage of the three-split is that very thin triangles can emerge. This may
cause numerically instable computations.

We can subdivide a thin macro triangle into {wo micro triangles instead of three, by
creating a new edge from one vertex to a point on the opposite edge. The neighboring
macro triangle at the side of the split edge must also be subdivided. Figure 7 shows a
schematic representation of a two-split of two cubic Bézier triangles.
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Let us consider two patches P and @ such that P(t,u,0) = Q(¢, u,0), that are each split
into two micro triangles, while the four neighboring macro triangles incident to the other
edges are split into three micro triangles. Steps 1 to 3 are the same as in the preceding
section. The patches then interpolate the (macro triangle) vertices and normals, but are

not yet tangent plane continuous. That is achieved by a two-split scheme in the following
steps.

Step 4. The two macro triangles are split at P(3,3,0) and Q(3,},0) into four micro
triangles by Bézier patch subdivision. The control points My, My, Lo, Ry are computed
and remain fixed. By symmetry there are four sets of these control points: one for each

inner micro triangle edge.

Step 5. Let E, F, and G be constant: E(t,u) = e, F(t,u) = f, and G(t,u) = g. The
tangent plane continuity condition, Equation (6), then yields t2Cy + tuC; + u2C, = 0,
with

(11a) Co =e(M, —M0)+f(L0“Mo)+9(R0—M0) =0,
(llb) O]_ ze(Mz—M1}+f(L1 _M1)+Q(R1—M1) 20,
(11c) Co =e(My — M,) + F(Ly — Ms) + g(Ry — M,) =0.

Since My, M,, Lo, and R, are known, Equation (11a) determines the constants e, f, and
g.

Let us call the unknown control points X;,Y;, i = 1,...,4 and Z, as illustrated in
Figure 7. We need to set these control points so as to achieve tangent plane continuity
across the four inner micro triangle edges. Equation (11b) and (11c) for these four edges
together is:

(12a) ei(Yi = Wi) + fi(Xicy = Wi) + gi( X — Wi) = 0,
(12b) &(Z-Y)+ fi(Yie, = Y) + 9:(Yiys = Y:) =0,
fori=1,...,4, and i — 1 and 7 + 1 taken modulo 4. This results in eight equations in

nine unknowns. This set of equations in general has a solution. There are even enough
degrees of freedom to choose a ‘best’ solution, by optimizing a suitable object function.
For example, minimizing

4 4
DX = X2 + YNV - Y+ 12—z
i=1

=1

where Z°'¢ is the value of Z just before Step 5, and likewise for X; and Y;, gives a solution
to Equation (12) that is close to the old configuration of control points. This is considered
good, since the old values were chosen in a sensible way.

The four micro triangles are now tangent plane continuously connected to each other,
but must also be G'-continuously connected to the four neighboring patches at the four
outer edges of the two macro triangles. However, the inner control points of the micro
triangles have already been fixed in the previous step. Therefore Step 5 of the three-split
scheme must be adapted when used in combination with the two-split scheme. Let us
consider one such outer edge, and switch again to the notation of Figure 3: We have seen
that choosing E, F, and G to be linear uniquely determines control points L; and R, by
Equation (10). If, say, L, has already been fixed by a two split step (L, thus corresponds
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to a control point X; above), there are not enough degrees of freedom to solve R;, since
it is over-determined by Equation (10). Instead, we let E, F, and G be quadratic, which
gives the most general constraints of Equation (8). We let eq = e, = €3, fo = f1 = f2, and
Jgo = g1 = ga, 5o that Equation (8) reduces to:

(13a) Co = eo(My — My) + fo(Lo — Mo) + go(Ro — Mo) =0,

(13b) Ci = eo(My — My) + 2eq(My — My) + fo(Lo — Mo) +
2fo(Ly — My) + go(Ro — Mo) + 2g0(Ry — M) =0,

(13¢) Cy = eo( My — Mp) + 2eo(My — My) + eo(Ms — M) +

Jo(Lo — Mo) + 2fo(Ly — My) + fo(La — Ma) +
9o(Ro — Mo) + 2go(Ry — My) + go(Ry — M;) =0,

(13d) Cs= 260(M2—M1)+80(M3—M2)+2f0(L1 —M1)+
fo(La — My) 4+ 2go(Ry — My) + go(R2 — M) =0,
(13e) Cys = eo(M3 — My) + fo(Ly — M3) + go(R2 — M) = 0.

Equations (13a) and (13e) imply:

area(Mo, My, Lo) _ area(Ms, My, Ly) _ go
afeﬂ(MO:MI:RO) - ﬂ'TEG(Ms,MzaRz) - fo'

An algorithm to set M;, i =0,...,4, Lo, Ls, Ry, and R, so as to satisfy this ratio is given
by [Farin, 83]. Coefficients ey, fo, and go are then determined up to a common factor, so
that we can arbitrarily set eg = 1. Subtracting Equation (13a) from (13b) (or (13e) from
(13d)) gives:

2eq(My — M) + 2fo(Ly — My) + 290(Ry — My) =0,

from which we can determine R; because all other variables are known. Note that Equa-
tion (13c) is automatically satisfied: (13c)=(13a)+(13d)=(13b)+(13e).

So far, it has been essential that the two two-split triangles have four three-split tri-
angles as neighbors. The triangles that are split into two can therefore not be chosen
arbitrarily. Furthermore, the two-split triangles must be constructed before the three-
split triangles, because L; in Step 6 (corresponding to a X; in Step 5) must be known
first.

To be able to adaptively choose which pairs of macro triangles to split into two, inde-
pendently of the neighboring macro triangles, it must also be possible to achieve tangent
plane continuity when two or three sides of a triangle are split. This is indeed possible, and
in fact gives even more degrees of freedom, but symmetry is lost and the determination of
the control points gets a bit involved.

8 A cubic six-split scheme

In the previous section we saw that the two-split scheme gives enough degrees of freedom to
apply an optimization criterion to the solution of the tangent plane continuity constraints
on the control points. We have also seen in Section 6 that such an optimization is important
in order to avoid very distorted control points configurations, which result in tangent
planes that are too tilted to be aesthetically pleasing. However, the two-split as presented
in Section 7 cannot be applied to all macro triangles.
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Figure 8: Control points used in the six-split scheme.
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A triangle split that provides sufficient degrees of freedom for optimization to be ap-
plied to all macro triangles is a split into six micro triangles. Figure 8 shows a schematic
representation of a six-split of two adjacent cubic Bézier triangles, and the control point
naming used in this section.

Let us consider the micro triangle edge between M, and M,, and choose E, F, and
G constant: E = e, etc. The tangent plane continuity condition, Equation (6), then is
t*Co + tuCy + u*C, = 0, with Co, C1, and C; given by Equation (11), i.e.

(14a) Co =e(M, — My) + f(Lo — M) + g(Ro — M) =0,
(14b) C] IE(Mg - Ml) + f(Ll - MI) + Q(Rl - Ml) - 0,
(14(1) Cg =8(M3 - Mz) + f(Lg e MQ) + Q(Rz - Mg) =0.

An alternative formulation but equivalent condition is the following:

(15a) 51(Mu-M1)+J?1(Lo‘M1)+§1(R0_M1)=0!
(15b) 1(My — My) + fi(Ly — My) + i (Ry — M) = 0,
(15¢) €1(Mz — M) + fi(Ly — Ms) + §1(R; — M) = 0.

Equations (15b) and (15¢) in terms of X;, Y;, and Z, and applied to the four edges together
become

(162) &(Wi = Yo) + (X = Vi) + §i(Xisn — ¥i) =0,
(16b) &(Yi=2) + fiVier = 2) + 3(Yisr - 2) = 0,
with i =0,...,3. For i = 0, Equation (16a) can written as

(172) €(Qi = Ni) + filPicy = Ni) + (P, = Ni) = 0.

For tangent plane continuity along the whole micro triangle edge between Z and O, the
following condition must also hold:

(17b) é}(O — Q,) =+ )F;(Q;'_1 -~ Q;) + g’:‘(QHI - Q;) = 0.

Similar conditions apply to the edges corresponding to N_g, @2 and Ny, Q4. For i =0,2,
the €; will be given the same value, say h, and likewise f; = k, and §; = £ for i = 0,2,4.
Equation (17) thus is

(18a) h(Qi — N;) + k(P; = N;) + ¢(Piyy — N;) =0,

(18b) h(O — Qi) + k(Qicr — Qi) + £(Qisr — Q;) = 0.

For i =1, 3, 5 similar conditions must be satisfied, but the constants may be different,
say a, b, and ¢:

(192) a(Q:i = Ni) +b(P; = N;) + ¢(Piys — N;) = 0,
(19b) a(0 — Qi) +b(Qi-1 — Qi) + ¢(Qi+1 — Qi) = 0.
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With i = 1, Equation (19) applies to the edge between My and O. In order to achieve

tangent plane continuity along this whole micro triangle edge, the following condition must
also hold:

(20) Q(Nl - MQ) + b(K@ - Mg) + C(Kl — iWU) = 0.

For the edges associated with N; and N5 analogous conditions must hold.

The algorithm consisting of the following seven steps splits each macro triangle into
six cubic micro triangles, and sets the Bézier control points so as to satisfy the tangent
plane continuity condition along all the generated Brezier patch edges, i.e. all the micro
triangle edges.

Step 0. Before calculating anything, choose a suitable value for b, fgr example _b =1/2,
andset a =1and c=0. Set h (=& =& =&)to1,and k (= fo = f, = f,) and £
(=go = g2 = §a) to —(2b+1)/(3b + 2).

Steps 1 to 3 of the construction algorithm are the same as in Sections 6 and 7. The patches
then interpolate the macro triangle vertices and normals, but are not yet tangent plane
continuous. That is achieved in the following steps.

Step 4. All macro triangles P(t,u,w) are split at P(3,5:3), P(:10), P(3,0,1), and
P(0, %, %) into six micro triangles as illustrated in Figure 8. Now M,, M, (= Ko), and K,

are known. Compute N; by Equation (20), and N; and Nj analogously.
Step 5. Compute &, ﬁ_, and g, from Equation (15), and é;, f;, and gi, t = 3,5, analogously.
All &, fi, §i,©=0,...,5 are now known. Calculate Z and Yp,...,Y3, by minimizing

3
2NYi= Yo + 12 -z,
=0

under the constraints of Equation (16b) with i =0,... ,3 (Y'Y and Z° are the values of
Y; and Z resulting from Step 4). Compute Xo,...,X; by minimizing

3
Do lIX: = x4y,

i=0

under the constraints of Equation (16a) with i = 1,3 (X7'* is the value of X; resulting
from Step 4).

Step 6. All P; and N; are known by now. Compute Qo, @;, and Q, by Equation (18a)

Step 7. Compute Qi, @3, and Qs by Equation (19a) with i =1, 3, 5.

It is not immediately clear that the above algorithm gives an overall tangent plane con-
tinuous surface. This is proved by the following theorem:

THEOREM 2 Steps 0 to 7 above construct an overall tangent plane continuous surface.
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Figure 9: Two polyhedral surfaces and the corresponding G!-continuous surfaces resulting
from the six-split scheme.

Proof. By construction (Step 5) the micro triangle edges between P3,0,0 and Z, and between
Po,3,0 and Z satisfy Equation (14). The surface is thus tangent plane continuous along these
edges.

The edges incident to O satisfy the tangent plane continuity condition Equation (6)
if there is no conflict around O, that is, if both Equation (18b) for i = 0,2, 4, and Equa-
tion (19b) for i = 1, 3, 5 are satisfied. The crux of the algorithm is that both conditions are
automatically satisfied by setting O to (Qo + Q; + Q4)/3 and the special relation between
band k: k= —(2b+1)/(3b+ 2). Incidentally, O is also equal to (Q; + Q5 + Qs)/3.

The whole surface is thus tangent plane continuous along all triangle edges. Since

cubic Bézier triangles are internally C2-continuous, the whole surface is tangent plane
continuous everywhere. [

Figure 9 shows the result of the above algorithm on two polyhedral surfaces. The six-
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split scheme has extra degrees of freedom compared to the three-split scheme of Section 6.
This allows to minimize the displacement of control vertices in Step 5 above, so that the
surface does not oscillate as wildly as with the three-split scheme, which was demonstrated
in Figure 6.

9 Concluding remarks

The algorithms presented in Sections 6, 7, and 8 all have a time complexity O(N,) =
O(N,). This is clear from the iterations over the macro triangles and their edges, and the
relation between the number of triangles and edges: 3N, = 2N..

A G'-continuous surface generally looks smooth, but its appearance depends on the
illumination. As has been derived by [Veltkamp, 92|, the reflection of a linear light source
on a G'-continuous surface need not be G!. For G*-continuity more control points are
needed then we have used here. This means that patches of higher degree must be used
in order to keep the scheme local.

References

[BShm and Farin, 83] W. Béhm and G. Farin. Letter to the editor. Computer Aided
Design, 15(5), 1983, 260 — 261.

[Clough and Tocher, 65] R. W. Clough and J. L. Tocher. Finite element stiffness matrices
for analysis of plates in blending. In Proceedings of Conference on Matriz Methods in
Structural Mechanics. Air Force Institute of Technology, Wright-Patterson A. F. B.,
Ohio, 1965.

[Cottin and van Damme, 90] C. Cottin and R. van Damme. 3D reconstruction of closed
objects by piecewise cubic triangular Bézier patches. Technical Report 885, University
of Twente, Enschede, The Netherlands, 1990.

[DeRose, 90] T. D. DeRose. Necessary and sufficient conditions for tangent plane conti-
nuity of Bézier surfaces. Computer Aided Geometric Design, 7, 1990, 165 — 179.

[Farin, 82] G. Farin. A construction for visual C'! continuity of polynomial surface patches.
Computer Graphics and Image Processing, 20(3), 1982, 272 — 282.

[Farin, 83] G. Farin. Smooth interpolation to scattered 3D data. In R. E. Barnhill and
W. Béhm (editors), Surfaces in Computer Aided Geometric Design. North-Holland,
1983, 43 - 63.

[Farin, 86] G. Farin. Triangular Bernstein-Bézier patches. Computer Aided Geometric
Design, 3(2), 1986, 83 ~ 127.

[Farin, 87] G. Farin (editor). Geometric Modeling: Algorithms and New Trends. SIAM,
1987.

[Farin, 90] G. Farin. Curves and Surfaces for Computer Aided Geometric Design. Aca-
demic Press, 2 edition, 1990.

[Goldman, 83] R. N. Goldman. Subdivision algorithms for bézier triangles. Computer
Aided Desing, 15(3), 1983, 159 — 166, see also [Béhm and Farin, 83].

[Hagen and Pottmann, 88] H. Hagen and H. Pottmann. Curvature continuous triangular
interpolants. In T. Lyche and L. L. Schumaker (editors), Mathematical Methods in
Computer Aided Geometric Design (conference held in Olso, Norway, 1988). Academic
Press, 1988, 373 — 384.

19



[Herron, 85] G. Herron. Smooth closed surfaces with discrete triangular interpolants.
Computer Aided Geometric Design, 2(4), 1985, 297 — 306.

[Jensen, 87] T. Jensen. Assembling triangular and rectangular patches and multivariate
splines. In [Farin, 87], 203 - 220.

[Liu and Hoschek, 89] D. Liu and J. Hoschek. CG' continuity conditions between adjacent
rectangular and triangular Bézier surface patches. Computer Aided Design, 21(4), 1989,
194-200.

[Nielson, 87] G. M. Nielson. A transfinite, visually continuous, triangular interpolant. In
[Farin, 87], 235 — 246.

[Pfluger and Neamtu, 91] P. Pfluger and M. Neamtu. Geometrically smooth interpolation
by triangular Bernstein-Bézier patches with coalescent control points. In P. J. Laurent,
A. L. Méhauté, and L. L. Schumaker (editors), Curves and Surfaces. Academic Press,
1991, 363 — 366.

[Piper, 87] B. R. Piper. Visually smooth interpolation with triangular Bézier patches. In
[Farin, 87], 221 — 233.

[Schmitt et al., 91] F. J. M. Schmitt, X. Chen, and W.-H. Du. Geometric modeling from
range image data. In F. H. Post and W. Barth (editors), EUROGRAPHICS’91. 1991,
317 — 328.

[Strang and Fix, 73] G. Strang and G. Fix. An Analysis of the Finite Element Method.
Prentice-Hall, 1973.

[Veltkamp, 91] R. C. Veltkamp. 2D and 3D polygonal boundary reconstruction with the
v-neighborhood graph. Technical Report CS-R9116, CWI, in preparation for CVGIP:
Graphics Models and Image Processing, 1991.

[Veltkamp, 92] R. C. Veltkamp. Survey of continuities of curves and surfaces. Computer
Graphics Forum, 11(2), 1992.

20



