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Summary

The asymptotic consistency of the bootstrap approximation of the vector of the marginal -generalized quan-
tiles of U-statistic structure (multivariate U-quantiles for short) is established. The asymptotic accuracy of the
bootstrap approximation is also obtained. Extensions to smooth functions of marginal generalized quantiles, are

given and some specific examples, such as the vector of marginal sample quantiles, and the vector of marginal
Hodges-Lehmann location estimators, are discussed.
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1 INTRODUCTION

In this paper we investigate Efron’s bootstrap approximation for a wide class of multivariate gener-
alized quantiles. We also look at the classical normal approximation for these multivariate statistics.
Our results extend previous work by Choudhury and Serfling (1988) and Helmers, Janssen and Verave-
beke (1992) for univariate U-quantiles’ to the multivariate case. Let X = (Xz1,..., Xg1)y..., Xy =
(X1, ..., Xkn) be independent k-dimensional random vectors defined on a single probability space
(€, A, P) having common distribution function (df) F on R*. Let hy(z1,...,Zm),- corhg(®1y .y Tm)
be kernels of degree m (i.e., real-valued functions symmetric in its m arguments) and let

Hp(y) = P(hj(Xi1,..., Xim) <Yij,i=1,...,k,j=1,...,q9), . (1.1)
with y = (yi5, i =1,...,k, 5=1,...,9) € R* denote this joint df of the kq random variables

hi(Xiye oy Xim), i=1,...,k, j=1,...,q. (1.2)
In addition, let Hp,; denote the marginal df of h;j(X;1,..., Xim) and let, for 0 <p < 1,

&(p) = Hy,,(p) = inf{z : Hr, (=) > p} (1.3)

denote the corresponding pth marginal quantile. Define the associated empirical df of U-statistic
structure

-1
A= (N) 0 T Ko Xa) <) (1.4

1<v< ... <y <N
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id N >m,and let, for 8:<p< I

- H3% ) | - 15y

irresponding pth: empirical marginal quantile.

f the form: (1.5): were considered: by: Helmers, Janssen and Veraverbeke (1992): for the
se k = g = 1. Asymptotic consistency and the asymptotic accuracy of the bootstrap
m for these univariate: statistics (U-quantiles for short) was established. The present
t extending these results to the multivariate case. Define multivariate U-quantiles by

11); sy éﬂkl(pkl)b X gN-'lq(plq)v ceey éﬂh(’?kq» (16)

i < 1,4=1,...,k j =1,...,q. In the special case ¢ = m = 1 and h;(z) = =z,
(1.6) reduces to the k-vector of ordinary marginal quantiles studied by G.J. Babu and
188). These authors obtained asymptotic normality for this special case. In section 2 we
result to the more general class of multivariate U-quantiles of the form (1.6). We also
ry-Esseen bound for these statistics. In section 3 we derive the asymptotic consistency
- the asymptotic accuracy of the bootstrap approximation for multivariate U/-gnantiles of
ome useful extensions and specific examples are briefly discussed in section 4.

. APPROXIMATION
: the symmetric kg x Kg-matrix with elements

cov{P(hi(Xs1, . .., Xim) < &ii(pii |1 Xi1), PRa(Xr1y- . ., Xom) < Ealpu)i Xe)} (2.1)
.ok 3, P=1,.. ., ¢ In addition, let

diag(ms (61 (p12))s- - - B Gt ))s s By Eraral)s - B (ara))  (2:2)
enotes. the density of Hy,,. Let £ = (&;(pi;), i=1,...,5,5=1,...,9) a,nc!’é = (&ii(msz),
Jj=1,...,q). Clearly ¢ denotes our parameter vector of interest and £ its empirical

‘f. (1.6)).

1. a. Let Hp,; be continuously. differentiable with density by, (§(pi;)) > 0. Then, as

N¥( - ¢) <y) - 8(y; 0,m?Dz TDZE) - 0 (2.3)
, V) is the qk-variate normal distribution with mean vector 0 and covariance mairiz V'
yeresYklye - Yigs -+ -1ykq)7‘-

tion, suppese that hy;, satisfies a. Lipschilz condition of order > % on a neighborhood of
1,...,K,i=1,...,q9 and X is positive definite, then, as N — co,

NE(E - §) < yy—8(y; 0,m* DD} = on-1). 24
begin with we remark that

2 . 1,2 - . o BN
§—&) S y) = P(N2(&;(pi;) — &5 (0ig)) S 9350 t=1,..,k, i=T,...,q) (2:5)
— — . Sl L .

N,lJ (pt]) < H}i‘.i(ﬁiﬁ.)'{’ yi,q".N 1= 1,-- sy k: J= 1‘) new :Q)’

. 1 1 . .
Nij (HF,i(th) + 3 N2) 2wy, i=1...k j=1,...,9)



— —1 —
I, (Hp (9i) + 955N ~2) — Hr, (Hz (pij)

} > N%{pij - HF;j(H;é(Pij) +yijN_%)}, = 17'”)k) .7 = 1)*":q)

assumption of Hp,; ensures that

Hy, (Hy) (pi5) + N73yi5)} = —vishiry (65(hiz)) (2.6)
1,...,k,i=1,...,q. Next note that the random variable (r.v.) Tn,; (i;) defined as
[Hp_'!i (Pij) + yijN_%) - HF:'j (H;‘j (Pij) + yijN—%)} (27)
U-statistic of degree m with bounded kernel, depending on n, of the form

1 Tmi Yij) = I{hj(@1,. .., 2m) < &ii(pig) + i N7} (2.8)

oy Xim) < &ij(pij) + yijN_%)

,) ER™ fori=1,...,k, j=1,...,q. At this point we invoke an easy modification
on p. 188 of Serfling (1980) to find that fori=1,...,k, 7 =1,...,¢

N
i) = D B(Tn (9:5)| Xis)} = O(NTH). (2.9)

s=1

- {2.9) and Chebychev’s inequality it now clearly suffices to check that the kg-vector

'(yz'leis)) izl;”'ykr j=1""1q (210)

tribution to @(-; 0, X), as n « oo, with ¥ as in (2.1). But this is an easy matter,
dom vector (2.10) is a normalized sum of i.i.d. random summands, with zero mean
natrix Vy. Clearly

N Xie) = (2.11)
{P(Ri(Xiss Xivgy - - Kive) < &ij(pij)+
Xis) = P(hj(Xia,. .., Xim) < &i5(pij)+

}, oi=1,...,k j3=1,...,q

... < Uy £ N can be choosen arbitrary, provided v; # s, [ = 2,...,m. The kq X kq
'ecisely the covariance matrix of the kg-vector (2.11). It remains to show that Vy
s N — oo. The simple relation

Tw,;(Yig) — T, (0)| Xia)} < mP0®{P(hj (X1, . .., Xim) € (&i(pis), (2.12)

yiJ'N—%’)‘Xil)}‘= O(N7H, asN — o,



can be used. Here we have employed the mean value theorem (applied to Hr,; on a neighborhood of
&i; (pij)) and a well-known property of conditional moments. Since the kg-vector given by

N
> E(Tw,;(0)|X:), i=1,...,k j=1,...,q (2.13)

g=1

has covariance matrix X (cf. (2.1)) our proof of relation (2.3) is now completed.
It remains to establish the Berry-Esseen bound (2.4). To do this we apply Theorem 1.16 of Gotze
(1987) to the kg-vector (cf. (2.7)) of U-statistic type

TNij(yij)’ i=17"~7k) Jj=1,...,q (214)

The conditions of Gétze's theorem are easily verified, since by assumption X is positive definite and
the kernel functions hy;; (cf. (2.8)) are all bounded by 1. In addition, relation (2.6) is now replaced
by the stronger assertion that

VN{pi; - Hr,,(Hp}(pi) + %i; N~ %) + ishor, (€5(pi5))} = O(N ) (2.15)

as N — oo. For this we use the Lipschitz condition on hp,;. This completes the proof of (2.4) and
the theorem is proved. O

Relation (2.3) extends related results of Choudhury and Serfling (1988) and Babu and Rao (1988)
for the univariate case k = ¢ = 1 respectively the case of ordinary marginal quantiles (g = m = 1,
hi(z) = z) to a considerably more general class of statistics. Relation (2.4) supplements all this with
a Berry-Esseen bound. We note in passing that the strong consistency of multivariate U-quantiles
¢ in estimating the parameter of interest ¢ follows directly from Corollary 3.2 of Helmers, Janssen,
Serfling (1988), provided £ is uniquely determined.

In applications one often wishes to establish a confidence region for £ and a studentized version of
(2.3) is required, i.e. a consistent estimator of the covariance matrix in (2.3) is needed. An alternative
approach is to employ bootstrap methods for the construction of a confidence region for £. In section 3
we establish a bootstrap analog of (2.3) under a slightly more stringent smoothness condition on Hp.
With the aid of this result various bootstrap based confidence regions for £ can easily be constructed.

3 BOOTSTRAP APPROXIMATION
Let F'y denote the k-variate empirical df based on Xj,..., Xn. Define

-1
Brw)= (1) X o X Mo X8 S ) (31)

1<y < .. <N

with y;; € R, the marginal empirical df of U-statistic structure based on the (marginal) bootstrap

sample X3, ..., X}y, i-e. the i-th component of X7{,..., X}. Here and elsewhere X},..., X} denotes
a random sample drawn with replacement from Fly, conditionally given X3, ..., Xn. Define (37 (p) =

;v:,l (p), 0 < p < 1, with Hy, . asin (3.1). Let P} denote probability corresponding to Fy.

THEOREM 3.1. a. Let Hp,; be continuously differentiable (with density hr,;) on a neighborhood of
€pi; with by, (€5(pij)) > 0. Then, for almost every sample sequence X1, Xa, ...,

sup | P (VI (E* — €) < ) - 8(y; 0,m?Dgi EDZH)] = 0, as N = co. (3:2)
v .

b. In addition, if hy,; satisfies a Lipschitz condition of order > % on a neighborhood of &i;(pij),
it=1,...,k, j=1,...,q and ¥ is positive definite, then

st;p|P;(~/’1~7<é* ~€) <y) - P(WVN(E - €) <y)l = O(N~¥(In N)?) (3.3)



a.s. [P], as N — oo.

PROOF. Similarly as in the proof of Theorem 2.1 of Helmers, Janssen, Veraverbeke (1992) we write

I"&(\/N(é* - é) < y) = ;f(WI’G,J(sz) P _DN.'_,') i= 1) v 'yk: ve 'j = 1) .. ‘1Q) (34)

where

Wi (i) = VN{HY, (H3: (bj) + yi; N~ ¥) - Hy,, (HyL (pij) + 9 N™%))} (3.5)
and

Dy,; = VN{Hn,,(Hy! (i) + v N ¥) — pij} (3.6)
with

— N N .

Hy,(y;)=N"™ Z Z I(hj(Xivyy ooy Xiv,,) € 4i5) (3.7

vi=1 Vm=1

fori=1,...,k,j=1,...,q. As in Helmers, Janssen, Veraverbeke (1992) we obtain that
Dyy; = vishr,; (ij(py;)). as.[P], (3.8)

as N —wo0,i=1,...,k,j=1,...,q.
To proceed we deal with the random variables W3, (i;) defined in (3.5). Note that

N -1
Wi, (vi5) = m(m) S S IRy (X XL < (3.9)
< . <vpy
< Hp i) + 9N = N ST Hby(Xis -, Xiay,) <
a1 8m

- -1 . ,
SHNllj(pij)—}-yijN 2})’ J=17"'7k’ J=17""q
is of U-statistic structure, with kernel

I8 (@1, s Bmi vig) = I{hj(21, . @m) < Hyl(pi) + 355N~ 7} (3.10)
1 - -1
—WZ~--Zf{hj(Xial,m,Xiam)SHN,.lj(pij)+yijN 2}
81 8m

for all (z1,...,2,) € R™. The next step is to check that an order bound similar to (2.11), holds true
here too. Because the g;,ij 's are bounded by 1 in absolute value we indeed have that, for each n > 2,

N
BN (Th, (v) = 2 Bx (T, ()| X5))" = O(N™) (3.11)
s=1
a.s. [P], as N — oco. Here T4, (yi;) is defined by (2.7) with X;; replaced by X%, Hp, ; by Hy,; and

ij)
Hy,; by Hy, ..

Similarly as in the proof of Theorem 2.1, relation (2.3), our problem reduces to one of proving the
following result:

N .
m
Q7 PRy (X5, X5y X, ) < (3.12)

=1



)+ yii N7 XE) — P (hj(XE, ..., XE) <
i)+yijN_%’)S2ij, i=1"-'ak)j=1:"')q)—
, Nvars {E% (T @) XN — 0

— 00, where we have used the fact that
T, (wii)| X5) = (3.13)

AN Sy

1< oo <Um

hi (X5 X5,) S HyL(pig) + 95 N~ 4} -
S S IR (Xinys 0 Xin,) < Hyl (i) + 95N 7H})|XE)
81 8m

N
- 1
S (PR (hi(XE, X2, XD, < Hyb(pig) + v N 72| XE)

s=1
(XA, oy XB) € Huy (i) + 9 N3 XE))

2---Vm} and v < ... < Vp, in the next to last line. To proceed we note that (3.13) in
to

NN S (hi(X, Kieyy s Kiom_s)
L 81

8m—1

N
-1 1 - -1
(pig) +wii N8} = 5 > H{(hi(Xits Koy, Kian o) < Hyly (o) + 3N 7HY) - (3.19)
=1

4 the expression within curly brackets appearing in the Var} matrix in (3.12) is nothing
ictor. '

WIXT) = (By (Th,;(3)| Xh), i=1,.., ki =1,...,9). .

) is true, since E*(Ty(y)|XY) is a sum of i.i.d. random vectors (conditionally given
It remains, however, to investigate the covariance matrix of E% (Tx(y)|XT), condition-
y--+» Xn. To do this, we shall first check that

{EX(T#,, (i) X3) — EX(TR,,(Hz,;(pi5) — Hy,, (i) )VN)IX )} (3.15)
small. In fact, we have that

{EN (T, (vis) — T, (VN(Hg,: (pig)—

PIIX5} < m*Ey(Py(hi(XE, ..., X]n) € (3.16)



) Hyyoy (o) + pg N~ H)XE)? =

TR MR (X s Xin) € (BB (0i)s Byl (3g) + wis N3P
vy vy Vm.

3
we use the almost sure bound (cf. Corollary 2.1 of Helmers, Janssen, Serfling (1988),

) s, @) - i @) = O (3:17)

» 00, with' C,, as in the Corollary, as well as the fact that
- - -1 :
Do Xin) € (Hyl (pig), Hyl(pig) + wi N”7)| X5)

> IHhi(X%,..., X}, )€
v2 <. <V
), Hy},(pig) + 9i;N™%)} + O(N™Y) (3.18)

» 00. Also we have that

Z . Z(I{h](ma Xivgy- - "X":""')'e

VoL .o Ly,

o Hyp (pig)+ v N3} = P(hy(@, Xivs, -, Xin,n) € (Hy (pis),

+ 3 N8P = O(NT) (3.19)

» > 2 (cf. Serfling (1980), p. 185), and the easily verified fact that

ivar e r Xive) € (Hg (pig), Hyl (i) + 9, N7%)) =0, as N — oo, (3.20)
e that.
W(Thv; (i) = T, (B, (i) — By (pig))VN) X5} —0 (3.21)

» o0. In'other words: the quantity (3.15) is indeed small enough for our purpeses.
sur proof of (3.2) we inust still show that

-m+l Z . Z I'{hj(X,;,,l ye ey Xﬁ,m) <
Vi Vm

? > m?E(P(h(Xiy, -, Xim) < Hy (pi)]| Xi))? (3.22).
~oco. But this follows directly from the fact that

S 3 Bl (X, X, ) < il (i)}



= (7;;_11)! > Y Hhi( Xy -y Xiv) < Hp (Pi3)} (3.23)

A similar argument gives the desired convergences for the other elements of the covariance matrix in
(3.12). This completes the proof of (3.2).

Next we establish the a.s. rate of convergence asserted in (3.3). Our argument follows the pattern
of proof given in Theorem 3.1 of Helmers, Janssen, Veraverbeke (1992). Quite similarly, we write

sml)lPN(N2 - <y)-PWNEE-E) <y)l< ZLN (3.24)

i=1

where, for some suitable constant K > 0,

P -1 -1
Ly = sup IPfI(N%(ﬁ* - ) <y) - 20, m2DH; EDH;)I ' (3.25)
flyli<K(og N)Z
* (AL fx _ F 2y—% ~%
Ly=  suwp |PR(N¥E -£) <)~ 2(y;0,m Dy; Y Dg;)l (3.26)
flyll>K(log N) 2
and
- -1 -1 v
Ion = sup |P(N*(€ - €) < y) - 9(y;0,m* Dy} Y D)l (3.27)
where || - || denote the euclidian norm in R*?. Because of Theorem 2.1, relation (2.4), we know that

Iiy = O(N~™ ) To treat I,y we apply exactly the same argument as was employed in Helmers,

Janssen, Veraverbeke (1992) at a similar point, to establish that Iy = O(N~2 £), a.s. [P], as N — oo.
To show finally that

Iy = O(N~(log N)¥)
a.s. [P], as N — oo we combine the fact that

sup IVN(pi; — Hr,;(Hr, (9i5) + i N™) — yijhm, (6:i(pii))| = O(N 1 (log N)¥)
l3:51<K(log N) 3

a.s. [Pl,as N — oo, fori =1,...,k, j =1,...,q, together with Theorem 1.16 of Gétze (1987) with
(3.21) and (3.22). O

Theorem 3.1 extends results of Singh (1981) and Helmers, Janssen, Veraverbeke (1992) to a wide class
of multivariante generalized quantiles, i.e. to multivariate U-quantiles.

4 EXTENSIONS AND EXAMPLES

It is well-known (see, e.g., Bickel and Freedman (1981)) that ‘the bootstrap commutes with smooth
functions’. In view of this the following useful result is not very suprising:

COROLLARY 4.1. Suppose that g : RF! — RE is continuously differentiable in a neighborhood
of &€ = (&i(i)y i = 1,...,k, § = 1,...,q) with &;(pi;) as in (1.8). In addition, suppose that the
asumptions of Theorem 3.1.a. are satisfied. Then, for almost every sample sequence Xi, X, ...

sup |P% (v/n(g(€%) — 9(€)) < 9) — P(VN(9(€) — 9(£)) < 9)| = 0, as N = o0 (4.1)



9

ing the pattern of the proof given by Bickel & Freedman (1981) (4.1) is easily verified
), a Taylor expansion argument, and the fact that § = £ as [P],as N — oo (cf.
Helmers, Janssen, Serfling (1988)) as well as :

) in P*—probability (4.2)

» 00. To verify (4.2) we need the requirement that £ is uniquely determined. But this
quence of the local smoothness assumption on Hp. O

1t which the sup in (4.1) approaches zero is easily checked to be O(N-3(InN)%),
t more stringent smoothness assumptions on g and Hp. Because all of this is fairly
in view of Theorem 3.1.6 and Corollary 4.1 we omit further details.

a few specific examples of multivariate U-quantiles. In the first of these we take ¢ = 1,
1) = z and obtain the k-vector of ordinary marginal p-th sample quantiles. Similarly,
m =2, hy(z1,z2) = (21 +23)/2 we obtain the k-vector of marginal Hodges-Lehmann
ors, whereas the choice ¢ = 1, m = 2, hy(2;,z;) = |z1 — z2| gives us the k-vector of
'spread proposed by Bickel and Lehmann (1979). In each of these cases Theorem 3.1
bootstrap works.

2 of examples is obtained by taking ¢ = 2. For example, let us take all p;;’s equal to
1,%2) = (z1 + z2)/2 and ha(x1,z2) = |o1 — @3|. In this set up £ becomes a vector
[ k pairs of (marginal) estimators, the first component is the Hodges-Lehmann location
he second one the Bickel-Lehmann estimator of spread. Again, Theorem 3.1 can be
1 that the bootstrap approximaltion is asymptotically valid in this case too.

umple gives an application of Corollary 4.1. We take g=3 m=1, hi(z) = =z,
n=3,P2=1ip3= 3, i=1,...,k and let g : R3* — R* be the map which sends
al (i1, &ia, &i3) of € into &1 /(Ein — €i2), i = 1,...,k. The resulting estimator is the
sinal sample medians divided by the marginal sample interquartile ranges. Corollary
the bootstrap also works here. Of course one can easily supplement this example
8! e.g. one may consider a linear combination of a fixed number of marginal ordinary
1 in each component or ~ to give another example — consider the the quotient of the

extimator of spread and the Hodges-Lehmann location estimator in each component
d ‘coefficient of variation’).
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