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Complex Functions in Queueing Theory

JW. Cohen
cwi
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

Summary

Pollaczek's queueing-oriented research dates mainly from the 2nd quarter of the present century. His
analysis of the GI/G/1 queueing model was and still is significant from a methodological as well as an
applicability point of view. Techniques from the theory of Complex Functions constitute the core of
his analysis.

The advances in Probability Theory and in the Theory of Boundary Value Problems for analytic
functions, which became known in the third quarter of our century have provided a wider context for
the analysis of the GI/G/1 queueing model. The present study exposes the analysis out from these
backgrounds.

For the time dependent as well as the stationary case this approach leads to the formulation of Riemann
Boundary Value Problems. The analysis of it for the stationary case is exposed and its solution is derived
under slightly weaker conditions than originally considered by Poliaczek.

1991 Mathematics Subject Classification: 60J15, 30E25.
Key Words & Phrases: GlI/G/1 queueing model, Boundary Value Problems, analytic functions, Pol-

laczek's integral equation.
Note: Part of this research is supported by the ESPRIT BRA QM IPS

1. INTRODUCTION

The title of this contribution to the Pollaczek memorial volume is derived from a publication of
Pollaczek [13] in 1946. In the title of that paper we read “... application de la théorie de functions ...”.
Before the second World War “théorie de functions” in French, or “Funktionen theorie” in German
indicated the theory of complex functions. Among queueing theorists it is well known that Pollaczek’s
unweary efforts have shown that the theory of complex functions provides tools and techniques which
are of basic importance for the analysis of waiting time phenomena. From a methodological as
well as a technical view point Pollaczek’s work has been critisised rather sharply, see [9], and the
discussion in [26], p.28; the commentator is a young promising scientist educated in the English school
of probabilists, the critisised a man already in his seventies well versed in classical hard analysis and
matured in prewar continental circles of applied mathematicians. The critique not without elements
of admiration and appreciation for Pollaczek’s achievements in queueing analysis was, and rightly
so, not appreciated by him as the present author learned from one of Pollaczek’s letters in 1969.
Their conflicting opinions concerned the appropriate approaches to the analysis of queueing models,
and after twenty five years it is of some interest to consider again these opinions. Kingman, cf.[9],
p.16, states that Pollaczek’s approach “disguises simple algebra as complicated and deep analysis”
and objects the exclusion of probabilistic arguments. Pollaczek, cf.[16] p.38, deems the potentiality of
such arguments too weak and considers analysis to be the appropriate tool. In [9] Kingman outlines
an algebraic approach.
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For a good understanding of Pollaczek’s research one should know that his ultimate strive has
been the analytic description of the congestion phenomena in a many server queueing model with
unspecified distributions of service and interarrival times. This model was and still is of great interest
for the performance analysis of trunk groups in telephone systems. Pollaczek has spent a huge effort
on the analysis of this GI/G/s model, and that under often very difficult personal circumstances.
After having published his monograph [15] in 1961 he continued the analysis of this model for many
years. His monograph [14] dating from 1957 concerns the single server model GI/G/1.

Pollaczek’s first teletraffic study stems from 1930, and he belongs together with Kosten, Palm
and Vaulot to the second generation of queueing theorists; Erlang and Molina are the prominent
members of the first generation. The studies of the first generation concern mainly models with
negatively exponentially distributed service and interarrival times. Pollaczek has to be credited for
the development of the analytical techniques for models with unspecified distributions. Quite some
basic thinking was required to formulate the queueing models with unspecified distributions as well
posed mathematical problems. Once formulated the mathematical problem was not easily classified
within the then existing literature on theoretical physics or applied mathematics; much pioneering
work had to be done.

Queueing phenomena are usually phrased in terms of waiting times, queue lengths and server loads.
These characteristics are modelled as nonnegative stochastic variables, and so their distribution func-
tions possess Laplace-Stieltjes transforms. Let f(s) be the Laplace-Stieltjes transform of a probability
distribution of a nonnegative stochastic variable. Then f(s) is well defined for Re s > 0, it is a
uniformly bounded continuous function in Re s > 0 and, a regular function in Re s > 0, so it is
here continuously differentiable, moreover f(s) has a finite limit for |s| — oo, |args| < %1!'. Such a
L.S.-transform is a very manipulable function. Frequently, its domain of definition can be extended
into Res < 0 by analytic continuation, apart from points where the extension may have isolated
singularities, usually poles and branching points. These properties of L.S.-transforms are the main
reasons {o analyse queueing characteristics in terms of their L.S.-transforms rather then directly in
terms of their distributions, and as such the theory of complex functions enters queueing analysis.
Experimental analysis and, presently, simulation analysis by using high spead computing machinery
are approaches in which only the distribution functions are needed, these techniques have their own
merits and difficulties.

The theory of complex functions is well developed and with its introduction in queueing analysis a
very sharp and efficient tool became available. However, a price has to be paid. The determination
of the distribution from its L.S.-transform requires the evaluation of a contour integral of a complex
function if detailed information concerning the distribution function is needed; its moments can usually
be obtained by simple differentiations. Presently, unfortunately, the theory of complex functions is
not very popular and complex integration seems to be feared. In this book Feller [7] avoids the
presentation of the standard and most powerful inversion formula expressed as a contour integral.
It should be stressed that presently the numerical evaluation of contour integrals is in general not a
difficult problem, cf.[1].

Pollaczek handles the theorems on complex functions masterly and his analysis of the single server
model [14] is effective and beautiful, the more so when considered in the context of the literature of
his time. His studies are written with great care for the mathematical details. The complexity of
the GI/G/s model, cf.[15], requires an intricate notation and leads to complicated formulas and long
chained repeated contour integrals (characterised in [6] p.15 as a dazzling series of manipulations).
Despite of these difficulties his research has led to results which are presently well accessible for
numerical evaluation, as it has been shown by de Smit [17], [18]. The inherent dificulties of the
GI/G/s model, Pollaczek’s endeavours for reaching calculable results, and also his rather arduous
style of presentation make his analysis difficult to read, and have unfortunately discouraged many
a reader. The technical critique in [9] originates from these points. Concerning the methodological
critique see section 4. We first discuss in the next section the derivation of the functional equation
for the wp,-process; in section 3 that equation, which actually formulates a Riemann Boundary Value



Problem, will be solved. Its solution leads to a new formula for the L.S.-transform of the stationary
waiting time distribution valid under very weak conditions and as such it is a refinement of Pollaczek’s
classical result, cf.[14], p. 80; section 3 concludes with a derivation of Pollaczek’s integral equation. In
the appendices some background concerning principal value integrals is exposed, and an asymptotic
formula is derived, which is needed in the analysis of the boundary value problem.

2. THE FUNCTIONAL EQUATION OF THE WAITING TIME PROCESS

In this section we shall present the derivation of the functional equation for the waiting time process.
The structure of this derivation is essentially based on the new insights in the theory of stochastic
processes which have been developed and obtained since the late fifties. Pollaczek’s famous integral
equation follows readily from this functional equation, see section 3, and as such the analysis to be
presented will confront the reader with the basic ideas behind this integral equation and also with its
classification in the context of the theory of integral equations.

For the GI/G/1 single server model denote by:

i. Tm the service time of the mth arriving cumtomer; (2.1)
ii. Om41 the interarrival time of the mth and (m + 1)th arriving customer;
iii. Wy, the waiting time of the mth arriving customer.
Here {Tm,m = 1,2,...} and, similarly, {o'm+1,m = 1,2,.. .} are sequences of independent, identically
distributed, nonnegative stochastic variables, and these sequences are independent families.
The L.S.-transforms of the probability distributions of 7, and o'y are defined by:
Blo) ==B{e"}, alp) i=E{ePT1}, Rep20, (2.2)
7(p) := a(~p)B(p) = B{e P(T==Tm+1)},  Rep=0.
In the following derivations it will always be assumed that
i. B:=E{rm} <oo, a:=E{om1} < oo, (2.3)
i, wy=0;

note that {2.3)ii implies that the first arriving customer meets an empty system.
Denote by n the the number of customers served during the first busy cycle, so that

n :=min{fm: wp =0 m=12..} (2.4)
=00 if W1 >0, m=1,2,..., )
With the notation
[z]* := max(0,z), =z real, (2.5)

Pollaczek formulates the structure of the waiting time process {w,,,m =1,2,...} as
Wil = Wi + T — Opua]t, m=1,2,.... (2.6)
So from (2.4) and (2.8),

i wy =0, (2.7)



Wbl = Wm + Ty — Oy for m=1,2,...,n—1,
Wn+1=0,
ii. i=-(wn+Tn-ony)>0;

here i is obviously the first idle period of the queueing process.
With

Ym = Tm —Omi1, m=12..., (2.8)

it follows from (2.7): for Rep > 0, |r| < 1,

n n n-1 n-i
Z PP PWm oy Z P PWem — o g rme PWmit —p g p rme—P(Wut,)
m=1 m=2 m=1 m=1

n n )
r4r Z [,,,me-P(Wm+’7m)] — pB+1—p(Wn+7n) — Z [rme—p(W.,.+’7m)] + T[i _ rnepl]’
m=1 m=1
or

n L3

Z rme PV (] —re P Tm) = [l — rfefl]. (2.9)
m=1

The relation (2.9) is an identity, it holds for every sample function of the W,-process. From this
identity we obtain the functional equation (2.10) for the waiting time process.

THEOREM 2.1. For the waiting time process {wm,,m = 1,2,...} with w; = 0, the functional equation
reads: for |[r| < 1,Rep =0, . '

[1=ry(e)] B{ Y r™e W} = o1 — rlteel], (2.10)

m=1
PROOF. For the indicator function of an event A we shall use the notation (4), ie.,

(4):=1 if A occurs,
=0 ,, A does not occur.

(2.11)
All the expectations in (2.10) exist for |r| < 1, Re p = 0, and so from (2.9): for |r| < 1, Rep =0,

r[l ~ B{rPerl}] = B{3 1me=rWn[1 — re=#Tm]} = (2.12)

m=1

B{) e Wr(n2m)l —rePm]} = 3 B{rme "W (n > m)[1 — re PVm]} =

m=1 m=1

[1=rB{e™?T}] 3 B{rme " m(n > m)} = [1 - ry(p)}B{ ) e*"m}.

m=1

Here the first equality follows from (2.9); the second equality in (2.12) follows from the definition of



2.11). Because for Rep = 0,
1> m)[l —re”PY=]| < 2r|™, m=12,...,

hird member of (2.12) converges absolutely for |r] < 1, Rep =0, i.e., summation and
be interchanged, and this motivates the third equality. The fourth one results from
e of wp, and 7,,, cf.(2.1), (2.7)i and (2.8); the last one follows again from (2.4) and
.10) has been proved. a
iders in his research the function Y oo, r™E{e™#W=}. Put

PL:

v r™E{e W (wy =0)}, |r|<1l, Rep>0. (2.14)

Ly

quation for &(r, p), is formulated in the following theorem, cf. (2.16).

For the w,,-process with w; = 0:

1
— _BE{rme W > 0. 2.15
—E{rn}E{r e }, |l <1, Rep>0 (2.15)

. 1 3

Mr,p) = r_tm[l ~B{re”}], |r|<1, Rep=0. ‘ (2.16)
sly (2.16) follows immediately from (2.10) and (2.15), so it suffices to prove (2.15).

t idle time expires the then arriving customer meets an idle system, similarly, as the

(2.3)ii. Because the distributions of service and interarrival times are independent of
nts, i.e. of m, it follows; for |r| < 1, Rep > 0,

W (wy =0)} ~E{)_ rmeVnl=E Y rmefVr}= (2.17)

m=1 m=nN+41

[).e—-me—i—n} = E{rn}E{Z rme—qvﬂfv,.,+lf1} —

m=1

r™e”FWm (wy = 0)}.

i Jv

t one equality follows from the independence of n and Wy 4n, cf.(2.1), (2.4) and (2.7).
7 follows from the fact that of the two sequences

22,...} and {Wpin,m=12,..}

{Wm,m € M} and {Wp1n,m € M} of stochastic variables, with M a finite subset
re the same |M|-dimensional joint distribution for every M with |M| < oo, | M| being
lements of M. The absolute convergence of the sums in (2.17) follows as in the proof
c£.(2.13), and it is seen that (2.15) follows from (2.17). O

point in the analysis of the wy,-process is the investigation of the distribution of
>. In investigating this limit it is necessary to distinguish between the cases where
w1, cf.(2.8), has or has not a lattice distribution, cf.[2], p.284. Here we shall only



Y 15 not a lattice variable; (2.18)

it includes the case with 7., or &'ppy1 having a continuous distribution, as considered by Pollaczek,
cf.[14], p.121.
By using renewol theory it may be shown, cf.[2], p.363, and [3], that (2.18) implies:

if E{n} < co then W(w) := limm_.co Pr{wm < w} ezists for all w € (0,00) and W(w) is a true
probability distribution, i.e. W(w) — 1 for w — oo, (2.19)

Hence if n has a finite first moment (so that then n is necessarily finite with probability one) we
may define a stochastic variable w of which the distribution WY(-) is the limiting distribution of the
sequence {Wy,m = 1,2,...}; and from Feller’s convergence theorem for L.S.-transforms, cf.[7], [2], it
then follows that

®(p) ;= Ef{e "V} = limooE{e"”W”‘}, Rep 20,

®(0) = 1. (2j20)

The following theorem formulates the functional equation, see (2.22), for the limiting distribution
W(-) of the waiting time process.

THEOREM 2.3. If E{n} < oo and (2.18) applies then:

1 Y
®(p) = 'E_{—n'}'E{; e }, Rep>0. (2.21)
(L= 1(P1(p) = sl ~E{e)], Rep=0. (2.22)

PRrooF. From: for |r| < 1,Rep >0,

B{Y " rmeWn} < B{Y [rmemr™n} <B{Y 1} = B{n}, - (2.23)
m=1

mz==1 m=1

it follows that if E{n} < co then we may take in (2.10) the limit for r 1 1 and interchange this limit
and E, and so we obtain: for Re p = 0.

[ = v(E{Y e 7?7} = 1 — E{erl). (2.24)

m=1

An Abelian theorem, cf.[2], implies that if E{e"?W=}, Re p > 0, has a limit for m — oo then the
following limit exists and for Re p > 0,

@(p) = lim(1 —r)&(r, p). (2.25)
Because
Hm 1B = E{n},

11 1—7r

the relation (2.21) follows from (2.25), and (2.22) follows from (2.21) and (2.24), and so the theorem
has been proved. 0



3. THE BOUNDARY VALUE PROBLEM
In section 2 we have derived the functional equation (2.22), i.e.,if E{n} < co and (2.18) holds then:
for Rep =0,
1

[1 - ¥(p)2(e) = g ~E{e’!}]. (3.1)

From the definition of ®(p) and E{e”i}, cf. (2.20) and (2.7)ii, it follows that:

i. ®(p) = E{e~*W} is a regular function of p for Re p > 0, which is continuous for Rep > 0;  (3.2)

i. E{e”i} is a regular function of p for Re p < 0, which is continuous for Rep < 0.

The relation (3.1) together with the conditions (3.2) formulate a boundary value problem for the
unknown functions ®(p),Re p > 0, and E{e”'}, Rep < 0. It is actually a Riemann Boundary Value
Problem with the line Re p = 0 as the line of discontinuity, cf.[8], [12].

REMARK 3.1. Similarly, the relation (2.16) formulates a Riemann Boundary Value Problem, in the
conditions (3.2) ®(p) and E{e?'}, should then be replaced by

&(r,p) and E{rferi}
for fixed r with |r] < 1. O

The boundary value problem formulated in remark 3.1 has actually a somewhat simpler structure
than the one described by (3.1), and (3.2), this being due to the fact that in (3.1) the coefficient of
&(p) is zero for p = 0, whereas that of &(r, p) in (2.16) differs always from zero for Rep=0,|r] <1,
and as such the boundary value problem formulated in remark 3.1 can be analysed by the standard
technique, cf.[6].

In the present study we shall analyse the Riemann Boundary Value Problem formulated by (3.1)
and (3.2) under the following conditions:

i. E{n} < oo; (3.3)

i 0<6 = lim [y <1,
Heeso

.  E{vm['t%} < o0 fora 8 >0;
. () — (&) < Al — |5 g 00, Re &=0, j=1.2,
B

0 <83 <1, A aconstant.

REMARK 3.2. Note that (3.1) is based on (3.3)i, cf. theorem 2.3. The condition (3.3)ii implies that
v, is not a lattice variable, cf.[11], so (3.3)i, ii, imply the validity of (3.1). The conditions (3.3)ii, iv
are introduced o guarantee the existence of several principal value integrals, see lenma A.l and the
validity of the Plemelj-Sokhotski formulas, cf.(3.6). Note that (3.3)iv implies the existence of the limit
in (3.3)ii and hence excludes the case that Pr{y,, = K} > 0 for a finite K # 0; concerning (3.3)iv, see
also [7], section XV .4, O

LeMMA 3.1. The conditions (8.3):, i imply



i B{i} = (a~ B)B(n}, (3.4)
i oa>8. |
PROOF. From (2.20) we have ®(0) = 1, and from (2.2) and (3.1) it follows that

lim —Il;[l - E{e”i}] for p—0, Rep=0,

exists and so a simple calculation leads to (3.4)i. Because i > 0, cf.(2.7), it follows that a > f.
Because ,, is not a lattice variable, cf. remark 3.2, it follows from (3.3) that Pr{vy,, # 0} > 0, and
so Pr{i =0} < 1, hence E{i} > 0,i.e. a > 8. o

REMARK 3.3. The relation (3.4) also follows from, cf.(2.7),

n
i=— Z('Tm—a'm+1)a
m=1
by applying Wald’s theorem, note that n is a stopping time for the sequence {Tm — Opmp1,m =
1,2,3...}.

We next start with the analysis of the boundary value problem formulated by (3.1) and (3.2). Put

_ 1 or L2E)
HO) = 5 freem " B ) B

for arbitrary finite p. From lemma A.2 it is seen that this integral is well defined if (3.3) holds, and
that its integrand satisfies the Holder conditions on Re ¢ = 0, cf.(3.3)iv and [8], section 4.6. Hence
the following limits exist and the Plemelj-Sokhotski formulas hold, i.e., for Re p =0, |p| < oo,

d¢, (3.5)

- = lim = -—l o _1—-—7(_.’1
(e = Yim H() = ~3log 75000 + H(p) (3.6)

. 1. 1-7(p)
H*(p) = lim H(t) = log 1" + H(p),
Re <0 27 (B=a)p

- 1~
H*(p) - H™ (p) = log (——7—@,
B—a)p
and H(p) is regular for Re p > 0 and for Re p < 0, continuous for Re p < 0 and for Re p > 0.

REMARK 3.2, Actually the ﬁrincipa.l branch for the logarithm in (3.5) and (3.6) should be specified,
but from the following analysis, it is readily seen that the choice of this principal value is irrelevant
for the results to be derived, see (3.11), O

From (3.4)i and (3.6) it is seen that (3.1) may be rewritten as: for Re p=0,

- 1- E{e”i} +
B(p)e T () = _ LT -H¥(p) 3.7
) —pE{i} : (3.7)

Put



Z(p) = ®(p)e H), ' Rep >0,
1- E{epl} —H(p) (3-8)
" 0.
—m——pE{i} e , Rep<

From the definition of ®(p) = E{e~?W}, ¢f.(2.20), and from (3.5) and (3.6) it is seen that Z(p)
is regular in Re p > 0, continuous in Re p > 0, similaly, it is regular in Re p < 0, continuous in
Rep < 0. Hence it follows from (3.8) that Z(p) for Rep < 0 and for Rep > 0 are each other’s analytic
continuations. We next consider Z(p) for |p| — oo.

From (2.20), (3.6) and lemma A.2, we have

lim ®(p) = Pr{w =0}, lim |H(p)| < oo, (3.9)
Re p0 Re p0
et _
lim |5—1-'3E—){$}-}e‘°w[ < oo, lim [®(p)e~# (M| < oo,
Re p<0 P {1 1-!{2;:0
— Efefl
lim Il__r_g{_e-_le—ff“(m < oo.
Re p—oo —’pE{l}
Re p=0

Consequently, Z(p) is uniformly bounded in p and hence by using Liouville’s theorem, cf.[19], it is a
constant, say, D so

B(p) =eFPD, Rep >0,

i - 3.10
' =¢H P p, Rep =10 (8.10)
1 - E{Epi} _ H(p)
i PR =e D, Rep >0,
=eH" (D, Rep=0,
and
D=1,
because ®(0) = 1, cf.(2.20), and H (p) = 0 for p = 0.
THEOREM 3.1. For the conditions (8.3) holds,
1 / 1—7(§) P
i. ®(p)=E{e"W}= 32"“ Re.g=o{ 8- 0‘)5}(5 -p) , Rep>0,
1 / 1-9(£), »p
- i - log d¢
o LB h o Ml T Rep<o,
- pE{i}
PROOF. The relations (3.11) follow immediately from (3.5), (3.10) and (3.11). o

REMARK 3.4. Theorem 3.1 represents the solution of the Riemann Boundary Value Problem for-
mulated by (3.1) and (3.2) with ®(0) = 1. From the derivations above it is readily seen that (3.11)
is the unique solution of this boundary value problem. The importance of the present result is the
fact that the relations (3.11) represent under fairly weak conditions the Laplace-Stieltjes transforms



butions of the waiting time w and the idle time i in terms of an integral of 7(p), the
m of the distribution of 7, — 6',n41, and as such the derived formulas are new. o

5. Because ®(p) — Pr{w = 0} for |p| — oo, arg|p| < ;7 we can obtain an expression for
); however, it is in general not permitted to exchange in the integrals of (3.11) integration
t for |p| — oo. ]

5. Suppose that 8(p), cf.(2.2), is regular for |p| < € for some € > 0. Actually, this implies
ient of 7, are finite, and that B(p) is regular for Re p > —¢, cf.[11], so we have that v(p)
: —e < Re p < 0, which implies that

1-9(§), pdé 1 / 1-9(§), pd¢

1 = lo 3.12
R Al SN T Ty (3:12)
by using Cauchy’s integral theorem.
1gain Cauchy’s theorem with a contour in the half plane Re ¢ < 0 it follows that

p
lo —a)}s——>dé =0 for Rep>0, 3.13
€=o_{ g(8 )E}(£ mysY: P (3.13)
, (3.12) and (3.13) it follows that: for Re p > 0,
1 p

— log(1 — y(€)} ——=d€
o 2mi Re,;-:o_{ &l ( )}(E—p)€ , (3.14)

t (3.27) has originally been obtained by Pollaczek [14], p.80. He bases his derivation on
ions that the distributions of 7, and o,,41 are both continuous, that they have L.S.-
rhich are both regular at p = 0, and that o — § > 0; note that these assumptions imply

15 (3.3). o

7. For the case that a(p) or B(p) have rational L.S.-transforms, see [2], section IL5.10,
(]

onclude this section with the formulation of Pollaczek’s integral equation.

.2. POLLACZEK’S INTEGRAL EQUATION.

regular at p = 0 then: for |r| <1, Rep >0,

r P
e 1) e(r,¢) d¢ +r. (3.15)

(£—p)

{(p) is regular of p = 0 then a ¢ > 0 exists such that a(—¢) is regular for Re ¢ < ¢, and
‘e also regular. Consequently, it is seen that the lefthand side of (2.16) can be continued
into 0 < Re p < ¢, which implies that the righthand side of (2.16) can be continued
nto 0 <Rep <e s0: for 0 <Reé <, [r] < 1,

Dle(r ) =

271 Jge £=0+

ﬁ;ﬁ?{l — E{rRetl}]. (3.17)

it follows for 0 < Re{ < ¢, Re{ < Rep, |r| < 1,

—_r P -————p =
Lot ot



11

—r — EfpBetl |4 ) .
1—E{r0}2mi /Re £=0+[1 B{ }]——(£ - p)EdE (3.18)

Because E{eei} is regular for Re¢ < 0, it follows by using Cauchy’s theorem to evaluate the second
integral in (3.18), that it is equal to the residue of its integrand at £ =0 and so for 0 < Re p,

1 p
— -7 B(r, ) ——=zdE =n;
Y Re&z%[ 7(6)]1%( )(E sy 3
and this leads again by using Cauchy’s theorem to (3.15) for 0 < Rep. |

4. BEPILOGUE

In the two preceding sections the present approach of the waiting time process for the GI/G/1 single
server model has been exposed. The results of the theory of Regenerative Processes, of Fluctuation
Theory and those of the theory of Riemann Boundary Value Problems are here of basic importance
and lead to a fairly simple set up of the analysis of the waiting time process. Around the mid sixties
the significance of Regenerative Processes and Fluctuation Theory had been generally acknowledged
in probabilistic circles. About ten years earlier the theory of Riemann Boundary Value Problems
became known, mainly as a result of the research in continuum mechanics by the Russian school. In
the late seventies it was discovered that problems in Applied Probability could be formulated as such
boundary value problems,

Pollaczek started his research of queueing problems with unspecified distributions of service and
interarrival times in the early thirties and at that time the theories mentioned above were not available,
at best only in a very rudimentary form. By using Heaviside's formula for the representation of the
unit step function by means of a contour integral, Pollaczek succeeded in transforming the sample
function relations of the wm,-process, cf.(2.8), into a functional equation, and so complex functions
and contour integrals entered in the analysis, cf. theorem 3.2. He further succeeded in solving this
integral equation under fairly mild conditions, conditions, which are fully acceptable from a view
point of application in engineering. In his comments on the discussion of his paper [16] he expresses
his opinion that the analysis of his integral equation should be fully carried out within the theory of
complex functions. Only so the subtle points can be understood which occur in the search for analytic
results accessible for numerical evaluation; here he deemed probabilistic arguments not to be of much
help.

An approach as outlined in the two preceding sections was not within reach of the research of
the sixties for the reasons outlined above; the methodological critique by Kingman [9] in 1966 on
Pollaczek’s work of 1957 and 1961 cannot be justified. The more so since the algebraic approach
suggested in [6], although elégant, did not appear very efficient, as time has learned, neither does
it contribute to an improvement of Pollaczek’s results, i.e. a weakening of the conditions for their
validity, such as the regularity conditions of the L.S.-transforms at the origin. Kingman’s algebraic
approach does not reveal clearly the technical difficulties encountered in the analysis of the many
server model GI/G/s, again the use of the theory of complex functions is here a more appropriate
tool. Pollaczek has shown how to handle and apply these tools. He has done here much pioneering
work, work of great benefit for the third generation of queueing analysists and work of merit for
engineering.

APPENDIX A.

In the discussion of section 3 we use several concepts from the theory of complex integration, in
particular principal value integrals. We shall briefly discuss them here; for details the reader is
referred to [6], [8], [12].

Let ¢(z) be a bounded, continuous function of the complex variable z = u +iv, a < v < b. Define:
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for Re z = u,

u+ib uti(v—§) u+ib :

+ia f -z flO 2’1f1 +ia +i(v+€) £~z

if the limit exists. Then the singular integral in the lefthand side of (a.l) is said to be defined as a
Cauchy principal value integral at z = u 4 iv; for Re z # u this integral is called the Cauchy integral
of #(-).

Tt may be shown, cf. [6], [11], [12], that the limit in (a.1) exists if u(2) satisfies on [u + ie,u +ib]
the Hélder condition, i.e. there exist positive constants A; and gy with p; < 1 such that

|$(21) — ¢(22)] € Alzr — 2|, (a.2)

for all 2; = u+ivy, 2o = u +ivg, with vy, vz € [a,b]. In particular the Hélder condition holds if ¢(z)
is differentiable in this inferval.

For the case: @ = —00, b = 00, and Re z # u, define
1 u+tico ¢(£) 1 u+iR ¢(£)
o im o— d 3
2mi /,,_m E—z = g o /u_m t-2 3 (2.3)

if this limit exists. Then the integral in the lefthand side of (a.3) is said to be defined as a Cauchy
principal value integral at infinity.
For Re z = u the integral in (2.3) is defined by:

—1-7 /u+loo (£) dE b _—{ /u-l-l(v ) /:H-iR ) () . d)

27 fy_joo € E—c0 €0 27i —iR +i(v+e) §—=z

if it exists.
Suppose that ¢(z) satisfies the Holder condition then the following limits exist and relations hold:
for z=u+iv,a <v<b,

A*() = lim A(E) = 39(2) +A(2), (a.5)

Ret<u

A~(2)= fm A) =—54() +AG),

Ret>u
A*(z) = A™(2) = 4(2);

they are the so called Plemelj-Sokhotski formulas. These relations also apply for the integral defined
in (a.3) if for |z1], |22|, sufficiently large
1
[$(z1) — ¢(22)] < 42 #a, (a.6)
< Al = g

with A, and p, positive constants and 0 < pa < 1, cf.{8], p.37.

LEMMA A.l. IfE{}v,.['"%} < 0o for a 63 > 0 then
f(€) :=log 1;57‘(9: Ref =0,

satisfies the Holder condition on any segment on Re ¢ = 0 with finite endpoints.
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PROOF. From [10] p.199, we have for 0 <8, < 1, Re¢ =0,

L) g gosng BlITm = omid 2} 16

13 B~a 1446 r Ki=0,

s0
F€)=¢534; for £ —0,Reé =0, (a.7)
here 8’ and A3 are constants. We have, e.g. cf.[8], p. 57,
€17 — &% < |& - &%,

and so (a.7) implies that on Re¢ = 0 a neighbourhood of ¢ = 0 exists where f(¢) satisfies the Holder
condition, cf.(a.2). Further, the differentiability of f(£) at every finite point £ # 0 with Ref = 0 implies
that it satisfies the Holder condition on every segment of Re£ = 0, £ # 0, with finite endpoints. Since
f(€) also satisfies the Holder condition in a neighbourhood of £ = 0, Re¢ = 0, the statement has been
proved, the Holder exponent p being equal to 65. |

LEMMA A.2. Under the condition (3.3)s,
1. the integral

_ b e L7 7€)y p a
Hl(p) -~ 2 Ref-_—o{l g é- }(f _P)gdé ( '8)

exists;

#. if condition (3.3)iv holds then: for |p| — oo,

Hi(p)= —logp + Ai(p), Rep<0,
= "%Ing + A2(p)) =0,
= Ag(P), >0.

1
here A;(p) are functions regular at [p| = oo, i.e. Aj(=) is regular at r = 0;
r

iti. if conditions (3.3)ii and iv hold then for any finite A > 0, with 6; as defined in (3.3)i,

1 d 1
i Jrig o8 =€} gZ = Shog(1=5)  for ol o0, Rep>0,

—0 for |p| — 00, Rep=20,

1
—+—§log(1—51) for |p| — o0, Rep<O.

REMARK a.l. Note that, cf. (3.5),
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1) = Ho)~los(B-a)yz [ T for Rep>0

= Hi{p) —log(B — a) 1 Rep>0

= Hy(p) ’s =0,

= Hi(p) + 5 log(8 - ) .o <o
Proor OF LEMMA A.2. For |p| < oo and finite B > 0 the integral O
= ;R{bg s (=9)

exists as a Cauchy integral for Rep # 0, and as a principal value singular Cauchy integral for Rep =0,
since the integrand satisfies the Holder condition, cf. lemma A.1. Because for [¢{| — co, Re{ =0,

1 log ¢
| —0 and
‘g_.pl 0 and | 3 |

- Oi (3.10)

the integrals
1 /“*z d¢ 1 [Ralog¢ de
— —— and =—— —
2mi Jfip, €(€—p) 2ri fin, € E-—p
with R; > 0, Ry > 0, both converge to zero for By — oo, Rz — oo, independently of each other, and

so the first statement has been proved.
To prove the third statement write with A > 0,

S S o1 (J N S . pd¢
) =5 [ U8 L e+ i [, o1~ OV g

L og} P
2ni /Az';:o{l 2=

The arguments used above show that all these mtegra.ls are well defined for |p| < co. It is readlly
verified that the following limit exists and

1 [ia 1—7(8), pdf |=|— _l_/m {log L:J_(_Q.}iiél < oo, (a.13)
3

| ot e a8 = T Jeeia :

for finite A.
The condition (3.3)iv implies that for Re {; =0,

(a.11)

(a.12)

[log(1 — (£1)) — log(1 — 7(£2))] < As Lis o<,

o
for |¢;] — oo and with A, a positive constant. Hence, cf.[8] p.33, [12] p.110, for |p| < co the integral

1
27i

Jips, fos = e} 2, (019

exists as principal value integral at infinity if Re p # 0, and if Re p = 0 also as a principal value
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singular integral at p if A < Im p < co. It is readily seen that the integral has a limit for lo] = o0
and that for A > 0, and §; as defined in (3.3)ii,

1 / e 1 / (E) df
- Jae ecoqlog(l ~— = = |ie-a{log
27t ?5]; o{ g( 'Y(f)) f P 2ri ITﬂe:oA{ 1 _ }
(a.15)
7l
] [ log(1—6
ot fiepag sl =5)
— log(1—6,) for |p| > oo with Rep>0,
-0 s |pl— 00 ) =0,
—->—%log(1—51) o oo, <0,
and so the third statement has been proved; and further we have from (a.15) for A > 0,
1 / P 1 / ¢
log(1l — e d€ 4 log(l -7 —_— = a.l6
27!' lilEfO{ g( (6))}€(£'—P) E 2t I\{SE:O{ g( (6))} 6 ( )

1
= 510g(1 —&61) for |p| = o0, Rep>0,
=0 1y 1P| —* 00, =0,

1
= —Elog(l —-61) . |p| = oo, <0.

We now complete the proof of the second statement.
To investigate the third integral in (a.12) write

with B > 0. The last two integrals in (a.17) can each be made arbitrarily small in absolute value for
R sufficiently large, uniformly in p, cf.(a.10).
To analyse the first two integrals put

n=- '%’; r= _%1 (a.18)
then

o [ eyl = L / {log - log(~1)) -, (2.19)

1A pd¢ _ 1 [7VA dn

o / L Gesty =i [ ogn—tog(-1))- 7

The asymptotic expressions for » — 0 of the integrals in (a.19) follow from appendix B, cf.(b.12} and
(b.21). Because in (a.19) and (b.21) the integration directions are opposite, “right” and “left” have
to be interchanged when using (b.21) in (a.19), and so it follows
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i/R i/A
lim lim — / / loqun = (a.20)
A—0 R—oo 211 —i/R 7 — )

= ~logr 4+ Ki(r), r EJ\:f(O) and Rer >0,

= —-;—logr + Ko(r), ’I‘E.A‘/.(O) ' =0,

= 0 + K3(1‘), TEN(O) ’ <0,
here j\'f(a,) is a punctured neighbourhood of the point g, ie., a ¢ N(a), and K;(r), j = 1,2,3, are
regular functions of r in a neighbourhood N'(0) of z = 0. Note that the contributions of log(—1) in

the integrands (a.9) are incorporated in K;(r). From (2.12), (a.13), (2.16), (2.17), (a.18), (a.19) and
(2.20) the relations of the second statement follow.

ApPENDIX B. b

We consider in this appendix the integral

Qulz) = — / log(r—¢) 1c (b.1)
2m Jp T2
1. ={{:Ima <Imf <Imb Ref =0},
a
Imea<Ime<Imb, Rea=Reb=Rec=0; (b.2)

1. the z-plane is cut along the imaginary azis from c via b to infinity, and this cutted z-plane defines
the logarithm as a single valued function.

The problem concerns the asymptotic behaviour of Q.(z) for z in the vicinity of ¢. The analysis of
this problem is based on the discussion in Gakbov [8], sections 8.2, ..., 8.5, 45.3. We first state results
to be found in [8]. By

N(z) and N(2),

we shall denote a neighbourhood and a punctured neighbourhood of the point z, so z € N (2),
z ¢ N(z). We successively discuss the cases, c=a,c=>band Ima <Imec < Imb.

i. The case c=a.
For this case we have: cf.[8], (8.27),

Qa(2) = wa(z,0) + AL (2), z € N(O\L, (b.3)
Q.(t) = —21-[w;'(t,a) +wy (La)]+A®), teN@)NL
with
Aga) (2) a function regular for z € M(a), (b.4)
w(2,a) = —4—fr-i10g2(z —a)+ %log(z —a), zeN\L (b.5)
Note that because of the cut from a via b to oo, we have: for t € N'(a) N L,

1 1
wi(t,a) = ~ log?(t — a) + -é-log(t - a), (b.6)



1 . 1 .
wy (ta) = —Z;r—i-[log(t —a)+ 2ri)® 4 3 log[(t — a) + 2]
o, 1
=~ log“(t —a)— 5 log(t — a),

1 1 _ 1
Ew;'(t,a) + Pt (t,a) = ——Z:,—r—i-logz(t —a).

ii. The case ¢ = b.

i7

For this case with the cut along L from b via a to —ioco, cf. [8], (8.8), (8.9), we have, cf. [8], (8.30),

(8.31),
D(2) = $2(2,0) + AP (2), z € N(B\L,
W)= 36560 + 56560 + AP, teNBNL,

with

AP (2) a function regular for z € N(b),

= L tog?(z — B) + Liog(z — ‘
$2(z,b) := e log®(z — b) + 3 log(z —b), z €& N(b)\L.
It follows
65 (6) = —= log?(t — b) + = log(t — b)
20 4mi 2 ’

é, (t,b) = ﬁ[log(t - b) — 27i]* + -;—[log(t — b) — 2]

1 1
= —log?(t — b) — — —b).
I o8 (t—0) 5 log(t — b)
iii. The case Ima < Imec < Imb.
Put

1 ® log(r ~ ¢)
Qo) =g ) Tre 0"

Qoc(2) 1= —-E—-/c_ Mdr.

1

2ni T—2

From case i with a replaced by ¢, cf.(b.3), (b.6),

Qafz) = wa(z,c) +A{(2), z € N(\L,
Qlt) = 30t () + 505 (6,0) + AL (1),
1 . .
=—Z7r—ilog2(t—-c)+Af,)(t), teN(e)nL.

(b.7)

(b.8)

(b.9)

(b.10)

(b.11)

(b.12)

(b.13)

In the present case log(z — ¢) has no discontinuity for z =t € (a,c), and the P.S.-formula yields,
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cf[8] p. 59,

QL (1) — On(t) =log(t —<), te€ I\{c}. (b.14)
Hence: for ¢ € N(c) N (a,¢),

QL) — QZ(t) = log(t — c). (b.15)

From case ii with b replaced by c we have using (b.7) and {b.11) for the value of Q,.(t) with ¢ on the
contour, independently of the solution of the cut,

Quelt) = —— log?(t — c) + AL (8). (b.16)
47
By applying the P.S.-formula for t € (a,c) we have
QF (1) + QL(8) = 2Q..() = Zfr—l log? (t — ¢) + 2A{9(2). (bA7)
Hence, from (b.15) and (b.17),
+ ) = 2 o 1 (@)
QF (t) = —log”(t — ¢) + = log(t — c) + A}7 (t), (b.18)
4mi 2 .
Qo (t) = L log?(t — ) — ~1—log(t )+ A9 ).
ae 4ri 2 1

Because log(z — c) is continuous to the left and to the right of ac, on (a,c), since ac is no part of the
cut, we have from (b.18): for z € N(c)\L,

1 1 c
Qoe(z) = mlog2(z —c)+ —2—log(z —¢) +A§ )(z), zleftof ac,

(b.19)
= Z:"I-Tl log?(z —¢) + —;-log(z —¢) = A2), zrightof ac.
From
2e(2) = Qae—(2) + Dy 4(2), . - (b.20)
we obtain with A{”(z) a function regular for z € M(c):
L Q.(2) =log(z—c)+A(2), z€N(c)\Lwithzleftof ac,
ii. = AL (z), z € N(c)\L with z right of ac, | (b.21)

1 .
i, = 5 log(t —c) + AP), teN(e)nL;

Here (b.21)i, ii follows from (b.19), (b.20) and (b.3)-(b.6) in which a has to be replaced by c, whereas
(b.21)iii follows from (b.20), (b.13) and (b.7) in which b has to be replaced by c.
The relations (b.21) describe the asymptotic behaviour of Q.(2) for z in a vicinity of c.
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