1992

B.P. Sommeijer

Explicit, high-order Runge-Kutta-Nystrém methods for parallel computers

Department of Numerical Mathematics Report NM-R9219 October

CWI is het Centrum voor Wiskunde en Informatica van de Stichting Mathematisch Centrum

CWI is the Centre for Mathematics and Computer Science of the Mathematical Centre Foundation



CWI is the research institute of the Stichting Mathematisch Centrum, which
was founded on February 11, 1946, as a non-profit institution aiming at the
promotion of mathematics, computer science, and their applications. It is
sponsored by the Dutch Government through the Netherlands organization
for scientific research (NWO).

Copyright © Stichting Mathematisch Centrum, Amsterdam



Explicit, High-order Runge-Kutta-Nystrom Methods
for Parallel Computers
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Abstract. The paper describes the construction of explicit Runge-Kutta-Nystrém (RKN) methods of
arbitrarily high order. The order is borrowed from an underlying implicit RKN method. For the
approximate solution of this method, an iteration scheme is defined. Prescribing a fixed number of
iterations, the resulting scheme is an explicit RKN method. The iteration scheme is defined in such a way
that many of the right-hand side evaluations can be done concurrently. As a result, explicit RKN schemes
of order p are obtained which require, on a parallel computer, approximately p/2 right-hand side
evaluations per step. Both in fixed- and variable-step mode, the schemes are compared with existing
(sequential) high-order RKN methods from the literature and are shown to demonstrate superior behaviour.

1991 Mathematics Subject Classification: 65M12, 65M20

1991 CR Categories: G.1.7

Key Words and Phrases: Explicit Runge-Kutta-Nystrom methods, predictor-corrector methods, parallelism, error
control

1. INTRODUCTION
Consider the initial-value problem for the system of special second-order, ordinary differential equations (ODEs)

(1L.1) y'(H) =f(t, y(1)), y(to) =yo, Y'(to)=Y'0,

where y : R - RN, f: R x RN > RN, and ty <t < tepg. In this paper, the ODEs are assumed to be nonstiff.
Problems of this kind are encountered in e.g. celestial mechanics. Quite often, the solution of (1.1) is required with
high precision; for that purpose integration methods of high order are most efficient.

A possible approach is to convert (1.1) into a (double dimensioned) system of first-order ODEs and to apply a
(high-order) Runge-Kutta (RK) method. However, since the right-hand side function f in (1.1) does not depend on y', the
use of a direct method is usually more efficient. An example of such a direct method is the (one-step) Runge-Kutta-
Nystrém (RKN) method.

In the literature, several high-order RKN methods have been proposed. Methods up to order 8 can be found in [1],
[2], [6], [11], and in [13] a method of order 10 is presented. A common challenge in all these papers is to reduce, for a
given order, the required number of f-evaluations per step. To illustrate that the use of an RKN method for the special
problem (1.1) is cheaper than an RK method for the corresponding first-order ODE, we mention that the RKN method
of order 10 constructed in [13] requires 11 f-evaluations per step, whereas all known RK methods of the same order need
(at least) 17 f-evaluations. Within the class of RKN methods with minimal number of f-evaluations, we are not aware
of methods of order higher than 10.

The present paper is concerned with the construction of explicit RKN methods of arbitrarily high order for which
the effective number of f-evaluations (or, effective stages) per step is approximately equal to half its order. Here, we
have to define what we mean by effective stages: let T be the CPU time (on a sequential computer) needed to perform
one evaluation of the right-hand side function f. Then an explicit RKN method is said to require M effective stages if
the total CPU time to complete all f-evaluations equals M-T.

For the methods presented in this paper, the low number of effective stages, relative to the order, is obtained by

exploiting the fact that many of the stages can be performed concurrently. Hence on a parallel computer these RKN
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methods are expected to be more efficient. In [15], similar type of methods have been constructed for nonstiff first-order
ODEs. In that paper, the effective number of stages equals the order. Hence, for second-order ODEs, the number of
stages can be reduced by a factor 2 by exploiting the special form of (1.1).

In Section 2, we discuss general RKN methods and define the construction of the low-stage, high-order, parallel
RKN methods. Furthermore, order results and stability characteristics are presented. Numerical comparisons with
existing (sequential) high-order RKN methods are given in Section 3. Here we measure the efficiency of the various
methods in terms of the number of effective stages for a fixed stepsize. However, a ‘realistic’ implementation of an
integration method requires the facility to change the stepsize, and possibly the order. Section 4 is devoted to this
subject. In changing the stepsize we need some error control mechanism. Common practice nowadays in explicit RK-
and RKN-based codes is to calculate a reference solution (in addition to the approximation to proceed the integration) by
means of embedding techniques. The idea of embedding is that both approximations share as many f-values as possible
to minimize the total number of required stages. Nevertheless, the number of stages in the ‘combined’ scheme is
significantly larger than in the case where the additional reference solution was not required. Following this approach,
Fehlberg [6] constructed a set of RKN pairs of orders p(p+1) (i.e., order p for the step continuation and order p+1 for
the reference method), for p up to 8. Other embedded RKN methods have been derived by Dormand and Prince [5] (order
7(6), requiring 9 stages), Fehlberg, Filippi and Grif [8] (order 10(11), requiring 17 stages), Filippi and Grif [9] (order
11(12), requiring 20 stages), and, by the same authors [10], methods of order p+1(p), where p runs from 7 to 10 and the
corresponding number of stages runs from 9 to 17).

In Section 4 we discuss how the parallel RKN methods can be equipped with an embedded reference solution,
without additional costs, resulting in an RKN pair of order p(p—2), with approximately p/2 effective stages. Based on a
simple stepsize strategy, we show the performance of these embedded parallel RKN methods and we make comparisons
with the sequential codes from the literature. In Section 5 we briefly discuss some possibilities for further improvement
of the efficiency of the parallel code and some conclusions are formulated in Section 6.

2. RUNGE-KUTTA-NYSTROM METHODS
For the numerical integration of (1.1) the general RKN method is defined by

S
2.1a) Yn+l = Yo + hy'n + B2, b fltg+cih, Y9,
i=1
S
(2.1b) Ys1 = Yo+ 0D, di f(ta+cih, Y,
i1
S
(2.1c) Yi=yp +cihy'n + hZZ ajj f(tp+cjh, Yj), i=1,..,s5,
i1

where yp = y(to+nh), h being the (constant) stepsize, bj, dj, aj; are real coefficients, and s is called the number of
stages. The method is conveniently represented by means of its so-called Butcher array

2.2) ’
bT
dr

where A=(ajj), b=(b1,....b9)T, c=(c1,...cs)T, and d=(dy,...,dg)T.
Definition 2.1. Let the locally exact solution y satisfy y(tpy)=yn and y'(tp)=y'pn. If

Yo+l = Y(tns1) = OPI*Y), y'ni1 — y'(tns1) = O(hP2+1),
then the RKN method (2.1) is said to be of order p:=min{p1,p2}. [l



2.1. Parallel, explicit RKN methods

In this subsection, we describe the construction of the parallel, explicit RKN method. For that purpose, it is
convenient to introduce a succinct notation for the general RKN method (2.1).

Introducing Y:=(Y1T,...YsD)T, e:=(1,..,1)T, and F(tge+ch,Y):=(fT (tg+c1h,Y1),...f T (tn+csh, Ys))T, the RKN
method (2.1) can be written as

(2.3a) Y+l = Yo + hy'n + h2 (bT®I) F(tpe+ch, Y),
(2.3b) Yo+l = ¥'n + h (dT®I) F(tye+ch, Y),
(2.3c) Y = e®y, + h e®y'y + h? (A®I) F(tpe+ch, Y),

where I is the NxN identity matrix, and ® denotes the Kronecker product. It should be observed that, for a general full
A-matrix, this method is implicit, which would require the solution of a system to find Y. Since we are aiming at
nonstiff problems, we will restrict our considerations to explicit methods, which correspond to a strictly lower
triangular A-matrix. Consequently, we only have to do f-evaluations rather than solving a system of equations. To
arrive at such an explicit RKN method, we propose the following algorithm:

@) select a fully implicit RKN method of the form (2.3) as the starting point (henceforth called the corrector);

(ii)  apply, say m, functional iterations to the equation (2.3c), and

(iii)  substitute the mth iterate into (2.3a,b) to obtain the approximation and its derivative at the next step point.
Thus we have defined the method

(2.4a) Y0 = e®yp + h e®y'y + h2 (A®I) F(tye+ch, YG-1), j=1,...,m,
(2.4b) Y+l = ¥n + hy'n + h2 (bT®I) F(tpe+ch, Y(M)), Y'n+1 = ¥n + h (dT®I) F(tye+ch, Y(m),

To start the iteration (2.4a) we need, of course, an initial approximation Y(9), which will be referred to as the predictor.
In this section we shall consider the ‘trivial’ (one-step) predictor

(24c) YO - e®y, + hc®y'y.
Although this predictor is of modest accuracy, it has the advantage that we remain in the class of one-step methods;

multistep predictors of higher accuracy will discussed in Section 5. Now, the method (2.4a,b,c) is indeed an explicit
RKN method, defined by the Butcher array '

c 0] }s stages (j=0)
c A (o) }s stages (j=1)
c (0] A (0] }s stages (j=2)
@.5) '
'c O e . A . (o) }s sta,;,es (j=m)
0T e of pT
oT e of dT

where O and 0T respectively denote a matrix and a vector (both of dimension s) with zero entries. We observe that the
number of stages in (2.5) equals (m+1)-s. However, in calculating YU, the iterate YU-1) is a given vector and hence
the f-evaluations of its s components (i.e., the components of F(tye+ch, YG-1)y can be computed in parallel, provided



that we have a computer with s processors. Consequently, the effective computational time needed for one iteration of
(2.4a) is approximately equal to the time needed to perform one f-evaluation on a sequential computer. Taking the final
f-evaluation needed in (2.4b) into account, we see that the scheme (2.4) requires m+1 effective stages. In the sequel,
these Parallel-Iterated RKN schemes will be referred to as PIRKN methods.

Let us first consider the order of accuracy of PIRKN methods. The next theorem is formulated for predictors that are
more general than (2.4¢) so that we can use the result also in the case of higher-order predictors (to be discussed in
Section 5).

Theorem 2.1. Let {A,c,bT,dT} define a (not necessarily implicit) RKN method of order p and let the predictor be of
orderq,i.e., Y- Y(0) - O(h9). Furthermore, let f be Lipschitz continuous. Then the PIRKN method (2.4a,b) is of order
p*:=min{p, 2m+q}. [I

Proof. Lety satisfy y(tn)=yn and y'(tn)=y'n, and let (un4+1, Wn+1) denote the locally exact solution of the corrector.
Then

y(ta+1) — Yo+l = y(tn+1) — Un+1 + Un+1 — Yn+l
= O(tP1+1) + h2 (bT®I) [F(tge+ch, Y) — F(tpe+ch, Y(M)],
Y'(tn+1) - Y'n+1 = y'(tn+1) — Un+l + Unsl = Y'n+l

= O(hPz+1) + h (dT®I) [F(tge+ch, Y) — F(tye+ch, Y(m)],

where min{p1,p2}=p. Since

Y - YO = h2 (A®I) [F(tge+ch, Y) - Ftge+ch, YG-1)] = [Y - YG-D] - O(h2),
we see that we gain two orders in each iteration. Hence, using

Y -YO = 0(h9),
the result after m iterations is

F(tpe+ch, Y) — F(tpe+ch, Y(m)) = O(h2m+q),
resulting in

Y(tns1) = Yo+l = O(BP1+]) + O(h2m+a+2),

¥(ta+1) — Yol = O(bP2+1) + O(mZm+a+1),
By Definition 2.1, the PIRKN method is seen to be of order min{p, 2m+q}. 0

Remark. From this theorem we see (i) that we cannot exceed the order of the underlying corrector, and (ii) that after
m=[(p- q)/ﬂ iterations this maximum order is reached; this m-value will be denoted by mp.

2.2. Choice of the corrector
To arrive at a high-order PIRKN method we need, according to Theorem 2.1, a corrector of high-order. Correctors

having this property are easily obtained from high-order Runge-Kutta methods for first-order ODEs in the following
way [12]: Let

CRK Apg

T

brg

(2.6a)

denote an s-stage RK method of order p. Then

¢ = g | A = (Agg)?
(2.6b)




defines an s-stage RKN method of the same order. Well-known RK methods that can serve for this purpose, are those of
Gauss-Legendre and Radau type, which are easily constructed for arbitrary values of s (cf. [3]). They possess a high
order, relative to the number of stages, i.e., p=2s and p=2s—1, respectively. Owing to this property, the (high-order)
RKN correctors considered in this paper will be based on Gauss-Legendre and Radau type RK methods. Observe that, in
the present context of PIRKN methods, this low number of stages with respect to the order means that we need a low
number of processors. Although this property is not of decisive importance, it is certainly not an unpleasant feature.

2.3. Optimality

Combining the results of the Sections 2.1 and 2.2, we see that if the PIRKN method (2.4a,b) uses (2.4c) as the
predictor (i.e., q=2) and an s-stage Gauss-Legendre method as the corrector (i.e., p=2s), then, after my iterations, an
explicit RKN method is obtained of order 2s requiring only s effective stages. This is an optimal result, since it can be
shown that the order of an arbitrary s-stage, explicit RKN method cannot exceed 2s. In fact, this optimal order can only
be achieved for s=1; for =2, one should change to a (fully) implicit RKN method to obtain this optimal order 2s.

2.4. Linear stability of PIRKN methods

The linear stability of PIRKN methods is investigated by applying these schemes to the test equation y"=Ay, where
A is supposed to run through the (negative) eigenvalues of the Jacobian matrix of/dy. Defining vp:= (yn, hy'n)T and
z:=h2),, it is easily verified that application of (2.4) to the test equation yields the recursion

2.7 Vo4l = Mm(z)vn, Mm(z) := (

14zbTW(z)e  1+zbTWp(2)e
zdTW(z)e 1+zdTWp(z)e )’

where Wp,(z) = [+zA+(zA)%+...+(zA)™. The matrix M (z), which determines the stability of the method, will be called
the amplification matrix.

Definition 2.2. The interval [-Bp,0] is called the stability interval if, in this interval, p(Mm(z)) < 1, where p(’)
denotes the spectral radius; B, is called the stability boundary. []

The explicit PIRKN methods have, of course, a finite stability boundary, which implies that the integration step
has to satisfy the condition

(2.8) h2 < _Bm__ .

p(of/ay)
Thus, if we have a stiff problem ~ in which case p(0f/dy) is large — then this condition is a severe restriction on the
stepsize and we should change to an (implicit) A-stable RKN method.

A straightforward way to (numerically) calculate the stability boundaries B, would be to run along the negative z-
axis and to check up to what point the spectral radius of My (z) is bounded by 1. However, for z-values in the
neighbourhood of the origin, the spectral radius is close to 1 and, due to rounding errors, it is hard to decide whether the
stability interval is empty or not. Therefore, we shall describe an alternative approach which allows for an analytical
calculation of the entries of M and uses a numerical verification only in the final part of the calculations. This approach
will be demonstrated for m=1; for larger m-values only the results will be given since the techniques are analogous.

We will confine our considerations to the correctors discussed in the preceding section, i.e., the Gauss-Legendre and
Radau-based RKN methods and we shall use some properties of the generating RK methods.

Using the relations between the RKN corrector and the underlying RK method as defined in the Butcher arrays
(2.6a,b), the amplification matrix My (z) (cf. (2.7)) can be written as

1+zbgg ARK[I+ZA,‘Z‘K+. . .+zmA§Km]e 1+zbrg ARK[I+ZA§K+. . +zmA§én Jers

29) Mn(2):=
@3) Mm() Zha [1+2A2, +...+27mAZ e Lozbrg [L+2Agy ++2 A Tor



Now, we use the following well-known result [4]
(2.10)  an RK method (with Agge=cgg) of order p satisfies bTRK(ARK)i‘le = Jl—, » j=1l,...,p.

Substitution of these relations into (2.9) drastically simplifies the matrix Mp(z). Let us work this out for m=1. Here,
we have to distinguish three different situations for the order p of the generating RK method:

@i p=3, e.g., the 2-point Radau ITA method;

(i) p=4, e.g., the 2-point Gauss-Legendre method;

(ili) p=5, e.g., higher-point Radau IIA or Gauss-Legendre methods.

Case (i): for a third-order RK method we need the values of bTRK Af;KcRK and ng A;KcRK since they are not covered by
property (2.10). For the Radau ITA method, these values are easily found to be 1/36 and —1/108, respectively. Hence,

we find
' L .1 .3 L1 9
. 1+22+36z 1 +%z- 1582
Mi@) = L, L1, |
zZ+ gz 1+zz+36z

the eigenvalues of which are the zeros of (2-T(z){+D(z), with T(z):=Trace(M(z)) and D(z):=Det(M1(z)). According to
the Hurwitz-criteria, these zeros are on the unit disc if

(2.11) Ri(z):=1-D(z) 20, Rp(z):=D(z)+1-T@z)20, R3(z):=D(z)+1+T(z)20.
Calculating the zeros of Rj(z), it is easily deduced that Rj(z) 20, j=1,2,3 if ze [- 4.94067...,0], yielding B1=4.94.

Case(ii): in this case the only value not yet defined by (2.10) is bﬁKA;KcRK ; for the 2-point Gauss-Legendre method,
we find the value 1/144. Hence, in this case we have the amplification matrix

L 1.2 L L2
1+2z+24z 1+6z+144z
Mi(z) := N .
z

L L 1.2
+ g2 1+2z+24z

We find that the polynomials Rj(z) (j=1,2,3) as defined in (2.11) are non-negative if ze [~ 12,0].

Case(iii): for p>5, all terms in the amplification matrix are determined by (2.10) and hence this matrix is independent of
the particular choice of the corrector. We have stability if ze [-7.06782...,0].

Summarizing the above results, we have
Theorem 2.2. For m=1, the PIRKN method (2.4 a,b,c) based on:
(i) the2-point Radau ITA method is of order 3 and has 31=4.94,
(i) the 2-point Gauss-Legendre method is of order 4 and has §1=12,
(ili) the s-point Radau IIA or Gauss-Legendre methods with s>3 is of order 4 and has B1=7.06.

For larger values of m, the same techniques can be used. We only need to calculate values for ngAlﬁK crg in the
case that k>p and to calculate the zeros of the ‘Hurwitz-polynomials’ Rj(z). For the Radau IIA and Gauss-Legendre
methods of various orders we have performed these calculations to find the stability boundaries; the results are given in
the Tables 2.1 and 2.2, respectively. In these tables we also give results for m-values that are larger than necessary to
obtain the maximal order (i.e., m>myp). This is done to see the effect on the stability boundary if we continue the



iteration beyond myp. The results corresponding to my are indicated in bold face in the Tables 2.1 and 2.2. Furthermore,
each stability boundary is followed (in parentheses) by the order p* of the corresponding PIRKN method.

Table 2.1. Stability boundaries By, (and the orders p*) of the PIRKN methods
based on Gauss-Legendre RK methods.

s=2 s=3 s=4 s=5 s=6 s=7

p=4 p=6 p=8 p=10 p=12 p=14

mp=1 mp=2 mp=3 mp=4 mp=>5 mp=6
m=1 12.00 (4) 7.06 (4) 7.06 (4) 7.06 (4) 7.06 (4) 7.06 (4)
m=2 12.00 (4) 0.00 (6) 0.00 (6) 0.00 (6) 0.00 (6) 0.00 (6)
m= 0.00 (4) 9.81 (6) 9.51 (8) 9.51 (8) 9.51 (8) 9.51 (8)
m=4 12.00 (4) 0.00 (6) 0.00 (8) 0.00 (10) 0.00 (10) 0.00 (10)
m=5 12.00 (4) 9.75 (6) 0.00 (8) 9.86 (10) 9.86 (12) 9.86 (12)
m=6 0.00 4) 0.00 (6) 9.86 (8) 0.00 (10) 0.00 (12) 0.00 (14)

Table 2.2 Stability boundaries By, (and the orders p*) of the PIRKN methods

based on Radau IIA RK methods.

s=2 s=3 s=4 s=5 s=6 s=7

p=3 p=5 p=7 p=9 p=11 p=13

mp=1 mp=2 mp=3 mp=4 mp=5 mp=6
m=1 494 (3) 7.06 (4) 7.06 (4) 7.06 (4) 7.06 (4) 7.06 (4)
m=2 499 (3) 2.19 (5) 0.00 (6) 0.00 (6) 0.00 (6) 0.00 (6)
m=3 3.52(3) 10.46 (5) 9.50 (7) 9.51 (8) 9.51 (8) 9.51 (8)
m=4 503 (3) 4.76 (5) 18.21 (7) 0.21 (9) 0.00 (10) 0.00 (10)
m=5 544 (3) 11.70 (5) 5.40 (7) 26.35 (9) 9.86 (11) 9.86 (12)
m=6 490 (3) 7.81 (5) 18.57 (7) 5.80 (9) 34.68 (11) 0.00 (13)

From these tables we conclude that the stability boundaries show a rather irregular behaviour. Moreover, we see
that several PIRKN methods possess a zero stability boundary. Although the degree of instability is usually rather mild
in these cases, these methods are too dangerous to be used, especially in long-range integrations. Unfortunately, for the
Gauss-Legendre based PIRKN methods with odd s-values, these zero stability boundaries occur (also) on the diagonal in
Table 2.1, which corresponds to the ‘optimal’ situation, i.e, m=mp. Therefore, in such cases we have to choose an
other combination of m and s, and possibly of the generating RK method. For example, if we apply m=4 iterations to
an RKN corrector based on the S-point Gauss-Legendre method, then we arrive at a PIRKN method of order 10;
however, this method has an empty stability interval. A possible remedy to recover stability is to apply one additional
iteration to the same corrector, yielding a stable (B=9.86) PIRKN method, still of order 10, with m=s=5. Another
possibility is to change to a Radau based corrector. The combinations (m=4, s=5) and (m=5, s=6) both yield a method
with a nonempty stability interval of orders 9 and 11, respectively.

In Table 2.3 we specify the selection of PIRKN methods that will be used in the numerical tests. Here, the
principal variable is the number of iterations m. For m=1,...,5, we select the PIRKN method of highest possible order,
provided that it possesses a nonempty stability interval. In case of non-uniqueness, we choose the method with smallest
s (i.e., the smallest number of processors needed).



Table 2.3. Selection of PIRKN methods

number of type of generating number of stages order of stability

method  iterations m RK method (=processors) PIRKN method boundary
I 1 Gauss-Legendre 2 4 12.00
II 2 Radau TA 3 5 2.19
m 3 Gauss-Legendre 4 8 9.51
v 4 Radau TA 5 9 0.21
v 5 Gauss-Legendre 6 12 9.86

We see that the Gauss-Legendre based methods (with even s-value) have a reasonable stability boundary, whereas
the Radau based methods possess a small B, especially Method IV. For the Methods II and IV we have also calculated
the stability boundaries in the case that the predictor (2.4c) is replaced by the even simpler variant

(24'c) YO = e®yp.

Notice that this predictor yields q=1 (cf. Theorem 2.1), but this does not increase the value of mp since the Radau
methods are of odd order. Unfortunately, this predictor did not improve the stability (as a matter of fact, the resulting
stability intervals turned out to be empty). Also for the methods based on other (m,s)-combinations, this predictor did
not give rise to larger stability boundaries. Consequently, we will restrict our considerations to the predictor (2.4c).

3. NUMERICAL EXPERIMENTS

In this section, we will test the methods specified in Table 2.3 and compare their behaviour to several sequential
explicit RKN methods from the literature.

In all experiments described here, we shall use a fixed stepsize. An implementation using variable steps will be
discussed in the next section.

The low-order PIRKN methods I and II will be compared with the very first RKN method, constructed by Nystrom
in 1925 [20] and defined by

0 0
172 | 18
1 0 1/2

1/6 1/3 0
1/6 2/3 1/6

This method is of order 4 and its stability boundary is 6.69. This method will be referred to as N4.

Most papers dealing with high-order RKN methods that we found in the literature, provide an embedded pair,
allowing for stepsize variation. This property increases the number of stages that is needed to obtain a certain order;
therefore, it would be unfair to use them as a reference method in this section where error control is not applied. Within
the class of methods without embedding, we selected the eighth-order, 8-stage RKN method constructed by Hairer [1 1],
and the 11-stage method of order 10 given by the same author in [13]. We are not aware of a method of still higher
order using the fewest number of stages possible. Furthermore, we will use the eighth-order, 9-stage method constructed
by Beentjes and Gerritsen [2] as a reference method. Although this method uses 1 extra f-evaluation to reach order 8
(which is used to construct an seventh-order embedded reference solution), it has been chosen because of its small error
constants and at the same time large stability boundary; it possesses B=26.6. These three reference methods will be
denoted by H8, H10, and BGS, respectively.



3.1. Specification of test problems
To test the performance of the various methods, they will be applied to a selection of test problems found in the
literature.

Our first test example is the two-body gravitational problem, which is Problem Class D from the test set of Hull
et al. [18] (see also [10])

" Y1 " Zz s With r= '\’ y12+y22, and 0<t< 20-

(31) y1="rT, Y2=—
The initial conditions are given by y(0)=(1—a,0)T and y'(0)=(0, \/ (1+£)/(1—-£))T, where € denotes the eccentricity of the
orbit. In the tests we set £=0.9. The exact solution can be found in [18].

The second example is a well-known test problem in the RKN-literature (cf. e.g. [6], [7], [9], [10]), defined by

2yp

" " 2
(3.2) ¥, = ——4t2y1 — 5 Yp= —4t2y2 + —)rl’ with =" y12+y22, and Vrn/2<t<10,

where the initial conditions are taken from the exact solution given by y(t)=(cos(t2),sin(t2))T.
The last two examples are scalar problems and are taken from [9]. They are defined by

(3.3) y'=2y3, 1<t<100, y(1)=1, y(1)=-1,

yielding the exact solution y(t)=1/t, and by

(3.4) y" + 25y = 100 cos(5t), 0<t<10, y(0)=1, y'(0)=S5,

for which the exact solution is given by y(t)=cos(5t)+sin(5t)+10 t sin(5t).

3.2. Test results

In this subsection we will present the results obtained by applying the PIRKN methods I-V and the reference
methods to the set of test problems. In the tables of results,we give the value of D, denoting the number of correct
decimal digits at the endpoint, i.e., we write the maximum norm of the global error (for the y-component) in the form
10~ D. Furthermore, we measure the computational effort of a particular scheme by the number M, denoting the total
number of effective f-evaluations required over the whole interval of integration. To allow for an easy comparison of the
various methods, we choose a number of fixed M-values and adapted the stepsize of each method to arrive

(approximately) at those pre-selected M-values. The results for the test problems (3.1)-(3.4) can be found in the Tables
3.1-3.4, respectively.

Table 3.1. D-values for problem (3.1) obtained for several values of M

method p M=3200 M=6400 M=12800 M=25600 M=51200
N4 4 0.1 1.1 2.4 3.8 5.1
PIRKN I 4 0.9 23 3.7 5.0 6.2
PIRKN II 5 1.0 24 3.8 5.3 6.8
HS8 8 0.1 2.0 4.6 7.4 10.6
BG8 8 0.6 3.1 6.5 8.2 10.5
H10 10 0.3 1.8 4.9 8.4 11.7
PIRKN III 8 3.1 55 8.1 10.7 13.2
PIRKN IV 9 2.8 53 7.7 10.4 13.1

PIRKN V 12 3.7 7.4 11.1 15.5 19.1
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For the first problem, we may draw the following conclusions:
(i) especially the PIRKN methods nicely show their theoretical order behaviour; in this connection we remark that —
for a method of order p — the value of D should increase by log;o (2P) = 0.3p on halving the stepsize.
(i) both for the low-order and the high-order methods, the parallel PIRKN methods are more efficient than the
corresponding sequential RKN methods.
(iiiy comparing the best sequential RKN method (i.e., H10) and the best parallel PIRKN method (i.e., Method V), we
see that the global errors of the PIRKN method are — for the same amount of work — less by several orders of
magnitude; or, putting it differently, the PIRKN methods can obtain a certain accuracy in about 30% of the number of
f-evaluations needed by H10.

(iv) it is remarkable that the BG8 method can easily compensate for the extra stage in comparison with t\he H8
method, which is of the same order.

The results for the second problem are given in Table 3.2 and give rise to roughly the same conclusions as
formulated for the first example.

Table 3.2. D-values for problem (3.2) obtained for several values of M

method p M=400 M=800 M=1600 M=3200 M=6400
N4 4 0.6 1.8 3.0 42 54
PIRKN I 4 1.1 24 3.5 4.7 59
PIRKN II 5 1.7 33 4.9 6.5 8.0
H8 8 0.3 2.6 5.2 7.6 10.0
BG8 8 0.9 3.1 5.6 8.0 104
H10 10 -03 22 5.4 85 11.5
PIRKN III 8 2.7 5.1 7.6 9.9 12.3
PIRKN IV 9 34 6.4 94 12.2 15.1
PIRKN V 12 4.1 7.6 11.2 14.9 18.5

For the third test problem (3.3), we observe that an approximation to the local value of df/dy is given by 6y2,
which is positive. Consequently, the methods show an unstable behaviour for particular values of the stepsize; such
results are indicated by an ‘+’ in Table 3.3. For h sufficiently small, we see that the behaviour of the methods is
dictated by their convergence properties, resulting in an accurate integration. Again, the PIRKN methods are superior to
the sequential methods; the number of required f-evaluations of the most accurate members from both families (viz.

PIRKN V and H10) differ by factor which is approximately equal to 3. For this problem, the method H8 is slightly
more efficient than the method BGS.

Table 3.3. D-values for problem (3.3) obtained for several values of M

method p M=800 M=1600 M=3200 M=6400 M=12800
N4 4 * * * * 1.8
PIRKN I 4 * * * 1.9 3.0
PIRKNII 5 * * 1.8 32 4.7
H8 8 * * 2.5 4.8 7.2
BG8 8 * * 2.2 4.6 7.0
H10 10 * * 3.0 6.1 9.4
PIRKN III 8 * 2.6 4.9 73 9.7
PIRKN IV 9 0.2 3.1 5.6 83 11.0

PIRKN V 12 24 53 8.7 12.2 15.7
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For the fourth test example (3.4) we draw the same conclusions as formulated for the first problem. The most
accurate PIRKN method is more efficient than the best sequential method by a factor 4 (see Table 3.4).

Table 3.4. D-values for problem (3.4) obtained for several values of M

method P M=200 M=400 M=800 M=1600  M=3200
N4 4 -02 0.9 2.1 3.3 45
PIRKN I 4 0.2 1.4 2.6 3.8 5.0
PIRKN II 5 1.1 2.7 43 5.9 1.4
H8 8 0.5 2.6 5.0 74 9.8
BG8 8 2.6 3.2 55 7.8 10.2
H10 10 0.6 2.7 5.7 8.7 11.7
PIRKNII 8 238 5.0 7.3 9.7 12.1
PIRKNIV 9 40 6.6 9.5 12.4 15.3
PIRKNV 12 59 8.5 11.9 15.5 187

4. VARIABLE STEP IMPLEMENTATION

As mentioned in the introduction, a ‘realistic’ implementation of an ODE solver requires the possibility to adapt
the stepsize to the local behaviour of the solution. For that purpose, one usually employs the technique of embedding,
which means that apart from the approximation for yp .1, an additional result (of a different order) is calculated based on
the same f-evaluations. A comparison of both results then gives an indication of the local truncation error. Many of
such embedded RKN pairs have been constructed by Fehlberg. In [6], [7], and [8] pairs are presented of the form p(p+1)
for p up to 10, where p is the order of the approximation to proceed the integration and p+1 is the order of the reference
solution. However, similar to embedded pairs of RK methods for first-order ODEs, it is now generally believed that the
strategy to use the highest order approximation for the step continuation, is superior. Based on this approach, Dormand
and Prince [5] constructed an embedded RKN pair of order 7(6) using 9 stages (an implementation of this method can be
found in [14, code DOPRINY]). More recently, Filippi and Grif continued this work and increased the order. In [10], they
present pairs of order p+1(p) with p running from 7 until 10, the corresponding number of stages varying between 9
and 17. Based on the test problems (3.1) and (3.2) they make in the same paper a comparison between many embedded
pairs. Their conclusion is that (i) indeed the p+1(p)-strategy is more efficient than the ‘old’ p(p+1)-approach, and (ii)
that it is worthwhile to have high-order methods, because of the usually stringent accuracy demands for this type of
problems.

The variable step implementation based on their 11(10) pair (using 17 stages) is reported to be superior,
particularly in the high-accuracy range. Therefore, the results of this code (denoted by FG11) will be used as a reference
for the variable step implementation of the PIRKN methods.

The error control that we have implemented is analogous to the one we have used in our code PIRK for first-order
ODE:s (this code is given in the appendix to [15]). This error control is essentially based on the observation that the
order of the iterates Y() in (2.4a) increases by 2 in each iteration and that substitution of Y0) into the final line of the
RKN methods (i.e., into (2.3a)), yields a reference solution zp 1 of order min{p,2j+q} (cf. Theorem 2.1).

Since Y(U) and its f-evaluation are anyhow needed to continue the iteration to reach the final iterate Y(mP), the
additional computational effort to construct this ‘embedded’ reference solution is negligible. In principle, any j from the
range O to mp—1 can be used for this purpose. In our implementation we set j=mp—1, and as an estimate of the local
error LTE in the step from t, to tp1, we take

4.1) LTE := || yn+1 — Zn+1 Il »
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for some norm || - ||. Using the definition of my, it is easily verified that, locally, LTE behaves as O(h2s), both for
Gauss-Legendre and Radau based methods.

As usual, LTE is compared to some (user-)specified tolerance TOL and the step is accepted if LTE<T! OL, and
rejected otherwise. Furthermore, based on the value of LTE, the new stepsize is calculated according to (cf. [14, p.167])

hpew = hold * min{'Yup, max{Yiow, & (TOULTE)U(B)}},

where the constants Yyp and Yiow serve to avoid a too drastic change in the stepsize (viz. the amplification factor to
obtain the new stepsize is required to be in the interval [Yiow,Yupl), and is introduced as a ‘safety parameter’. In our
code, which will be termed PIRKN, these parameters are set to Yup=4, Ylow=1/2, and 0=0.9. It turned out that variation
of the y-values does not have a large influence on the performance of the code; this is what we expect, since a small
change in the stepsize will result, for a high-order method, in a significant change in the local truncation error. The
influence of o is noticeable, although its choice is not very critical.

For several values of the tolerance parameter TOL we applied the code PIRKN to the test problems. The results are
given in the Tables 3.5-3.8. In these tables we give the values of D (accuracy) and M (computational effort), as defined
in the previous section, as well as the total number of steps, and, in parentheses, the number of rejected steps.

Table 3.5. Performance of the parallel code PIRKN and the sequential codes FG11 and
DOPRIN when applied to Problem (3.1)

total number of steps
code TOL D M (rejected ones)
PIRKN 104 .12 306 51 (19)
10-8 4.7 462 77 (23)
10-12 8.9 786 131 (33)
10-16 12.2 1488 248  (59)
10-20 16.7 2694 449  (67)
10-24 19.3 4806 801 ©)
FG11 17.0 9000
18.0 10900
19.0 13300
DOPRIN 104 2.3 737 922 (35
108 5.7 1545 193  (56)
10°12 9.7 3777 472 (70)
1016 147 11945 1493  (12)
1020 18.5 44273 5534 )

The orbit equation (3.1) represents a severe test for the error control mechanism, particularly due to its relatively
large e-value. Since low-accuracy results are not provided in [10], the codes PIRKN and FG11 can only be compared for
very high precisions. From Table 3.5 we see that, in this range, the PIRKN code is much more efficient (roughly by a
factor 3). A comparison of PIRKN with DOPRIN reveals that PIRKN is more efficient by a factor 2 in the low-
accuracy range, increasing to a factor 10 in the high-precision range.

Another conclusion that can be drawn is that using variable stepsizes is much more efficient than integrating with a
fixed stepsize (cf. Table 3.1). For this problem, the solution shows relatively much variation in the neighbourhood of
t=2m, 4, and 6m. Since PIRKN is able to reduce its stepsize in the vicinity of these points and takes large steps outside
these regions, we see that PIRKN is approximately 10 times faster than the fixed stepsize analogue, i.e., Method V.

For the second problem, we selected the best result from [10], viz. the 11(10)-pair with the "...more or less
arbitrary choice..." for the parameter A=1.4-10-6, which turned out to be optimal for this problem. Unfortunately, only
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one TOL-value has been tested in [10]. Since this test problem has been used in other papers too, we collected some
results from the literature and added these results to Table 3.6.

Table 3.6. Performance of the parallel code PIRKN, the sequential codes FG11 and DOPRIN, and
some additional methods when applied to Problem (3.2)

total number of steps
code TOL D M (rejected ones)
PIRKN 104 39 300 50 @
108 79 588 98 (3
10-12 12.0 1242 207 (2
10-16 16.0 2658 443 (0)
1020 19.9 5736 956 (0)
FG11 10-24 20.7 15614 919 (9
8(9)-pair from [6] 1017 13.5 15973 1452 ()
9(10)-pair from [7] 10-17 15.1 8793 628 (0
1024 214 45291 3235 (M
11(12)-pair from [9] 10724 20.3 17521 876 (9
DOPRIN 104 3.8 633 79 @)
10-8 8.3 2825 353 (51)
1012 12.3 9665 1208 (43)
10-16 16.3 35729 4466 (41)
10-20 20.3 133337 16667 (54)

For this problem the difference between the variable step and fixed step implementation is much less pronounced
than for the previous example. In fact, the stepsize variation in PIRKN is very modest and we observe almost the
theoretical order behaviour of the underlying method of order 12: the quotient of the numbers of (successful) steps for
successive TOL-values is approximately 2.15; the corresponding gain in the D-value is seen to be 4 digits, which
reflects the relation (2.15)12 = 104,

Making a mutual comparison of the sequential codes, we see that FG11 is indeed the most efficient one, at least in
the high precision range (the question marks in the table mean that the number of rejected steps was not specified).
However, when compared to PIRKN, the sequential code FG11 requires a number of f-evaluations which is 2.5 times as
large. For DOPRIN we observe that, similar to the first test problem, its relatively low order prevents this code to be
competitive in the high-accuracy range (say, D>10); if modest accuracies are required (say, D=4), then we see that
PIRKN is about 2 times faster.

For the third test example, we found results in [7], [8], and [9]. These results are listed in Table 3.7, together with
the results of PIRKN and DOPRIN. Again, PIRKN is by far the most efficient code; DOPRIN encounters difficulties
both in the low- and in the high-precision range. Also for this example, we observe that the variable step
implementation PIRKN is very effective compared with the use of fixed stepsizes. Comparing the results of the Tables
3.3 and 3.7, we observe a gain factor 15.



Table 3.7. Performance of the parallel code PIRKN, the sequential code DOPRIN, and some

additional methods when applied to Problem (3.3)

total number of steps
code TOL D M (rejected ones)
PIRKN 104 3.1 72 12 (0
108 5.0 102 17 (0
10-12 8.4 168 28 (0)
10-16 11.7 318 53 (0)
1020 15.5 636 106 (0)
9(10)-pair from [7] 1024 17.5 4831 345 0
10(11)-pair from [8] 1024 16.2 3146 185 @
11(12)-pair from [9] 10-24 17.4 2641 132 (O
DOPRIN 104 code could not solve the problem
10-8 3.7 273 34 (0)
1012 7.5 897 112 (0)
10-16 11.6 3193 399  (0)
10-20 15.6 11777 1472 (0)
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Results for the last test problem are found only in [9]. Together with the PIRKN- and DOPRIN results, they are

listed in Table 3.8.

Table 3.8. Performance of the parallel code PIRKN, the sequential code DOPRIN, and an

additional method when applied to Problem (3.4)

total number of steps
code TOL D M (rejected ones)
PIRKN 104 2.5 168 28 (3)
108 6.6 366 61 (11)
10°12 10.5 666 111 (6)
10-16 14.5 1374 229 @)
10-20 18.4 2958 493  (8)
11(12)-pair from [9] 10-20 15.7 4861 243 (9
DOPRIN 104 2.6 393 49 (9)
108 72 1529 191 43)
10-12 113 4641 580 (38)
1016 152 16481 2060 (33)
10-20 19.1 60833 7604 (29)

For this problem, the variable step implementation is not more efficient than the fixed step version (cf. Table 3.4).

A mutual comparison of the variable step codes reveals that PIRKN offers a gain of a factor 3 when compared with the
11(12)-pair from Filippi and Graf and with a factor ranging from 2 to 15 (depending on the accuracy requested) when
compared to DOPRIN.



15

5. FURTHER IMPROVEMENT
In the following subsections, we briefly discuss a number of modifications that might further increase the
efficiency of the code PIRKN.

5.1. The order of the predictor

In the code PIRKN we used the ‘trivial’ predictor (2.4c). An advantage of this simple choice is that we remain
within the class of one-step methods; clearly, a disadvantage is its low order, i.e., q=2. Since the number of iterations
m;, is defined as [(p- q)/2], it is obvious that we can save some iterations if we start with a predictor of higher order.
The information needed to construct such a prediction could be obtained from approximations calculated in the preceding
step. For example, in [17] van der Houwen and Nguyen huu Cong analyse (for first-order ODEs) a block version of the
PIRK method [15] with the aim to construct a high-order prediction. The idea is to apply a PIRK method (which is
very similar to a PIRKN method) not only with stepsize h, but, in addition (and simultaneously) with stepsizes hj=ajh,
i=1,...,r—1. In this way, r approximations are found in each step and this information is used to create a high-order
prediction in the next step. Compared with the original PIRK method (i.e., with blocklength r=1), a substantial
increase in efficiency is reported in [17]. This idea is of course equally well applicable in the present context of second-
order equations.

As a consequence of this modification, we leave the class of one-step methods and, second, this extension needs r-s
processors. However, both effects seem to be not too restrictive.

5.2. The rate of convergence

" In the aforementioned considerations the number of iterations was merely determined by order conditions, i.e., we
used the minimal number to reach the order of the corrector. A slightly different approach would be to really obtain the
solution of the corrector, rather than only its order. Taking this point of view, (2.4a) is now considered as an iteration
scheme, where ‘iteration’ has to be understood in the classical sense of the word. Hence, to converge as fast to the
corrector solution as possible, a simple analysis based on the model equation y"=Ay indicates that we should minimize
the spectral radius of the iteration matrix hZ\A. In [19], Nguyen huu Cong studied this subject in more detail and found
that RKN correctors based on so-called ‘direct collocation’ (see also [16]) possess a smaller convergence factor (i.e.,
p(A)) than the ‘indirect collocation’-based correctors that we used in the present paper. Although these ‘direct RKN
correctors’ are usually not unconditionally stable, their stability boundaries are in many cases sufficiently large for
nonstiff problems.

5.3. An inhomogeneous term

Finally, we mention a feature of PIRKN methods that is not present in the sequential embedded RKN pairs, such as
FG11 and DOPRIN. From (2.4a) we see that, throughout the iterations, the independent variable t is evaluated at the
fixed point ty+cih for the ith component. This implies that if we have to solve an ODE of the form y"(t)=f(t,y)+g(t),
then the evaluation of g has to be done only in the first iteration and can be re-used in all subsequent iterations. Since
most traditional RKN methods have c-vectors with many different elements, this option is not applicable for these
methods.

6. CONCLUSIONS

An algorithm to obtain explicit Runge-Kutta-Nystrom (RKN) methods of arbitrarily high order has been described.
These methods are obtained by iterating an implicit RKN method (called the corrector) of sufficiently high order.
Correctors satisfying this property are easily obtained by transforming a high-order Runge-Kutta (RK) method for first-
order ODEs (which in turn are straightforwardly constructed; cf. [4]) to the case of second-order ODEs.

Applying the iteration scheme m times to an s-stage RKN corrector yields an explicit RKN scheme with (m+1)'s
stages. However, on a parallel computer with at least s processors, the scheme allows for the concurrent computation of
the s f-evaluations within each iteration. In this way, the effective number of f-evaluations is reduced to m+1. Taking
[ (p—q)/2] iterations, with p the order of the corrector, it is proved that the order of the resulting Parallel-Iterated RKN
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(PIRKN) method equals the order of the corrector. For the Gauss-Legendre based RKN correctors of order p we obtain a
PIRKN method of the same order requiring p/2 effective f-evaluations, which is an optimal result within the class of
explicit RKN methods. For Radau IIA based correctors of order p, the required number of effective f-evaluations equals
(p+1)/2.

For these PIRKN methods we have studied the stability properties and it turned out that there are many (m,p)-
combinations that result in an empty stability region. On the basis of these results, we give a selection of suitable
(m,p,corrector)-combinations. The resulting PIRKN methods have been compared with existing high-order (sequential)
methods from the literature. We found that the PIRKN methods are more efficient by a factor 3 or 4.

A nice feature of the PIRKN methods is that they provide an embedded reference solution without additional f-
evaluations. This feature has been exploited to control the local error in a variable step implementation of a PIRKN
method of order 12. The resulting code, termed PIRKN, has been compared with high-order (sequential) codes from the
literature, which also use the technique of embedding to control the local error. In terms of the required number of f-
evaluations, PIRKN is shown to be much more efficient, especially in the high-accuracy range (which is the usual
range for many of the problems under consideration).

Finally, in Section 5, some modifications and improvements have been mentioned, which may result in a further
speedup of the parallel code over the sequential codes.
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