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Abstract

We group in this paper, within a unified framework, many applications of the fol-
lowing polyhedra: cut, boolean quadric, hypermetric and metric polyhedra. We
treat, in particular, the following applications:

e /;- and Li-metrics in functional analysis,

e the max-cut problem, the Boole problem and multicommodity flow problems
in combinatorial optimization,

lattice holes in geometry of numbers,

density matrices of many-fermions systems in quantum mechanics.

We present some other applications, in probability theory, statistical data analysis
and design theory.
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yduction

ar, we show that cut polyhedra are exceptional, among other polyhedra, by
versity of their applications and connections. The main fields of applications
metrics in functional analysis, combinatorial optimization, geometry of num-
mm mechanics. We give some other connections, in particular, with probability
istical data analysis, multicommodity flows, designs. Another purpose of this
present an extended bibliography on cut polyhedra and related areas.

snt more extensively the applications which were not well documented outside
cific context. For example, we treat at length the connection with quantum
nd with the Boole problem.

s of important applications, but already well presented elsewhere, include
-of the maximum cut problem to VLSI circuit designs and spin glass problems.
‘e peripheric applications are presented briefly, but references are always sup-
: of absence of definitions.

sther hand, we do not cover at all generalizations of cut polyhedra and their
, as multicut polytopes (with applications to clustering and qualitative data
se e.g. [56]) and cycle polytopes of binary matroids (see e.g. [22]). Many
results are known on cut and embeddings problems, but we do not survey

;ral objects are the cut cone Cut,, the cut polytope CutP, and the boolean
tope BQ P, respectively defined by:

Cut,, = Cone((|e; — j])1<icj<n : & € {0,1}"),
CutP, = Conv(|z; — ;|)1<icj<n : € {0,1}"),

BQPn = ConV((miwj)lsiSan Y {0, 1}"’),

\e” denotes the operation of taking the conic hull and ”Conv” that of taking the
. In fact, the cut polytope CutP,,; and the boolean quadric polytope BQ P,
r-one correspondence (via the covariance linear bijective map, see section 2.4).
facets of the cut polytope CutP, can be deduced from those of the cut cone
1e switching map, see section 2.6).

‘hedra have been extensively studied, in particular, from the following points
2ts (see the survey [60] and references there), simplicial faces (see the survey
trical questions ([25], [54], [68]); see section 2.4 for a detailed bibliography. We
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refer to section 1 for a catalogue of definitions and basic facts about the objects considered
in the paper.

Cut polyhedra arise naturally in various contexts. We now list some of the main fields
or questions in which cut polyhedra are directly involved. This will also give a flavor of

the contents of the paper and of the type of questions which have been considered about
cut polyhedra.

{;-metrics. The points of the cut cone Cut, have the following interpretation: a
semi-metric d on n points belongs to Cut, if and only if it is isometrically £;-embeddable,
ie. dij =|| wi — uj ||1 for all i, j, for some vectors uy,...,u, € R™. Hence, characterizing
£;-embeddable metrics by inequalities amounts to find the valid inequalities for the cut
cone Cut,. More detailed connections with £;- and L{-metrics are described in section 3.

For rational metrics,.f;-embeddability is equivalent to embeddability, up to multi-
plicative factor, in a hypercube. For the case of graphic metrics, both concepts of £,- and
hypercube embeddability (binary addressing) have important applications, in particular,
for the design of communication networks and hypercube multiprocessors. For a graph,
hypercube embeddability of its path metric means that the graph is an isometric subgraph
of a hypercube. See section 4.2 for details.

Combinatorial optimization. The cut polytope and the boolean quadric polytope
are used in combinatorial optimization. Indeed, the max-cut problem can be formulated
as a linear program on the cut polytope and, thus, the polyhedral approach to the max-cut
problem leads to the study of the facet defining inequalities for the cut polytope. Similarly,
the polyhedral approach to unconstrained boolean quadratic programming leads to the
study of the facets of the boolean quadric polytope. See section 5.1 for details.

The Boole problem. Given n events in a probability space (2,4, 1), the Boole
problem consists of finding the best estimation of u(A4; U...U A,) in terms of the joint
probabilities p;; = p(A4; N A4;) for 1 € ¢ < j < n. In fact, the answer relies directly on the
knowledge of the facets of the boolean quadric polytope; namely, we have:

(A1 U ... UA,) > max(wTp : wle < 1 is facet defining for BQP,)

where p = (pij)1<i<j<n. See section 5.3 for details. The above fact relies on the following
probabilistic interpretation of BQP,: a point p belongs to BQP, if and only if p;; =
p(A; N A;) for 1 < i < j < n, for some events Ay,..., A, in some probability space
(2, A, p) (see section 3.1).

Quantum mechanics. The physical state of a quantum mechanical system of N
particles is represented by a wavefunction 1, which is a unit vector of a Hilbert space
H(N). For each wavefunction 1 is defined its density matrix I‘fﬁz)(z]m') of second order.
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An important problem in quantum mechanics is the N-representability problem: given a
function I'(z|z'), when is I' N-representable, i.e. [(z]2') = Ff:)(zlz') for some wavefunc-
tion ¥ € H(N) ? In fact, when restricted to the diagonal terms, i.e. asking only that
I'(z]z) = I‘fl,z) (z|2), this problem is equivalent to the membership problem in the polytope
Conv((2iz;)1<ici<n : 2 € {0,1}", Y1 cicn s = N). For a variable number N of particles,
the N-representability problem in its diagonal form leads to the membership problem in
the boolean quadric polytope. See section 7 for details. Moreover, the dual of BQP, can
be interpreted as the cone of positive semi definite two-body operators (see relation (56)
in section 7.2).

Multicommodity flows. Let (G, H, c,7) be an instance of the multicommodity flow
problem, where G is the supply graph with capacities c, on its edges, and H is the demand
graph with demands r. on its edges. The instance is said to be feasible if there exists a
multiflow such that the capacities are not exceded and the demands are fulfilled. The
well known so-called Japanese theorem asserts that the problem is feasible if and only if
(c— r)Td > 0 holds for all d € Met,. Hence, the metric cone Met,,, consisting of all semi-
metrics on n points, is the dual cone to the cone of feasible multiflows. When restricting
the condition (¢ — r)Td > 0 to the cut metrics d, we obtain the well known cut condition,

which is always necessary, and sometimes sufficient for some classes of graphs. See section
5.2 for details.

Hypermetrics and L-polytopes. The hypermetric inequalities are a natural strength-
ening of the metric condition, which are still satisfied by the cuts. They define the hyper-
metric cone Hyp, which is contained in the metric cone Met,, and contains the cut cone
Cut,. The hypermetrics d € Hyp,, are in one-to-one correspondence with L-polytopes
of holes in lattices. Therefore, the study of the extreme rays of the hypermetric cone
translates into the study of "rigid” L-polytopes (see Theorem 6.5). See section 6 for
details.

Designs. Each hypercube embedding of the equidistant metric 2td(K,,) = (2t,.. ., 2t)
corresponds to some design. The embeddings of minimum size, i.e. in a hypercube of
minimum dimension, correspond to special classes of designs (Hadamard designs and pro-

jective planes), depending on the parameters. These connections are described in section
8.3.

Several additional applications are described, in particular, in section 8.

One more interesting application of cuts is for the disproval of the following conjecture
by Borsuk: Every set of diameter one in the space R? can be partitioned into d-+1 subsets
of diameter smaller than one. For n = 4k with k prime power, consider the set X of the

incidence vectors of the equicuts, i.e. corresponding to a partition into two sets of size 2
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of the complete graph K,,. Then X cannot be partitioned into fewer than 1.1" parts so
that each part has diameter smaller than the diameter of X. This is a counterexample to
Borsuk’s conjecture; it is given in [106].

Finally, a curiosity about cuts is the link existing between the cut cone and Fibonacci

numbers. Namely, the number of cuts on one of its facets is expressed directly in terms of
the Fibonacci numbers [67].

2 Objects

2.1 Cut and intersection vectors

Set Vi, = {1,...,n}, B, = {(,7) : 1 £ i < j < n}, then K, = (V,, E,) denotes the
complete graph on n nodes.

e For § CV,, §(S) C E, denotes the cut defined by S, with (Z,5) € é(S) if and only if
|§ N {i,7}| = 1. The incidence vector of the cut §(S) is called a cut vector and, by abuse
of language, is also denoted as §(S). Hence, 6(S) € {0,1}(2) with 6(5);; = 1 if and only
if [SN{i,7} =1 for 1 < i< j < n. Therefore, §(5) = §(V, — §) holds, i.e. a cut can be
defined by any of its two shores S or V,, — S. ,

e For § C V,,, n(S) € {0, 1}(";1) is the intersection vector defined by S with #(S5);; = 1 if
andonlyifz,j€ Sfor1<i<j<n

e Let 7 be a collection of subsets of V,,. For § C V,, we define its T-tntersection vector
7Z(S) € {0,1}F by #*(S)y = 1 if and only if I C §, for I € Z. We shall consider, in
particular, the following set families 7: Z.,, consisting of all I C V,, with |I| = m, and
T<m consisting of all I C V,, with 1 < || < m, for 1 < m < n. For instance, for T = T,
xZ(S) is simply the incidence vector of § and, for T = Tc,, 7*(S) coincides with the usual
intersection vector 7(S5).

2.2 Inequalities

¢ For distinct 7, j, k € V,,, the inequalities:

zij — i — 2 <0 ' (1)

and

zij + o + 2jr < 2 (2)

are called triangle inequalities; (1) is homogeneous while (2) is not.
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¢ Given n integers bq,...,b,, we consider the inequality:

Z b;bjz;; < 0. (3)

1<i<j<n

When o := 3; ¢;cp, bi = 1, the inequality (3) is called a hypermetric inequality and denoted

by Hypa(by,...,bn). The triangle inequality (1) is the special case b; = b; = 1, by = —1,

bp = 0 for h € V,, — {1, 7, k}, of the hypermetric inequality (3). When 3, ;. |bi| = 2k +1,

the inequality (3) is called 2k + 1-gonal. The 5-gonal inequality is Hyps(1,1,1,-1,-1).
When o = 0, the inequality (3) is called a negative type inequality and when ZKK” |b;] =

2k, it is called 2k-gonal.

¢ More generally, let by,...,b, be integers such that 0 = Yl1<i<n bi is odd and such that

there exists a subset 4 C V with ), 4 b; = &= L Then, we consider the inequality:
2
o -1
> bibjeig < — (4)
1<i<j<n

refered to as the non homogeneous hypermetric inequality. The triangle inequality (2) is
the special case b; = b; = by = 1, by, = 0 for h € V,, — {4, 4, k} of the inequality (4).

e Given integers b1,...,bn, set ¢ = Y1 ;0,0 and v = min(jo — 2 ,.5b;] 1 § C V),
called the gap of the b;’s. The inequality:

0'2 - ‘7
D bibjeg < — (5)

1<i<j<n

is valid for the cut polytope CutP,; it is called a gap inequality [L117]. The class of gap
inequalities includes the negative type inequalities (for ¢ = 0), the hypermetric inequalities
(for ¢ = 1) and the non homogeneous hypermetric inequalities (4) (for ¢ odd and when
there exists a subset A such that };c 4 bi = %51).

2.3 {;, Voronoi and covariance maps

We introduce three useful maps:

¢ the £;-map ¢4 : R® — R() defined by pe(e) = (|2: — 2;|)1<icj<n for € € R™

e the Voronoi map ¢, : R* — R("3") defined by pu(z) = (2iz;)1<icj<n for z € R™

e the covariance map @, : R("7") — R(T") defined by @e,(2) = p, for & = (2i5)e<i<i<ns
P = (Pij)igicicn, With
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Pii = Zoi for1<i<n ()
pi; =M%’—_ﬂ’— for1<i<j<n

ot ”0” in ¢, refers to the fact that the index ”0” has been specialized in
but any other index i € {0,1,...,n} can be specialized as well yielding the

and intersection vectors are linked via these maps. Namely, given a subset
‘n} and its incidence vector 15 € {0,1}", then §(5) = ¢(ls) and w(S) =
reover, if § is a subset of {0,1,...,n} with 0 ¢ § and if §(S) denotes the cut
:d by S in K,1, then 7(S) = @, (6(5))-

hedra

ow a list of polytopes and cones to be considered in the paper. For a general
he theory of polyhedra, we refer e.g. to [145].

ne Cut, is the cone generated by all cut vectors 6(S ) for § C V,.

slytope Cut Py, is the convex hull of all cut vectors 6(S) for § C V,,. Both Cut,

are full dimensional polyhedra in RG).
i quadric cone BQ,, is the cone generated by all intersection vectors (S) for

an quadric polytope BQP, is the convex hull of all intersection vectors 7(S5)
Both BQ,, and BQP, are full dimensional polyhedra in R(ngl).

erally, given a family 7 of subsets of Vy,, the cone BQZ (resp. the polytope
efined as the conic hull (resp. convex hull) of the Z-intersection vectors 7t(S)
. Hence, for T = T4, BQP,{ is the n-dimensional cube and, for T = I<3,
cides with BQ P,.

‘metric cone Hyp, is the cone defined by the hypermetric inequalities (3), i.e.

- {z e RG) Yi<icj<n bibjei; <0
- for all integers by, ...,bn, With Y1 c;cn bi =1}
-metric polytope HypP, is the polytope defined by the inequalities (4).
tive type cone Neg, is the cone defined by the negative type inequalities (3),

={z € R(;) : 21§i<j§n bibje;; <0

for all integers by, ..., b, with 31 ;<. b = 0}
ic cone Met,, is the cone defined by the triangle inequalities (1) and the metric
etP, is the polytope defined by the triangle inequalities (1) and (2).
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e The cone @, of the positive semi-definite quadratic forms can be defined as

Qu={zeR(?): Y bibjzy; > 0forallby,...,b, € R}.
1<i5<n

There are several connections between the above polyhedra. An easy, but fundamen-
tal, fact is that Cut,;; and BQ, (resp. CutPny; and BQP,) are in linear one-to-one
correspondance via the covariance map ¢, , since their generators are in one-to-one corre-
spondance via ,,. It was rediscovered, independently, by several authors, e.g. [98], [47],
[150].

Namely, let Cut,;; and CutP,; be defined on the n + 1 points of {0,1,...,n}, then

BQn = ey (Cutni1), BQP, = ¢y (CutPpyy). (7)
It can be checked that ‘

Yeo(Hypny1) = {p= (Pij)icicicn Di1<ij<n BibiPij — Yi<i<n bibis 2 0 (8)
for all integers b;,...,b,}

‘Pco(Negn+1) =Qn (9)

since p € @e,(Negn41) if and only if D 1<i,j<n bibjpij > 0 for all integers by, . .., bn.
We deduce the following inclusions.

Cut, C Hyp, C Met,, CutP, C HypP, C MetP, (10)
Cut, C Hyp, C Negn, i.e. BQ. C Peoy (Hypn+1) C Q.

Some of the above cones and polytopes can be defined, more generally, for an arbitrary
graph G = (V,,, E), where the edge set E is a subset of E,.

Given a subset S C V,,, let §g(S) € RF denote the cut vector defined by S in G, i.e.
6c(8) is the projection of §(.5) on the edge set E of G. Similarly, let 7¢(S) denote the pro-
jection of the intersection vector 7(S) on RE, ie. mg(S) = (”(S)ii)1<i<j<n,(i,j)eE if g
The corresponding cut cone, cut polytope, boolean quadric cone, boolean quadric poly-
tope, are denoted, respectively, by Cut(G), CutP(G), BQ(G), BQP(G). For the complete
graph G = K, they coincide, respectively, with Cut,,, CutP,, BQ,, BQP,. The projec-
tion of the metric cone Met, and of the metric polytope MetP, on the edge set E of G
are the cone Met(G) and the polytope MetP(G) defined, respectively, by
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G)={zecR¥: 2, —2(C-e)<0 forC cycleof Gandec C (11)
0<e. <1 fore€ E}

N={zecR¥: ¢(F)-2(C-F)<|F|-1 forC cycle of G
and F C C,|F| odd (12)
0<z., <1 for e € E}.

ow briefly the main papers where the above cones and polytopes have been
The papers are listed by alphabetic order.

ric cone was considered in [12], [13], [92], [123], [124] (and references there),
147] and the metric polytope in [68], [116], [118], [119].

srmetric cone was considered in [7], [8], [17], [50], [51], [53], [55], [112] and the
e cone in [99)].

ean quadric cone was considered in [47] and the boolean quadric polytope in
7], [131], [135], [150].

cone and polytope are considered in [2], [16], [19], [21], [23], [25], [46], [47],
t], [65], [66], [68], [91], [152]. A detailed survey on the valid inequalities and
2 cut cone can be found in [60].

orm cut cone (generated by cuts with the same shore size) is considered in
orm boolean quadric polytope BQ P,(N) in [79] (and references there), [127],
uicut polytope in [40], [41], [49], [153], and even cut polyhedra (generated by
»se shores have both an even cardinality) in [57].

ric notions

N<i<j<n € R(g). It may be convenient to view d as a symmetric n X n-matrix
G = dj,f and d;; = 0fori,7 € V,,.

i-metric if d satisfies the triangle inequalities (1), i.e. d € Met,, and dis a
ireover, d;; # 0 for distinct 2, j € V,,. However, we often use the term "metric”
0 for some distinct ¢,j. We also say that (V,,d) is a metric space.

s said to be metrically rigid if d lies on a siraplicial face of Met,, i.e. on a face
ators (the extreme rays lying on it) are linearly independent; d is an eztreme
es on an extreme ray of Met,.

netric if d satisfies the hypermetric inequalities (3), i.e. d € Hyp,, and d is
if it satisfies all 2k 4 1-gonal hypermetric inequalities; d is of negative type if
te negative type inequalities, i.e. d € Neg,, and d is 2k-gonal if it satisfies all
rative type inequalities.
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o d is {,-embeddable if there exist n vectors z;,...,2, € R™ for some m > 1 such that
dij =|| z; — 2 ||p for 1 < i< j < n, where || 2 |l,= (Di<hcm Izh[")% for z € R™. We
consider here especially the cases p = 1, 2. o
e d is hypercube embeddable (h-embeddable, for short) if d;; =|| #z;—z; |1 for 1 < i < j < m,
for some binary vectors 21,...,2, € {0,1}™, m > 1.
o If d is rational valued, then d is £1-embeddable if and only if nd is h-embeddable for
some scalar 77 [10]. The smallest such 7 is called the scale of d. This fact is easy, but
crucial, since it permits to link combinatorial and analytical aspects.
e For d € Cut,, any decomposition of d as d = Y5 As6(S) with Ag > 0 (resp. As > 0,
integer) is called a R.-realization (resp. Z,-realization) of d; Y5 Ag is its size. The
minimum size of a R -realization of d € Cut, is denoted as s(d) and the minimum size of
a Z-realization (if exists) of d is called its h-size and denoted by sp(d).
Hd=73gAs6(5) with As > 0, then 31 ¢; i, dij = L5 As|S|(n ~ |S]), withn — 1 <
|S|(n~|§]) < [3]%] for 1 < |S| < n — 1. Therefore, for d € Cut,,, we have the following
bounds on its minimum size s(d):

Yi<ici<n Bij D<i<i<n Bij
£AZiKgin T o gy « 41i<iSn BT
HIA e (13)

e d € Cut, is said to be £;-rigid if it lies on a simplicial face of Cut,, i.e. d has a unique
R ;-realization or, equivalently (in view of Theorem 3.3), d has a unique £;-embedding.
Similarly, if d is h-embeddable, d is said to be h-rigid if d has a unique h-embedding or,
equivalently, a unique Z ;-realization.

2.6 Operations on faces

We saw above that the cut polytope Cut,y; and the boolean quadric polytope BQP, are
in one-to-one correspondance via the covariance map ¢.,. We now see in more detail how
the covariance map acts on the valid inequalities. Consider the inequalities:

Z CiiT44 S d (14)
0<i<j<n

Y api+ Y, byp; <d (15)

1<i<n 1<i<j<n

where a, b, ¢ are linked by
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coi =0+3Yigjenipibiy forl<ic<n (16)
Cij :—%bij forl1<i<j<m
tequality (14) is valid (resp. facet defining) for CutPpyq if and only if the
5) is valid (resp. facet defining) for BQP,.

polytope enjoys a lot of symmetries, namely the symmetries induced by the
s of V,, and the switching maps that we now describe. The full symmetry
cut polytope CutP, is described in [54].

cut 6(A) of K, and v € R(;), we define the maps Rs(4) and rs(4) from R()

o '—’Uij if (7’1]) € 6(A)

Ra(A)(v)u = { Vi otherwise (7
) Y=y if (i,7) € 6(4)

7'5(_4)('0)14 = { vy otherwise. (19)

s(4) is an afline map, called switching map, whose associated linear map is
, the inequality vTz < vg is valid (resp. facet defining) for CutP, if and only
Jity Rg(A)(v)T:c < wg — vT6(A) is valid (resp. facet defining) for CutP,. An
msequence is that all the facets of the cut polytope can be deduced from those
me, via the switching map [25].

mce, the non homogeneous triangle inequality (2) is a switching of the homo-
ngle inequality (1) and the inequalities (4) are all possible switchings of the
inequalities (3).

.ching operation was introduced in [47] for the cut cone Cut, and in [25] for
tope CutP(G) of an arbitrary graph.

:ovariance map, we have also an analogue of switching for the boolean quadric
mely, the map pc,7s( A)(,oc‘ol which acts on the boolean quadric polytope BQ P,
t transforms the inequality

Y apit+ ), bipi < d
1<i<n 1<i<j<n

juality
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Y apit+ Y, bpy<d
1<i<n 1<i<j<n

~ Yica %~ 3 Licici<nijea bii
ai+EjeAbij 1f1,¢A
—a; — E,‘iEA—{i} bij ifie A
—bi; i |An{i,j} =1
bi; i |AN{i,j} #1.

. other operations on the faces of the cut polytope were considered, see e.g. [25],
51}, [152].

>lications in functional analysis: /;- and L;-metrics

> cut cone and /;-metrics

tion, we mention how the members of the cut cone and polytope, or of the
ladric cone and polytope, can be interpreted in terms of metrics and measure
: essentially follow [6] and [11].

, every member d € Cut, defines a semi-metric on n points. Hence arises the
" characterizing the class of semi-metrics defined by the cut cone. As stated in
3.1, 3.3 and 3.8, the semi-metrics belonging to the cut cone are those that are
lable or, equivalently, £;-embeddable or, equivalently, d € Cut, if and only if
AA;), 1 < i< j < n, for some non negative measure space (2, A4, 1) and some
...y A € A. The corresponding statement for the boolean quadric cone reads:
{ and only if p;; = p(4; N 4;), 1 < i < j < n, for some non negative measure
4, ) and some events A;,..., A, € A. The polytope case corresponds to the
(9, A, p) is a probability space, i.e. u(Q2) = 1.

stating the results, we recall some definitions.

sure space (2, A, ) consists of a set (1, a o-algebra A of subsets of £, and a
defined on A which is additive, i.e. p(Un>1 An) = Y n>1 #(An) for all pairwise
s A, € A, and satisfies 4(f) = 0. The measure space is non negative if u(A4) > 0
- A. A probability space is a non negative measure space with total measure

[) and (X',d’) are two semi-metric spaces, (X, d) is said to be isometrically
rinto (X', d') if there exists a map ¢ (the embedding) from X to X’ such that
"(¢(z), ¢(y)) for all 2,y € X. One also says that (X, d) is a subspace of (X', d').
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Recall that || ||; denotes the £;-norm, defined by || u |[1= Y1 <j<m |uj] for u € R™.

THEOREM 3.1 Let d = (dij)i<ici<n € R(G). The following assertions are equivalent.

(i) d € Cut,, (resp. d € CutP,).

(i) There ewist a non negative measure space (resp. a probability space) (?, A, p) and
Ay, ..., A, € A such that d;j; = p(A;AA;) for all1<i< j < n.

THEOREM 3.2 Let p = (pij)i<i<j<n € R(T). The following assertions are equivalent.
(i) p € BQy (resp. p € BQPF,).

(i3) There exist a non negative measure space (resp. a probability space) (€1, A, p) and
Ai,...,An € A such that p;; = p(A;NA;j) for all1 <i<j<n.

Theorem 3.1 was given in [6] and Theorem 3.2 was given in [133], [135]. This interpre-
tation of BQ P, is already used in [127] for describing the pair distributions of particles in
lattice sites. In fact, both Theorems 3.1 and 3.2 are easily seen to be equivalent using the
covariance map. We give the proof of Theorem 3.2, following [133].

ProoF. Assume p € BQ,. Then, p = Y gcq1,..n} As7(S) for some Ag > 0. We define
a non negative measure space ({2, 4, u) as follows. Let Q denote the family of subsets
of {1,...,n}, let A denote the family of subsets of  and let p denote the measure on
A defined by p(A) = YgcaAs for each A € A (ie. A is a collection of subsets of
{1,...,n}). Define 4; = {S € Q:4i € S}. Then, p(A;NA4;) = p({S5 € Q:4,j€ S5}
= Y seqijes As = pij holds, forall 1 <z < j < n. Moreover, if p € BQP,, then we have
YogAs =1, ie. p(Q) =1, that is (2, A, ) is a probability space.

Conversely, assume p;; = g(A;NA;) for 1 < i < j < n, where (2, A, ¢) is a nonnegative
measure space and Aj,..., A, € A. Set A5 = Nics 4:i N nigs(ﬂ — A;) for each § C
{1,...,n}. Then, 4; = Ugyes 4%, AiNA; = Us; jes As and @ = Ug AS. Therefore,
P = 2sc{1,. .} u(AS)r(S), showing that p belongs to the boolean quadric cone BQn.
Moreover, if (2, A, p) is a probability space, i:e. u(2) = 1, then } g u(AS ) = 1, implying
that p belongs to the boolean quadric polytope BQP,.

Another characterization of the cut cone is given in [6], [11] in terms of £; —metrics..

THEOREM 3.3 Let (X,d) be a semi-metric space with X = {1,...,n}. The following
assertions are equivalent.

(i) d € Cut,.
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(%) (X, d) is £1-embeddable, i.e. there exist n vectors ug,...,u, € R™ for some m such
that dij =|| w; —u; |1 forall1 < i< j < n.

Proor. (i) = (é). Let d € Cuty, then d = ¥ cpcm Me(Sk) With Ay,..., A, > 0.
For 1 < i < n, define the vector u; € R™ with components (wide = Ap if 2 € Si and
(ui)r = 0 otherwise, for 1 < k < m. Then d;; =|| u; — u; ||; holds, showing that (X, d) is
£,-embeddable.

(%) = (4). Assume that (X, d) is £;-embeddable, i.e. there exist n vectors ug, ..., u, €
R™ for some m > 1 such that di; =|| w; — uj |1, for 1 < i < j < n. We show that
d € Cut,. It suffices to show the result for the case m = 1 by additivity of the £;-norm.
Hence d;; = |u; — u;| where u;,...,u, € R. Without loss of generality, we can suppose
that 0 = w3 <up <... < up. Then, d = ¥ crcng (hs1 — ur)8({1,2, ...,k — 1, k}) holds,
showing that d € Cut,. o 1

There is an analogue characterization for h-embeddable metrics.

THEOREM 3.4 Let (X,d) be a semi-metric space with X = {1,...,n}. The following
assertions are equivelent,

(i) d =3 5 As8(S) for some non negative integer scalars Ag.

(%) (X,d) is h-embeddable, i.e. there exist n vectors uy,...,u, € {0,1}™ for some m
such that d;; =|| uw; — uj ||; forall1<i<j<mn.

Proor. The proof is analogous to that of Theorem 3.3. Namely, for (i) = (i), assume
d = 31 <k<m 9(Sk) (allowing repetitions). Consider the binary n X m matrix M whose
columns are the incidence vectors of the sets S1,.0.,8m. K ug,...,u, denote the rows
of M, then d;; =|| u; — u; ||; holds, providing an embedding of (X, d) in the hypercube
of dimension m. Conversely, for (i7) = (%), consider the matrix M whose rows are the

n given vectors uy,...,u,. Let Si,..., 5, be the subsets of {1,...,n} whose incidence
vectors are the columns of M. Then, d = }7; <4< §(Sk) holds, giving a decomposition of
d as a non negative integer combination of cuts. |

3.2 The cut cone and L;-metrics (infinite case)

In fact, there is a deeper connection between the cut cone and functional analysis, namely
with L;-spaces. It was established in [6] (see also [11]). For this, we need some more
definitions. In what follows, we shall consider a semi-metric space (X, d) where the set X
may be finite or infinite, since some results remain valid in the infinite case.



M. DEzA AND M. LAURENT

measure space (2, A, u) and given a function f : @ — R, its L;-norm is

£ = [ 1F@)li(ds)

A, ) denotes the set of measurable functions f, i.e. with || f ||1< co. Hence

. defines a metric structure on L1(2, A, p).

non negative measure space (£2,.A, ), another metric space (A,,d,) can be

re A, = {A € A: p(A) < oo} and dy(A,B) = p(AAB) for AL B A,. In

) is the subspace of L;((2, A, p) consisting of its 0-1 valued functions.

is a set of cardinality m, A = 29 is the collection of subsets of 2 and p is the

neasure, i.e. p(A) = |A| for A C Q, then L;(92,2%,].]) is simply denoted as
Hence, the m-dimensional hypercube (K2)™ is the subspace of {; consisting

)inary sequences.

aetric space (X, d) is L;-embeddable if it is a subspace of some L1(Q2, A, 1) for
)gative measure space, i.e. there is a map ¢ from X to L;(£, A, ) such that

(2) — ¢(y) || for 2,y € X.

For a semi-metric space (X,d), the following assertions are equivalent.
s Ly-embeddable.

is a subspace of (A,,d,) for some non negative measure space (2, A, ).

s implication (éi) = (%) is clear, since (A4, d,,) is a subspace of L1(Q, A, u). We
(%¢). It suffices to show that each space L;((2, A, i) is a subspace of (B,,d,)
n negative measure space (T,B,v). Set T = Q@ X R, B = A X R where R is
f Borel subsets of R, and ¥ = p ® A where A is the Lebesgue measure on R.
Q,A,p),let E(f) = {(w,s) € 2 xR :s> f(w)} denote its epigraph. Then,
— E(f)AE(0) provides an isometric embedding from L:(f, A, u) to (B,,d, ),
7 li= v(E(f)AE(g)) holds. |

t theorem is an analogue of Theorem 3.3 for the general case when the set X
lite.

L subset ¥ of X, let éy denote the cut function induced by Y defined by
Lif Y n{e,y} = 1, éy(e,y) = 0 otherwise, for 2,y € X; so dy is just the
tion of the usual cut metric 6(Y). Let D(X') denote the set of all cut functions
X.
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THEOREM 3.6 Given a semi-metric space (X,d), the following assertions are equivalent.
(i) (X,d) is Li-embeddable.

(%) There exists a non negative measure v on D(X) such that d(z,y) = fD( x) 8(z,y)v(d6)
forz,ye X.

PRrOOF. (%) = (4t). Assume (X,d)is L;-embeddable. Then, by Lemma 3.5, there exist
a non negative measure space ({2, .A,x) and a map ¢z — A, from X to A, such that
d(z,y) = p(A:AAy) for 2,y € X. Forw € Q, set A = {2 € X : w € A,}. We define
a measure ¥ on D(X) additively by setting: »({éy}) = p({w € Q : A“ = Y}) for each
Y CX.
Note that w € A, if and only if € A“ and w € A,AA, if and only if |A“ N {z,y}| = 1.
Therefore,
d(z,y) = m(AA4y) = p({w € Q: |A” N {z,y}| = 1})

= p({w € Q: bpe(2,y) = 1})

= I"‘(UYQX:&y(z,y):l{w €N:AY = Y})

= fp(x) §(z, y)v(ds).

(1) = (). Conversely, assume that d = [,y 6v(d6) for some non negative measure
on D(X). Fix s € X and set A, = {§ € D(X) : §(s,z) = 1} for each 2 € X. Then,
d(z,y) = v(A,AAy) holds, since §(z,y) = 0if 6§ ¢ A,AA, and §(z,y) = Lif § € A, AA,.
This shows, using Lemma 3.5, that (X, d) is L;-embeddable. |

Let C(X) denote the set of all semi-metrics d on X for which (X, d) is L;-embeddable.
THEOREM 3.7 (i) C(X) is a convez cone.

(%) The extremal rays of C(X) are the rays generated by the non zero cut functions 8y
JorYCX, 04£Y #£X.

ProoF. The proof of () is based on the fact that the direct sum of two L;-subspaces
is again an L;-subspace. Namely, assume that (X;, d;) is a subspace of L1(Q, A;, p;) for
¢ = 1,2. Consider their direct sum (X = X; X X,,d = d,®d,), where d((21, z2), (1, ¥2)) =
di(z1,91) + da(22,y2) for 1,y: € X; and 23,92 € X,. Let (2 = Q; UQs, A, p) denote the
measure space obtained by extending A; and y; to Q; U Q. If ¢; denotes the embedding
of (X;,d;) into Ly (€, A;, p1;), then we obtain an embedding ¢ of (X; x X3,d; d) into
L1(Q, A, u) by setting ¢(zq1, 22)(w) = ¢s(2z:)(w) if w € Q;, for i = 1, 2. Indeed,
di @ da((21,22), (¥1,92)) = di(21,91) + da(22,92)
=|| ¢1(21) — d1(w1) | + || $2(22) — B2(y2) |
=|| ¢(21,22) — $(y1,92) || -
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We check that d; + d; € C(X)if dy, dy € C(X). Indeed, if (X, d;) and (X, dz) are L;-
embeddable, then (X, d; +d;) is L;-embeddable, since it is a subspace of (X x X, d; @ da)
(via the embedding # +— (z,z)) which is L;-embeddable by the previous argument.

We now check (). It is easy to see that each cut function lies on an extreme ray of
C(X) (it lies, in fact, on an extreme ray of the metric cone). Consider now d € C(X) which
is not a cut function. We can suppose that d(zy, z2) = 1, d(z1, 23) = a > 0 and d(z3, 23) =
B > 0 for some z1,23,23 € X witha > 8. Set d; = fD(x) 8(z1, 22)0(21, 23)0v(db) and
dy = d —dy. Then, di,dy € C(X) by Theorem 3.6. But di(z1,25) = 22 > g,
since 26(z1,22)8(21,23) = 8(21,22) + 8(21, 23) — 8(22,23) for each cut function §. Also,
di(z2,23) = 0 and dy(z2,23) = f. Therefore d does not lie on an extreme ray of C(X)
since d = d; + d, where d; and d, are not proportional to d. |

In the case X finite, the following result is an immediate consequence of Theorems 3.3
and 3.6.

TureoRrEM 3.8 Let X = {1,...,n} be a finite set and let d be a semi-metric on X. The
following assertions are equivalent.

(i) (X, d) is Li-embeddable.
(%) (X, d) is £1-embeddable.
(#i) d € Cut,.

In fact, even for X infinite, the study of the L,-embeddable semi-metrics on X can be
reduced in some sense to the finite case and thus to the study of the cut cone. Indeed,
based on the fact that C(X) is closed for the topology of the pointwise convergence, it
was shown in [33] that (X, d) is L;-embeddable if and only if (Y,d}y) is L;1-embeddable
for each finite subset Y of X, where d|y denotes the restriction of d to the set Y.

Let d be defined on a set X; d is said to be hypermetric if its restriction to any finite
subset Y of X is hypermetric, i.e. ZlSKan b;b;d(z;, z;) < 0 for all integers by,...,b,
with Y1cicn bs = 1, for all z1,...,2, € X and all n > 1. Let Hyp(X) denote the set of
the hypermetrics d on X. Then, C(X) C Hyp(X) holds clearly. However, the inclusion
is, in general, strict. It is strict, for instance, if 7 < |X| < oo or if X is the set of non
negative integers.

However, there are many examples of classes of semi-metric spaces (X, d) for which
the properties of being hypermetric and L;-embeddable are equivalent. Such examples
are given in section 4; see sections 4.3 and 4.4 for examples with X infinite.
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4 Metric properties

In this section, we give a hierarchy of metric properties, together with exemples showing
the irreversibility of the one-way implications. Then, we consider three classes of metrics:
graphic metrics, metrics from normed spaces, metrics from lattices, for which the hierarchy
partially collapses.

4.1 A hierarchy of metric properties

In this section, we consider several metric properties, in particular, hypermetricity, hyper-
cube and £;-, {5-embeddability, ultrametricity, the negative type, four point and rigidity
conditions. We indicate which implications exist among them.

We first recall some facts about the cut lattice, graphic metrics, ultrametrics and the
four point condition.

Let L, denote the cut lattice, consisting of the integer combinations Y g Ag8(S), Ag
integer, of the cut vectors of K,,. It is easy to check that, for d integral, d € L, if and
only if d satisfies the following parity condition:

dij + dix + djr, = 0 (mod 2) for 4,5,k € V,. (19)
Therefore, every h-embeddable metric satisfies the above parity condition.

Given a graph G = (V, E), its path metric dg is defined by letting dg(%,j) denote
the length of a shortest path from 7 to j in G, for ¢, € V. If non negative weights w,
are assigned to the edges e of G, the path metric of the weighted graph (G, w) is defined
similarly by defining the length of a path as the sum of the weights of its edges. When
its path metric is £;-embeddable, we also say that the graph is an {;-graph. A metric is
called graphic if it is the path metric of some graph. Specific results on graphic metrics
are grouped in section 4.2.

A metric d is called ultrametric if it satisfies the condition:

d;; < max(d, djz) (20)

for all distinct 7,7, k, i.e. each triangle is isoceles with the third side shorter or equal to
the two others; this implies that any two distinct balls with the same radius are disjoint.
See [4] and references there for a description of applications of ultrametric spaces. An
important class of ultrametric spaces arises from valuated fields (see e.g. [35]). Let F be
a field and let |.| be a non-archimedean valuation on F (e.g. the p-adic valuation on the
field of p-adic numbers), i.e. |.| is a map from F to Ry satisfying:
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e |aj=0if and onlyifa=0,fora € F,
e |ab| = |a||b| for a,b€ F,

e la+1] <1 for all a € F such that |a| < 1, or equivalently, |a+ 3| < max(|al, |b]) for
a,be F.

Then, d(a,b) = |a — b| defines an ultrametric on F.

Ultrametrics can be represented by weighted trees in the following way (see [4}).

Let T = (V, E) be a rooted tree with root » € V and let X denote its set of leaves
(nodes of degree 1) other than the root. Let we,e € E, be non negative weights assigned
to the edges of T and let dr,, denote the path metric of the weighted tree (T, w). We
suppose that dr (7, z) = h for all leaves z € X, for some constant h, called the height of
the tree; then, the weighted tree is called a dendogram (or indezed hierarchy). The height
h(v) of a node v of T is defined as the length of a shortest path connecting v to a leaf of
T. A metric space (X, dx) is defined on the set X of leaves by defining dx(z,y) as the
height of the first predecessor of the leaves #,y. Then, dx is ultrametric and, moreover,
every ultrametric is of the form dx for some dendogram.

This tree representation for ultrametrics is used in classification theory, especially in
taxonomy (see [88] and references there for details).

We give another connection with weighted trees. The following condition is called the
four point condition:

di; + dr < max(d + dji, dig + djk) (21)

for 4,4, k,1 € V,,. It implies the triangle inequality (1) (for k = I).
The metrics satisfying the four point condition (21) are exactly the path metrics of
weighted trees (with non negative weights); for this reason, they also called tree metrics.

It is easy to see that the condition (20) implies the condition (21),i.e. every ultrametric
satisfies the four point condition. Actually, every tree metric can be characterized in terms
of an associated ultrametric (see [20]). Given r € V, and a constant ¢ > max(d;; : 4,5 €
V,.), define d(*) by:

45 = c+ %(d,.,- — diy — dj,) for 4,5 € Va.

Then, d is a tree metric, i.e. satisfies the four point condition (21), if and only if dr) is
ultrametric.
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Observe that each ultrametric d is £5-embeddable (indeed, if d is ultrametric, then d?
too is ultrametric and, thus, of negative type, implying that d is £,-embeddable - see Table
1 for the implications). In fact, it is easy to check that:

d is ultrametric <= d° is ultrametric for all a € R
<= d®is £3-embeddable for all a € R
<= d°®is ametric for all e € R,.

The inequality: min(m : d is £;-embeddable into R™) < n —1, holds for all £5-metrics

with equality for ultrametrics [100].

We summarize in Table 1 below the implications existing between the various metric
properties considered here.

First, we add some examples showing that the one-way implications shown in Table
1 are irreversible, and some additional remarks. P, denotes the path on n nodes and C,
the cycle on n nodes.

o If d is 2k + 1-gonal, then d is 2k + 2-gonal, if d is n + 3-gonal, then d is n + 1-gonal ([46]).
Counterexamples to the reverse implications are given in [11].

¢ The equivalence: d is £;-embeddable <= d? € Neg,, was proved in [144].

o Let d be the path metric of K4 — P;, then d € Cut,, but d? ¢ Neg,; also, d is metrically
rigid, but not h-embeddable.

¢ Let d be the path metric of K7 — P3, or K7 — Py, or K; — Cs, then d € Hyp,, but
d ¢ Cut,.

e Let d be the path metric of K5 — K3, or Kg — P3, then d € Neg,, but d & Hypn.

e Let d be the path metric of K7 — K, or K;; — Ps, then d (considered as the symmetric
matrix (di;)1<ij<n, With di; = dj; and d;; = 0) has exactly one positive eigenvalue, but
d ¢ Neg,. Note that the path metric of K43 —K,_1,n > 6, has eigenvalues 2n—1, -1, -2
with respective multiplicities 1,1,n — 1 [159]. Also, the path metric of K42 — P; has one
positive eigenvalue if n < 9 and two otherwise [18].

o Let d be the path metric of P;, then d? € Neg, and d satisfies the four point condition,
but d is not ultrametric.

e Let d be the path metric of K5 — P3, or Kg— P3, then d is £;-rigid, but d is not metrically
rigid. The path metric of K4 is £;-embeddable, but not £;-rigid.

e Let d be the path metric of K¢ — P,, then 2d € Cut, N L,, but 2d is not A-embeddable.
The path metric of K5 3 is not hypermetric, since it is not 5-gonal.

e For n = 7,8, the path metric of K,, — P; lies on a simplicial face (in fact, on an extreme
ray) of Hyp,, but it does not lie on a simplicial face of M ety, i.e. it is not metrically rigid;
moreover, it does not belong to Cut,.

e Let d be the path metric of K5, then 2d is h-embeddable and A-rigid, but not £, -rigid.
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'tric properties of graphs

here several results on the metric properties of graphs.
h G = (V, E) is said to be an isometric subgraph of a graph H = (W, F) if there
embedding) f from V to W such that dg(z, j) = dg(f(2), f(§)) for all nodes i, j

cal question in the metric theory of graphs is whether G is an isometric subgraph
*graph H, where H has a simpler structure, e.g. H is a hypercube, a half-cube,
ict of complete graphs (see [90], [160]). One of the motivations comes from the
ns to the problem of designing addressing schemes for computer communication
‘see [28], [89]).
that the n-dimensional hypercube is the graph (K,)™ (also denoted by H(n,2))
le set is {0, 1}™ with two nodes u, v € {0,1}" adjacent if their Hamming distance
» 1. The half-cube 1 H(n,2) has node set {u € {0,1}": 2o1<i<n Ui is even } with
adjacent if their Hamming distance is equal to 2. The cocktail party graph
2n nodes: 1,...,2n and its edges are all pairs except the n pairs (¢, + n) for

ear from the definition that, for a graph G, its path metric dg is h-embeddable
y if G is an isometric subgraph of some hypercube. Also, dg is £;-embeddable
2,1i.e. 2dg is h-embeddable, if and only if G is an isometric subgraph of some
Note that, if d is the path metric of the cocktail party graph K,y2 and n > 5,
Cutyy, (50 Kpxz is an £;-graph), 2d € Ly, but 2d is not h-embeddable.
nestion of isometric embedding is directly linked to the problematic of cuts;
7 Theorem 3.4, G is an isometric subgraph of a hypercube if and only if its path
can be written as a non negative integer combination of cut vectors.

llowing results are known for graphic metrics.

4.1 The graph G is an isometric subgraph of a hypercube if and only if G is
nd, for all nodes a,b of G, the set G(a,b) := {u € V : dg(u,a) < dg(u,b)} is
ler taking shortest paths ([70]), or equivalently, if and only if G is bipartite and

nal ([14]).
4.2 Let G bé a bipartite graph. The following properties are equivalent [141]:
8 h-embeddable,
s £y -embeddable,
s hypermetric,

s 5-gonal,
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o dg is of negative type,

o dg (as symmetric matriz with zero on its diagonal) has ezactly one positive eigen-
value.

Moreover, every bipartite graph is metrically rigid [122], implying that every isomeiric
subgraph of the hypercube is £ -rigid [62].

THEOREM 4.3 [149]

(i) G is an £1-graph if and only if G is an isometric subgraph of a cartesian product of
half-cubes and cocktail party graphs.

(4) If G is an £1-graph on n nodes, then its scale 1) is equal to 1, or is even with < n—1.
Moreover, if G is £1-rigid, then its scale 1 is equal to 1, or 2.

THEOREM 4.4 [154] Let G be a graph. Then its path metric dg is hypermetric if and only
if G is an isometric subgraph of a cartesian product of half-cubes, cockiail party graphs
and copies of the Gosset graph Gyg. (The Gosset graph G is a graph on 56 nodes arising
as the 1-skeleton of the Gosset polytope 321 [34].)

The following result gives a characterization of {;-graphs within the class of graphs
having a universal node. Given a graph G, VG denotes the graph obtained by adding a
node adjacent to all nodes of G. So the path metric of VG takes only the values 1,2.

THEOREM 4.5 [9] Let G be a connected graph on n nodes. The following assertions are
equivalent:

e VG is an {1-graph.

e G is an induced subgraph of a cocktail party graph, or G is a line graph (i.e. G does
not contain any of nine given graphs [26]).

Moreover, if n > 37, then VG is an £y-graph if and only if its path metric is 5-gonal
and of negative type; if n > 28, then VG is an {y-graph if and only if its path metric is
hypermetric.

THEOREM 4.6 [50] Let G be a regular graph of diameter 2. The following assertions are
equivalent:

(1) dg is of negative type,

(%) dg is hypermetric,
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(1) dy 1s of negative type,
() the minimum eigenvalue of the adjacency matriz of G is greater or equal to —2.

Moreover, the path metric dg of a reqular graph G of diameter 2 is hypermetric if and
only if G = K, x, for some integer n, or G is an isometric subgraph of a half-cube, or dg
lies on an extreme ray of the hypermetric cone.

The classification of hypermetricity, £;-embeddability, and £;-rigidity was done for
many classes of regular graphs (see, in particular, [50], [62], [113]).

The following result is an analogue of Theorems 4.5 and 4.6 for the class of (non
necessarly graphic) metrics with values 1,2, 3.

THEOREM 4.7 (i) [10] Let d be a metric with values in {1,2}. Then, d is h-embeddable
if and only if d is 5-gonal and satisfies (19), or equivalently, if and only if d is the
path metric of K11, Ka2, or & is the path metric of K.

(%) [15] Let d be a metric on n > 9 points with values in {1,2,3} and satisfying (19).
The following assertions are equivalent:

¢ d is h-embeddable,
e d s £1-embeddable,
o d is hypermeiric,

o d is 11-gonal.

In [59], a characterization of h-embeddability is given for a larger class of metrics
including those whose values are all odd, or equal to 2.

We mention another application of isometric subgraphs of the cube in terms of oriented
matroids.

THEOREM 4.8 [85] A graph G is isomorphic to the tope graph of an oriented matroid of
rank at most three if and only if G is planar, isometrically embeddable in some hypercube,
and antipodal (i.e. for each vertez v, there is a unique vertez v* which is not closer to v
than any neighboor of v*).

Finally, we mention a characterization of trees within £;-graphs, using the notion of
minimum size.
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N 4.9 [52] Let G be an £;-graph and let s(dg) denote the minimum size of its
Then, 2 — ‘r:il_r" < s(dg) < n — 1. FEquality holds in the lower bound if and
2

K. and in the upper bound if and only if G is a tree.
» that, for d € Cut,, equality holds in the upper bound of (13), i.e. s(d) =
if and only if d is the path metric of a weighted star Ky 1.

etrics from normed spaces

dytope is called a zonotope if it is the vector sum of some line segments.
dy which can be approximated by zonotopes with respect to the Hausdorff
led a zonoid. Zonotopes and zonoids are central objects in convex geometry
also relevant to many other fields (see e.g. [143] for a survey). They are, in
sdevant to the topic of Li-metrics as we now explain.

recall some definitions.

» a convex body ( i.e. a convex compact set) in R? K is centered if it has a
ametry. Its support function is defined by:

h(K,z)=max(eTy:y € K)

It is easy to see that, if K is a centered convex body, then || 2 ||:= h(K,z)
rm on R? with K* as unit ball. Conversely, every norm || . || on R? is of
K,.), where K is the polar of the unit ball. Each norm | . || on R defines
on R?, called norm (or Minkowski) metric, by setting dj(z,y) =l z — ¥ |-
g results give several equivalent characterizations for L;-embeddable normed

10 (see [1], [6], [143]). Let || . || be a norm on R? and let U be its unit ball.
g assertions are equivalent:

f negative type.

hypermetric.

1) %8 L1-embeddable.

lar of U is a zonotd, i.e. || . ||= B(U*,.) is the support function of a zonoid.

:xists a positive Borel measure p on the hyperplanesets of R? such that the
| . || is defined by the following formula (called Crofton formula):

|z -y |l= p((l=, y]1)

[z, y]] denotes the set of hyperplanes meeting the segment [z,y].
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THEOREM 4.11 (see [6], [143]). Let || .|| be a norm on R? for which the unit ball U is a
polytope. The following assertions are equivalent:

(3) || . || satisfies the Hlawkla inequality:

Fell+lyll+lzl+lletytzi2llz+yll+lle+zl+]y+z2]
for all z,y,z € R4,
(%) djj is 7-gonal.
(#i) The polar of U is a zonotope.

(iv) (R%,dyj)|) is Li-embeddable.

These results can be partially extended to the more general concept of projective
metrics. A continuous metric d on R? is called a projective metric if it satisfies d(e,z) =
d(z, y)+d(y, z) for any collinear points z,y, z lying in that order on a common line. Cleaxly,
every norm metric is projective. The cone of projective metrics is the object considered
by the unsolved fourth Hilbert problem in R™ (see [1], [3]).

We have the following characterization of L;-embeddability for projective metrics.

THEOREM 4.12 [1] Let d be a projective metric on R%, The following assertions are
equivalent:

(3) d is hypermetric.

(%) There exists a positive Borel measure p on the hyperplanesets of R? satisfying

u([[z]D =0 for all 2 € R?
0< pu([[z,9]]) < o0 foralz#yecRe

such that d(z,y) = u([[,y]]) for z,y € R%. (As in Theorem 4.10, [[z,y]] is the set
of hyperplanes that meet the segment [z,y]).

(iit) (R?,d) is Ly-embeddable (namely, d(z,y) = p({[z,]]) = ([0, =]JA[[0, y]]))-
Remark that, for d = 2, Theorem 4.12 (ii) always holds, i.e. every projective metric

on R%is L;-embeddable. On the other hand, the projective metric arising from the norm
|| z ||= max(]z1], |s|, |2s]) in R3 is not even hypermetric (it is not 5-gonal).
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strics from lattices

1is section results on the metrics arising from lattices. A good reference on
) be a lattice (possibly infinite), i.e. a partially ordered set in which any two
'€ L have a join 2 Vy and a meet 2 A y. A valuation on L is a function
satisfying

v(zVy)+v(zAy) =v(z)+v(y)

L. The valuation v is isotone if v(z) < v(y) whenever z < y and it is positive
) whenever ¢ < y,z # y. Set

dy(z,y) = v(zVy)—v(z Ay)

Then, (L,d,) is a semi-metric space if v is an isotone valuation on L
s a metric space if v is a positive valuation on I; in the latter case, L is
ric lattice (see [27]). Clearly, every metric lattice is modular, i.e. satisfies:
= (2 Ay)V zfor all z,y,z with z < z. A lattice is called distributive if
(z Ay) V(2 A z) for all 2,3y, 2. The metric lattices which are distributive are
Lin [111):

.13 Let L be a metric lattice with positive valuation v. The following asser-
svalent:

istributive lattice.
s 5-gonal.
18 hypermetric.

18 L1-embeddable.

uffices to show the implications (¢Z) = (%) and (i) = (iv).

). Using the definition of the valuation v and applying the 5-gonal inequality
sty =aVy,ty =2Ay,t3 = 2, s = &, 83 = y, we obtain the inequality:
}—v(zAyAz)) < v(zVy)to(eVz)+o(yVz) —v(zAy)—v(eAz)—v(yAz).
again the 5-gonal inequality to the points £; = 2,8, =y, {3 =2, 81 =z V v,
we obtain the reverse inequality. Therefore, the equality holds in the above
[n fact, this condition of equality is equivalent to L being distributive (see
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() = (év). Take a finite subset Ly of L. We show that (Lo, d,) is L;-embeddable. Let
K be the sublattice of L generated by Lo. Suppose K has length n. Then, K is isomorphic
to a ring A of subsets of a set X, |X| = n ("ring” means closed under U and N). Via
this isomorphism, we have a valuation, again denoted by v, defined on A/. We can assume
without loss of generality that v(f) = 0. Then, v can be extended to a valuation v* on 2%
satisfying: v*(S) = ¥ csv*({2}) for § C X. Now, if 2 —— S, is the isomorphism from K
to NV, then we have the embedding z +— S, from (Lo, d,) to (2%, v*) which is isometric.
Indeed, d,(z,y) = v(zVy) —v(zAy) = v(S.US8y) — v(52NSy) = v*(S,USy) —v*(5:N5,)
= v*(5.AS5,). This shows that every finite subset of (L, d,) is L;-embeddable, and thus
(L,d,) is L;-embeddable. |

The following example was given in [5]. Let L be the set of positive integers with
order relation z <X y if « divides y. Then, # Ay is the g.c.d. of z and y, z V y is their
Lem. and (L, X) is a distributive lattice. Hence, (L,d,) is Li-embeddable for every
positive valuation v on L. For instance, v(z) = logz is a positive valuation on L, hence

lem (2, .
do(z,y) = log(—m—gﬂ’%) is L;1-embeddable.

g.cd.(z,y

The following result was proved in [5], [6]; it implies Theorem 4.13.

THEOREM 4.14 Let (S, V) be a commutative semi-group. Givenv: S s R, set d,(z,y) =
2v(zVy)—v(zVe)—v(yVy) forz,y € S. Suppose that, either S is a group, orzV.. Vz =
for all z € S, where the join ¢V ...V is repeated 2n times, for some integern > 1. Then,
the following assertions are equivalent:

(i) (S,d,) is Ly-embeddable.

(%) (S,dy) is of negative type.
This result applies, in particular, to the case when S is a subset of a lattice L which
is stable under the join operation V of L and contains the least element of L. Therefore,

when applied to S = L, it gives that, for a metric lattice L, (L,d,) is of negative type if
and only if (L, d,) is L;-embeddable.

5 Applications in combinatorial optimization

5.1 The maximum cut problem

Given a graph G = (V,, E) and non negative weights w,, e € E, assigned to its edges,
the magz-cut problem consists of finding a cut 6(S) whose weight Zees(S) w, is as large
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The max-cut problem is a notorious NP-hard problem [87]. If we replace
"as small”, then we obtain the min-cut problem which can be solved using
techniques [84]. Several classes of graphs are known for which the max-cut
se solved in polynomial time. This is the case, for instance, for planar graphs
hs not contractible to K5 [21], for weakly bipartite graphs, i.e. the graphs
‘he polytope {z € R¥ : 2(C) < |C| — 1 for all odd cycles C of G} has all its
ral [95]. In fact, the class of weakly bipartite graphs includes the graphs not
0 Ky ([83], or [136]).

tions of the terms used in this section, see e.g. [94], [145].

cut problem can be reformulated as a linear programming problem over the
, namely,

wle

to =z € CutP(G).
olyhedral approach, classical in combinatorial optimization, which leads to
the facets of CutP(G). This approach has been used in practice for solving
es of the max-cut problem (see e.g. [23], [24]). Its success depends, of course,
s of knowledge about the facets needed for the problem at hand and of their
.e. whether they can be separated in polynomial time or, at least, whether a
ion heuristic is available.
nce, CutP(G) = Met(G), i.e. the inequalities

2(F) — 2(C — F) < |F| —1for F C C cycle with |F| odd

. for describing CutP(G), if and only if G is not contractible to Ks [25].
e above inequalities can be separated in polynomial time, implying that the
blem in graphs not contractible to Ks is polynomially solvable [25].

-cut problem in an arbitrary graph G on n nodes can always be formulated

’LUTCB

to z € Cuth,
w, = 0 if e is not an edge of G. This permits to fully exploit the symmetry
ete graph.

-cut problem has many applications in various fields. For instance, the prob-
mining ground states of spin glasses with an exterior magnetic field, or the
ninimizing the number of vias (holes on a printed circuit board) subject to
snt and layer preferences, can both be formulated as instances of the max-
. they arise, respectively, in statistical physics and VLSI circuit design. We
for a detailed description of these two applications, together with a compu-
tment. In fact, the spin glass problem was already mentioned in [127] as an
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m problem over the boolean quadric polytope.

r application is to unconstrained quadratic 0-1 programming, which consists of

21 <igj<n CijTiT;
tto =ze€{0,1}"
: R. If we set p;; = 2;2; for 1 < ¢ < j < n, this problem can be equivalently
.as a liglxea.r programming problem over the boolean quadric polytope

cp
tto p€ BQPF,.

the points of the boolean quadric polytope and of the cut polytope are in

correspondence (via the covariance map; see section 2.4), the max-cut problem
constrained quadratic programming problem are equivalent.

approaches, beside the polyhedral approach, have been proposed for attack-
ix-cut problem. In particular, an approach based on eigenvalue methods is
d in [45], [138]. We mention briefly some facts, permitting to connect it with
aspects.

placian matrix L of the graph G is the n X n matrix defined by L;; = degg(?)

and L;j = —a;; for i # j € Vy,, where A = (a;5)1<i,j<n is the adjacency matrix
n ,
¢(G) = me(}\ma,,(L + diag(u)) : u € R”, Z u; = 0)

1<ikn

(u) is the diagonal matrix with diagonal entries uy, . . ., 4y, and Apqo(L+diag(uw))
st eigenvalue of the matrix L + diag(u). Set

lax(%T'race(AY) : %J — Y'is positive semi definite and ¥;; = 0 for 1 < i < n)

the n X n matrix with all entries equal to 1. Let mc(G) denote the maximum
of a cut in G. Then,

< (@) 48]
) < %(G) [146]
antity ¥(G) can be easily reformulated as

wx( Y a;z; ;¢ satisfies the inequalities (22) for all integers by, . .., bn),
1<i<j<n
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. b;)?
Y bibjey < —————(le‘f‘ ) (22)

1<i<j<n

The inequalities (22) are clearly valid for the cut polytope CutP,, but they are never facet
defining since they are dominated by the gap inequalities (5) (defined in section 2.2).
In fact, using general duality theory, it is shown that ¢(G) = ¥(G) holds by [137].

5.2 Multicommodity flows

An instance of the multicommodity flow problem consists of two graphs: the supply graph
G = (Vp, E) together with a capacity function ¢ : E — Ry, and the supply graph
H = (T,U) together with a demand function r : U — R, where T C V, is the set of
nodes spanned by U. Given a pair of nodes (s,t), P, denotes the set of st-paths in G and
we set P = U(, sycuPst- A multiflow is a function f:P — R,. The instance (G, H,¢,T)
is said to be feasible if there exists a feasible multiflow, i.e. a multiflow f : P — R4
satisfying the following capacity and demand requirements:

Z fp<ceforec E,
PcP.ecP

3" fo 2 rufor (s,t) €U
PE’P-t

Using Farkas lemma, it can be checked that:

PROPOSITION 5.1 The problem (G, H,c,r) is feasible if and only if Ty—rTz>0 for all
(y,2) € C(G, H), where C(G, H) is the cone defined by

C(G,H)= {(y,z)EfoRg: Zye—z,t?_Ofa'rPe’P,t and (s,t) € U}.
ecP

The cone C(G, H) is studied in detail in [109] and, in particular, the fractionality of
its extreme rays.

Without loss of generality, we can suppose that G is the complete graph Kp; then,
r is extended to K, by setting 7, = 0 for the edges e ¢ U and U = {e : 7. > O} is
called the support of » and we simply say that the pair (e, r) is feasible. An alternative
characterization for feasible multiflows is given by the following so-called Japanese theorem
(from [103], [130], restated in [123], [124}).
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[ 5.2 The pair (c,r) is feasible if and only if
(c—7)Td >0 for all d € Met,,. (23)

ore, the metric cone Met, is the dual cone to the cone of feasible multiflows.
vious way for testing feasibility of the pair (c,r) is to solve the linear program
r)Td : d € Met,) which has (3) variables and 3(3) constraints (the triangle
s (1)). An alternative way is to check the condition (23) for all extreme rays d
This approach leads to the study of the extreme rays of the metric cone M et,
mces on it in section 2.4).

are other variants of the Japanese theorem, in particular, in the more general
binary matroids (see [148]). In particular, the metric cone Met(G) (defined in
l1)) arises naturally when studying multicommodity flows. It is shown in [148]
treme rays of Met(G) are 0, 1-valued (i.e. Met(G) = Cut(G)) if and only if G is
ictible to K. The graphs for which all extreme rays of M et(G) are 0, 1, 2-valued
‘terized in [147]. The graphs for which all the vertices of the metric polytope
(defined in relation (12)) are }-integral are studied in [119] (z is said to be
if 3z is integral).

she cut cone Cut, is contained in the metric cone M et,, a necessary condition
istence of a feasible multiflow is the following cut condition:

Z (ce —7e) 2 0forall § CV,. (24)
e€6(5)

ell known Ford-Fulkerson theorem [84] states that the cut condition is, in fact,
ent for feasibility in the case of single commodity flows, i.e. when |U| = 1. We
' some results of this type. An integral multiflow is a multiflow f with integral

5.3 Assume that the support of the demand function r is K4, Cs, or the union
s (i.e. all edges are covered by two nodes). Then, the pair (c,r) is feasible if
f the cut condition (24) holds [132]. Moreover, if c,r are integral, (c — r)T5(S)
r all cuts and (2{) holds, then there exists an integral multiflow (see [124 | and
there).

5.4 [108], [110]. If the support graph of the demand function r is a subgraph
sluding Ks), c,r are integral and (c — r)T6(S) is even for all cuts, then there
mtegral multiflow if and only if (23) holds or, equivalently, if and only if (24)
(¢ — )Td > 0 holds for all O-extensions of the path metrics of K 3.
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There is a close connection between these results and L;-embeddability, as noted in
[16]. Given a semi metric d on V,, an extremal graph ([123], [124]) for d is a minimal
graph K = (Vo,W) such that, for each z,y € V), there exists (s,t) € W satisfying
dsz + day + dyp = dye, and Vg is the set of nodes covered by W. The extremal graph is
unique if d;; > 0 for all ¢, j € V,,. The notion of extremal graph is a key notion for testing
feasibility of multifiows.

PROPOSITION 5.5 ([128], [124]). The pair (¢, ) is feasible if and only if (¢ — r)Td > 0
holds for all d € Met,, having an eztremal graph K = (Vo, W) such that W is a subset of
the support of the demand function r.

THEOREM 5.6 [107] If d € Met, has an extremal graph which is K4, Cg, or a union of
two stars, then d € Cut,. Moreover, if d satisfies the parity condition (19), then d is a
non negative integer sum of cuts, i.e. d is h-embeddable.

Note that the latter two results imply the first part of Theorem 5.3.

We conclude with some additional related results.
Given a supply graph G, a capacity function ¢ and a demand graph H, the mazimum
multiflow problem consists of finding a multifiow f not exceeding the capacity constraints

whose value " pcp fp is as large as possible. By linear programming duality, this problem
is equivalent to the linear programming problem:

min(c¥y : y € RE,y(P) > 1 for all P € P).

This leads to the study of the polytope P(G,H) = {y € R¥ : y(P) > 1 for all P € P}.
The fractionality of the vertices of P(G, H) is studied in detail in [109]; in particular, the
demand graphs H for which all vertices of P(G, H) are %-integral for an arbitrary demand
graph G with V(H) C V(G), are characterized.

5.3 The Boole problem

Let (2, A4,p) be a probability space and let Ay,..., A, be n events of A. A classical
question, which goes back to Boole [30}, is the following:

Suppose we are given the values p; = p(A4;) for 1 < i < n, what is the best estimation
of p(A1U... A,) ?

It is easy to see that the answer is:

max(pi,...,Pn) < p(A1 U...Ap) < min(1, Z Pi)-
1<ikn
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enerally, let Z be a collection of subsets of {1,...,n}.

e we are given the values of the joint probabilities pr = p(N;c1A;), for allI € T.
e best estimation of u(A; U ...U A,) in terms of the pr’s ?

, the answer to this problem is given by the facet defining inequalities for the
3Q PZ (defined in section 2.4). Namely,

p(A1U...UA,) > max pr cwlz < 1is facet defining for BQPI
n

ssition 5.8 and relation (29)). In particular, when 7 consists of all pairs and
then the lower bound for p(A; U...U A,) is in terms of the facets of the
tadric polytope BQP,.

ations for p(A; U...U A,) via linear programming.
we observe that Theorem 3.2 remains valid for the polytope BQPZ, for an
ion empty set family 7.

5.7 Let T be a non empty collection of subsets of {1,...,n} and let p =
RZ. The following assertions are equivalent:

Q% (resp. p € BQPZ).

e exist a non negative measure space (resp. a probability space) (2, .A, 1) and
., An € A such that pr = p(NierA;) for all I € T.

. is identical to that of Theorem 3.2. 1

p € BQL, consider the following two linear programming problems.

minimize Y gsgc(1,..n} AS
subject to > prscir, . m} AstH(S) =p (25)
As >0 for 0 #SC{1,...,n}

maximize Y pisc{1,..n}AS
subject to Y psgci1,..m} Asti(S)=p (26)
As >0 for 0 £S5 C{1,...,n}

in (T€SP. Zmaz) denote the optimum value of the program (25) (resp. (26)).
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So, the program (25) (resp. (26)) is evaluating the minimum value (resp. the maximum
value) of 35 Ag for a decomposition p = ¥ g Asw*(S5), As > 0,0f p € BQZ. In particular,
in the case T = Ty, if we set d = ¢_}(p), then d € Cutni1 and Zmin coincides with the
minimum size s(d) (defined in section 2.5). This approach, in the case of T<2, is considered

in [114], [135].
PROPOSITION 5.8 zpin < (A1 U ... UA,) £ Zmae-

Proor. For § C {1,...,n}, set A5 = Mg Ai N Migs( — A;). Then, Nicrd; =
Urcscqt,..npAS, @ = UsA® and 4, U ... 4, = UsgoA®. We have pr = p(Nierds)
for each I € Z. Therefore, p = Y g4 1(A%)xZ(S) holds, with p(AS) > 0. Hence
(u(AS) : 0 # S C {1,...,n}) is a feasible solution to the program (25}, or (26), with
objective value u(A; U...U A,). This proves the result. |

The dual programs to (25) and (26) are the following programs (27) and (28), respec-
tively.

T

maximize w'p (27)
subject to wT7Z(§)<1 for0#S5C{1,...,n}
minimize w'p (28)
subject to wlxf(§)>1 for@#£S5C{1,...,n}
By linear programming duality, we have:
Zmin = max(wlp : wTz < 1 is a valid inequality for BQPY) (29)

and it is easily verified that, in relation (29), it is sufficient to consider facet defining
inequalities. Similarly,
Zmaz = min(wlp : wTz > 1 is facet defining for the polytope
Conv({r%(S):0# S5 C V,.}).
(The latter polytope is distinct from BQPZ since it does not contain the origin).
Therefore, by (29), every valid inequality for BQPZ yields a lower bound for p(A; U

...U Ay,) in terms of the joint probabilities pr = p(Nicr4;) for I € Z. Examples of such
lower bounds are exposed below (after Proposition 5.9).
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case when the collection 7 of index sets is T<,, is considered in [32]. The following
ons for u(A; U...U A,) are given there:

Ymin S “(Al u...u An) S Ymaz (30)

nin is the optimum value of the linear program (31) below and yy,q4 is the optimum
(32) below, setting Sk = 31 i, ciyc.<inan #(4iy N 4, N N A ) for 1< k< m.

minimize EISiSn v
subject to  Micicn (Ui =5k for1<k<m (31)
v; >0 for1<i<n

maxiniize Elsign v
subject to ycicn (Ui = Si forl<k<m (32)
v; >0 for1<i<n

ct, the programs (25), (26) give sharper bounds than the programs (31), (32),
rely. Namely, we have:

ITION 5.9 In the case T = I<,, for some integer m, 1 < m < n, we have Ymin <
L(Al Uu...u An) < Zmaz < Ymaz-

Indeed, every feasible solution for (25) yields a feasible solution for (31) with the
jective value. Namely, let (As,0 # S C {1,...,n}) be a feasible solution for (25),
» 0 and p = Y g Asnl<m(S). Set v; = Ysi|sj=i As for 1 < i < n. Then,
i<n (¥ = Ticicn () Tsysi=i As

= EISil <L.Lip<n Z.S':il,...,ikes AS

= Elgil<...<i,,5np{i1,...,i,,}
= lei]_(...(ikSn F‘(‘Ail n < n Aih)

= Sk.
e, (v1,...,vn) is a feasible solution for (31) with 3, ;c,, v = 355 As. This shows
n < Zmin. The inequality zmee < Ymae follows from the same argument. |

mples of bounds for y(A; U...U A,). The best lower bound for p(4; U...U
iven by Zyin, defined by relation (29), whose evaluation relies on the knowledge
wcets of the polytope BQPZ. In the case T = I<2, the facet structure of the
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ic polytope BQP, has been extensively studied (directly or indirectly, via
map, through the cut polytope). We describe below several examples of
ies for BQ P, together with the lower bounds they yield for p(A4;U...U4,).

ISI), Where n<|S|(n+1- |Sl) < {_"‘“j ["+1] if § 76 0 Hence, we have:

ny, <i<aPi~2 21<i<j<u Pij

(=TT < Togsc(s,..n}p AS )
nz i n?i"zz ici<n PiI
1<i< . 1<i<i<n Pt > Zo;esgu,...,n} Ag
, from the definition of zmin, Zmae and from Proposition 5.8,
-9 .. " . .9 . .
ZISz<j§np‘l.1 < [.l/(Al U U An) < nElSzSnp‘l' 21_<_z<_15np’l.7. (34)

IjT= SHAD DA n

the inequalities equivalent to (33) in the context of the cut cone are the
> minimum size of d € Cut,+1 given in (13).

ality:

2k Y pi—-2 ), pij<k(k+1) (35)

1<i<n 1<i<j<n

e boolean quadric polytope BQP,, for 1 < k < n —1; it is facet defining if
2and n > 4. Setting bp =2k+1-nand by =...=b, =1, the inequality
nds (via the covariance map) to the inequality:

Z bibjzs; < k(k+1) (36)
0<i<ji<n

for the cut polytope CutPpy1; (36) is a switching of the hypermetric inequal-
E+1-n,1,...,1,-1,...,—1) (with n — k coefficients +1 and k coeflicients
[60].) Therefore, we have the following lower bound for p(4; U...U Ay):

pij S p(A1U...U An) (37)

k+1 2, Pi-

1<ikn k(k + 1) 1<i<i<n
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k, 1 <k < n— 1; it was found independently by several authors, including [36],
Note that (37) coincides with the lower bound of (34) in the case n = 2k.

generally, given integers by,...,b, and k > 0, the inequality:

D bi(k+1-b)p;—2 Y bibjpi; < k(k+1) (38)
1<ikn 1<i<j<n

or BQP,. This yields the bound:

1
k(k + 1)( D pbi(2k+1-b)-2 3 bibipi) < p(A1U...UA4,).
1Si_<_n ls,‘i<jsn

>rograms (31), (32) provide weaker bounds than the programs (25), (26), but
sent the advantage of being easier to handle, especially for small values of m.
g their special structure, the bounds Y, and Y., were explicitely described in
rms of the S’s (defined in relation (30)).

f denote the matrix corresponding to the program (25) or (26). its columns are
tors a;, where a; = ((}), (%), .. o(2)),for1 <i<mn. Setd=(S51,...,5nm). The
[ is full rank, hence a basis B con51sts of a set of m linearly mdependent vectors

,@n. The basis B is ca.]led dual feasible if the vector y = 1T M5! g is feasible
ual program of (31), i.e. yTa; < 1for i€ {1,...,n} — B, since equality holds
1dices ¢ € B (Mp is the submatrix of M whose columns are those vectors g;
5 to the basis B; 1, has m coordinates equal to 1). If M is dual feasible, then
ahty 15 M5 < p(A; U...U A,) holds. The dual feasible bases are explicitely

[32] together with the corresponding bounds for u(A; U...U 4,).

tample, for m even, {a1,az,...,an} is a dual feasible basis, yielding the bound:

MAIU...UAL) > 81— Sa+ 53— Ss...+(-1)™1S,,
s first given in [29]. For m = 2, this is the special case k = 1 of the bound (37);
hoice of basis yields the general bound (37).
t, the method from [32] also works for finding estimates of the probabilities

}) and p({v = r}), where v denotes the random variable counting the number of
at occur among A;,..., A,.

nequality (38) can alternatively be written as

(D> bipi— k) ) bipi—k—1)>0 (39)

1<i<n 1<i<n
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:ntion that, when developing the product, the expression p;p; is replaced by
i; (setting p; = p;). This inequality (or special cases of it) was considered
'm by many authors (e.g. [79], [114], [127], [135], [161]). This suggests
following generalization of the inequality (39) in the case Z<,,, when m is
r. Given integers b1,...,b, and ky,...,ky > 0, the inequality

IT (> tpi—k)( D bipi—ki—1)>0 (40)

1<I<m 1<i<n 1<i<n

1 for the polytope BQP,{Q"‘. Thus arises the question of determining the
s+ esDny k1, ..., Ky for which (40) defines a facet of BQP,sz"‘. This problem
lready difficult for the case m = 1 of the boolean quadric polytope.

rmetrics and geometry of numbers

ytopes

2 some definitions about lattices and L-polytopes. A detailed treatment can
12], [55].

€ R¥, we set do(z,y) = (|| 2 — y ||2)* (the square of the euclidian distance).
1e hypermetric cone Hyp, is defined by the hypermetric inequalities:

Z b;bjz;; < 0 for by,. .., b, integers with Z b, = 1. (41)
1<i<j<n 1<ign
. (Vo = {1,...,n},d) is called a hypermetric space. It is convenient to work

srmetric cone Hyp,y; defined on the n+ 1 points 0,1,2,...,n.

L C R* is a lattice if, up to translation, L is a discrete subgroup of R¥. So,
'lattice considered in this section is distinct from the notion of lattice (as
red set) used in section 4.4. A subset B = {vp,v1,...,vm} C L is generating
rach v € L, there exist integers 29, 21,. .., 2n such that g ;c, z = 1 and
7;v;. If, moreover, there is unicity of the integers z;, then B is an (affine)basis
:ase, m = |B| — 1 is called the dimension of L.

a k-dimensional lattice in R*. Let § = $(¢,r) denote the sphere with center
r. The sphere S is called an empty sphere (in Russian literature), or hole (in
ture), in L if the following two conditions hold:

||2> 7 holds for all v € L,
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¢ SN L has affine rank k& 4+ 1.

Then, the polytope P defined as the convex hull of S N L is called an L-polytope (or
Delaunay polytope, or constellation); S is its circumscribed sphere and ¢ is its center.
The L-polytope P is generating if its set of vertices V(P) generates L, and basic if V(P)
contains an affine basis of L. Actually all known generating L-polytopes are basic.

For v € 5, let v* = 2¢ — v denote its antipode on S. Every L-polytope P is either
asymmetric, i.e. v* g V(P) for each vertex v € V(P), or centrally symmetric, i.e. v* €
V(P) for each v € V(P).

Two L-polytopes P, P' have the same type if they are affinely equivalent, i.e. P! = T(P)
for some affine bijective map T'.

Examples of L-polytopes include the n-dimensional simplex a,, hypercube «,, cross
polytope B, := Conv(te; : 1 < i < n) (where ey,...,e, are the unit vectors in R").
Both B, and <, are centrally symmetric, o, is asymmetric. All types of L-polytopes in
dimension k < 4 have been classified in [80]:

o for k = 1, there is only a; = 81 = 71,
e for k = 2, they are: ay and 33 = 7,,

e for k = 3, they are: as, fs, 73, the prism (with triangular base) and the pyramid
(with square base),

e for k = 4, there are 19 types.

The following polytope Py, was studied and named repartitioning polytope by Voronoi
(see also [17]). Let P be a polytope and let v be a point which does not lie in the affine
space spanned by P; the convex hull of P and v is called the pyramid with base P and
apex v and is denoted by Pyr(P). We define iteratively Pyr,,(P) as Pyr(Pyrp-1(P)),
setting Pyro(P) = P. Let S,, Sq be two simplices of respective dimensions p, ¢ and lying
in affine spaces which intersect in one point. Then, Py := Pyry,(Conv(S,U 5;)) is called
a repartitioning polytope; it has dimension m + p + g and m + p + ¢ + 2 vertices. In fact,
Py, does not denote a concrete polytope, but corresponds to a class of affinely equivalent
polytopes of the same type.

A construction of symmetric L-polytopes is given in [51]. Let L be an integral lattice
(i.e. vTv integer for all u,v € L) and set m = min(ufu : u € L,u # 0). For c € L,c # 0,
set P, = Conv({u € L : w'u = m and 2u”c = (|| ¢ ||2)?}). Then, P, is a symmetric L-
polytope. Moreover, under some condition, the set of diagonals of P, is a set of equiangular
lines. (See section 6.4 below.)
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Finally, we mention the connection between L-polytopes and Voronoi polytopes. Given
ve € L, the Voronoi polytope Py (vo) is the set {z € R¥: || 2 —vp [l2<|| 2 —v ||z forallv e
L}. The vertices of Py(vo) are exactly the centers of the L-polytopes in I which contain
Vg.

6.2 Hypermetrics and L-polytopes

We state here the beautiful connection existing between hypermetrics and L-polytopes.

THEOREM 6.1 [7]

(i) Let P be an L-polytope with set of vertices V(P). Then, (V(P),do) is a hypermetric
space.

) Let d € Hyppy1. Then, there exist a lattice Ly C R* of dimension k < n, an L-
+ -
polytope Py in Ly and a map f1:{0,1,...,n} — V(Py), fa(i) = vi for 0 < i< n,
such that

e {vg,v1,...,0n} generates Ly,
o dij = do(vi,v;) = (|| v —vj [l2)* for 0<i<j <.

Moreover, the triple (L4, Py, f1) is unique, up to translation and orthogonal trans-
formation.

Therefore, hypermetrics on n 4+ 1 points correspond to generating L-polytopes of di-
mension k < n.

ProoF. (i) Let S(c,r) denote the empty sphere circumscribed to P. Let b,, v € V(P),
be integers with }-,cv(p)bo = 1. Then,

Eu,veV(P) bubydo(u,v) = Zu,oeV(P) buby(|| (w —¢) + (¢ — v) ll2)?
= YupeV(P) buby(2r? + 2(u — C)T(c —v))
2r% - 2(]| Puev(p) butt — ¢ l2)2 < 0,
because Y ,cy(p) but € L.
We now give a sketch of the proof of (44). One of the basic tools used in the proof is the
covariance map @.,. Define p = @¢,(d), P = (Pijhi<icj<n. By relation (8), d € Hypns1
if and only if zlsi,an b;b;pi; — ZISiSn b;p;; > 0 for all integers bi,...,b,. Therefore, if
d € Hypny1, then the symmetric matrix (pi;)1<i,j<n is positive semi definite and, thus,
Pij = vIv;, 1 <1 < j < n, for some vectors vy,...,0n € R*, where k is the rank of the
matrix (pij)lgi,an, k< n.
Moreover, one can show the existence of ¢ € R* such that 2cTv; = (|| v ||2)? for
1 < i < n. Therefore, vg = 0,v,...,v, lie on the sphere S(c,r :=|| ¢||2). Remains only
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to show that {vi,...,v,} generates a lattice L and that the sphere S is emptyin L. |

ProprosITION 6.2 [55] Let P be an L-polytope and let V be a subset of its set of vertices
V(P). Let P' be the L-polytope associated with the hypermetric space (V,dg). Then,
V(P') C V(P) with equality if and only if V is a generating subset of V(P).

In particular, every face of an L-polytope is an L-polytope.

We summarize in Table 2 below the correspondences between some special hypermet-
rics and their associated L-polytopes. Given d € Hyppi1, F(d) denotes the smallest face
of Hyp,41 containing d.

hypermetric d associated L-polytope P

de Cutypyy <=  V(P)is contained in the set of
vertices of a parallepiped

d is a cut = P=aqa
[7]
F(d) = Hypnys = P=a,
[17]
F(d) is a facet — P is a repartitioning polytope
[55]
F(d) is an extreme ray <= P is extreme
[55]
F(d) = F(d) — P, P' are affinely equivalent
Table 2

The hypermetric cone is defined by an infinite list of inequalities. Thus arises naturally
the question of deciding whether it is a polyhedral cone, i.e. whether among the infinite
list of inequalities (41) only a finite number is non redundant. The answer is yes, as stated
in the following result.

THEOREM 6.3 [53] The hypermetric cone Hyp, is polyhedral.
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given in [53] is based on the following two facts:

sspondence between the hypermetrics of Hyp,41 and the L-polytopes of
mk<n,

that, in given dimension, the number of types of L-polytopes is finite [157],
direct proof is given in [53]).

lenote the largest value of max; |b;| for which the inequality (41) defines a

. Then, 8%, < (%) is shown in [17].

of an L-polytope

o+1 and let F(d) denote the smallest face of Hyp,4; containing d. The
F(d) is called the rank of d and denoted as r(d), or r(Vp41,d). Hence,
lies on an extreme ray of Hyppyi, 7(d) = ("erl) if d lies in the interior of
(d) = (*}') — 1L if F(d) is a facet of Hyppy1.

n L-polytope. The rank r(P) of P is defined as the rank of the hypermetric
o). In fact, the rank of a hypermetric d is an invariant of the associated
i, namely, r(d) = »(Py).

6.4 [55] Let P be an L-polytope and let V. C V(P) be a generating subset.
= r(V(P),do) = 7(P) holds.

6.5 [55] Let P be an L-polytope. Then, »(P) = 1 if and only if the only
e transformations T (up to translation and orthogonal transformation) for
i an L-polytope are the homotheties.

ne L-polytopes, i.e. those having rank 1, are of special importance since they

the extreme rays of the hypermetric cone. For n < 5, Hyppy1 = Cutnyy,
xtreme rays are the cut vectors. Therefore, the only extreme L-polytope of
1bis ay.

6.6 [55] Let P, i = 1,2, be an L-polytope in R¥. Then, P x Pp is an
RFtkz with rank (P x Py) = v(Py) + r(P2).

«ce, 7(7) = kr(y1) = k. An important consequence of Proposition 6.6 is
n extreme L-polytope in a lattice L, then L must be irreducible.

6.7 [55] Let P be a basic L-polytope of dimension k. Then,

(P) < (439) - IV(P)|,
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(%) for P centrally symmetric, r(P) > (*11) - ‘12@3) +1.
For instance, for o, r(ax) = k + 1 yielding equality in both inequalities of (4); for S,
r(Br) = (¥3') — k + 1 yielding equality in (33).
6.4 Extreme L-polytopes

A direct application of Proposition 6.7 yields the following bounds for an extreme basic
L-polytope of dimension k:

ey > LX) (12)
|[V(P)| > k(k + 1) if P is centrally symmetric. (43)

There is a striking analogy between the bounds (42) and (43) and some known upper
bounds (see [121]) for the number N,, of points in a spherical two-distance set of dimension
k and the number N; of lines in a set of equiangular lines of dimension k, namely,

k(k+1)
=

Moreover, if N} = k(k2+1), then k + 2 = 4,5, or k+ 2 = ¢? for some odd integer ¢ > 3
(see [121]). The first case of equality is for ¢ = 3, k = 7, N; = 28; it corresponds to the
set of 28 equiangular lines defined by the diagonals of the Gosset polytope 35:. The next
case of equality is for ¢ = 5, k = 23, N; = 276; it corresponds to the set of 276 equiangular
lines defined by the diagonals of the extreme L-polytope P,3 constructed from the Leech
lattice (see below). For ¢ = 7, k = 47, N; = 1128, it is not known whether such set of
equiangular lines exists.

However, there are examples of extreme L-polytopes realizing equality in the bounds
(42) or (43), but not arising from some spherical two-distance set or from some equiangular
set of lines; this is the case for the polytopes P8, P6 constructed from the Barnes-Wall

lattice (see below). There are also examples of extreme L-polytopes not realizing equality
in the bounds (42), or (43).

and N; <

We have given in [55] several examples of extreme L-polytopes achieving or not equality

in the bounds (42) or (43). We refer to [55] for a detailed account and to [42] for details
on lattices.

Extreme L-polytopes in root lattices. All the extreme L-polytopes in root lattices
are classified. Indeed, by Witt’s theorem, the only irreducible root lattices are A, (n > 0),
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D, (n > 4) and E,, (n = 6,7,8). All types of L-polytopes in a root lattice are given in
[154], or [75]. They are the half-cube h7,, the cross polytope 8,, the simplex ay, the
Gosset polytope 351 and the Schlafli polytope 22; (whose 1-skeletons are, respectively,
the half-cube graph 1 H(n,2), the cocktail party graph K,x2, the complete graph K1,
the Gosset graph Gyg and the Schlafli graph Ga7). Among them, the extreme polytopes
are: the segment o7, the Schlafli polytope 251 and the Gosset polytope 321, of respective
dimensions 1,6,7. The polytope 25; is asymmetric with 27 vertices, realizing equality in the
bound (42). The polytope 3,; is centrally symmetric with 56 vertices, realizing equality
in the bound (43). Both are basic. We do not known any other extreme L-polytope of
dimension k < 7 beside a3, 221, 321.

Extreme L-polytopes in sections of the Leech lattice Ajys. The Leech lattice
Aoy is a lattice of dimension 24. By taking suitable sections of the sphere of minimal
vectors of Agg, two extreme L-polytopes are constructed in [55]:

e P,3, centrally symmetric, with 552 vertices, dimension 23, realizing equality in the
bound (43),

e P,,, asymmetric, with 275 vertices, dimension 22, realizing equality in the bound
(42).

Extreme L-polytopes in sections of the Barnes-Wall lattice Ajg. The Barnes-
Wall lattice A6 is a lattice of dimension 16. Several examples of extreme L-polytopes are
constructed from Aig in [55]:

e P, centrally symmetric (constructed from a deep hole of Ajg), with 512 vertices,
dimension 16 (equality does not hold in (43)),

e Q, centrally symmetric, with 272 vertices, dimension 16, realizing equality in the
bound (43),

e P8 P16 asymmetric, with 135 vertices, dimension 15, realizing equality in the bound
(42),

e Q', asymmetric, with 1080 vertices, dimension 15 (equality does not hold in (42)).
Extreme hypermetric graphs. Let G be a hypermetric graph on 7 nodes, i.e. whose
path metric dg is hypermetric, and let Pg denote the L-polytope associated with dg. It

is shown in [50] that, if G is an extreme hypermetric graph, i.e. dg lies on an extreme ray
of the hypermetric cone Hyp,, and if G # K, then G is of one of the following two types:

Type I: Pg = 321, implying that 8 < n < 56 and G has diameter 2 or 3,
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Type II: Pg = 251, implying that 7 < n < 27 and G has diameter 2.

Moreover, for G of diameter 2, G is extreme of type II if and only if its suspension VG
is extreme of type L
In particular, the number of extreme hypermetric graphs is finite.

7 Applications in quantum mechanics

7.1 Preliminaries on quantum mechanics

The object of (non relativistic) quantum mechanics is to study microscopic objects, e.g.
molecules, atoms, or any elementary particles. One of the fundamental differences with
classical (Newtonian) mechanics is that many physical quantities can take only discrete
values at the microscopic level and that the state of microscopic objects is disturbed by
observations. Moreover, identical particles, i.e. with the same physical characteristics
as mass, size, charge,etc, can be distinguished in classical mechanics (for instance, by
following their trajectories) but they are undistinguishable within quantum mechanics. J.
von Neumann [156] laid the foundations for a rigorous mathematical account of quantum
mechanics. We recall below some basic definitions and facts from quan:um mechanics
needed for our treatment. Useful references containing a detailed account of these facts
include [81], (93], [125], [127], [161].

Consider a system of N > 2 identical particles. Each particle is represented by a
vector ¢ = (r,s) composed by a space coordinate » € R® and a spin coordinate s € Zj;
X = R3®X Z, denotes the space of the coordinates. Let H(N) denote the set of the
measurable complex valued functions defined on X¥; H (V) is a Hilbert space, called the
Fock space, with inner product

<puva>= [ vile)ale)ie

for 91,92 € H(N). The physical state of the system is represented by a unit vector
3 € H(N), called the wavefunction. Using the fact that no physical observation can be
made that permits to distinguish the particles, it can be shown that, either all functions
of H(N) are symmetric, or all of them are antisymmetric. In the symmetric case, the
particles are called bosons and in the antisymmetric case, they are called fermions. We
consider here the case of a system of N fermions, i.e. the wavefunctions are antisymmetric
functions ¢ € H(N) with < 9,¥ >= 1. In fact, the case of bosons can be treated in a
similar way if the antisymmetry condition is replaced by the symmetry condition and the
determinants by permanents in the Slater determinants (defined below).
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al quantity of the system, or observable, is represented by a Hermitian operator
ce H(N) and the expected value of A in the state ¢ is given by

< A>pi=< p, Ap >= f V*(2) A(=)dz.

observables of the system, the simplest ones are those that the system may
he expected value of the observable is equal to one), or lack (then the expected
). Such observables are represented by orthogonal projections on subspaces

servable A being a Hermitian operator admits a spectral decomposition. For
re assume that A can be decomposed as A = Y ;5; A E;, where the A;’s are
nes of A and E; denotes the projection on the eigenspace associated with the
;. So, the projection E; corresponds to the property ”The observable A has
f the system is in the state ¢, then it has the property associated with E;
= 1, i.e. if AY = A\, that is ¢ is an eigenvector of A corresponding to the

vdard deviation of the observable A in the state ¢ is given by

Ag(A) = | < A% >4 —(< A >4)5.

; uncertainty principle states that, if A, B are two observables of the system
%, then Ay(A)Ay(B) > 3| < ¢,(AB — BA)Y > |, i.e. A, B cannot be
sly measured with precision if they do not commute.

rtant obsc -able of the system is its energy, represented by the Hamiltonian
d denoted by Q. The average energy of the system in the state ¢ is given
. A fundamental problem in quantum mechanics is to derive bounds on the
rgy of the system without knowing explicitely the state 9 of the system. In
hall explain below, this problem has some tight connections with the problem
1e linear description of the boolean quadric polytope.

sity matriz of order p of % € H(N) is the complex valued function T} defined
' by: : :

N
p

Lozpler...ep) = (

trices were introduced in [102] (see also [125]); Dirac [69] already consid-
v matrices of order p = 1. Density matrices have a simpler and more di-
J meaning than the wavefunction itself, in particular, the diagonal elements

) /yng—p P21, :v;,, Y (e, . 2o, y)dy (44)
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I‘fz’)(zl .«.Zp|®1 .. .2p) which are of special importance. Indeed, N‘lfg)(zllzl)dvl is the
probability of finding a particle with spin s; within the volume dv; around the point »;,

when all other particles have arbitrary positions and spins. Similarly, (2;’ ) —lrg)(mlzzlzlzz)dvl dv,

is the probability of finding a particle with spin s; within the volume dv; around the point
71, and another particle with spin s, within the volume dv, around the point 75, when all
other particles have arbitrary spins and positions, etc...

iFrom the antisymmetry of the wavefunction 1, I‘Ef)(:cl cozpley.zp) = 00 2 =
z; for distinct 7,j. In other words, particles with parallel spins are kept apart. This
phenomenon is a consequence of the Pauli principle.

Density matrices have been widely studied. In particuler, they were the central topic of
several conferences held at Queen’s University, Kingston, Canada, yielding three volumes
of proceedings ([39], [78], [81]).

Every Hermitian operator A of H(N) can be expanded as

A=A+ ) Ai+% > Ayt (45)

1<i<N T 1<i#i<N

where the n-th term is an (n — 1)-particle operator. Therefore, the expected value of A in
the state 9 can be expressed, in terms of the density matrices, as follows:

<A>y = Ao+ f[AlI‘f/})(z'ﬂwl)}m;:mdzl—i—

+ /{AlzI‘ff)(:c'lz'zIzlzz)}z;mm;:m d:eldzg +... (46)

with the following convention for the notation {Alrg)(m’llzl)}z; =z, A; operates only on
the unprimed coordinate «;, not on 2}, but after the action of A; has been carried out,
one sets again z] = #;. The same convention applies to the other terms.

By the Hartree-Fock approximation (see [93]), one can assume that the expansion
of the Hamiltonian ) in relation (45) has only terms involving two particles at most,
ie. Q= Q¢+ ZlgigN Q; + %Zi# 2;;. In other words, one takes only into account
pairwise interactions between the particles and the interaction of each particle with an
exterior potential. Observe that {2 can then be expressed as 2 = %Ei# Gij, where

Gij = Y + 750+ Q) + mﬁ—_ﬁﬂo. Therefore, from relation (46), the average energy
depends only on the second order density matrices Ff;). Hence, the question of finding

bounds on the average energy reduces to the question of finding the boundary conditions on
the second order density matrices. In fact, the density matrices of first and second order
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contain already most of the useful information about the physical state of the system

accessible to physicists.

Let &4,k > 1, be an orthonormal set (assumed to be discrete for the sake of simplicity)

of functions of H(1) such that each function f € H(1) can be expanded as

£=Y <&,f> %

k>1

(47)

The functions ®;, are called the spin-orbitals. Given a set K = {ki,...,kn}, with 1 <

ki1 < ... < ky, the Slater determinant ®g is defined by

Bx(ar,....zn) = \/——]]'—V__—idet(@k;(z), e B (2))

where ®(z) denotes the vector (®(21),..., Er(zx)). Equivalently,

1 ,
dx(e1,...,2N) = i Z szgn(v)@kc(l)(a}l) . --‘I’k,(N)(zN)-
* o€Sym(n)

Then, each wavefunction ¢ € H(N) can be expanded as

d)(wl""’zN): Z CK(iK
K={ky,...kn}1<k: <...<ken

where

CK = <§K’¢>
= VNI /¢(21, o 2N) 8L (21) ... B (en)des . . .doy

with Y ¢ |Ck|? =< ¢,% >=1.

A usual assumption consists in selecting a finite set of n spin—brbitals {®,,.

that the finite sum

Z Cr®x
KC{1,.mh|K|=N

(48)

(49)

(50)

(51)

<oy ®n} s0

(52)
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constitutes a good approximation of the wavefunction . From now on, we assume that
% is, in fact, equal to the finite sum in (52). It can be shown ([125]) that the 2nd-order
density matrix T'® can also be expanded in terms of the Slater determinants. Namely, if
¥ is given by (52 ’f where the coefficients Cx are given by (51), then

TP (2} 2h|z12,) = ¥ Yo (i5|BR)EY; 1121, 25)® gy (21, 22) (53)
1<i<j<n,1<h<k<n

The coefficients v,(2j|hk) are given by

14(ij|hk) = ) CiCxel € 5= 65} Pk K — (R (54)

where the sum is over all subsets I, K C {1,.. .n} of cardinality N such that 4,j € I,
h,k€ Kand I—-{i,j} = K — {h,k}, and we set e:llf: = sign(o) if there is a permutation

o mapping i; on ji, ..., i, on j, and ef: f” = 0 otherwise. In particular, the diagonal
terms are given by

Ye(i5]if) = > |Cx|? (55)
, i,j€KC{1,..n}|K|=N

They have the following physical meaning: (Jg ) _17¢(ij |#7) is the probability of finding a
particle in the i-th spin-orbital and another one in the j-th spin-orbital while all other
particles occupy arbitrary spin-orbitals.

7.2 The N-representability problem

Given a complex valued function I' defined on X2 x X2, T is said to be N -representable
if there exists a wavefunction ¢ € H(N) such that ' = I‘(z). The pure state repre-
sentability problem consists of finding the conditions that T must satisfy in order to be
N-representable. This problem can be relaxed to the ensemble representability problem
as follows. Instead of asking whether T is the second order density matrix of a single
wavefunction 1, one may ask whether there exists a convex combination Y wytp (wy > 0,
2wy = 1) of wavefunctions such that I' = Z'w¢I‘( ) is the convex combination of their
second order density matrices.

Note that, from the point of view of finding a state of minimum energy, it is equiv-
alent to consider pure states or ensembles (mixtures) of states. Indeed, both < >
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Q0 >, have the same minimum (equal to the minimum eigenvalue of the
Q and attained at a corresponding eigenvector).
lenote the convex set consisting of the convex combinations ), w,/,l‘fl,z) (wy >
1) of second order density matrices of normalized wavefunctions ¥ € H(N).

. of finding a characterization of ’P}v?) was formulated in [37] as the ensemble
wbility problem. The convex structure of ’PI(\?) was studied e.g. in [38], [43],

spresentability problem can be formulated similarly for density matrices of
> 1. The ensemble N-representability problem for density matrices of order
olved in [37] (see also [115]). Namely, a matrix I'(z|2;) is is of the form
|21) for wy > 0, Y wy = 1, < ¢,% >= 1 and ¢ € H(N) if and only if
(z1|z1)de; = N and the eigenvalues of T' satisfy 0 < A < 1. However, the
representability problem is already difficult for density matrices of order p = 2.
ated in the next Theorem 7.1, the representability problem for their diagonal
:quivalent to the membership problem in the boolean quadric polytope and
"P-hard. For p > 2, the representability problem involves not only conditions
values but also on the interrelations of the eigenvectors. On the other hand,
ry solution exists for the pure N-representability problem even for the case

"I=2( N') denote the polytope defined as the convex hull of the vectors n1=2(K)
...,n} of cardinality N. jFrom relation (55), if ¢ = ®k is a Slater determi-
+(ij|hE) = 0 except if (i,5) = (h, k) and 4,5 € K in which case y4(éjij) = 1.
1e diagonal terms of yg, coincide with the vector x2=2(K). For that reason,
. BQ PZ=2(N) is sometimes called the N-Slater hull (e.g. in [77],[79]).

13), the N-representability problem amounts to finding the boundary condi-
coefficients ,4(ij|hk). In fact, the boundary conditions for the diagonal terms
precisely the valid inequalities for the N-Slater hull BQPI=:(N).

.1 Given v = (7(§))h1<i<j<n, the following assertions are equivalent:

zists a normalized wavefunction v € H(N) such that y(ij) = vy(i5|i7) for all
1j<n

egists a convex combination Y wy (wy > 0, 3wy = 1) of normalized wave-
ms 3 € H(N) such that y(ij) = Y wyyy(ijlig) for 1< i< j < n.

sctor y belongs to BQPL=2(N).
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'} = (#%) is clear.

): Suppose first that y(j) = v4(¢5]7) for some normalized ¢ € H(N) given by
, from (55), 1 = Lkcqa,..n} ik l=n [Ck[*a™=3(K) with 3 [Ck|* =< ¢, >= 1.
BQPZ=2(N). Suppose now that 7(if) = 3 wyyy(i7]ij) with wy > 0, S wy =1,
) and < 9,9 >= 1. Then, 7 = Y g tg7*=2(K), where tx = pIM w,,,IC}zIz >0
¢ = 1. Therefore, v € BQPZ=2(N).

: Assume v = Y g tgwt=2(K) for tx > 0 and Y ktx = 1. Set Cx = /tg and
'k ®x. Then, v = 74 holds. 1

ore, the pure and ensemble representability problems are the same when re-
the diagonal terms. However, in their general form, they are distinct problems.
ce, ’Pl(vz) has additionnal extreme points besides the second order density ma-
he Slater determinants (even though those are the only extreme points when

to the diagonal terms). Other extreme points for Pz(v) are given in [38], [76].

iclude with some additional remarks.

epresentability problem for variable N leads to the study of the boolean quadric
3IQP,.

ytopes BQPI=2(N) and BQP,(N) = B({,)P,f52 (), lying respectively in R(G)

), are in one-to-one correspondance. Indeed, each point # € BQ P,(N) satisfies

ons:

g = ()

i @i = (N —1)zifor 1 <i<n

h polytopes have the dimension (3) — 1.

ibinatorial interpretation of the N-representability problem from Theorem 7.1

in [162]. Actually, this paper treats the general problem of N-representability

 matrices of arbitrary order p > 1. We have exposed only the case p = 2 for

[ simplicity and because this is the case directly relevant to our problematic of

wbitrary p > 2, the analogue of Theorem 7.1 leads to the study of the polytope

V) in R(n) deﬁned as the convex hull of the I._;p—intersection vectors m=»(K),
oy}, K] =

,1a1 structure of the polytope BQPI ?(N) is studied in [161]; in particular, the

stion of its facets in the cases: p = 2, N = 3, n = 6,7 and partial results in the
), N = 3, n = 8 are given there.

ional alternative interpretation of the boolean quadric polytope BQ@Q P, is given
terms of positive semi-definite two-body operators.
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Let a; denote the annshilation operator of the Fock space Uy>1 H(N) and ag, its ad-
joint, the creation operator (see [93]). Both are defined by their action on the Slater
determinants. Namely, for K = {ky,...,kn} with 1 < k3 < ... < kn,

. _ 0 ifig K
t _ 0 ifie K
a;(®x) = { (—1)’—1‘§Ku{i} fig K and kj_1 <i<k;

Hence, a:fai(@K) = |K n {i}|®k, for each K C {1,...,n}. Therefore, the Slater deter-
minants ®x are common eigenvectors for the operators ata,- and thus for any two-body

?
operator of the form

B =bg + Z b,fala,; + Z bijazaia;aj. (56)
1<ign 1<i<j<n

The cone Q+(I™), consisting of the two-body operators B of the form (56) which
are positive semi-definite, is considered in [79]. Since any such operator has the same
eigenvectors & associated with the eigenvalues bo+Y ;e x bi+X; jex bij» the cone @+(I™)
can be equivalently defined as the cone of the vectors b := (bp,b; 1 < i < m, bi; 1 <i<
j < n) for which b(2) := bo + C1cicn bi®i + Ti<icjcn bijeie; > 0 for each 2 € {0,1}™
Therefore, @+ (I™) is th= dual cone to BQP,, i.e. b € Q*(I") if and only if the inequality
b(z) > 0 is valid for BG. ,,.

The cone Q+(Z") := {b: b(z) > 0 for all z € Z"}, which corresponds to the case of a
system of bosons (when several particles may occupy the same spin-orbital) while @ H(I™)
corresponds to a system of fermions (with at most one particle per spin-orbital), is also
considered in [79].

Let us finally mention a connection between the hypermetric cone Hypni1 and the
cone Q*(Z"). It can be established via the covariance map @e,. Namely,

Ges (Hypns1) = {a = (ai)1<icicn s D, i@z — Y axe; >0 for z € 2"}
1<i,i<n 1<i<n

and, therefore,

Geo (HYDPnt1) = QY (Z™)N{b:bp=0,b; = —bzfor L <i< n}

is a section of the cone Q¥ (Z").
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7.3 The quantum correlation polytope

We address in this section a connection between the boolean quadric polytope BQP, and
the quantum correlation polytope, considered in [133], [134].

Recall that the boolean quadric polytope BQ P, arises naturally in the theory of proba-
bility. Namely, from Theorem 3.2, given p = (mij;1<i<j<mn)e R(M{l), then p € BQP,
if and only if there exist a probability space (2, A, ©) and n events Ay,..., A, € A such
that

pij =p(AiNAj)foral1<i< j< n.

For that reason, the polytope BQP, is also called the correlation polytope in [133], [134],
[135]. For n = 3, BQP, is also called the Bell-Wigner polytope.

As an extension, [133] introduces the quantum correlation polytope whose points rep-
resent the probability that a quantum mechanical system has the properties associated
with two projection operators in a given state. We fix some notation.

As we saw before, the state of a quantum mechanical systein is represented by a unit
vector ¢ of a Hilbert space H (H = H(N) if the system has N particles). Let E, denote
the projection operator from H to the line spanned by ¢, ie. Ey(¢) =< ¢,¢ > o for
¢ € H. Equivalently, a state of the system is given by such a projection operator Ey; such
a state is called a pure state. More generally, we consider also non pure -tates, namsly
convex combinations of pure states: W = Yo MpEy (Ay > 0, YAy = , ¢ € H with
< ¥,% >=1). Such states W are called ensemble states, or muiztures. Pure and ensemble
states were already considered in section 7.2. Alternatively, a state of the system is a
bounded linear operator W of H which is Hermitian, positive semi-definite and has trace
one.

Given p = (p;;,1 <i<j<n)e R(n;u), we say that p has a quantum mechanical
representation if there exists a Hilbert space H, a state W, n projections Esq,...,E, (not
necessarly distinct, nor commuting) such that

pij = trace(WE; AE;)for1<i<j<n

where E; A E; denotes the projection from H to the subspace E;(H)n E;(H). So p;; rep-
resents the probability that the system has the properties associated with the projections
E; and E; when it is in the state W. Let QC P, denote the polytope in r(":Y) consisting
of those p which admit a quantum mechanical representation; QC P, is called the quantum
correlation polytope.

Finally let T}, denote the set of the vectors p € R("") satisfying

0 < pi; < min(p;;, pj;) < maX(Pii" pi;) <1
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for 1 < i< j < n. It is easy to see that the extreme points of T}, are exactly the vectors
p € T,, with 0-1 coordinates.

THEOREM 7.2 (i) BQP, C QCP, C T,.
(71) QC P, is is a convex set which contains the interior of Ty.

(i) The subset of QC P, consisting of those p admitting a quantum mechanical repre-

sentation in which the state W = Ey is pure is also convex and contains the interior
of T.

For clarity, we give the proof of the statement (i) of Theorem 7.2.
ProoF. The inclusion QCP, C T, follows from the fact that each state W is positive
semi-definite with trace 1. We check the inclusion BQ P, C QCP,. Let p € BQP,. Hence
P = Ykci,..np Ak®(K) where Ag > 0 and g Ag = 1. Let H be a Hilbert space of
dimension 2" and let (¢x, K C {1,...,n}) be an orthonormal basis of H indexed by the
subsets of {1,...,n}. Let W be the operator of H defined by W(v¥x) = Ax¥k for all K.
Let E; denote the projection from H to the subspace H; spanned by the vectors g with
i € K; then E; A E; is the projection on the subspace spanned by ¢ for i,j € K. Note
that the trace of the operator WE; A E; is equal to Y-, ;cx Ak = Pij- This shows that p
belongs to QC P,. |

Note that, if p € QCP, has a quantum mechanical representation in which the opera-
tors E; commute then, ‘» fact, p € BQP,.

Note also that every p € L, with 0 < p;; < 1 for all 4, j belongs to QC P,. Therefore,
except for some boundary cases, every p € T, has a quantum mechanical representation,
i.e. the only requirements for joint probabilities in the quantum case are that probabilities
be numbers between 0 and 1 and that the probability of the joint be less or equal to the
probability of each event. Hence the probabilities of quantum mechanical events do not
obey the laws of classical probability theory. New theories of quantum probability and
quantum logic have been developped; see, for instance, [133], [134].

The region QC P,,— BQ P,, is called the interference region. Several examples of physical
experiments are described in ([133], [134]) that yield some pair distributions p lying in the
interference region. For example, the classical Einstein-Podolsky-Rosen experiment ([74])
yields p € QCP; — BQP;.

We conclude this section with a concrete example in the simplest case n = 2. Consider
the vector p = (p11 = P22 = (cos8)?,p12 = 0). Then, p ¢ BQP, if 1 > (cos6)? > 1, since
it violates the inequality p1; + p22 — p12 < 1. On the other hand, p € QCP,. Indeed, let
H = R3 be a Hilbert space with canonical basis (e1, ez, e3), W be the projection on the
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ed by e3 and let E; be the projection on the line spanned by u;, for ¢ = 1,2,
= (sinf,0,cosf) and uy = (—sinb,0,cosf). Then, trace(WE;) = (cos9)? = p;;
and Ey A E; = 0.
sctor p has the following physical interpretation. Consider a source of photons
ed in the e3 direction in the space. Let ¢ = ez be the quantum mechanical
ion associated with these photons, so W = Ey is the state of the system. The
E; corresponds to the property ”the photon is polarized in the direction u;”; this
Is to the experiment where a polarizer is located in front of the source, oriented
sction u; and p;; counts the frequency of the photons which pass through the
The relation p;2 = 0 should be understood as follows. There may be some
aving both properties F; and E,, but no experiment exists which could detect
aneous existence of the properties E; and F,.
hat BQP; has the following extreme points: (0,0,0), (1,0,0), (0,1,0), and (1,1,1),
as one more extreme point (1,1,0). In fact, QCP, = T, — {(1,1,0)}.

1er applications

e Li-metric in probability theory

1) be a probability space and let X : 2 — R be a random varizble with finite
alue E(X) = [ |X(w)|p(dw) < o0, ie. X € L1(Q, A, p). Let g demote he
n function of X, ie. Fx(z) = p({w € 0 : X(v) = 2}) for 2 € R; when it
derivative F is called the density of X. A great variety of metrics on random

re studied in the monography [140]; among them, the following are based on
bric:

tisual L;-metric between the random variables:
LY)=E(IX -Y]) = [ | X (w) - Y(w)|u(dw),

Vlonge-Kantorovich-Wasserstein metric (i.e. the L;-metric between the distri-
m functions): k(X,Y) = [ |Fx(z) — Fy(z)|dz,

otal valuation metric (i.e. the L;-metric between the densities when they exist):
Y) = 3 k| Fx(2) - Fy(e)|de,

ngineer metric (i.e. the L;-metric between the expected values): EN(X,Y) =
- EY),

adicator metric:

Y) = E(lxgy) = p({w € @ : X(w) # Y (w)}).
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In fact, the Ly-analogues (1 < p < oo) of the above metrics, especially of the first two, are
also used in probability theory.

Several results are known, establishing links among the above metrics. One of the
main such results is the Monge-Kantorovich mass-transportation theorem which shows
that the second metric k(X,Y) can be viewed as a minimum of the first metric L;(X,Y)
over all joint distributions of X and Y with fixed marginal. A relationship between the
L1(X,Y) and the engineer metric EN(X,Y) is given by [140] as solution of a moment
problem. Similarly, a connection between the total valuation metric ¢(X,Y) and the
indicator metric #(X,Y) is given in Dobrushin’s theorem on the existence and uniqueness
of Gibbs fields in statistical physics. See [140] for a detailed account of the above topics.

We mention another example of use of the L;-metric in probability theory, namely for
Gaussian random fields. We refer to [128], [129] for a detailed account. Let B = (B(z); = €
M) be a centered Gaussian system with parameter space M, 0 € M. The variance of the
increment is denoted by:

d(z,y) ;= E((B(z) — B(y))?) for 2,y € M.

When (M, d) is a metric space which is L;-embeddable, the Gaussian system is called a
Lévy’s Brownian motion with parameter space (M, d). The case M = R"™ and d(z,y) =||
z — y ||z gives the usual Brownian motion with n-dimensional parameter. By Lemma 3.5,
(M,d) is L-embeddable if and only if there exist a non negative measure space (H, v)
and a map ¢ — A, C H with »(A4;) < oo for z € M, such that d(z,y) = v(AzAAy) for
z,y € M. Hence, a G: 1ssian system admits a representation called of Chentsov type

B(z) = /; W(dh) for 2 € M

in terms of a Gaussian random measure based on the measure space (H,v) with d(z,y) =
v(A;AA,) if and only if d is L;-embeddable.

This Chentsov type representation can be compared with the Crofton formula for
projective metrics from Theorem 4.12. Actually both come naturally together in [3] (see
parts A.8-A.9 of Appendix A there).

8.2 The {;-metric in statistical data analysis

A data structure is a pair (I, d), where I is a finite set, called population, and d: IXI —
R, is a symmetric map with di; = 0 for ¢ € I, called dissimilarity index. The typical
problem in statistical data analysis is to choose a ”good representation” of a data structure;
usually, "good” means a representation allowing to represent the data structure visually
by a graphic display. Each sort of visual display corresponds, in fact, to a special choice of
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the dissimilarity index as a distance and the problem turns out to be the classical isometric
embedding problem in special classes of metrics.

For instance, in hierarchical classification, the case when d is ultrametric corresponds
to the possibility of a so-called indexed hierarchy (see [104]). A natural extension is the
case when d is the path metric of a weighted tree, i.e. d satisfies the four point condition
(see section 4.1); then the data structure is called an additive tree. Also, data structures
(I,d) for which d is £,-embeddable are considered in factor analysis and multidimensional
scaling. These two cases together with cluster analysis are the main three techniques for
studying data structures. The case when d is £;-embeddable is a natural extension of the
ultrametric and £, cases.

An {,-approximation consists of minimizing the estimator || e ||;, where e is a vector
or a random variable (representing an error, deviation, etc. ). The following criteria are
used in statistical data analysis:

e the fo-norm, in the least square method; or iis square,
o the £ -norm, in the minimax or Chebychev method,

o the /;-norm, in the least absolute values (LAV) method.

In fact, the £; criterion has been increasingly used. Its imnortanc be > ool
instance, from the volume [72] of proceedings of a conference entitle::  iatisticas wata
analysis based on the L; norm and related methods”; we refer, in particviar, to [71}, [82],
[120], [155].

8.3 Hypercube embeddings and designs

In this section, we describe how some questions about the existence of special classes
of designs are connected with questions about Z -realizations of the equidistant metric
2td(K,) and, in particular, about its minimum h-size.

We recall some definitions. ,

Given integers n,t > 1, d(K,) denotes the path metric of the complete graph K, and
2td(K,) is the equidistant metric with components all equal to 2t. The metric 2td(K,)
is clearly h-embeddable, since 2td(K,) = Y.1cicn t0({i}), called its starcut realization.
Any decomposition of 2¢td(K,) as Y gcp 6(S), where B is a collection of (non necessarly
distinct) subsets of V,, = {1,...,n}, is called a Z -realization of 2td( K,,) and |B| (counting
the multiplicities) is its size. The Z ,-realization is called k-uniform if |S| = k holds for
all § € B. Let z} denote the minimum size of a Z-realization of 2td(K,). The metric
2td(K,) is h-rigid if the starcut realization is its only Z-realization, i.e. 2}, = nt.
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In fact, the set families B giving Z -realizations of 2td(K,), i.e. for which 2td(K,) =

Y ses 8(5), correspond to some designs. Let us first recall some notions about designs;
for details about designs, see e.g. [142].

Let B be a collection of (non necessarly distinct) subsets of V;, the sets B € B are
called blocks. Let r, k, A be integers.

Then, B is called a (r, A; n)-design if each point ¢ € V,, belongs to r blocks and any two
distinct points z,j € V,, belong to A common blocks.

B is called a (n, k,A)-BIBD (BIBD standing for balanced incomplete block design) if
any two distinct points %, j € V;, belong to A common blocks and each block has cardinality
k. This implies that each point ¢ € V,, belong tor = 3‘%%1 blocks and the total number of
blocks is b := |B| = *. It is well known that b > n holds. The BIBD is called symmetric
if b = n or, equivalently, » = k holds. Two important cases of symmetric BIBD are

e the projective plane PG(2,t),i.e. (£* +¢+1,¢t+1,1)-BIBD,
e the Hadamard design of order 4t — 1, i.e. (4t — 1,2t,¢)-BIBD.

It is well known that a Hadamard design of order 4¢— 1 corresponds to a Hadamard matrix
of order 4t (i.e. a matrix with +1 entries whose rows are pairwise orthogonal).

We have the follov-'ng links between the Z ,-realizations of 2td(K,) and designs [61]:

(i) There is a one-to-one correspondence between the Z ,-realizations of 2td(K,) and the
(2t,t; n — 1)-designs.

(ii) There is a one-to-one correspondence between the k-uniform Z 4-realizations of 2td(K,)

and the (n, k, A)-BIBD, where the parameters satisfy: r = ﬂ:—:il—l, A=r—t= t—(”:—__ﬁll

(iii)[142] If there exists a symmetric (n, A +¢,t)-BIBD with n # 4¢, n = 2t + A + t—(t—;:ﬂ,
then 2f, = n.

In the cases A = 1, ¢, the implication of (iii) is, in fact, an equivalence. Namely, we
have:

(iv)
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[97] and [142]

PG(2,t) exists <= oy =41
[48]
== 2td(Ktz+t+2) is not h — rigid,
ie 2l ., <t(t?4+142)
[61]
= =t*+2ift >3

tfzihl ft=1,2
(v) [142]

There exists a Hadamard matrix of order 4¢ <= 2§, , =4t—1

= zb, =4t -1,

The following bounds hold for 2t:

(vi) by (13), 2;, < nt, with equality if and only if 2td(K,) is h-rigid,

(vil) [142] 2}, > n — 1, with equality if and only if n = 4t an i ‘ here - SO I
matrix of order 4t,

(viii) 2}, > n, if we are not in the case of equality of (vii),

(ix) by (13), 2% > af, := [Trral] = 4t — |34

Observe that af, = af, , = 4t — 1, and at2+t+1 t2+t , =4tift > 3.

iFrom (iv), there exists a projective plane PG(2,t) if and only if equality holds in the
bound (viii) for n = ¢# + ¢ 4 1 or, equivalently, there is a strict inequality in the bound
(vii) for n = t* + ¢ + 2. ;From (v), there exists a Hadamard matrix of order 4 if and only
if equality holds in the bounds (vii) and (ix) for n = 4¢ or, equivalently, equality holds in
the bounds (viii) and (ix) for n = 4¢ — 1. _

Therefore, the Z ,-realizations of minimum size of 2td(K,) provide a common gener-

alization of the two most interesting cases of symmetric BIBD, namely projective planes
and Hadamard designs.

Finally, we mention a conjecture which generalizes the implication (iii) in the case
A =1; it is stated and partially proved in [61].
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CONJECTURE 8.1 e For n < 4t, if there exists a Hadamard matriz of order 4t, then

t _ b
zy, = ay,.

o If %] divides 2t and there exists a Hadamard matriz of order 4t, then 2}, = ai,.

8.4 Miscellanecus

The variety of uses of the £;-metric is very vast as we already saw in sections 8.1 and 8.2.
We group here several other examples where £1-embeddable metrics are useful.

On the integers, beside the usual £;-metric |a—b|, we have, for instance, the well known

Hamming distance between the binary expansions of a, b, and log(%) (mentioned
after Theorem 4.13) which are both £;-embeddable.

Two examples of £;-embeddable metrics are used in biology:

e The Prevosti’s genetic distance: 5 Y1<i<r La<i<k; [Pij — ij| between two popula-
tions P and Q, where r is the number of loci or chromosomes, p;; (resp. ¢i;) is the
frequency of the chromosomal ordering ¢ in the locus or chromosome j within the
population P (resp. Q); the litterature on this distance started in [139].

o The biotope distance: lf‘%g—} between biotopes A, B (sets of species in, say, forests);

it was introduced in [126] and it is shown in [5] to be £;-embeddable.

The Hamming dist~nce |{(a,b) € G? : a - b # a * b}| between the multiplication tables
of two groups A = (G, -, and B = (G, x) on the same underlying set G is used in [73].

Given compact subsets A, B of the plane R?, the /;-distance aire(AAB) is used in the
treatment of images; see, for instance, [105].
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